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Regression

Aim: Predict the value of a response / dependent variable y € R from

p predictors / features / independent variables X1, Xa, ..., X, € R
Methodology:
1. Fit a model with using n training examples y1, ¥, ..., Vn

yi~ (X1, Xi2,..., Xip) 1<i<n

2. Use learned model f to predict from new data



Linear regression

f is parametrized by an intercept 5y and a vector of weights 3 € R”

p
Yi%ﬁo-l-Zﬁinj 1<i<n

j=1
i 1 X1 X2 - Xip| | B
1 X X o X
i 0 T R e B i
Yn 1 Xn1 Xn2 an Bp
y~ 180+ Xp

Aim: Learn By and 3 from the training data



Linear models

Signal representation (compression, denoising)

x=Dc

» Aim: Find sparse representation of the signal x

» Columns of D are designed/learned atoms



Linear models

Inverse problems (compressed sensing, super-resolution)

y=Ax

» Aim: Estimate the signal x from the measurements y

» A models the measurement process



Linear models

Linear regression

y=Xp
» Aim: Learn the relation between the response y and the predictors
X1, X2,..., X, to predict from new data

» Each column of X contains a variable that may or may not be related
to the response



Preprocessing

1. Center each predictor column X; subtracting its mean so that

n

ZX,-J-:o forall1<;j<p
i=1
2. Normalize each predictor column X; so that

[[Xill,=1 forall1<;<p

3. Center the response vector y so that

> yi=0
i1



Least-squares fit

Minimize £> norm of error over training data

minimize Hy — XﬁNH2

After preprocessing 5o = 0, so we can ignore it



Geometric interpretation

Decompose y into its projection onto the column space of X and
onto the orthogonal complement

Y=yx+yxs

By Pythagoras's Theorem

~112 5 ~112
=] = w4 53

If n > pand X is full rank

—1
B = (XTX> XTy  satisfies  XBis = yx

After preprocessing 5o = 0



Probabilistic interpretation: Maximum likelihood

Assumption: Linear model is correct but examples are corrupted by
additive iid Gaussian noise

y=XB+z

The likelihood is the probability density function of y parametrized by 3
= 1 1 ~[12
£ (B) - (27r)" &P <_2 Hy B XBHz)
The maximum-likelihood estimate of 3 is

PumL = arg m§X£ (B)

= arg mgx log £ (5)

:argminHy—XBH
B 2



Temperature predictor

A friend tells you:

| found a cool way to predict the temperature in New York: It's just
a linear combination of the temperature in every other state. | fit
the model on data from the last month and a half and it's perfect!



Overfitting

If a model is very complex, it may overfit the data

To evaluate a model we separate the data into a training and a test set

1. We fit the model using the training set

2. We evaluate the error on the test set



Experiment

Xirain, Xtest, Ztrain and [ are iid Gaussian with mean 0 and variance 1
Ytrain = Xtrain /3 + Ztrain
Yiest = Xtest B

We use Virain and Xirain to compute Sig

||Xtrain Bls - )/trainHz
HytrainH2

€rrolirain =

o ||Xtest 5Is - }/test‘ |2
€rroltest =

| ’)/test | |2



Experiment
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Analysis

2

z

Data model, z is Gaussian noise with variance o
y=XB+z

Omin/Omax are the smallest/largest singular values of X

2
1—€< 118 = Bis|l < 1+e

2 2 — 2
Umin poz Umax

with high probability



Proof

Bis = VETUT where X = ULV T

|8 — /B|SH2 =

T 2
Uj z
gj

UT z is Gaussian with mean 0 and covariance |

HUTZ‘ |§ is chi-square with p degrees of freedom

2
|7, ~»



Consistency

Assume 02 =1

If X is well conditioned and entries have constant magnitude o; ~ v/n

p
16~ Belly ~ /2

If entries of 3 are constant, ||3||, = \/p

Least-squares estimator is consistent

B = Bisll, 1

~
~

1811, NG



Experiment: X € R™P 5 e RP, z € R"iid N (0,1)
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Regression

Example: Global warming

Sparse regression
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Model fitted by least squares
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Model fitted by least squares
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Model fitted by least squares
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Trend

1980 2000
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Trend: Increase of 0.75 °C / 100 years (1.35 °F)
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Model for minimum temperatures
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Model for minimum temperatures
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Model for minimum temperatures
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Trend: Increase of 0.88 °C / 100 years (1.58 °F)
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Regression

Logistic regression

Sparse regression



Classification

Aim: Predict the value of a binary response y € {0,1} from
p predictors Xi, X, ..., X, € R

Methodology:
1. Fit a model with using n training examples y1, ¥, ..., Vn
yi = f(Xi1, Xi2,..., Xjpp) 1<i<n

2. Use learned model f to predict from new data



Logistic-regression model
We model the probability that y; = 1 by

p
P (yi = 11X, Xiz, ..., Xip) =& | Bo+ > Bi Xy
j=1

1

T1 exp (—ﬁo -2 5inj>

g is the logistic function or sigmoid

1

t)i=m ——
g (t) 1+exp—t



Cost function

Likelihood of the data under a Bernouilli model in which

p
P(yi = 1|Xi1, Xiz, ..., Xip) == & (50 + Zﬁjxij)

j=1

p
P (yi = 0[Xi1, Xi2,..., Xjp) =1 —g (50 + Zﬂjxij)

j=1

Assuming independence

£ (A.5) = Hg (ﬁo+2@ U)”( (ﬁo+Zﬁ, U))ly,-

j=1



Cost function

Log likelihood is concave

n P
log £ (Bo, 5) = yilogg (50 + ZBJXU)
i=1 j=1

+ (1 = yi) log (1 -8 (50 + ZBJXU))
=1
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Sparse regression

Assumption: Response only depends on a subset S of s <« p predictors
y =~ 160+ XsPs

Regime of interest: p ~ n

Model-selection problem: Determine what predictors are relevant

Best-subset selection:

» Choose among all possible sparse models

» Intractable unless s is very small



Forward stepwise regression

Greedy method similar to orthogonal matching pursuit
Initialization:
Jo = argmax|{y. )

J = {jo}
Bis := argmin Hy—XJBNH2
B

r© =y — Xy B



Forward stepwise regression

Iterations: k=1,2,...

k= arg max ‘<yv7)co|(XJ)L)<j>‘
J =T Ui
Bis := arg min Hy - XJBHz

B

e

Stop when fit does not improve much anymore



The lasso

£1-norm regularized least-squares regression
. 1 N 2 NIE
minimize — ||y —
S e

We assume that the data are centered, so 5y =0

Original formulation

2
2

minimize Hy—XB
subject to HBHI <7

Equivalent, but relation between A and 7 depends on X and y



Experiment
Xtrain and Xiest are iid Gaussian (0,1), Zyain is iid Gaussian (0,0.5)

£ has 10 nonzero entries, p = 50, n = 100

Yirain = Xtrain B + Zirain Yiest = Xtest B

For an estimate 3 learnt from the training data

‘ }Xtest BA — Ytest )

Xtrain 5 — Ytrain )

€rrofirain =
fraim Hytrain||2

error =
st | ’ytest | |2



Lasso path

Coefficients

— Relevant features
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Training error
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Logistic regression

Add /1-norm regularization term to log likelihood, we minimize

n p
— yilogg | Bo+ Y BiX;
i=1 =1

— (1= yi)log (1 -8 (50 + ZBinj))
=

4]
1



Arrhythmia prediction

Predict whether patient has arrhythmia from n = 271 examples and
p = 182 predictors

> Age, sex, height, weight

» Features obtained from electrocardiogram recordings

Best sparse model uses around 60 predictors



Prediction accuracy

Misclassification Error
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Regression

Sparse regression

Analysis of the lasso



Least-squares analysis

Data model, z is Gaussian noise with variance o2 and f3 is s sparse
y=XpB+z

Assumption: X is well conditioned, entries have constant magnitude

> Omin ~ \/E
» Columns of X have ¢, norm ~ \/n
For the least-squares estimator we have

HB - BISH2 ~ UZ\/E

If p~ n, but s < p we should do better!



Restricted eigenvalue property

There exists v > 0 such that for any v € RP if

[lvrelly < llvrlly

for any subset T, |T| <'s, then

1 2 2
- [IM vll3 > ~lvll3

Similar to restricted isometry property, may hold even if p > n!



Guarantees

If X satisfies the RE property and 7 = ||||;, the solution Bjasso to
_ o112
minimize Hy—Xﬂ 5

subject to HBHI <7

o, |/32aslogp
HB - ﬂlasso”2 < =y —_—
y n

with probability 1 — 2exp (— (o — 1) log p) for any a > 1

satisfies

Close to least-squares error if we know which predictors are relevant



Proof

The error
h:= B — Basso
satisfies
lhrelly < llhrlly
so

1
Hﬁ - BIassoH% < % HX hH%



Proof

By optimality of Bjasso
IXBI < 22T xh| < 2||xTz]| |1al,
Since ||h7e|l, < ||h7]l;
[1hlly < 2V/s||hll,

SO

\f

18— Brasoll3 < 27118~ ool || X 72|



Proof

Xz is Gaussian with variance o2 HX,H% so for t >0
t2
p ()X,-Tz’ > to, ||X,-||2) < 2exp <—2>

By the union bound,

t2
p <HXT2H > to, maxHX;H2> <2 pexp <—>
00 i 2

t2
= 2exp <—2 + Iogp>



Proof

Choosing t = y/2aclog p, o > 2, if max; || Xi||, = v/n we have

p (HXTZHOO > ozm> < 2exp(—(a—1)logp)

We conclude
o, [32aslogp
Hﬁ - Blassouz < —
~ n

with probability 1 — 2exp (— (o — 1) log p)
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Correlated predictors

Error of least-squares estimator

HB - /8|5H2 =

If predictors are strongly correlated singular values can be very small

Estimator suffers from noise amplification



Ridge regression
Aim: Control norm of weights
~| 12 o112
minimize - {Jy x|, + ]

Equivalent to regression problem

o [[]-2]

2

2



Ridge regression

Ify=X8+z

- 2 -
A 0 0
I 0

ﬁridge =V o3 +A? VTﬁ

0.2

Lo 0 =

ﬁ 0 .. 0
g2 ...
+V 0 o3+ 0 U’z
0 0 e

Decreases noise amplification if singular values are small



Correlated predictors in model selection

Lasso controls norm amplification but tends to choose a small subset
of the relevant predictors

Aim: Selecting all relevant predictors

Why? Interpretability + improving prediction



|dentical predictors

If two predictors are the same X; = X; then 3; and /3; should be the same

True for any cost function of the form

minimize 2—1,1 ”y—XB’E—FAR(B)

as long as the regularizer R is strictly convex

Not true for the lasso



Experiment

The entries of Ziain, Zirain and Ziest are iid Gaussian (0, 1)

Ytrain ‘= XA,train Ba+ XB,train BB + Zirain
Ytest <= XA,test Ba+ XB,test BB
Xtrain 1= [XA,train XB,train Ztrain]

Xtest = [XA,test XB test Ztest]



Experiment

Rows of X4 train, XB train: XA train, XB train are independent Gaussian
random vectors with mean zero and covariance matrix

1 095 095 0.95
095 1 095 0.9
095 095 1 0.9
095 095 09 1

Y =

B4 and B have 4 nonzero entries each



Lasso path

Coefficients
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Ridge-regression path
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Elastic net

Combines lasso and ridge-regression penalties

Oé

2

~12
minimize Hy—XﬁH2+)\<

il



Elastic-net path, a = 0.5
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Group sparse structure

Predictors may be partitioned into k groups G1, Go, ...

y = Bo+ XB =00+ Xg, Xg,

Aim: Select groups that are relevant

XGrm

 Om

591
Bgz

| 5Gm



Multi-task learning

Several responses y1, y2, ..., yx modeled with the same predictors

Y=[n yo ... ] ~Bo+XB=Bo+X[B1 B2 - Bl

Assumption: Responses depend on the same subset of predictors

Aim: Learn a group-sparse model



Mixed ¢1/¢, norm

Mixed ¢1/¢2 norm

k
b ‘1,2 = Z )ﬁg, 2
i=1
promotes group-sparse structure
For multitask learning
k
.- B
H 12 ; ‘2




Geometric intuition G; = {1,2} G, = {3}

£1-norm ball ¢1/02-norm ball

B3 B3

&)

Figure taken from Statistical Learning with Sparsity The Lasso and Generalizations by
Hastie, Tibshirani and Wainwright



Group and multi-task lasso

Group lasso

minimize Hy — Bo - XBHE +A HBHM

Multi-task lasso

- ~ 112 -
minimize HY—BO—XBH +)\HBH
F 1,2



Proximal gradient method

Method to solve the optimization problem
minimize f (x) + g (x),

where f is differentiable and prox, is tractable

Proximal-gradient iteration:

x(® = arbitrary initialization
x(k 1) = ProX, g (x(k) —a, Vf (x(k))>



Subdifferential of ¢1 /¢, norm

q € RP is a subgradient of the /1 /¢ norm at g € RP if

5gi
ag; =
1811

if ﬁg; # 0,

lag:ll, <1 if Bg, =0



Proximal operator of ¢; /¢, norm

Proximal operator of ¢1/¢» norm is block soft-thresholding
Proxy ||, , (8) = BSa (B)

where o > 0 and

Bg; ,
BSa (B)g: = {/:g' a||ﬂg'_”2 ! HBQ,H2 =

otherwise



lterative Shrinkage Thresholding for the ¢1/¢; norm

Proximal gradient method for the problem

. 1
minimize EIIAx—yII§+>\\|X||1,2

ISTA iteration:

x(0) = arbitrary initialization

Xk — S, (x(k) AT <AX(k) _ y))



Speech denoising: STFT thresholding

Frequency




Speech denoising: STFT block thresholding

Frequency

Time



Experiment

Xirain and Xiest are iid Gaussian (0,1), Ziain is iid Gaussian (0,0.5)

B € RP*k has s nonzero rows, p =150, n=100
Ytrain - Xtrain B+ Ztrain Ytest - Xtest B

For an estimate B learnt from the training data

Xeest B — Yiest ,
| | Ytest| |2

€rroliest =



Test error, s = 4

Relative error (12 norm)
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Test error, s = 30

Relative error (12 norm)

1.
Lasso (k=4)
0.9l| — Lasso (k=40)
Multi-task lasso (k=4)
0.8 Multi-task lasso (k=40)
0.7,
0.6
0.5
0.4
0.3
0.2 . . . . . .
io® 10° 103 107 107 10° 10"

Regularization parameter

102



Magnitude of coefficients, s = 30 k = 40
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