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Last time

Turn our attentionto 2ndorder linear ODES
u t plan t glau glad

Lu g
L is a linear differential operator

L c U t Czk c Lu t Cifuz
Existence Unique

Thin If pg are continuous in xLtLB then the equation

y t pltly t gltly 0
yltol yo
y'Itol y'o

to c k p

has exactly one solution on It B In particular if yoyo 0
then y O ou dip

Weneed several tools to analyze theseequations

Example from lasttime

u t win o I identity operator

U coswy Since L E t w't is lineun
Dx

Uz stirWX u ca tCau is also a solution

The obvious question is are all solutions to 1 4 of the

form c U tc.ua Yes

and of 1 1 in
general



Thin Let y y be solutions to Ly O ou dip If
anywhere in lap

y ya yiyr.TO then y ay taiga is the

general solution to Ly O

Proof Let y be any solution to Ly 0 Compute

yo yHo yo y'Hot Then we must solve for c c via the

system
yo yito c y Ito t Cayalto

yo y ltd cigitto t Czyilto

I it L
Solution exists and is unique if the determinant is non zero

yilkiyiltol yitoly.tt t 0
Therefore for any toc x Bl we can compute unique Cisco DBL

Definition The quantity yy'z gig is called the Wronskiinn

of y yr denoted byWly yc

Thins Let pig be continuous on Capt and let y yy be two
solutions to Ly O thenWlyyd 0 identically or is never

equal to 0 on Lpp

Proofs First note that W satisfies the ODE

W t pH W O



Just compute w e

WH y.lt gilt y Hyatt
w ty.ge y y y

gya y y
Also y pity gltly

ya pitlyi gitly

And therefore
W y l py gy l pyi gy.ly
py.yi qyyztpyiyztgy.ly
plyyi gig
pW

Given that W pw 0 then

WH c e
Spltldt

never equal to zero
Therefore either C O and W 0 everywhere

or W 40 for any t

Definite Two functions fy are linearly dependent on an

interval ab if fIt cglt for all telaib Otherwise they
are linearly independent

ThinTwo solutions y y to 1 1 on Laib are linearly independent

if and only if Wly yz 40 on aib Therefore y ye
form a fundamental solutionset iff theyare linearly independent



everywhere

Prod If Wly yz 0 then thereexists a non zero

solution to µ Hot
y Ya
y.itdy.it I

c y t Czyz O

y also a solution of Ly O yitol y'Ito O

therefore y ye

Livein equations with constant coefficients

First special case

Lu an t b u t cu 0

a b c are constants

Ansate y Cert for some R

Intuition u u u must all cancel each other out when

linearly combined and therefor as likely to have

the same dependence on t

E If u t

then u ut u nth 1 t

It is unlikely that we can choose n such that

aulu 1 t 2 t but't t et 0

However if u ert then µ rert u r ert and we

can find r such that ar't br t c ert _O
rl
to ever



The equation ar't br t c O is the characteriseguation

for Ly au t bu't cu O

Its roots can be determined from the quadratic equation

r b b24aT r btbF4ac
Za Za

rz b b24aT
2T

If r h then we have two haiurly independent
solution U er't and vii er't since
wlu.me um win

er'ther't r eriterat

ra r ecritrut 1 0 if r trz
address r _rz later

Example

w 3u t u O

u 3u 44 0 u lol I U'lol O


