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Overview

e We want to solve a dense N x N linear system
Agq=f

that comes from the discretization of an integral equation.

e We'll use concepts familiar from the FMM, but this time we need to
both invert a matrix and apply it.

e To apply the inverse we’ll use discrete scattering matrices.
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Hierarchically block separable (HBS) matrices

Definition (HBS matrices)

e (Top level) For each pair of distinct leaf nodes = and 7/, let
A, = A(I., I,/). We require each such matrix has rank at
most &k, and that there exist basis matrices {U.} and {V;}
such that for all pairs of distinct leaf nodes {r, 7'} we have

AT,T’ = UTAT,T"/:;'

e (Level ¥) For any distinct nodes = and 7’ on level ¢ with chil-
dren «, 8 and o/, 3, respectively, define

A, A,g
AT 7l = |: = ~a,3:| 5
’ Ao App

We require each such matrix has rank at most k£, and that
there exists basis matrices as above.
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Incoming and outgoing expansions

o Recall the recursive definitions

U — lUf D ]UT, viens — lv(iong ; ]VT.

long long
0 UB 0 Vﬁ

e Define
Incoming expansion: &, = (UP)YA(I,, I¢)q(I°)

Outgoing expansion: G, = (V°"9)*q(I,).

e Note that we can also express the incoming expansion in terms of
local variables,

& = (UPMY (£(I,) — AL, I,)a(I,).
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Relating the incoming and outgoing expansions

Lemma 18.1

Let  be a node with children o and 3. Then

‘{‘"} and {‘f“
qs Cs

é) [0 A5 [Ga _
l=la, &) [E] o

e The first two equations follow from the recursive definition of U°"9
and v/°ng,

e The second follows from the definition of the incoming expansion

Col| 0 Aaﬂ
Cp - Aaﬁ 0

q‘r = ‘/7-* =U:ec,.

Moreover,

|:Qa:| + U_!_ongéT_
qs
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Outline of the direct solver

(1) Upwards pass (small — large) in which we build load vectors that
encode information about f, and discrete scattering matrices
which encode information about the patch being compressed.

(2) Downwards pass (large — small) in which we build compressed
representations of the solution gq.

(3) One the downwards pass reaches the leaf node, we construct the
full solution.

An important feature of this algorithm is the matrices from the build
stage can be reused for multiple right hand sides f.
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Leaf box

e For aleaf node 7, the incoming expansion is
& = U (f(L,) — AL, I,)q(I,)).
Left multiplying by U, gives
A;rqr +Uze; = fr.

o Left multiplying again by V* AL we get

S, == (V; AT LU,

T

~7'_"‘5'7'&7': ~7'7 ~ * A —
kil Y yr = (V; AT,-lr)fT-

e The matrix S, is the discrete scattering matrix.
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Parent compression

e Let 7 be a parent whose children o and g are leaves in the tree,
5 slE] -
ds 0 Ssj|cs Ys|

e Using Lemma 18.1 to replace (é,,¢s)”, we can also show

’q~T+STéT = g‘r‘

e This time

with

7/23



Top-level solve

e Forthe top level node 7 = 1 with children a = 2 and 5 = 3, we have

[dz i {52 0| |c2| _ 1}2}

qgs 0 S;) (¢ Ys|

e The incoming expansion is é; = 0, so using Lemma 18.1 we get
. x ©o1-1 .
G2 _ | 0 Ays I SQAQ,S] {yz}
C3 Azs 0 | |S3A43> I ys|’

which completes the upwards pass.
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Summary

Build stage

for 7 = Npoyes : (—1) : 2

if 7 is aleaf
Z,= A}
S, =V*Z,U,
else

Let « and g denote the children of .
4 [ i saAa,ﬁ] -

SpAs.a I
. S, 0
ST—VTZT{O Sﬁ]UT
end if
end for

7., = { S2A2,3 -
YT SsAs, T
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Summary

Solve stage

Upwards pass:
for 7 = Npoxes : (—1) : 2
if 7 is a leof
Yr = VT*ZTf(IT)
else
Let « and g denote the children of .
- * Yo
Yy =V Z; [gg]'
end if
end for

Top-level solve:

-4 = ()
C3 Azx 0 Ys|
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Parent solve

e Let r denote a node that has not yet been processed, but whose
parent has been processed, and let «, 5 be its children.

¢ We need the outgoing expansions {g., ¢z} and the incoming
expansions {é,, ¢g}. From the compressed parent representation,

0 fia*ﬂ zz.[qa
AB,a 0 Yp

0 Ay
Ase 0

Se 0
0 Ss

Ca
g

+(1-

) U,é.

T

¢ The load vectors g, and gg were constructed in the upwards pass,
and the incoming expansion é, is known from the previous stage
of the downwards pass.
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Leaf solve

e Once we get to the leaf 7, we know the incoming expansion é.
and the load vector f, so the solution atf the leaf node is

q(l;) = A;}r(f(l‘r) - U-¢;),

which completes the downwards pass.
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Summary

Solve stage

Downwards pass:
for 7 = 2 : Npoyes
if 7 is a parent
Let « and 8 denote the children of .

Co _[ 0 A, g}a]
és|  |Apo O " ys
A, S. O -
(-, )= [T s o
else
q(I‘l’) = ZT(f(IT) - Uré‘r)'
end if

end for
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Comparison with the original multilevel scheme

Build stage (Chapter 14)

loop over all levels, finest to coarsest, / = L, L —1,...,1
loop over all boxes 7 on level ¢,
if 7 is a leaf node

D,=D,.
else
Let a ong B denote the children of 7.
~ | D, A.p
P~ A5 Dy
end if

D, = (VDU

E, =D 'U,D.,.
F*=D.V*D;'.
G.=D,—-D;'U.D,V/D;'.

end loop
end loop
S ~ -1
G, = D, 143,3}
Azo> Ds




Comparison with the original multilevel scheme

e For each build stage, we need an HBS matrix A stored in the
compressed form of its basis matrices {U, V, } and its sibling
interaction matrices { A, g} such that

Anp=U, A5V}
e For the scattering direct solver, the outputs of the build stage are

the scattering matrices {S,} and the “dual operators” {Z}.

e The algorithm from Chapter 14 oufputs four sets of matrices
{E7'7 F-,—, G-,—, DT}

e Moreover, the build stage for the scattering matrices only requires
one matrix inversion compared to two from the other scheme.
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More on scaftering matrices

Lemma 18.2

Let A be an HBS matrix whose diagonal blocks are all invertible,
and let f € RY be an arbitrary vector. Define for any node r the
following objects:

Scattering matrix: S, = (V/°"9)*(A(I,, I,)) " (U"°"9),

T

(V2" (AL, 1)~ f(I7).

T

Effective charges: Ur

Then, for any parent node 7 with children o« and 3, we have

N N SaAnp] [Sa O
ST — V7- [SﬁAﬂwa I :| |: 0 SB:| UT?
~ * I SaAoz B goz:|
=V B (Y.
Y [SﬁAﬂ,a I ] [yﬁ
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More on scaftering matrices

e The point of Lemma 18.2 is that we can use the nonrecursive
definitions

S, = (V"9 (A(L,, 1))~ (UP™),
gr = (V") (AL, 1))~ £ (I7)
to define the scattering matrices and load vectors.

e This form looks the same as that for the leaf nodes, just with U, V.
replaced by U°"9, v'°"g which makes analysis of the algorithm a
bit cleaner.
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Inversion of the diagonal blocks

Theorem 18.3

Let A be an invertible HBS matrix and let {bT}T be the com-
pressed diagonal blocks from the inversion algorithm of Chapter
14. As long as no singular matrices are encountered, we have

D, =871

¢ This shows the inversion algorithm based on scattering matrices is
mathematically equivalent to the HBS scheme from Chapter 14.

e The main difference is the central object here is the discrete

scattering matrix S, rather than its inverse, which makes the solver
more stable.
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Interpretation of the scattering matrix

e Consider the interpolative decomposition:

AL IS ~ U, AI¥ 1) and A(I¢, 1) ~ A(I¢, 1% V>,

¢ When evaluating the Schur complement, we need

AU, L)AL, 1)) AL ) ~ AL 39V (A(IL, 1) " U AR, I9)

T T

_ A(Ic ISkel)STA(If_kel,If)

T T

e We can summarize th through the following diagram:

A(I,,I2) A(l-,I.)"* A(IS,1,)
Charges on /; —— Pot. on I, —— = Charges on I, ——— Pot. on I¢

u. Vi
AT, 1) R(I12)

Pot. on I ——"—> Charges on I5k!
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Application: the Lippmann-Schwinger equation

e The Lippmann-Schwinger equation models acoustic wave
propogation in a medium with variable wave speed.

e The equation in integral form is
o(x)+ nzb(w)/ Gulz,y)o(y)dy = —k*b(x)uin(x), x € Q.
Q

where ,
i
Gz, x') = ZHQ(H|£L‘ —y)).

e The coefficient matrix A takes the form
A=1+ BG.
where B is diagonal and

Gij = Gu(mi,x;) forij.
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Outline of the direct solver

e We represent G by its low-rank decomposition,
G(la, 1) = UG 5(V;9)".
¢ The outgoing and incoming expansions are
Outgoing expansion: ¢, = (V}°"9)*q(1,),

Incoming expansion: &, = (U G(I,, 1%)q(I°).

¢ The sibling exchange relation is

Cq 0 éa[g qa -
~ ~ ’ = U,c.,.
G -le, Sll] o
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Upward pass

Leaf node:
Z,=(I+B,G,)™!
G-+ S.¢ =9, S, =V*Z,.B.U.
- =V*Z. f,.
Parent node:
~ 1
z.—| I SaGap
T SpGp ol ’
- <= 0
r+ :;T T = Yr, = * @
q c y S, V*Z, 0 SJ U,,

Top-level solve:
as Yp

-
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Downwards pass

Parent solve:

éa 0 Gag T 0 Gag S, 0 } _

ol = - Pz, |7 I—-| - Az, U,é..
|:CB |:Gﬁ,a 0 :| z [yﬂ] * ( |:Gﬁ,a 0 0 Sz ) ¢

Leaf solve:
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