
 

April 2 2020

Numericanalysis

HW4 will be related at 12am Monday April 6
due 12am Tuesday April 7

Content everything between HW3 and Jacobi's Method ie

lecture on Teuseisday March 31

Jacobi's Method
If A is real symmetric 2 2 matrix

Their A DVT when V is an orthogonal matrix

cosy sing
sing cosy

a fo L
eigenvaluesof A

If A of bd compute of using abid to diagonalize A

If A is real symmetric n xn matrix then use this
idea to zeroout off diagonal elements

columnp column9
B RoyceTA R he has elements apg agp 0 if

q was computed using elements appapgagg



JacobisAlgorithin

Apply a sequence of 1214W s to A that zero out

all offdiagonal elements

Question Do elements that were set to 2ew stay zero

forever in the Jacobi method Ne

I ey Evey Jacobi rotation moves

some mass of the matrix apply RT and12
from off diagonal position to diagonal positions

What can we say about the convergence of Jacobin Method

First a Lemma

Lenya If R is an orthogonal transformation then

11AHp ARTA RH
a FrobeniusNorm

HAH laijl
Proot Let D KTAR Then A and B have the same

eigenvalues and B RTARURTAR
RTA R

A and 13 have the same eigenvalues and thenfun

trace At trace B

Bet ItAll trace ATA true ALAY true BZ 1113147

This was proven in Homework D



Some notation

Split the Frobenius norm into two pieces
Let 11AHE SIA Iai 12

DIAL laiil diagonal part
A laijl off diagonal part

SIA DIA LIA 11AHE
e

Theorem Let A be the 4th iterate in the JacobiAlgorithm
Then lui LIA O

fgf DIA truce H

Proof Let apg be the off diagonal element of H with

the largest absolute valve

Let B R 19T A RP'ly a singleJacobi Rotation

me Hi iii I S
is IT

and don't forget bpg bgp 0 by construction

But from the lemma 1115HE ARTARHI HEHE

This implies that bppttb.gg app'tagg Zapf

Furthermore S B DID LIB
Slit

o

n
DIA LIA



So this means that DCB DIA t LIA
DCA t Zapf

LIE L1A Zapy O for E B
But the same argument work for A and B the original nxn matris

SCB DIDI LIB
F 0 in general

SCA
DCA LIA

LIB L1A Zapf
To 430 Tr o
LIB L UH

ut y Gui apg was the largest off diagonal element

of A we have that LIA 2 n n 1 apt
apai 3 HAI

Hu1
Therefor L B HAI Zafar

c VA 21A
Nu l

LIA l n s

Re label the matron
A A
A B

LIA e l LCA

LIAM E l E LlA e l Eun LTA



After he steps LIAM E l
k
LIA

T
So therefore LIAN 0 as he

And since s A t DIA LIA
truce Ai

Is MA t LIAM Iz DIA true1A

What grantees that luigiDIA true1A

implies that A i
y

idea Apply Gerschgorin'sTheorm
A and A hair the same eigenvalues and LIA O

Therefore the Gerschgorin disks of A hair radii going to 0
as well Therefor the eigenvalues of A and therefore

A are the limit of the diagonal of A

What about the rate of convergence
We showed that LIA e l LIA

if u 1000 l n 99999799799

A if he 100 I the 2.999797

k 10000 Jk 98

Real life conveyance is often mech faster than indicated
in the proof



One final note
Jacobi's Algorithm can be terminated when LIA e e

A RIya T RPaq.ITtRPYq RPYyu1

RT R
diagonal

A RA RTw
g

w

a diagonal R diagonalize A

7 R is the matrix of eigenvectors
of A approximateeigenvats

A ha eigenvalue approximation Al
on the dugout

This means that Jacobi algorithm compules all eigenvalues
and eigenvector at the same time

Topics on HW4
matrix and vector norms
matrix condition numbers

least squares
QR factorization
Normal equations
SVD factorization pseudo inverse

eigenvalue computations

Gerschgorini Thin
powermethod w shifts inversepowermethod withshifts

No questions on homework aboutJacobi's Algorithm


