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Ordinary Differential Equations
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the numerical method used for solvingthese two problems
are very different We will focus only on initial value

problems

The solution to H can be written down formally as
t
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If f doesn't depend on y we can straightforwardly
t

evaluate ft t
to

If f dog depend on y then we must solve 1 4
for y

AI method for solving IVPs are merely approximating
the formal solution in



The local uniqueness of the solution to 1 1 is

established by Picard see page 311 in the

textbook Basically if f is continuous and bounded

in a highborhood of Ltoyo remember f flt y
then a unique solution exists in some neighborhood

of Ito yo

Another way of viewing numerical solutions to is

to directly approximate the differential part

For some small h o
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Givin ylt to approximate yitth we write
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This scheme is called the ForwardEuler Method

Let's turn to Tinilediffer.ir for a bit

Approximation error

Floating point round off error



How good is the ForwardDifference at approximating

yl in the presence of round off error pondofferor
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The hotel error is given as Err h y'It yHthl y
h
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To minimize Err1h11 h must be chosen to balance these
terms

h In hare h E

If C n 1016,1 in double precision then choosing h 10
8

minimizes the error which is then A size

Err h n 01h1 t O E This is the best you can
hope for froma forward
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An alternative approximation the centereddifferencey has

the property that
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Just like hehe h must be chosen to balance them terms

h he
h E in order to minimize this hotel error

So if h 105 then the total error is
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Richardson Extrapolation

What if we compute f x x flxth Hx goth
2h

for of h Can we use this estimate to get
a better estimate of fYx7

Ignor roundoff error for now

The centered difference approximation is 2ndorder accurate
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Can we tie a linear combination of 401hL and yolk to
kill the 01h 1am
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We only used two 2nd order approximation

to obtain a 4th order one

If the round off error in l l is Off then h

must be chosen to balance h4 th
he c 5 minimize the total errorW
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Richardson extrapolation can he repeated several times
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