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Markov Chain

stochastic Process Xy t e T assume that F 112,3
with the property that ffxtlx.at flXtlXt

f Xi Xi a Xt a Hx Hal X 1131 7 fcx.clXt

Stale space X dsick for now

stats 1,2

qrfntn.si IT ixi.ii

If Pis dos net dound
Fad

on u for all i j the

Markov chain is homogeneois

The matrix P of transition probabilities is the

trunsitcoir matrix Pij pij

Twopoperti Pij 30

pig l Typo in book

each row in P is a probability
mass function



nslip transitive probability PlXmn j Xm i p Cn

theorem Chapman Kolmogorov the u step transit in

probabilitis Sahib

Pij Mtn palm pug n Plm Rn

Plz P P p
PCs p
Pcn p

This means that if at him 0 my probability
of being in stale i is mi and define

ME but'mo Mfa

ma Mio P

Mcn ployP 2 matrix vector multiplicative

Question As n is mini 0 Or is pij 0

for all i

Def stink i reacts stale j l ji accessible from it
if pijk 70 for some n

c j
if i j and j i then i c j

communicate



Them i i

i j je i

i j and jerk then c ask

The stale space X can be written as a

disjoint union of classes I X V X U

when i j communicate iff i j CXu

Def If all state communicate then the chain

is irreducible a

Cloyd get A state is closed if the chains

enles but never leans

Closed sit with a single state an absorbing state

Recurent persistant PfXn i forsome n I Xo i
stale

Transient i else

statarily it is a stationery or invariant distribution

if I Tip
TL is a row eigenvector of P
PITT IT
with eigenvalue 1



idea Drm Xo from it a stationary distribution of P

Next draw X TP
Notationally X µ µoP tP T

If Xu µ µ P µP2 Tip p
that Xz To

when a chain has distribution TL it will forever

Deff A Markov Chain has limiting
it in

Mop IT

in mI items t.sn

IT Tiz Tn

DetailedBolance IT satisfies detailed balance it

for all is
it pi PjiTj

Plxn i Px is Xn i

P Xu i Xn jp Xun j Xi i



Thin If it satisfies detailed balance then

TL is a stationary distribution

Proof Detailed balance says Tipij PjcTy

We need to show that TP TL The jth element

of x P Tep TuPuj But Tjf Pjh

Tj

Markov Chain Monte Carlo Mcmc

Goal Estimate an integral E HIX 1h14 Axl Dx

Idea Construct a Markov chain Xc Xc
whose stationary distributor is f

Xu F If
Wire specify.jp
and trying to find P
such that a uP

If this can be done then under certain assumption

f hlxi Is Ethan
i i

For example Draw from posterior in Bayesian

calculator flax 1101 Flo
CT

11101Ho do



specificAlgorithme Metropolis Hastings

Listed as one of top 10 algorithms of 20th century
along with FFT FHM QR Fatou

Goal Draw samples from X with density f

M HAlgorithin
Choose Xo arbitrarily Assuming that we
have generated Xo Xi

Generale Y from dns.gg ylxXi
T I g is a density

proposal or

candidate that is easy to draw

from proposaldistribut

Exgly1x Nl x o
Evaluate r r Xi Y where

rix.si mil'I Yf
Set Xi Y with probability r

Xi with probability 1 r

Completely opaque algorithm look at specific example
first before understands why it works



Ex Draw from Cauchy distributor flx
ly X Y2b2

Tak glylx z b
e

so then rcx.gl mi fI gY it

mil'i i n3
mint I

So the algorithm redus to follow2

Xu Y NIXi b with probabilityrlxo.tl

Xi with prob I rlx.ie

n

a

Why does this algorithm work at all

Shortanwer we enforce detailed balance in the chain

therefor guaranteeing the existence of a stationary
distribution



Recall PijTi PjiTj

Continuous version of detailed balance

Pij play Er P Xn yl Xn x

Ty fix IPI Xuxx

The function f is a stationary distribution if

fly play Hx dx

Detailed Balance then means that

fIx play fly plyx

If this equation holds then just integrate each side
to show that f is a stationary distribution

Using the construction of the M H algorithm show

that detailed balance is satisfied and thefore f
is the stationary distribution

Consider x y lie x Xi and y Y the proposalvalu

Either Hx glylx 2 fly glxly
or fix glylx 7 flyTglxly Cx



Without lossof generality assume that C holds

and we then have

fly glxly 21
f11 glylx

and therefore ray fld glxly
Hx

And obviously rly.x min tYj9gY I a

71
Next compute the transition probabilities

play Phx y and require that
Lil generale g
Cii accept y

plx.gl glylx rhay 9 fq 9,41

fly 9k1g

flx play fly glxly

On the otherhand ply x Ply x and rquirs

i generate

ii accept X



plyx glxly rly x gCxly

And therefor f11play fly ply x

This is detailed balance

MonteCarlo methods

h X faddy IN h Xi when Xi sampb

from f

I

E I f hf

Var I f std I Ing


