The Polyfolds of Gromov-Witten
Theory
Helmut Hofer
Sunday, April 27th, 9:00am—ocopm

In this Sunday lecture series I shall describe the polyfold structure on the
space of stable curves Z (not necessarily pseudoholomorphic) and the strong
bundle structure for a natural bundle p : W — Z, so that the nonlinear
Cauchy-Riemann operator can be viewed as (generalized) Fredholm section
whose solution set is the Gromov-compactified moduli space of pseudoholo-
morphic stable curves. The same ideas work for symplectic field theory es-
sentially without any additional technical difficulties.

There are some prerequisites. If you understand the words in the glossary
you are prepared. If not try to read

http : / Jwww.cims.nyu.edu/ ~ hofer/stanford/lecture — 1 — 5.pdf

In particular the subsection about Deligne-Mumford theory via Lie groupoids
is useful for the polyfold constructions.

1 Glossary

We recall some of the basic notions from [I].

e sc-structure. An sc-structure on the Banach space E is a nested
sequence
E=EyDEDEy- D Eg=()E
k>0

of Banach spaces E,,, m € Ny = NU {0}, having the following proper-
ties.
(1) If m < n , the inclusion E, — E,, is a compact operator.

(2) The vector space Ey is dense in E,, for every m > 0.



A Banach space E equipped with an sc-structure (FE,,) is called an
sc-Banach space. Each of the spaces E,, is an sc-Banach space and
denoted by E™. The sc-structure on E™ is given by (Epik)k>0-

sc-operator. A bounded linear operator 7" : £ — F between sc-
Banach spaces is called an sc-operator if T'(E,,) C F,, and T : E,, —
F,, is continuous. If, in addition, 7" is bijective and 77! : ' — F is
sc?, then T is called an sc-isomorphism.

partial quadrant.  Given an sc-Banach space W, a subset C C W
is a partial quadrant of W if there is an sc-Banach space ) and an
sc-isomorphism 7" : W — R™ @ @ such that T'(C) = [0,00)" & Q.

induced sc-structure. If U is a relatively open subset of a partial
quadrant C'in the sc-smooth Banach space F, then the nested sequence
of sets U,,, = U N E,, is called the induced sc-structure on U. The
set Uy, inherits sc-smooth structure defined by (Uy,1x)k>0. The set Uy,
equipped with this induced sc-structure is denoted by U™.

direct sum and triangle-sum. If (E,),> and (F},),>0 are sc-smooth
structures of £ and F, then E & F carries the sc-structure defined by
(E®F), = E,®F,. By E<F, the triangle sum, we denote the Banach
space £ @ F equipped with the bi-filtration (E' < F'),,x = E,, ® F}, for
pairs (m, k) satisfying m >0 and 0 < k <m + 1.

sc’-map. A map ¢ : U — V between relatively open subsets of

partial quadrants in sc-Banach spaces is said to be class sc” or sc? if
©(Uy,) C V,, and the induced maps ¢ : U,, — V,, are continuous for
all m > 0.

tangent bundle TU. Given a relatively open subset U of the partial
quadrant C' in the sc-smooth Banach space E, the tangent bundle TU
of U is defined as TU = U' @ E. That is, the sc-smooth structure
of TU, is given by the nested sequence (TU),, := Uy @ E,, for all
m > 0. The canonical projection p : TU — U' is of class sc’. The
higher order tangent bundles T*U are defined iteratively as T'U = TU

and T*U = T(T*'U) for k > 2.

sc-subspace. If E is an sc-Banach space, then a closed subspace F'
of E is called sc-subspace of E if the nested sequence F,, = F' N E,, is



an sc-structure for F'. An sc-subspace F' C F splits F if there exists
another sc-subspace G of E so that E,, = F,, ® G,, for all m > 0.

Fredholm operator. An sc-operator T': £ — Y is called Fredholm
provided that there are sc-splittings £ = K® X and F =Y @& C having
the following properties.

(1) K = kernel(T") is finite dimensional.
(2) C is finite dimensional.
(3) Y=T(X)and T : X — Y is an sc-isomorphism.

scT-operator. An sc-operator T : £ — F is called an sc™-operator
if T(E,,) C Epy1 for every m >0 and T : E — E* is of class sc®.

scl-map Let E, F be sc-smooth Banach spaces and let U € C' C E be
a relatively open subset of a partial quadrant. An sc®map f: U — F
is said to be sc! or of class sc! if the following holds.

(1) For every x € Ui, there exists a bounded linear map Df(z) €
L(Ey, Fy) satisfying (with  + h € Uy)

ﬁllf(w +h) = f(x) = Df(x)hllo — 0 as [[hfly — 0.

(2) The tangent map 7'f : TU — TF, defined by

Tf(z,h) = (f(x), Df(x)h)

is an sc’-map.
sck-map. f:U Cc C C E — F is an scf-map or of class sc* if the
sc-map TF-1f : TF'U — T*1F is of class sc'. In this case the
tangent map T(T*=1f) : T(T*"U) — T(T*1F) is denoted by T*f. If
f:UCCCFE — Fis of class sc* for every k > 0, then it is called
sc-smooth or of class sc™.

sc-diffeomorphism. A homeomorphism f : U — V between rela-
tively open subsets of partial quadrants in sc-smooth Banach spaces is
called an sc-diffeomorphism if f and f~! are sc-smooth.



sc-smooth splicing. Let V' be an open subset of a partial quadrant
C Cc W, let E be an sc-smooth Banach space and let 7, : £ — E be a
bounded linear projection for every v € V' such that the map

T VOE—-E, (v,e)— me)

is sc-smooth. Then the triple § = (7, E,V) is called an sc-smooth
splicing.

splicing core. Let & = (m, E,V) be an sc-smooth splicing. The
associated splicing core is the subset of V' & E defined by

KS ={(v,e) €V @& E|m,(e) = e}.

tangent splicing of S. Given a splicing § = (m, E, V), the tangent
splicing of § is the triple defined by

TS = (T, TE,TV).

The splicing core of the tangent splicing 7'S is the set

TS = {(v,6v,e,¢) € TV & TE|(TT)(n60) (e, 6¢) = (e,5€)}.

A local M-polyfold model consists of a pair (O,S) in which O is
an open subset of the splicing core K associated with the sc-smooth
splicing § = (m, E, V). The tangent of the local M-polyfold model
(0, 8) is the object defined by

T(0,8) = (K"|0',TS)

where K79|O! denotes the collection of all points in K7€ which project
under the canonical projection K7 — (K9)! onto the points in O*.

smooth maps between splicing cores. Given open subsets O, O’
of splicing cores KS C V @ E and K¢ C V' @ E’, where Vand V' are
open subsets of partial quadrants in the sc- Banach spaces W and W',
deﬁne the open set O C V@ E by O = {(v,¢) € V@ E|(v, my(e)) € O}.
An sc®-map f: O — O’ is of class sc! provided the map

f:O\CV@E—)W/@Ela f('l},e):f(’l},ﬂ'v(ﬁ’))
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is of class Ascl. The tangent map T' f associated with the sc'-map ]?
satisfies T f(KTS|O") ¢ KTS'|0’ and induces a map TO — TO' which
is denoted by T'f and called the tangent map of f. The tangents T'O
and TO' are open subsets of the splicing cores K7 and K79, and the
notion of f to be of class sc* is defined iteratively.

e M-polyfold. Let X be a second countable Hausdorff space. An M-
polyfold chart for X is a triple (U, ¢,S) in which U is an open sub-
set of X, 8§ = (m, E,V) is an sc-smooth splicing and ¢ : U — K¢
is a homeomorphism onto an open subset of the splicing core K¢ =
{(v,e) € V& E|m,(e) = 0}. Two such charts are compatible if the
transition maps between open subsets of splicing cores are sc-smooth.
A maximal atlas of sc-smoothly compatible M-polyfold charts is called
an M-polyfold structure on X and X is equipped with such a struc-
ture is called a M-polyfold of type 0. By definition a M-polyfold
looks locally like an open subset of a splicing core.

e sc-smooth map between M-polyfolds. A map f: X — X’is called
of class sc’, resp. scF or sc-smooth if for every point x € X there exist
a chart (U, ¢,S) around x and a chart (U’, ¢, S’) around f(x) so that
f(U) c U" and
o fop(U)— (U

is of class sc?, resp. sc¥ or sc-smooth.

e A general sc-smooth splicing is a triple R = (p, F,(0,S)) in
which (O, ) is a local M-polyfold model associated with the sc-smooth
splicing & = (w, E,V) and O is an open subset of the splicing core
KS = {(v,e) € V @ E|m,(e) = e}. The space F is an sc-smooth
Banach space and the map

p: 0@ F = F, ((ve),u) — p(v,e u)

is sc-smooth. Moreover, for every (v, e) € O, the map p(,) = p(v,e,-) :
I — Fis a bounded linear projection. A second countable Hausdorff
space equipped with a maximal atlas where the local models are open
subsets of splicing cores of general splicings are called M-polyfolds of
type 1.

e The tangent of a general splicing R = (p, F, (0, S)) is the triple
TR = (Tp,TF,(TO, TS)).



e A strong bundle splicing is a general sc-smooth splicing
R =(p, F.(0,5))

having the following additional property. If (v,e) € O,, and u €
Foi1, then p((v,e),u) € F,.1, and the triple R' = (p, F',(0,8))
is also a general sc-smooth splicing. The complementary strong
bundle splicing R is defined by R® = (1 — p, F, (O, S)).

e splicing core of the strong bundle splicing. Given a strong bundle
splicing R = (p, F, (O, S), the set

K" ={(w,u) € 0 & F| p(w,u) = u}

is called the splicing core of the strong bundle splicing R. The splicing
core K® has the bi-filtration

K;f’k = {(w,u) € K*|w € Op,u € F}

where m > 0and 0 < k < m+1. Clearly K can be viewed as a subset
of O < F and its bi-filtration is the induced one. The bundle K® — O
is called a local strong bundle. With the strong bundle splicing
R there are associated two splicing cores K R" and K®', denoted by
K®(0) and K®(1), and equipped with the filtrations

K®(0),, = K, and K%(1), = KJ

m,m-+1
for m > 0.
e scl-maps. Let R = (p, F,(0,8) and R' = (¢, F', (0', S’) be general

sc-smooth splicing with associated splicing cores K® C O @ F and
K® c O'® F'. Let the bundle map f : K® — K% be of the form

flw,u) = (p(w), ®(w, u))
where ¢ : O — O" and & : O @ F — F’. Then

(1) fis of class sc? if it induces sc’-maps K™(i) — K%' (i) for i = 0
and 7 = 1.

(2) f is of class scl it it is sc? and induces sc’-maps K?(i) — K™ (i)
for i =0 and ¢ = 1.



If f: K® — K® is a map of class scl, then tangent map T'f : TK® —
TKR is of class sc?. If the tangent map T'f is of class scl, then f is
said to be of class sc?. The sck-classes are defined inductively. The
map f : K® — K™ is of class sc or sc-smooth if it is of class sc¥

<
for every k.

sc-smooth section of a local strong bundle p : K® — O. Given
a local strong bundle p : K® — O, a section f of p is called sc-smooth,
if fis an sc-smooth section of the bundle K®(0) — O. The section f
is called an sc™-smooth section, if it defines an sc-smooth section of
the bundle K*(1) — O,

strong M-polyfold bundle. Let Y be an M-polyfold of type 1, let
X an M-polyfold of type 0, and let p : Y — X be a surjective sc-smooth
map. It is assumed that each fiber p~'(z) = Y, is a Banach space. A
strong M-polyfold bundle chart for the p : ¥ — X is a triple
(U, ®, (K®,R)) in which U C X is an open set and R = (p, F, (O, S))
a strong bundle splicing with the local model (O, S) of the M-polyfold
X. The map ® is an sc-diffeomorphism p~(U) — K™ which is linear
on the fibers and which covers the sc-diffeomorphism ¢ : U — O so
that the following diagram commutes,

p i (U) —— KR

JP JPH

U —£ o.
Moreover, ® resp. ¢ are smoothly compatible with the M-polyfold
structures on Y and X, respectively.
Two M-polyfold bundle charts (U, ®, (K®,R)) and (U, ¥, (K*' R"))
with ® covering the sc-diffeomorphism ¢ : U — O and W covering the
sc-diffeomorphism 1) : U' — O’ are sc,-compatible if the the transition
map

Vod ™ KRlp(UNU") — KF|p(UNU)

between their splicing cores K® and K®' are sc-smooth.
An M-polyfold bundle atlas consists of a family of M-polyfold bun-
dle charts (U, ®, (K, R)) so that the underlying open sets cover X



and so that any two charts are sc,-compatible. A maximal atlas of
M-polyfold bundle charts is called an M-polyfold bundle structure and
the map

p:Y —X

is called a strong M-polyfold bundle.

sc-smooth section. Given a strong M-polyfold bundle p : ¥ — X,
a section f: X — Y is called sc-smooth, if its local representations in
the strong M-polyfold bundle charts are sc-smooth. It is called an sc™-
smooth section if its local representations in the strong M-polyfold
bundle charts are sct-smooth sections.

linearization of an sc-smooth section.  Given a strong M-polyfold
bundle p : Y — X and an sc-smooth section f: X — Y. If g€ X is a
smooth point at which the section f vanishes, the linearization of f at
q is defined by

fq): T,X =Y, hw— P,oTf(qh

where P, is the projection 7, X @& Y, — Y,. If at the smooth point
g € X the section does not vanish, then the linearization of f at ¢
is defined as follows. Take any sct-section defined near ¢ satisfying
s(q) = f(q). Then the section f — s vanishes at the smooth point ¢
and the linearization of f with respect to s is defined by

fig(@) : T,X =Yy, hw PpoT(f —s)(g)h

If s and ¢ are two sc’-sections such that s(q) = t(¢) = f(¢), then the
linearizations f[’s}(q) and f[’ﬂ (q) differ by an scT-operator. In particular,
if one linearization is an sc-Fredholm operator, then the same holds for
the other in view of Proposition 2.11. in [IJ.

linearized Fredholm section. An sc-smooth section f of the strong
M-polyfold bundle p : ¥ — X is called linearized Fredholm at the
smooth point ¢ € X if the linearization of f at ¢ is an sc-Fredholm
operator. The section is called linearized Fredholm, if this holds true
at all smooth points q.
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