LAGRANGIAN HYPERPLANES IN HOLOMORPHIC SYMPLECTIC
VARIETIES: COMPUTATIONAL APPENDIX

BENJAMIN BAKKER AND ANDREI JORZA

ABSTRACT. We collect here the computations from [BJ11]. In that paper, we classify the
cohomology classes of Lagrangian hyperplanes P* in a smooth manifold X deformation
equivalent to a Hilbert scheme of 4 points on a K3 surface, up to the monodromy ac-
tion. Classically, the cone of effective curves on a K3 surface S is generated by nonegative
classes C, for which (C,C) > 0, and nodal classes C, for which (C,C) = —2; Hassett and
Tschinkel conjecture that the cone of effective curves on a holomorphic symplectic variety
X is similarly controlled by “nodal” classes C' such that (C,C) = —v, for (-,-) now the
Beauville-Bogomolov form, where ~ classifies the geometry of the extremal contraction as-
sociated to C'. In particular, they conjecture that for X deformation equivalent to a Hilbert
scheme of n points on a K3 surface, the class C' = £ of a line in a smooth Lagrangian n-plane

P™ must satisfy (¢,¢) = —”TJrS. We prove the conjecture for n = 4 by computing the ring of
monodromy invariants on X, and showing there is a unique monodromy orbit of Lagrangian
hyperplanes.

1. INVARIANT CLASSES
(1.1) By [BJ11, §1.5],

dim H*(S¥, Q)% =1 dim H*(S¥, Q)% =0
dim H*(SH, Q)% =4 dim H*(SH, Q)%x =2
dim H%(S¥ Q)% =5 dim H%(S™, Q)% =1
dim H8(S¥W, Q)% =8 dim H8(S¥, Q)%x =3

(1.2) In the notation of [BJ11, §1.8], the invariant classes for H2(S Q) are:

§=I({1}2,{L,1}) =) 1 ® 13® 1,(12)

(12)
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(1.3) The invariant classes for H*(SH, Q) are:

= I({1}5,{1}1) = D 1123 ® 14(123)

(123)

=I({1,1}2) = ) 1 ® 154(12)(34)

(12)(34)

— I{L L1, pt]}) = S [pth © 1 ® Ly ® Ly(id)

1

= [({17 1,e, ev}l) = Z (6]')1 ® (6;-/)2 K13 ® 14(1d)

3,(12)

(1.4) The invariant classes for H%(SH, Q) are:

I({1}s) = ) 1iosa(1234)

(1234)
= I({[pt]}2, {1, 1}1) = > _[pthe ® 15 ® 14(12)
(12)
= I({1}2,{1, [pt]}1) = D 112 ® [pt]s @ 14(12)
(12)3
=TI({e"}2, {e.1}1) = D (€)1 ® (€))2s ® 14(23)
3,1,(23)

= I({1}s, {e, e’ 2112 ® (e5)3 @ (e} )a(12)
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(1.5) The invariant classes for H*(SH Q) are:

A=1I({e}s,{e"}h) = Z (e)123 ® (e)4(123)

7,(123)

B=1({1}3,{[ptl}h) = Z Ligs ® [pt]4(123)

C=I({[ptl}s, {1}1) = ;E;[pthz:a ® 14(123)

D =I({L [pt]}2) = %([pt])lz ® 134(12)(34)
E=1({e,e'}s) = .:12;34)(6]-)12 ® (7 )34(12)(34)
F=1I({11,[pt], [pjé]}1> = %Hpt]h ® [[ptll2 ® 15 ® 14(id)

G=1I({Lee )= D [t @ (e))2 ® (¢)s(id)

j71’(23)

H=1({e,e,e’,e'}) = Z ()1 ® (& )2 ® (ex)3 @ () )a - id

7,k,(12)(34)

2. THE RiNG A{S,}

(2.1) Below, for various pairs of m and o we give the relevant orbits and defect, ¢f. [BJ11,
§1.1J:
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(2.2) Deducing from the previous orbit computations the multiplication structure in the ring

A{S,} is easy. For example, we have the following:

(o]

3 ~—~ /N /N

L =N = =
< =~ MM < N T AN AN
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where e = —24[pt].

Also

2)(12) = A(1)12 ® 13 ® 14(id)

1
1

(
(

1193 © 14(132)
123 ® 14(123)

2)(13)

(12)(23)



(2.3) Let ] = >, tjver and e; = Y 7jre) such that the matrices (f;;) and (r;;) are inverses
to each other. Thus
Z tijTik = Oj=k

Also (ej,ex) = (D_rjief, ex) = 1, and (ef, e)) = t;. Moreover, eje, = (ej, ex) = r5;[pt] and
eje) = tjr[pt].
3. MULTIPLICATION TABLE FOR INVARIANT CLASSES

(3.1) For computations using invariant classes one needs to construct a multiplication table
which, because of symmetry, has 18+ (128) = 171 entries. All formulas were either checked by
SAGE code, available on either author’s webpage, or by hand; many were checked by both.

3.2. 9. Summary:

62 =2X —-3Y — Z+4+3W formula & sage
oW =4P —4Q — 2R — 25 formula & sage
0X=2P—-R-T sage
oY =20+ R sage
04 =220 +4+25+T sage
0P =-3A—-3B—-3C —4D — 4F formula & sage
0Q=3C+D—-F sage
IR=3B+3C+2D—-4F -G sage
0S =3A+66C +4F — 2G sage
0T =3A+22D — G —2H formula

(3.2.1)

5% = Z 1o ® 15 ® 14(12)
(12)

= 112 ® 13 ® 14(12) ((12) + (13) + (14) + (23) + (24) + (34))

(12)

= (A(D)12® 15 ® 14(id) + 11 25 ® 14(132)
(12)

1y ©15(142) 4+ 1193 ® 14(123) + 1104 © 15(124) 4 135 @ 134(12)(34))
=3 Pth®L®ly®Lid) — > Y ()i @ (6)): ® 13 ® L4(id)
1

12) J

+33 Ly ®14(123) +2 > 11p @ 134(12)(34)
(123) (12)(34)

==3Y - Z+3W +2X



(3.2.2)

oW => 1@ 130 14(12) Y Loy ® La(abe)

(12)

= Z 11 ® 13 ® 14(12) (1123 ® 14(123) + 1194 ® 13(124) + 1134 ® 15(134) + 1ogs ® 1,(234)
(12)

+ 1193 ® 14(132) + 1194 ® 15(142) + 1134 ® 15(143) + 1oz ® 1,(243))

= (A(1)123 ® 14(23) + A1) 124 @ 13(24) + L1234(1342) + 11234(1234)
(12)

+ A(1)215 @ 14(13) + A(1)g14 @ 15(1,4) + 11934(1432) + 11934(1243))
=2 Z A(1)125(23) + 4 Z 11234(1234)

1,(23) (1234)
=4 11p54(1234) — 2 Z 1, @ [pt]2s(23) — 2 Z Pt ® 155(23) — 2 Z Z e )23(23)
(12) 1,(23) ,(23) j=1

= 4P — 4Q — 2R — 28

(3.2.3)

0X =) (12) ) (12)(34)

(12) (12)(34)
= " (A(1)12 ® 13a(34) + (1324) + (1423))
(12)
(12) J
=—R-T+2P
(3.2.4)

6Y = (12) ([pth + [pt]z + [ptls + [ptls) (id)

(12)
= Z(Q[I)t]lz ® 13 ® 14(12) + 112 ® [pt]s @ 14(12) + 115 ® 13 @ [pt]4(12))
(12)

—2Q+R



(3.2.5)

02 =" (e )2 ® 13 @ 14(id) ((12) + (13) + (14) + (23) + (24) + (34))

(12) 4

=3 ) ((eje))12® 15 ® 14(id) + (€13 @ (€] )2 @ 14(13) + (€5)14 @ (€] )2 ® 13(14)

(12) g

+ (€)1 @ (€] )23 @ 14(23) + ()1 ® (€] )24 @ 13(24) + (€)1 @ (€] )2 © 134(34))
— 220425+ T

(3.2.6)

oP = Z ]_12 X 13 X 14(12) Z 11234(U,b6d)

(12)
= 1 ®15® 14(12) ((1234) + (1243) + (1342) + (1324) + (1432) + (1423))
(12)
=) " ((12)(1234) + (12)(1243) + (12)(1342) + (12)(1324) + (12)(1432) + (12)(1423))
(12)

= Z 1 234 234 + A( )1 234(243) + A(1)2’134<134) + A(1)13’24(13)(24) + A(1)27134(143) + A(1)14723

(12)
=3)  A(1)1234(234) +4 ) A(1)1524(13)(24)
(234) (13)(24)

:—3211@) pt234 234 —3Zpt ®1234 234 —SZZ 6] 1® 234 234)

(234) (234) (234) j=1
—4 Z 113 X [pt]24(13) (24 —4 Z pt 13 X 124 13 24 —4 Z Z 6] 13 ® 24 13) (24)
(13)(24) (13)(24) )(24) j=1

=—-3A—-3B—-3C —4D —4F

(3.2.7)

0Q = [ptlin ® 13 ® 14(12)((12) + (13) + (14) + (23) + (24) + (34))
(12)
= Z ([pt])12 @ 13 ® 14(id) + [pt]i2s ® 14(132) + [pt]i2a ® 15(142) + [pt]123 @ 14(123) + [pt]i24 ® 15(°
(12)
+ [ptli2 @ 134(12)(34))

= - Z[pt]l ® [ptl]e ® 13 ® 14(id) + 3 Z [Dt]123 ® 14(123) + Z[pt]lz ® 134(12)(34)
(12) (123) (12)

= -F+3C+D
8



(3.2.8)

SR =" 112® [pt]s ® 14(12)((12) + (13) + (14) + (23) + (24) + (34))

(12),3

= Z )12 @ [pt]s ® 14(id) + [pt]i2s @ 14(132) 4 1194 ® [pt]3(142) + [pt]12s ® 14(123)

+ 1124 ® [pt]s(124) 4+ 112 @ [pt]34(12)(34))

=4 [pth @ [pth @ 13 @ Liid) — > Y (e;)1 @ (€))2 @ [pt]s ® 15(id)

(12) (12),3 j

+3) [pthos ® 14(123) +3 ) 1123 @ [pt]a(123) + 2> [pthiz @ 134(12)(34)

(123) (123) (12)
=—4F -G+ 3B+3C+2D

(3.2.9)

= 3 S ()2 ® () ® Li(12)((12) + (13) + (14) + (23) + (24) + (34))

(12),3 J

— Z Z (e)12 ® (€))3 ® 14(id) + (e} ) 123 ® 14(132) + (€j)124 @ (€))3(142) + (€€} 123 ® 14(123)
(12),3 J

+ (€124 ® (€] )3 (124) + (e)12 @ (€] )34(12)(34))
== ()1 ® [Pt @ (€))s ® Ly + [pth @ (€)2 @ (€])s @ L) (id) + 3 D~ [pt]izs ® 14(123)

(12),3 j Jj (123)
+33 ) (e ®(e])a(123) +4 > ) “(ej)1ale] )5a(12)(34)
(123) J (12)(34) J

= —2G' +66C + 3A+4F
9



(3.2.10)

0T =) 112 ® (e;)s ® (€] )a(12) ((12) + (13) + (14) + (23) + (24) + (34))
5-(12)

= Z D12 ® (€5)3 ® (€)3(id) + (€5)123 ® (€])a(132) + (e5)3 ® (€] )124(142) + (€5)123 ® (€5 )a(123)

+ (ej)s ® (€] )124(124) + 115 ® [pt]s4(12)(34))

= Z ( pth ® 13 — 11 @ [pt]s — Z(ek)l ® (%)2) ® (e5)3 ® (e )3(id) + Z Z 112 ® [pt]s4(12)(34)
i (12

k

+3 Z 6] 193 & (123)

3,(123)
== ) pth®l®(e)s®(e))sid) =2 > (e @ ()2 ® ()3 @ (€])s(id)
4,1,(34) 3,k,(12)(34)
+22) 112 @ [pt]sa(12)(34) +3 > (€5)123 @ (€])a(123)
(12) 3,(123)

=-G-2H+22D+3A

3.3. W. Summary:

W?=—-3A4—-3B—27C —8D — 8FE +4F + 2G formula & sage
WX =-3A-3B-3C sage
WY =B+ 3C sage
WZ =3A+ 66C sage

10



(3.3.1)

W2 — (Z liog ® 14(123))

(123)

_Z (123) ((123) + (132) + (124) + (142) + (134) + (143) + (234) + (243))

- Z (—24[pt] 123 ® 14(132) + A(1)125 @ La(id) + A(1)13.24(13)(24) + A(1).150(143) + A(1)1.234(234)

(123)

+ A(D)14, (14)(23) + A(1)12,34(12)(34) + A(1)3,124(124))

= 3 (~24[pthes ® 14(132) + A(1)125 ® L)) +8 > A(1)1234(12)(34) +3 Y A(1)123(234)
(123) (12)(34) (234)

=24 ([pthos ® 14(132) +ZZ ([pth ® [ptl, @ 1@ 1+ [pth @ [pt], @ e; ® €))(id)

(123) (123) r=2 j
-8 Z [pt]i2 ® 134 4 112 ® [pt]34)(12)(34) — 8 Z Z ej)12 ® (€] )34(12)(34)
(12)(34) (12)(34) J
~3 [pthse ®11(234) = 3> Losa @ [pt]1(234) =3 D> (ej)231 ® (€] )1(234)
(234) (234) (234) j

=—-3A-3B-27C —8D —8E +4F 4+ 2G

3.4. X. Summary:

X?=-2D-2E4+2F+G+H formula & sage
XY =2D sage
XZ =22D +4F sage

11



(3.4.1)

X2 — ( Z 112 & 134(12)(34))
(

12)(34)

= Y (A2 © A(D)sa(id) + A(1)14,25(14)(23) + A(1)13.24(13)(24))

(12)(34)
= Z A(1)12 ® A(1)34(id) + 2 Z A(1)1234(12)(34)
(12)(34) (12)(34)
= —2 Z ([pt]i2 ® 134 + 112 ® [pt]34)(12)(34) — 2 Z Z(ej)u ® (6;)34(12)(34)
(12)(34) (12)(34) J

J

+ <—[Pt]1 ® 1y — 11 ® [pt]z — Z(ej)l ® (6;)2> ®
(12)(34)

® <—[Pt]3 ® 1, — 13 ® [pt]s — Z(ek)B ® (€Z)4> (id)

k

=—2D-2E+2) [pth @ [pth @ L@ Li(id) + D> > (&)1 ® (€))2 ® (ex)s @ (e))a(id)
(12) (12)(34) 34,k

+ Z Z[pth ® (ej)2 ® (&) )3 ® 14
1,(23) J
=-2D-2E4+2F+G+H

3.5. Y. Summary:

Y2 = 9F formula & sage
YZ =G sage

(3.5.1)

V2= (Z[pth ®1®13® 14(id)>

1

=> (ptI@ Pt 1@ 1+ [pt] @ 1@ pt] @1+ [pt] ® 1® 1® [pt])

=2> ptheptholol
(12)

=2F
3.6. Z. Summary:
7% =22F +2G +2H formula

12



(3.6.1)

2

7% = ZZ ej)1 ® (e 2®13®14<1d)
J
:ZZ e 1 ®(e])2 @130 14(id) (e, @ e ®1@1+,01Re) ®1+6,01R1® e,

+1®ek®ek®1+1®ek®1®eZ+1®1®ek®eZ)

= Z ((ejer) @ (e]ef) @1 @1+ (ejer) ®e) @ e @1+ (ejer) Qef QL@ e
J:k,(12)

te®ele@e@lte®ele,@l®e) +e;Qef ®e,@ey)

= > tprabptleptle1el+ Y ndpt]@(ztmeu)@ezm
7,k,(12) 7,k,(12),3

—1—261 [pt] ®€k®1—|—26]®6 ®ek®ek

Jok,(12)

=2F+ Y [ptl®e®@ef @1 rutju+G+2H

k,au,(12),3 J

=22F+ > [pt]®e, @6 @10, + G+ 2H
k,u,(12),3

=2F+ Y [ptl®e®e @1+G+2H
k,(12),3
— 22F +2G + 2H

since e;e) = d;i[pt].

3.7. A. Summary:

A? = 8- 22[pt]; @ [pt]s ® [pt]s @ [pt]a(id) formula
AB =0 formula & sage
AC =0 formula & sage
AD =0 formula & sage
AE =0 formula & sage
AF =0 formula
AG =0 formula
AH =0 formula
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(3.7.1)

Z Z e;j)123 @ ( (123))

j=1 (123

= Z Z Z ej)123 @ (€5)a(123) ((ex)123 @ (€5)4(123) + (ex)123 @ (ey)a(132)

124 @ (6Z)3(124) + (ex)124 ® (e))3(142) + (ex) 131 @ (e )2(134)
134 @ (e )2(143) + (er)23a @ (e))1(234) 4 (ex)2ss ® (ef)1(243))

= 8- 22[pt]; ® [pt]e ® [pt]s @ [pt]a(id)

as ¢((123), (123)) = —24[pt]123 ® 14 while all the other defects are trivial.

(3.7.2) All other products are zero as the only terms with nonzero product in middle coho-
mology are of the form

A% o @ A7 Lot o Ald g

Similarly below.

3.8. B. Summary:

B*=0 formula
BC = 8[pt]; ® [pt]2 @ [pt]s @ [pt]4(id) sage
BD =0 formula & sage
BE =0 formula & sage
BF =0 formula & sage
BG =0 formula & sage
BH =0 formula
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(3.8.1)

= () 1123 ® [pt]s(123))°

(123)

=) 1123 ® [pt]a(123) (1123 @ [pt]a(123) + 11os @ [pt]a(132) + 1124 @ [pt]5(124)
(123)

+ 1124 & [pt]3(142) + 1134 & [pt]2<134> + 1134 (029 [pt]2<143) + 1234 & [pt]1(234) + 1234 ® [pt]1(243))
=0

3.9. C'. Summary:

C*=0 formula & sage
CD=0 formula & sage
CE=0 formula & sage
CF=0 formula & sage
CG=0 formula & sage
CH=0 formula
3.10. D. Summary:
D? = 6[pt]; @ [pt]> @ [pt]s ® [pt]4(id) sage
DE =0 formula
DF =0 formula
DG =0 formula
DH =0 formula
3.11. E. Summary:
E? = 66[pt]; ® [pt]s ® [pt]3 ® [pt]4(id) formula & sage
EF =0 formula
EG=0 formula

FH =0 formula
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E? = ( ()12 ® (€] )34(12)(34))°
J=1 (12)(34)
= Z Z ej)iz ® (e )34(12)(34) x

x ((ex)12 ®( 1)34(12)(34) + (er)13 @ (€5)24(13)(24) + (ex)1a ® (€))23(14)(23))

=3 ‘ thkﬂ“gk[pt]l ® [ptle ® [pt]s ® [pt]a(id)
= 66[pt]: @ [pt]2 ® [pt]s ® [pt]a(id)

3.12. F. Summary:

F? = 6[pt] @ [pt]: ® [pt]s @ [pt]a(id) sage
FG=0 formula
FH =0 formula

3.13. G. Summary:

G? = 264[pt]; @ [pt], ® [pt]s @ [pt]a(id) formula
GH =0 formula
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(3.13.1)

22

Z bt @ (ej)2 ® (e))3 ® 14(id))

,(23)

=ZZ Z > th @ (e5): ® (€} )s @ La(id)[ptla © (ex)s @ () @ La(id)

k=1 a,(be)
22

= Z ptl @ (e5)2 ® (€] )3 ® La(id) 11 @ (ex)2 ® (e))s @ [pt]a(id)

l\?

l\)

22

= Z pt; ® ejek 2 ® (e @k> [pt]a(id)

j=1 k=

22[pt] ®[pt] ® [pt]s ® [pt]a(id)
,(23)
=12 - 22[pt]; ® [pt]> ® [pt]s ® [pt]s(id)

-

since a; ® f1 @ 71 ® 1 (id) e ® fa @ 2 ® d2(id) = an e ® 152 @ 172 ® d162(id). The second

to last line in the equation follows as before.

3.14. H. Summary:

H? = 1584[pt]; ® [pt]> @ [pt]3 @ [pt]a(id) formula
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(3.14.1)

H? — ZZ Z (€)1 @ (e])2 @ (ex)s ® (ef)a(id)

Jj=1 k=1 (

YT Y T ek @ (e () © e ® (6 (e @
j=1 k=1 u=1 v=1 (12)(34) (ab)(cd)

— Z (ejeu)1 ® (e; Yen)2 ® (erey)s ® (efey)(id)
j=1 k=1 u=1 v=1 (12)(34)

(ejeu)1 @ (€] €n)2 @ (exey)s ® (eey)(id)

J

€j€u)1 ®( ; V)2® (exen)s @ (exe,)(id))

1
7=1

+
+

§ : § : ajuajuakvakv+ajuakv5] vOk= U+ajua’]vakvaku)

k=1 u=1 v=1 (12)(34)
§ : § : a]kakj + § :E :E :5 : § : ajuaguakvakv+a]uajvakva’ku)
k=

1 (12)(34) j=1 k=1 u=1 v=1 (12)(34)

Jj=

=S
BT RS (zz) DHHHIP IS

J=1 k=1 (12)(34) (12)(34) \j=1 u=1 J=1 k=1 u=1 v=1 (

= > (22+22°+22)
(12)(34)

= 3-(2-22+22%)[pt]; ® [pt], ® [pt]s @ [pt]a(id)
= 1584[pt]; ® [pt]2 ® [pt]3 @ [pt]4(id)

since

22 22
E E CijCLZj =Tr 122 =22
j=1 k=1

18
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and

2 22 2 22 22 22 2 22
22 D sl =3 DD (e en)lefe)(en e)el )

j=1 k=1 u=1 v=1 j=1 k=1 u=1 v=1

22 22 22 22
= E E E E /rjutjvrkvtk’u

j=1 k=1 u=1 v=1

22 22 22 22
S (z )
v=1

j=1 k=1 u=1

22 22 22
= Z Z Z 7njutku(sjzk

j=1 k=1 u=1

22 22
= E g 71jutju

j=1 u=1
= 22

4. HODGE CLASSES OF S
We include here the details to the proofs of the statements in [BJ11, §2.7].

(4.1) co(SW) =37 +33Y — W, ¢f [BJ11, Lemma 2.9].
We had

4 21
co(SH = (—gu - §v> W+ <u - Z) X+ (v+42)Y — gZ



This yields:

1117 776
945300 = H2cy(SH)? = 5 @+4m%—m@+4@mu—mJ+§7w+4m@u+m
2365 611 848
- @+4mv+jzmﬂ—2n?—§7mu—2ngu+m
220 23488 5720 19525
+?(4u—21)v—|—T43(3u+v)2—8—1(3u—|—v)v+ 18 U2
79300 , 45200 221050 43400 4266675
= —22
T + 31 uv + 513 " 750u + 5 v+ 1
848
—2&%&):95%ASW):r—mﬂv+4%2+52@%ﬁﬂﬂ4u—2n——7;0%+£D@u+v)
814 139 992
+?;@+4mv—77Mﬂ—2m?+7ruu—296u+m
748 7552 6512 2519
—?(4u—21)v—8—1(3u+v)2+2—7(3u+v)v— 9 U2
12 4 4881
::——§%§§u2—— ;f8z“)—- 2?602%—1596u—%1288v-— 88187

177552 = 0cy (M) = 42(v + 42)? — 48(v 4 42)(4u — 21) + 96(v + 42)(3u + v)
— 220(v + 42)v + 87(4u — 21)* — 192(4u — 21)(3u + v)

1280 638
+3m@u—2nv+—5—@u+vﬁ—3m@u+mv+7fﬁ
1600 712
= 368u’ + uv———§—v2—k1512u——4032@—%154791
There are two solutions, (u,v) = (¥, -9), (135, —%2). Finally, we compute
113482 361912 273944 67072 242858
1992240 = ¢y (S = 4 3 2,2 4 20004 3 3
c2(5) 729 ¢ o1gr VT et YV T 1063 81
%_556552 . 284438 , 356636 2+146951 2%_1193920 5
v — u v — uv u v
59049 81 243 4 2187
+_139013W+476329U2_ 14169331L+_2028159U_+_447500781
6 18 3 8 128

Which rules out (u,v) = (%, —%>‘

(4.2) The class « = X — 3Y + Z intersects trivially with

N0, Ao (X), A20%, XN20co(X), Nea(X)2, 0%, 0%co(X), Oy (X)?, ca(X)?
and
a?0? = 9450
a?fcy(X) = 14148
a’cy(X)? = 21168

cf. [BJ11, Corollary 2.11]
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We’'ll demonstrate the last 3 identities. Since

1 1 45 13
= —W-=X+_—-VY+2Z7
0 2W 3 Tttt 6
cf. [BJ11, §1.10] , we have
a?=—-3G +30D + 42F + 3H + 6FE

af = 88D +8E —27C + 3B — 88F 420G + 4H

acy(SW) = —54C 4 132D + 6B + 12E + 30G + 6 H — 132F
) 19 215 33 97 873

0> = —8F+ —H+ —G —64D — —A— —B+1117F — —=C
TRt 4 TR 4
27 AT ., 83
fcy(SH) = ~5 A= —C=B=8E+1630F + 153G + 13H — 48D

(SN2 = 18H — 8E — 69B — 8D + 218G — 21A — 621C + 2380F

and the pairwise products are easily computed.

5. FuJikli CONSTANTS OF X

For the sake of completeness we describe the computation of the integrals

/ 0 e, (S1)
Sin]

for S = P2 P' x P' and § = det O"by toric localization, cf. [BJ11, Section 2.1].

(5.1) First consider S = A% which has an action by G = G2, via (x,y) — (A\z, uy) where
A, i are the characters obtained by projecting to each factor. The only fixed point is the
origin (0,0). G also acts on (A?)I"]; fixed points are length n subschemes Z fixed by G. Thus,
they must be supported on a fixed point (i.e. the origin), and the ideal I, C A = C|x, y]
must be generated by monomials. I is determined by the monomials 2%y left out of the
ideal, which form a Young tableau with n boxes. Given such a Young tableau in the upper
right quadrant, let (i,b; — 1) for 0 < ¢ < n — 1 be the extremal boxes, so b; is the height
of the 7th column. A partition p of n uniquely determines a Young tableau by arranging u;
columns of height 7 in descending order.

(5.2) For a space X with an action by G with isolated fixed points, Bott localization implies

foo= 2 i

peX

where p € H5(X), it H5(X) — H5(XY) = H*(XY) ® Hg([pt]) is the pull-back to a fixed
point p € X¢. The Chern class is the equivariant chern class of the G representation T, X

(5.3) For a partition p representing a fixed point p, of X = (A?)I"l the Chern polynomial
is [ES87, Lemma 3.2]

j—1—1

b
Clp; o, B) :ZZttC%—i(TpuX): H [ (t+—i—D)at(bii—s—1)8)(t+(j—i)a+(s—b;-1)B)
i <i<j<n s=b; (51)
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where a = ¢;()), 3 = ci(u). O restricted to a point of A corresponding to a subscheme
7 is canonically Oy, so setting f = c;(OM),

n b;—1

Z(pso, B) =iy f= ia+jp (5.2)

=0 5=0

(5.4) For S = P? let G2, act on [z,y, 2] via [Az, uy, z]. There are three fixed points py =
[0,0,1],p1 = [0,1,0], po = [1,0,0], and a length n subscheme Z of P? will consist of a length
n; subscheme Z; at p; with > n; = n. The tangent space at such a point is canonically

IF)Z n] __ @TZ ]P;2 [n;]

Note that at any point [Z] € (P?)[" corresponding to a subscheme Z supported at p;,
there is a G2 -stable Zariski neighborhood isomorphic to Al with torus action via (A\x, ny),
Atz wty), (uA"tz, A y) for i = 0,1, 2 respectively.

(5.5) A 3-vector partition p of n will be three partitions (1, pa, p13) such that |u| + |ua| +
13| = n; 3-vector partitions of n classify fixed points p, of X = (P?)l". By the above, the
tangent space at p, has Chern polynomial

Yt Conilpa, 8) = Clur; @, B)C(uz; @ = B, =B)Cus; B — v, —a) (5:3)
Define Ci(p; o, B) = ¢i(1},X). Also,
Z(pa, B) =iy, [ = Z(p; a0, 0) + Z(po; a = B, =0) + Z(ps; 6 — a, —a) (5.4)
The final answer is then, for X = (P?)l"!

o Z(p; o, B)* 2B T O (s 0, B)
2n—>3, ki — = L s
[ | CXCRY RO, 55

w,lpl=n

(5.6) Let G2, act on S = P! x P! via [Axq,v1] X [px2, y2]. The fixed points are classified by
4-vector partitions p. Now we have

th 2n— z 7 ) (:uh 7ﬁ) (:uQa —Q, 5)0(/@)7 «, _6)C<:u47 —Q, _/6> (56)
Also,
Z'(ps o, B) =iy f = Z(pay o0, B) + Z(pz; =, B) + Z(ps; o, =) + Z(pa; —a, =) (5.7)

The final answer is then once again

| 7' (s 0, B)" 2K T, O (s 0, )
2n—>", ki e (TX) = = CRRA 5.8
/<plxp1>[ 7 H L) Con (s v, 9) o)

wpl=n

(5.7) Let ® be the universal genus, cf. [BJ11, §2.1]. We have

>z / exp det(OM)®(SM) = A ()1 B(2)2(8)

n>0
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(5.8) The universal genus for vanishing odd Chern classes up to degree 8 is:

Q

— 2a1a3 + 2a4)c

— 4a2ay + 203 + dayas — 4ay)cy

)

S

— 2asay + 2a,a5 — 2ag)ch

a% — 2@?0,3 — 2a§ + dajasas + Qafa4 — 3a§ + 2asa4 — 6aq1a;5 + 6ag)cacy

Q

— 6ajag + 9ajas + 6atasz — 2a3 — 12a1aza3 — 6a3ay + 3a3 + 6agay + 6a1as — 6ag)ce

S

— 2@3(15 + 2@2@6 — 2@1(17 + 2&8)621

A~~~ N /N /N /N /N
S S
HN AN RO RN WN i NN HND

+ o+

—~
S

ag — 2a%a2a4 + 2a?a5 — 2a2a§ + 4a§a4 — 4daqaqas5

—2a%ag — 4a? + Sasas — 4asag + Sayar — 8ag)cacy

+ (aja3 — 2a5az — 4ajal + 8alagaz + 2ajay + 2a3 — 9aia3

— 6a3a2a4 — Qai’ag, + 2a2a§ — 4a§a4 + 16a;iasa4 + 4aqasas

+ 2a2ag — 4a; — Sazas + 4azag — Sayar + 8ag)cacs

+ (a3 — 4ayazaz + 2aja3 + 4ajasay — daias + 4agal — 4aza, — Sajazay
+ 8ajasas + 4a%a6 + 6a421 — 4daszas — dasag — 4aiar + ZLCLB)C?1

+ (af — 8aSay + 20aja3 + 8ajas — 16a2as — 32atasas — Satay + 2a;

+ 24a1a§a3 + 12@%&% + 24a%a2a4 + 8ai’a5 — 8a2a§ — 8aga4 — 16ajasay

— 16a,a0a5 — 8atag + 4aj + 8asas + Sasag + 8ajar — Sag)cy
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(5.9) By localization, we compute:

1 9 1 3 1
A(z) =14 a2z + (—a:f + 3aiay + Zaf + ajas — 5@% +aag + gar — gaz + 3az — 10ay — 4_8> 2

5 23 8 87 179
+ (—Sa? + datay + 5@‘11 + bajag — gafag - gai’ag + 5a3 — Za%ag — 2laya; + ?ag

125 160 19 22 56
+ 62a1a3 — ?alagag 3 a%a4 — —a% — Ealag + 39a2 — 19a a3 — 44asa3 — Eag

6 17 223 15 364 19
—1lajay + 138azay — 3 M5 — et 1+ R T + 37a4 — 55as + — + %) 3

159 507 281
—Za} — ——ajay — —ala}

4 4

2461 451 3563 353
96 4 4a‘z’a2—|— 3 §§+—a1a§

2
4663 1007 2147 21
o 4 1 zfag 719a1a2a3 + 5 alagag 5

1403 - 6535 | . 717, 2495 , 4045 . 1501 1153
a;a — a1y — Aoy — (I a —a1a9Q
gy 1T Tyg T Tty s T Ty s 19253

2 2
1027 1033
— 840a1a§ + Tagag + 5 a1a4 + T41a,a0a4 — 1611a2a4 + 686a a3a4 — 114702 105

1424 - g73da 4 18001 . 92291 6689 , . 1509 . 793
a1a9a a;a a ala —a1Qa —AQa9Q
3 1 196 T 5880 M1 T Tgg 12T 739 ¢ 16 BT oy

322
+ 235a3 + — 0104 — 159730, + 3050304 — 782a; + 431ayas + 1096aza5 + 633azas

10061 7219 . 1403 1037 +@a
10080 © 480 > 8o 8 T 3™
37861)24

37
+ (—7@{ + 7alag + 1248 + 15a5ay — ?a‘fag — 9a’as +

623
+ ? 1CL2 + 370a1a3 3 CL?CLQCLg 15Oa1a4

“alal — 67ada, + aayay

+ 2a3as —

+ 127(11&6 -

—T731lag + 889a; — 1608ag — 161280
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) 31 5 1
=1+ (a% — 2a2) z+ <2a‘1L — 8a%a2 — Za% + — 2 — 15aya3 + 2a2 + 15a4 + 48> 2
45 461 245 317 490

+ <3a? — 18atay — Ia‘f + ?a%a% 3 ~—alag + 45atag — ?ag + —3 010203

245 121 280 560 121
+ TG%CM + 15 al — 65a2 + 40a1a3 + Tag — 350aqa4 + Tal% o —ay — 40ay4

560 1Y\ ;4
R E)

1565 845 2170 3380

+ <5a1 40aay — 50a8 + —— 5 ——afa3 — ?ai’ag + 300aiay — Ta%ag’ + 5 “—alayas

845 4207 , 7375 , , 19265 , 2575 , 10585 ., 7955 , ,

g el — 0y + 5ty + —aias — 10305 + —o—aid
7510a . 4130a . 4207a - 4175a3 2575a . 4130a e 2575a .
—_— _—— a _—
3 1w2tq 3 145 — 24 142 4 2 2 14203 3 2W3 4 144
9035 8260 4130 3455 21883 1685
a% as — 1275a1a3a4 — 10905 — 3 a?aﬁ 576 a? 1+ % ag BART: a1as
735 4045 16135 3455
— Tag + 204 + 1950a2 — 735a,a5 — 2625asas + asag — 2625a a7 + 553 12
1685 625
2625 — )
+ 16 ay + 735@6 + 26 ag + 4608)
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