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Consider N x N symmetric one-dimensional random band matrices with general distribution of the
entries and band width W > N3/4+¢ for any ¢ > 0. In the bulk of the spectrum and in the large N
limit, we obtain the following results.

(i) The semicircle law holds up to the scale N—1+¢ for any ¢ > 0.

(ii) The eigenvalues locally converge to the point process given by the Gaussian orthogonal
ensemble at any fixed energy.

(iii) All eigenvectors are delocalized, meaning their L> norms are all simultaneously bounded by
N-3t€ (after normalization in L?) with overwhelming probability, for any e > 0.

(iv) Quantum unique ergodicity holds, in the sense that the local L? mass of eigenvectors becomes
equidistributed with overwhelming probability.

We extend the mean-field reduction method [4], which required W = Q(N), to the current setting
W > N3/4t<. Two new ideas are: (1) A new estimate on the “generalized resolvent” of band matrices
when W > N3/4+<_ Tts proof, along with an improved fluctuation average estimate, will be presented
in parts 2 and 3 of this series [6,37]. (2) A strong (high probability) version of the quantum unique
ergodicity property of random matrices. For its proof, we construct perfect matching observables of
eigenvector overlaps and show they satisfying the eigenvector moment flow equation [7] under the
matrix Brownian motions.
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1 INTRODUCTION

1.1 Random matrices beyond mean field. In Wigner’s vision, random matrices play the role of a
mean-field model for large quantum systems of high complexity. His paradigm has been confirmed with
significant progress in understanding the universal behavior of many random graph and random matrix
models. However, regarding his core thesis that random matrix can be used to model non mean-field
systems, our understanding is much more limited. Even for one of the simplest non mean-field models, the
random Schrodinger operator, there is no result concerning the existence of the delocalized regime, in which
random matrix statistics are expected to hold.

A slightly more tractable model is the random band matriz characterized by the property that Hj;
becomes negligible if dist(¢,j) exceeds a parameter, W, called the band width. In general, i,j are lattice
points in Z? but in this article we consider only the case d = 1. Based on numerics, it was conjectured [9,10]
that the eigenvectors of band matrices satisfy a localization-delocalization transition, in the bulk of the
spectrum, with a corresponding sharp transition for the eigenvalues distribution [18]:

(i) for W > VN, delocalization and Gaussian orthogonal ensemble (GOE) spectral statistics hold;
(ii) for W <« v/ N, eigenstates are localized and the eigenvalues converge to a Poisson point process.

This transition was also supported by heuristic arguments [36] and a nonrigorous supersymmetry method [19].

There have been many partial results concerning localization-delocalization for band matrices. For general
distribution of the matrix entries, localization of eigenvectors was first shown for W < N1/8 [28], and
improved to W < N7 for Gaussian entries [26]. Delocalization was proved in some averaged sense, for
W > NS/Tin [14], W > N*/% in [15], W > N/ in [20]. The Green’s function was controlled down to the
scale Im z > W1 in [17], implying a lower bound of order W for the localization length of all eigenvectors.
We mention also that at the edge of the spectrum, the transition for 1d band matrices (with critical exponent
N®/6) was understood in [33], thanks to the method of moments.

When the entries of band matrices are Gaussian with some specific covariance profile, one can apply
supersymmetry techniques (see [13] and [34] for overviews). With this method, for d = 3, precise estimates
on the density of states [12] were first obtained. Then, random matrix local spectral statistics were proved
for W = Q(N) [30], and delocalization was obtained for all eigenvectors when W > N6/7 and the first four
moments of the matrix entries match the Gaussian ones [2] (these results assume complex entries and hold in
part of the bulk). Still with the supersymmetry technique, a transition around N'/? was proved in [29,31],
concerning moments of characteristics polynomials.

1.2 Mean Field reduction and quantum unique ergodicity. The main difficulties to analyze spectral
properties of band matrices with general entries are two-folds.

(i) There is currently no effective diagrammatical method to estimate the Green’s function when Im z <
W1, while delocalization of eigenvectors requires estimates up to Imz > N~1.

(ii) For the universality of local spectral statistics, the comparison method used for mean-field models does
not apply to band matrices since the majority of matrix elements (effectively) vanish.

In an earlier paper [4], we proposed a mean-field reduction method to prove universality of local spectral
statistics for band matrices with W = Q(N). This method relies on a notion much stronger than delocaliza-
tion, the probabilistic quantum unique ergodicity (QUE). Historically, QUE was introduced by Rudnick and
Sarnak [27] asserting that for negatively curved compact Riemannian manifolds, all high energy Laplacian
eigenfunctions become completely flat. Quantum ergodicity, essentially an averaged version of QUE, had
previously been proved for more general manifolds [11,32,38]. For d-regular graphs, the eigenvectors of the
discrete Laplacian also satisfy quantum ergodicity, under certain assumptions on the injectivity radius and
spectral gap of the adjacency matrices [1].

A probabilistic version of QUE was proposed and proved for Wigner matrices in [7]. To state it, let H
be a size N random matrix with eigenvectors v, associated to eigenvalues A;. Then, there exists € > 0 such
that for any deterministic 1 < j < N and I C [1, N], for any § > 0 we have

P (! Sl - ] > 5) <N/ (L1)

iel



To explain the mean field reduction, we block-decompose a band matrix H and its eigenvectors:

(5 5) o)

where A is a W x W Wigner matrix. From the eigenvector equation Htp; = A1,
1

— €

Qx,Wj = A\jw;, where Q. = A— B* B. (1.3)
Thus w; is an eigenvector to (). with eigenvalue A\; when e = A;. The basic observation from the earlier
paper [4] can be summarized as follows. Suppose that the probabilistic QUE for the eigenvectors of H holds.
Then the eigenvalues to H near a fixed energy E can be reconstructed from the eigenvalues of (). near the
origin with e near E. Thus if we can prove the spectral universality for ., the same statement holds for
H. On the other hand, to establish QUE for the band matrix H, assume first that it holds for the W x W
operator (Je. If we can substitute e by A;, then the eigenvector 1, is flat in the first W coordinates. Clearly,
we can stitch together the flatnesses of 1, in sufficiently many windows of size W' to establish the global
flatness of 1p; provided that the error in each window is sufficiently small.

To summarize, the mean field reduction method reduces the universality and QUE for the band matrix H
to those of Q.. Thanks to the recent progress on these topics [5,22,23], the inputs to prove these properties
require precise estimates on the Green’s function (Q. — z)~! only for Im z ~ N~¢. For probabilistic QUE,
we also need to establish the error probability in the sense of “very high probability”. In the following, we

start with a discussion on the Green’s function (Q. — z)~!.

1.3 Generalized Green’s Functions. It is clear that, if we estimate the Green’s function (Q. — 2)7!
directly, some bound on the matrix (D — e)~! appearing in Q. will be needed. Since e is real, estimating
(D — e)~! is clearly a much harder problem than estimating the original Green’s function (H — 2/)~%.
Fortunately, we only need this estimate with Im 2z ~ N~¢. Clearly, one can interpret (Q. — z)~' as the
W x W corner of the generalized Green’s function

Glzyw) = (H— (ZEW wI}S_W»_l (1.4)

when w = e. In [4], we use a somehow involved induction argument and an uncertainty principle to estimate
G(z,e) for W = Q(N). In this work, we provide accurate estimates, Theorem 4.5, on G(z,e) for Imz ~ N—¢
when W > N3%/*  Our method is to derive a self consistent equation for the (off-diagonal) entires of
the generalized Green’s function (a similar equation for the standard Green’s function was called the T
equation [16]). Notice that Ward’s identity, which is instrumental in many random matrix estimations, is
not valid for generalized Green’s functions. More precisely, Ward’s identity asserts that for any Green’s
function of a Hermitian operator H,

Z‘|Gij(z)|2 < (Im2)~ ' Im Gy;. (1.5)

For the generalized Green’s function G(z,w), the last property fails. Our strategy is to establish an estimate
on Yy, j |G:;(2)]? by successively decreasing the imaginary part of w and using repeatedly the self-consistent
T equation in each step. Besides overcoming this difficulty, we also devise a new diagrammatic expansion in
deriving the T equation. Finally, we remark that the main condition W > N3/4 is mainly used in estimating
G(z,e). Besides extending the region of validity from W = Q(N) to W > N3/, our current approach allows
the estimate on G(z,e) to be completely independent from all other arguments in this work (e.g., the mean
field reduction). The proof of Theorem 4.5 will be delayed to parts 2 and 3 of this series.

1.4 Probabilistic QUE with high probability. The proof of the quantum unique ergodicity (1.1) for
Q. in [4] relies on two different tools.

(i) A priori estimates on the Green’s function (Q. — 2)~! (for large Im z) provide flatness of eigenvectors
on average (quantum ergodicity). This a priori information is necessary to obtain the following.

(ii) The eigenvector moment flow from [7] is a random walk in a dynamic random environment whose
relaxation means flatness of individual eigenvectors (quantum unique ergodicity).



We have just outlined our new estimates on the Green’s function (Q. — z)~* for W > N3/4. The main new
technique developed in this work concerns (ii): Theorem 2.5 states that

Quantum ergodicity implies a strong quantum unique ergodicity after adding a small GOE component.

Compared to (1.1), this new result is a strong probabilistic QUE, as it first allows much more general
observables of eigenvectors and is valid with probability 1 — N~P for any D > 0. Therefore all bulk
eigenvectors are now simultaneously flat. The proof of Theorem 2.5 relies on a remarkable combinatorial
identity: the perfect matching observables defined in (2.15) satisfy the eigenvector moment flow parabolic
equation, see Theorem 2.6.

Thanks to this new strong, version of QUE, the eigenvectors of Q). are flat for all e in a discrete subset of
size N for any C fixed. Thus to establish flatness of 1 ; on the first W coordinates, we only need to compare
eigenvectors of Q. and @y, for [e—\;| < N ~C with C a large constant. An eigenvector perturbation formula
is enough to compute the difference between these eigenvectors, with sufficient a priori estimates given by a
weak uncertainty principle as developed in [4].

Therefore, our work presents an improvement from W = Q(N) [4] to W > N3/* thanks to new results
both on (i) and (ii). As discussed in Remark 4.7, our hypothesis W > N3/4 for delocalization comes from
the generalized Green’s function estimates (ii). Heuristics for the transition at band width N'/2 are given
in the same remark.

1.5 The model and results. All results in this paper apply to both real and complex band matrices.
For the definiteness of notation, we consider only the real symmetric case and we use the convention that all
eigenvectors are real. In the following definition, Zy denotes the set of residues mod N so that our matrices
are assumed to have periodic boundary condition.

Definition 1.1 (Band matrix Hy with bandwidth Wy). Let Hy be a N x N matriz with real centered
entries (H;;, 1,j € Zn) which are independent up to the condition H;; = Hj;;. We say that Hy is band
matriz with bandwidth W = Wy if

sij = E|Hy|*= f(i —j) (1.6)

for some f : Zn — R satisfying erzN f(z) = 1, and there exist a small positive constant c¢s and a large
constant C such that

Cg VV_1 . ]1|a:\<W < f(l‘) < CS I/V_1 . ]1|:1:\<CSW7 xr € ZN- (17)

The method in this paper also allows to treat cases with progressive decay of the variance away from the
diagonal (e.g. f(z) < C,W~1. 1z<c, w instead of f(x) < Cj w-L. 15< w), or variants with exponentially
small mass away from the band width. We work under the hypothesis (1.7) for simplicity.

For technical reasons we assume the following condition on the fourth moment of the matrix entries:
there is ,, > 0 (here the subscript m indicates the moment condition) such that for |i — j| < W,

(min (Bl — (E€h)? 1) > N7, (18)
where &;; = Hij(sij)*l/ 2 is the normalized random variable with mean zero and variance one. It is well-

known that for any real random variable ¢ with mean zero and variance 1, E¢* — (E¢%)2 — 1 > 0 and the
equality holds if and only if £ is a Bernoulli random variable (Lemma 28 of [35]). Therefore, one simply has
€m = 0 when the &;;’s (|i — j| < W) all have the same law, different from the Bernoulli distribution. In the
more general setting (1.8), all our results are restricted to 0 < &, < 1/2 because of the following condition
(1.11).

We also assume that for some 4 > 0 (subscript d stands for “decay”) we have

sup E (e‘;dWH?j) < 00. (1.9)
Nij

This tail condition can be weakened to a finite high moment condition. We assume (1.9) mainly for the
convenience of presentation. The constants in the following theorems depend on the fixed parameters cs,
Cs, em and g4, in (1.7), (1.8) and (1.9), but we will only track of the dependence on &,.



Denote the eigenvalues of H by A\; < ... < Ay, and let (¢k){cv=1 be the corresponding L?-normalized
eigenvector, i.e., Htp, = Ag1p,. Thanks to the condition Y f(z) = 1, it is known that the empirical spectral
measure % chv:l 0, converges almost surely to the Wigner semicircle law with density
1
T or
The concept of localization/delocalization can be defined in many ways. For definiteness, we use the L*>
norm. For any small constant ¢ > 0 and 7 > 0, one expects that

psc() (4 —2%)4.

P(N7 < min(N, W2) 9,2 < N7 forall k € [eN, (1 = ¢)N]) = 1= o(1), (1.10)

meaning that a localization-delocalization phase transition occurs at logy W = 1/2, where logy W =
log W/ log N. Our first result proves (1.10) in the delocalization regime logy W > 3/4.

Theorem 1.2 (Delocalization for logy W > 3/4). Let (Hy)n>1 be band matrices with band width Wy
satisfying the conditions (1.8) and (1.9). Recall that e, > 0 is defined in (1.8). Suppose that for some
constant a > 0,

1
logy W > max (i,2+€m) +a. (1.11)
For any (small) constants k,7 > 0 and (large) D > 0, there exists Ny such that for all N = Ny we have
P (|¢gl2 < N7 forall k€ [kN,(1—x)N]) >1- NP, (1.12)

The above delocalization holds together with a local semicircle law down to the optimal scale.

Theorem 1.3 (Local semicircle law for logy W > 3/4). Under the same assumptions as Theorem 1.2,
there exists € > 0 such that for any (small) k, 7 > 0 and (large) D > 0 there exists Ny such that for any
E\,Es € [-2+K,2 — K] and any N = No we have

Eo
P(’#{ME [E1, Eq]} — N dpsc

E,

< NT+|E — E2|N1—8> >1-N"P. (1.13)

In the following fixed energy universality statement, we denote pg) the k-point correlation function

(understood in the sense of distributions) for the spectral measure of a N x N random matrix H.

Theorem 1.4 (Universality for logy W > 3/4). Under the same assumptions as Theorem 1.2, for any
k > 0, any integer k and any smooth test function O € € (R¥) with compact support, there are constants
¢,C > 0 such that for any |E| < 2 — k we have

[ 0wl (B+ 52 )da- [ ol (B+ 52 ) da

For the proof of Theorems 1.2, 1.3 and 1.4, the first step is to show that delocalization, the local semicircle
law, eigenvalues universality and quantum unique ergodicity hold under the following additional assumption:
H is a Gaussian divisible band matrix, i.e., there exists independent band matrices H; and Hy with the
same width W and ¢ > 0 such that H; satisfies (1.8) and (1.9), and

H = Hy + Hy where (Hs)ij = Lji—jjcw - (1 +1;)Y2 - N(0, c WINT=m), (1.15)

< CN™°. (1.14)

Remember that &, is defined in (1.8). Here, ¢ is a small enough constant depending only on ¢4 from (1.9).
Theorem 1.5. Assume that H is a band matriz of type (1.15), with band width Wy satisfying (1.11).

(i) The eigenvectors are delocalized as in (1.12).
(i) The eigenvalues satisfy the local semicircle law as in (1.13).
(11i) Fized energy universality holds as in (1.14).
(iv) For any (small) 7,5 > 0, and (large) D > 0, there exists No > 0 such that for any N = Ny we have

|

where a > 0 was given in (1.11) and all indices are defined modulo N.

L+W
N

> i) -1

a={l

< N727 for all1 < j, 0 < N such that |\;| <2— /€> >1-N"D,



1.6 Organization of the paper. This work is essentially divided in two parts.

The first part (Sections 2 and 3) concerns quantum unique ergodicity for mean field blocks, and improves
on the estimate (1.1): Theorem 2.5 gives flatness of the eigenvectors with overwhelming probability, and
with optimal fluctuations scale for the L2 mass of eigenvectors on subsets of [1, N]. This result is the main
technical novelty of our work.

The first aspect of the proof is algebraic (Section 2). A new function of the eigenvectors overlaps is
defined in equation (2.15), and it follows the eigenvector moment flow dynamics, see Theorem 2.6. These
dynamics of perfect matching observables generalize an earlier observation from [7]. In this previous work,
the eigenvectors evolution was related to a random walk in a dynamic random environment, after dimension
reduction through projection on a given fixed direction. Projections can now occur on an arbitrary number
of directions, see Remark 2.8. The proof of Theorem 2.6 is combinatorial and given at the end of Section 2.

The second aspect of the proof of Theorem 2.5 is analytic (Section 3). As proved by a sequence of
maximum principles and approximations with short range dynamics, the eigenvector moment flow reaches
equilibrium after some time depending on the initial condition. This allows to identify the scale of the perfect
matching observables. Our proof is more involved than the Holder regularity of the eigenvector moment flow
in [7], because our observables are more general: in [7], the scale of observables was a priori known and the
dynamics were used to identify the distribution of fluctuations.

The second part of the paper (Sections 4 and 5) applies the strong form of quantum unique ergodicity to
delocalization for random band matrices. First, Theorem 1.5 is proved by the mean field reduction technique
from [4], then it is extended to more general band matrices by a moment matching argument.

The proof of Theorem 1.5 (Section 4) is sketched in Subsection 4.2. Subsection 4.4 contains the first
important input for the proof: the resolvent estimates for (Q. — 2)~!. As explained after (1.4), these
estimates from Theorem 4.5 amount to a form of quantum ergodicity for the eigenvectors of Q.. From this
a priori estimate, quantum unique ergodicity is deduced for the Gaussian divisible version of Q). (Subsection
4.5). To access flatness of eigenvectors of our original eigenvectors 1, we need to patch QUE estimates for
eigenvectors of Q. when e = )\;. By a net argument in e, with mesh size N=¢ (C is fixed and arbitrarily
large because Theorem 2.5 holds with overwhelming probability), we only need to control eigenvector shifts
under tiny perturbations in e. This is the role of another input for the proof of Theorem 1.5, the weak
uncertainty principle. It is inspired by a more difficult result from [4], and proved in Subsection 4.6. We
refer to (4.59) for eigenvectors bounds thanks to the weak uncertainty principle. Subsection 4.7 concludes
the proof of Theorem 1.5.

In Section 5, delocalization, local semicircle law and universality (Theorems 1.2, 1.3 and 1.4) are obtained
beyond the Gaussian divisible ensemble. The proof relies on moment matching, exhibiting a matrix H of
type (1.15) whose first four moments of the entries match those of H. This idea appeared in [35] for the
purpose of universality for Wigner matrices, and required some a priori information on delocalization and
local semicircle law. In our work, such information is only available for H, by Theorem 1.5. It is extended to
H thanks to an implementation of the moment matching strategy at the level of the Green’s functions [17],
and a self-consistent method to obtain these estimates by continuously interpolating from Hto H [21].

Finally, although this work focuses on symmetric matrices, the method applies to the Hermitian class.
The only substantial difference is the algebraic part of QUE for mean-field models: the perfect matching
observables are defined in a different way for real and complex matrices, as explained in the Appendix.

2 (QUANTUM UNIQUE ERGODICITY FOR DEFORMED MATRICES

This and the next sections are self-sufficient. In these sections, the size of the matrices is denoted by n. The
main result (Theorem 2.5) will then be applied to mean-field blocks of type Q. from (1.3) (or more precisely
its generalization QY, see (4.10)), i.e. for n = W.

2.1 FEigenvectors dynamics. In this subsection, we first recall the stochastic differential equation for
the eigenvectors under the Dyson Brownian motion, as stated in [7, Section 2].
The matrix Brownian motion dynamics are defined as follows, either at the matrix, eigenvalues or eigen-



vectors level (remember we only consider the symmetric case, the Hermitian one being detailed in the
Appendix). Let B be a n x n matrix such that B;;(i < j) and Bj;/ V/2 are independent standard Brownian
motions, and B;; = Bj;. We abbreviate Z(t) = B(t)/+/n. The n x n symmetric Dyson Brownian motion K
with initial value K(0) = V is defined as

K(t) =V + Z(t). (2.1)

Let Ao € ¥, = {\ < -+ < Ay}, up € O(n). The symmetric Dyson Brownian motion/vector flow with
initial condition (A1,...,An) = Ao, (u1,...,u,) = U, is defined through the dynamics

dBpgk 1 1
d\, = + | = — | dt, 2.2
4§ vn n e%; A — Mg (2:2)
1 dByy 1 dt
duk - Uk - 2.3
vn Py Ak — Ag 2n ;ﬂ (A — )2 (2:3)

With a slight abuse of notation, we will write A; either for (A1(t),..., A, (¢)) or for the n x n diagonal matrix
with entries A1(t),..., An(t).

The link between the previously defined matrix and spectral dynamics is given as follows. See [7] for
a proof, with the main ideas being due to McKean [24] for the existence and uniqueness of solutions, and
Bru [8] for the eigenvector dynamics, in the Wishart case.

Theorem 2.1. The following statements about the Dyson Brownian motion and eigenvalue/vector flow hold.

(a) Existence and strong uniqueness hold for the system of stochastic differential equations (2.2), (2.3). Let
(At ut)i=0 be the solution. Almost surely, for any t > 0 we have A, € ¥,, and u; € O(n).

(b) Let (K(t))t>0 be a symmetric Dyson Brownian motion with initial condition K(0) = uoAoug, Ao € Xy,
Then the processes (K (t))t>0 and (uiAiuy)i>o0 have the same distribution.

(¢) Existence and strong uniqueness hold for (2.2). For any T > 0, let I/;((O) be the distribution of (A)ogi<T

with initial value the spectrum of a matriz K(0). For 0 < T < Ty and any given continuous trajectory
A = (Aosismy, C i, existence and strong uniqueness holds for (2.8) on [0,T]. Let u;((o))‘ be the
distribution of (u;)ogecr with the initial matriz K(0) and the path X given.

Let F' be continuous bounded, from the set of continuous paths (on [0,T]) on n X n symmetric matrices
to R. Then for any initial matriz K (0) we have

EXO(F((K(t))o<icr)) = / v @(x) / dpp O () F((wediu)ogi<r).-

Following [7], we introduce the notations (the dependence in ¢ will often be omitted for cxe, 1 < k < £ < n)

1
n(Ak(t) — Ae(t))?’

n

U0y, = Z uk(a)auz(a)v (2.5)

a=1

X](Cz) = ukaw — Ugauk,

Ckg(t) =

We then have the following generator for the eigenvector dynamics. For a proof, see [7].

Lemma 2.2. For the diffusion (2.3) the generator acting on smooth functions f : R™ - R is

L = S aet)(X9)2

1<k<t<n

The above lemma means dE(g(u;))/dt = E(Lgs)g(ut)) for the stochastic differential equation (2.3).



2.2 Main result. Let I be a deterministic subset of [1,n]. We denote the eigenvectors overlaps as

Pij = Zui(oz)uj(a)7 i#£j€e[l,n]
acl

pi =Y ui(a)®> = Co, i€[l,n] (2.6)

acl

where Cj is an arbitrary but fixed constant independent of i. We will eventually choose Cy = |I]/n so that
the diagonal overlaps are properly normalized, but many results in this section do not depend the actual
value of Cyy. Moreover, these overlaps are functions of ¢ (u satisfies the dynamics (2.3)) but this dependence
is omitted in the notation.

Remember the notation (2.1) and denote

Gt,z) = ———.
2= Fm—2
For a matrix H, we abbreviate the Stieltjes transform as
1 1
=-T .
m(2) n H—z

Assumption 2.3 (Notations and conditions for relaxation flow). Fiz a small number a > 0. A matriz V is
said to be bounded if the norm of V is bounded, i.e., there is a constant C; > 0 such that

VI =1V llop < 0. (2.7)

A deterministic matriz V is called (0., n*,r)-regular at Ey if n., n* and r satisfy

n~ite <o, nn® <r<n %", <1 (2.8)

and there exists Co such that the imaginary part of the Stieltjes transform of V' is bounded from above and
below by

07 <Smy(z) < Co my(z) = 2 TH(V —2)7, (2.9)

uniformly for any
ze{E+in: E€[Ey—r,Eg+r], n. <n<n*}

Our main result not only requires the above hypothesis about the Stieltjes transform, but also the
folllowing estimates on individual diagonal resolvent entries.

Assumption 2.4. The following holds uniformly in z € {E+in: E € [Eg —r,Ey +r],n. <n <n*}.

(i) Diagonal entries all have the same order:
2
ImG(0, 2);; < EImTrG(O, z). (2.10)

(i1) There exists a constant 0 < ¢ < 1 such that the averages over I and [1,n] coincide up to n™°:

1

1
_ R < ‘. .
|I| E G(0,2)i; nTrG(O,z) KN (2.11)

i€l

In the remainder of this article, to simplify the exposition we also assume that the deterministic set I
from (2.6) satisfies
[I| > cn (2.12)

for some small fixed constant c¢. This is enough for our purpose, as |I| ~ n/2 in the next sections. We define,
for any r >0 and 0 < k < 1,

IN(E) = Ie,—ryr» IEr= (E—r, E+7r). (2.13)

The main result of this section is the following, where we choose Cy = |I|/N in (2.6).



Theorem 2.5 (Quantum unique ergodicity for deformed matrices). Remember the notation (2.6) for the
centered partial overlaps, take Co = |I|/n and assume (2.12). Under Assumption 2.3 and Assumption 2.4,
the following statement holds. For any (small) k,e > 0, (large) D > 0 and i,j € [1,n], for any to,t1 such
that n®n, < tg < t1 < n~ %, we have

1 1 b
P <3t0 <t <ty Dy, werps) (il + [pij]) = n° (n‘ + \/770)> <n (2.14)
for large enough N. Here, the constant ¢ is from (2.11). In other words, the errors consist of the initial
error n~=° and the dynamical error (nty)~ /2.

2.3 Perfect matching observables. We will need the following notations.

First, as in [7], we define n : [1,n] — N where n; := n(j) is interpreted as the number of particles at the
site j. Thus 17 denotes the configuration space of particles. We denote N'(n) = > ;M = d the total number
of particles. Define 1% to be the configuration obtained by moving one particle from i to j. If there is no
particle at ¢ then n*/ = 7. Notice that there is a direction and the particle is moved from i to j.

Second, for any given configuration 7, consider the set of vertices

Vo ={(i,a) : 1 <i<n,1<a< 2y}

Let G, be the set of perfect matchings of the complete graph on Vy, i.e. this is the set of graphs G with
vertices V;; and edges £(GQ) C {{v1,v2} : v1 € Vi, v2 € Vi, v1 # v2} being a partition of V.

. J

[ J [ J
: ® oo : . .
1 11 19 i3 n 1 11 in i3 n
(a) A configuration n with N'(n) =6, n;, = 2, (b) A perfect matching G € G,,. Here, P(G) =
Mg =3, Nig = 1. pililpi1i2p122i2pi2i3pi3i1~

Third, for any given edge e = {(i1,a1), (i2, a2)}, we define p(e) = p;, i, P(G) = [l.cg() p(e) and

n

s 1
i) = =E | Y PG [A] M) =[], (2.15)
M | 2
n
where (2m)!l = Hka’koddk is the number of perfect matchings of the complete graph on 2m vertices.

Remarkably, the above function f satisfies a parabolic partial differential equation.

Theorem 2.6 (Perfect matching observables for the eigenvector moment flow: symmetric case). Suppose

that u is the solution to the symmetric eigenvector dynamics (2.3) and f)(‘sz (n) is given by (2.15). Then f)(\sz
satisfies the equation

0] = B D), (2.16)
B () f(n) = cre()2nk(1+ 200) (F(n**) — f(m)) . (2.17)
k4Ll

Remark 2.7. An important property of the eigenvector moment flow is the reversibility with respect to a
simple explicit equilibrium measure:

n k
) = [T ot o) =TT (1- ) (2.19

p=1 =1



For any function f on the configuration space, the Dirichlet form is given by

SoaxmfmBOfm) = wm) > eymil+20;) (f(n7) — f(m)

n n i#£j

Remark 2.8. The above theorem is independent of our choice of Cy and of the canonical basis and, more
remarkably, the projection vectors don’t have to be orthogonal. More precisely, let (qu)acr be any family of
fixed vectors. Define

pij - Z<U,Zaqa><u_]7qoc> Z#.] € [[lan]]a

acl

Pii = Z(uiaqa>2 - COa 1E [[17”']]7

acl
and fyx accordingly. Then (2.16) holds. In particular, Theorem 2.6 generalizes [7, Theorem 3.1 (i)] by just
choosing |I| = 1.
2.4 Proof of Theorem 2.6. To start the proof of Theorem 2.6, let

o) = e 3 PO (219)

77) Gegy

and let 1 < k < £ < n be fixed for the rest of this subsection. We abbreviate X = X,S). Using Lemma 2.2,
we only need to prove

X2g(m) = 2n(1 4 2n0) (g(n**) — g(m)) + 2ne(1 + 2m1) (9(n**) — g(m)). (2.20)

We therefore want to calculate X2P(G) for any G € Gy. For that purpose, we first need the following
definition.

Definition 2.9. Let nn and k < { be fized. The following notations will be useful for calculating X?P(G).
(1) Vi C Vy is the set of vertices of type (i,a), 1 < a < 2n;.
(ii) For any two vertices v,w € Vi, UVy, we denote
1 if v,w are in the same V;, i =k or /

e(v,w) = { —1 if v,w are in different V;’s.

(iii) Let G € G, and v,w € Vi, U V.

Assume v € Vi and w € Vy. Then we define SwoG = SvwG € Gy as the perfect matching obtained by
transposition of v and w. More precisely, let T,,, be the permutation of Vi, transposing v and w. Then

g(SUwG) - {{Tv,w(vl)aTv,w(UZ)} : {’Ul,’UQ} € S(G)}

Assume v = (k,a) and w = (k,b) (a <b) are both in V. Then we define SyyG = SywG € Gyie as the
perfect matching obtained by a jump of v and w to £. More precisely, let jyuw = juwv be the following
bijection from Vo to Vpre: juw(v) = (£,2n0¢ + 1), jow(w) = (4,217 +2), jow((k,c)) = (k,c—2) if b <c,
Jow((ky€)) = (k,e—1) if a < ¢ < b and jyw(v1) = vy in all other cases. Then

E(SvwG) = {Hivw(v1), jow(v2)} : {v1,v2} € E(G)}
A similar definition applies if both v and w are in Vg, the jump now being towards k.

In this proof, for any set A we denote A2 = {(a,b) € A% : a # b}. The following result is the key step in
our proof of Theorem 2.6.

Lemma 2.10. For any G' € Gy, we have

X?P(G) = > £(v,w)P(SpwG) — (20 + 21¢) P(G). (2.21)
(’U,’LU)E(V}CUVz)z
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(a) The map Sy in case of a transposition. (b) The map Sy in case of a jump.

We postpone the proof of the above lemma and first finish the proof of Theorem 2.6. Let

=Y PG

GEGy

Note that if v € V}, and w € Vy, Sy is a permutation of G,,. Moreover, if v and w are both in Vi, Sy is a
bijection from Gy, to G,re. The summation of (2.21) over all G € G,, therefore gives

th(n) = Z Z vaG) Z Z SmuG) Z Z SuwG (nk + W)h(n)

(v,w)e(Vk)2 GEGy (v,w)e(Vy)2 GEGy (v,w)EVE XV, GEGy
= > @+ D> hm™ -2 > h(n) =20 +no)h(n)
(ﬂ,w)G(Vk)i (v,w)E(Vg)i (’U,’w)EVk X Vy

X2h(n) = 20(2m. — Dh(0™) + 20e(2ne — Dh(n™) — 20 (20 + 1) + 20¢ (20, + 1)) ().
The above equation implies (2.20) after renormalization by M(n). This concludes the proof of Theorem 2.6.

Proof of Lemma 2.10. Let G € G, and 1 < k < £ < n be fixed. The Leibniz rule applies: for any smooth
functions f, g((u;())1<i,axn) R" — R we have X(fg) = fX(g9)+gX(f), so that

X*P(@)= Y Xpler)Xp(es) I[I e+ > X)) [ pl. (2.22)

(e1,e2)€E(G)2 ecE(G)\{e1,e2} e1€£(G) e€&(G)\{e1}

The above sums will be decomposed depending of the following edge group (single, double or transverse):

E=EG)N{{v,w} v eV UV, w ¢ Vi UV}, (2.23)
Eq=E(G) N {{v,w} : (v,w) € VF UV?Y, (2.24)
E=EG)N{{v,w} v € Vi, w e Vp}. (2.25)

For any v € Vy, let e, be the edge containing v and v’ be the vertex such that e, = {v,v’'}. We denote

Ve={v eV, UV :{v,0v'} €&},
Va={veV, UV :{v,v'} €&},
={v eV, UV, : {v,v'} €&}

Our calculations will be based on the following basic facts: if e & £ U Eq U E; then Xyep(e) = 0, and

Xpri = —pei, (2.26)
XPre = Prk — Dot (2.27)
Xpa = 2pkg. (2.28)

From (2.22) we have X?P(G) = (I)+ (II) + (III) 4+ (IV) + (V) + (VI) + (VII) 4 (VIII) + (IX) where all
terms are defined and calculated below. First,

(I) = Z Xp(el)Xp(e2) H p(e) = Z Xp{w,w/}Xp{v,v/} H p(e).

(e1,e2)€(€:)3 e€€(G)\{er,e2} (v,w)e(Vs)3 e€€(G)\{ev,ew}

11



From (2.26), Xpy,v} XP{w,w} = —P{w,v'}P{vw} if v and w are in distinct V;’s, and Xpg, v} Xppw,wy =
PGy (0),0'}P{ju.w(w),w} if they are both in the same V;. In all cases, we proved

M= > cwP(SuwG). (2.29)
(v,w)€(Vs)?2

We now consider

(I1) := > Xp(en)Xple2) [ ple= Y.  XppuwyXpwwy [ ple).

(e1,62)EESXEGUEGXE ecE(G)\{e1,e2} (v,w)EVs X Vg ecE(G)\{ev,ew}

For the second equality, note that vertices on a double edge need to be weighted by a factor 1/2. From (2.28)
and (2.26), Xpgy,v} XP{w,w} = —2Pfw,0'} X Pfv,w} if v and w are in distinct V;’s, and 2pg;, . (v),0/ 1P (w),w'}
if they are in the same V;. We therefore have

(I) = > (v, w)P(Syu@G). (2.30)

(v, W) EVs X VgUVg X Vs

For the contribution of

(D) := > Xp(e1)Xplez) II p(e)=i > XPiowy XD w,w 11 p(e),

(e1,e2)€(Eq)? ec&(G)\{e1,e2} (v,w)e(Va)2:w#v’ e€E(G)\{ev,ew}

from (228) we have Xp{v,v’}Xp{w7w’} = _4p{w7v’}Xp{v7w’} if v and w are in distinct Vi’S, 2p{juw(v),v'}p{jvw (w),w'}
if they are in the same V;. We therefore proved

)= > ew)PSuwG) — Y P(SuwG). (2.31)

(v,w)e(Va)2 vEVy

We now calculate

=Y X*pe) JI ple=> Xrpwy I pl=-) PG (2.32)

e1€Es ecE(G)\{e1} vEVs ecE(G)\{ev} vEVs
where we used (2.26) twice to obtain X2p{v7vl} = —P{v,»’}- For the term
1
= Z X2p(€1) H p(e) = 5 Z X2p{v,v’} H p(e)a
e1€€q ec€(G)\{e1} vEVq e€&(G)\{e1}

note that we have X2p{v’v/} = 2pik — 2pee if v € Vy, 2ppp — 2pgi otherwise. This yields

(V) = Y (P(S0.0r () — P(G)). (2.33)

vEVy

We now consider cases where transverse edges appear:

(VI) = Z Xp(el)Xp(e2) H p(e) =2 Z Xp{'u,v’}Xp{w,w’} H p(e)

(e1,62)EEXELUE X Es ecE(G)\{e1,ea} vEV, {w,w' }EE; e€E(G)\{ev,ew}

Up to transposing w and w’, we can assume that v and w are in the same V;. With (2.26) and (2.27), a
calculation gives Xpry vy XP{ww'} = Pjyw ()0 Pjyw (wyw’ — Pr,. (0)0'Pr, 0 (w')w- Lhis yields

(VI) = > (v, w)P(Syw(G)). (2.34)

(v, W) EV X ViUV X Vs

We also have

(VH) = Z Xp(el)Xp(eQ) H p(e) = Z Xp{v,v’}Xp{w,'w/} H p(e).

(e1,62)EEGXELUEL X Eqg ec&(G)\{e1,e2} vEVg, {w,w'}EE,L e€€(G)\{ev,ew}
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We can assume v and w are in the same V;. Then (2.27) and (2.28) give Xp{y v/} XP{w,w'} = 2Py ()0 Py (w)w’ —
p'rvw/(v)v’meuz(w’)w)a so that
(VIT) = > (v, w) P(Syw(G)). (2.35)
(U,w)EVdXVtUVtXVd
For two transverse edges, we have
1
(VIII) = Z Xp(el)Xp(SQ) H p(e) = Z Z Xp{v,'u’}Xp{w,w/} H p(@)
(e1,e2)€(Er)2 ecE(G)\{e1,e2} (v,w)E(Vy)2 ,w#v’ ec&(G)\{ev,ew}
Without loss of generality, assume v and w are in the same V;. Equation (2.27) yields Xpr, oy XP{w,w} =
PG (©):0 YD, (w) 0} FPL s 0 (0) 03P or () w0} Py s ()07 Y s (7)) ~P{r 4y (0) 0} Prys  (w) 00} - W
therefore have
(VI = Y e(w,w)P(Swu(G) + Y P(G). (2.36)
(v,w)e(Ve)3 vEVY

Finally, from (2.27) we have X2pys = —4pys, so that

X)= 3 X%(e) [ ple)=-23 P©) (2.37)

e1€€; ec&(G)\{er} vEVY
By summation of all equations (2.29), (2.30), (2.31), (2.32), (2.33), (2.34), (2.35), (2.36), (2.37), the right
hand sides of (2.21) and (2.22) exactly coincide, concluding the proof of Lemma 2.10. O

3 ANALYSIS OF THE EIGENVECTOR MOMENT FLOW

Before getting into the details of the proof of Theorem 2.5, i.e. relaxation for the eigenvector moment flow
(2.17), we note substantial differences with the setting and proof from [7]. The dynamics equation (2.17)
already appeared in [7], but the observables associated with the equation (2.17) are now much more general
(see Remark 2.8), and their natural scale (i.e., the order of the sizes of these observables) is not known a
priori.

Indeed, in [7], the order of magnitude of f;(n) was a priori known: f;(n) = E(|v/n{(q, ug)|? | A) < n®
thanks to the local law. The eigenvector moment flow was used in [7] to find fluctuations around this scale.

On the contrary, in the current paper, the eigenvector moment flow (2.17) allows to find the natural scale
for a wider class of observables. For |I| ~ cn, local laws only give the trivial estimate |p;;| < 1 for example,
although the dynamics yield Theorem 2.5, i.e. |py| < n~'/?*¢ for ¢ approaching 1.

This differences about observables and scales require the following notable novelties in the proof of
Theorem 2.5:

(i) The decomposition between long-range and short-range dynamics is now more intricate. In particular,
our bound on the long-range contribution improves in inductive steps (see Lemma 3.5 to be compared
with [7, Lemma 6.1]).

(ii) The maximum principle, Proposition 3.7, also gives stronger results once it is used inductively, on
space-time embedded domains, while the analogue [7, Theorem 7.4] only required one time step.

In summary, the error terms in the finite speed of propagation and the maximum principle estimates
depend on the size of f;(n). In this paper, the a priori bound on fi(n) is far from its real size. Hence we
need to bootstrap our estimates in a suitable way in order to get a sharp estimate at the end of the proof.

We now introduce a few notations which will be useful in the statement and proof of the following Lemma
3.1, and the following of this section. For a fixed fixed and arbitrarily small w > 0, we define the control
parameter

o =n
with w < a/100, and the following time and spectral domains:
Tomen'sr)={t:np <t <y~ 'r}, (3.1)
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3.1 A priori estimates. For K(t) in (2.1), we denote the initial matrix V' = UyAqU, where Ay =
diag{A1(0),--- , A, (0)}, and Up is the orthogonal matrix of its eigenvectors. Let myg.; be the Stieltjes trans-
form of the free convolution between the empirical spectral measure of V and the Gaussian orthogonal
ensemble Z;. Then my; solves the equation

1
i(0) — 2 — tmge i (2)

n n RS
mgci(z) =my (2 +t mﬁci(z)) = Zgi(t,z), gi(t,z) == 3 (3.2)
i=1

Here mgi(z) is the Stieltjes transform of a measure with density denoted pgi For notational convenience

we will suppress the superscript and use the notations mic ¢(2), pre,-
The typical location ~;(s) of the ith eigenvalue A;(s) is defined through fj;(os) dpie,s = L. We also recall

the following stability property of the typical locations, see [23, Lemma 3.4]: for any 0 < ¢; < ¢2 < 1 and
w > 0, for large enough n we have, for all s,t € T, (n.,n*,r),

{i : ’yi(s) € IEO,QM} - {Z : 7i(t> € IEO;q2T}' (33)

Lemma 3.1 (Delocalization for deformed matrices). Let 7 > 0 and let u;, denote the normalized eigenvector
of K(t) in (2.1), whose eigenvalues are A; ¢, 1 < i < n. We assume that t € To,(n.,n*,7), V is (ne,n*,7)-
regular at Ey and bounded as in (2.7), and that there exists C > 0 such that for any D > 0, for large enough
n we have

P(3E € Igyrme <n<rn *: ImG(0,E+in); > C) <n P (3.4)

for any 1 < i < n. Here G(0,z) is the Green function of the initial matriz V.. Then for any x,7,D > 0,
provided that n is sufficiently large we have

P (L5, —Bol<—r)r lurelZe =n~H7) <n™P

uniformly in 1 <k<n.

Remark 3.2. This lemma is essentially a restatement of [5, Theorem 2.1], which holds in the domain
{z=FE+in: E€I.(Ey),v*/n <n<1—kr} under the (n.,1,7)-reqularity for V, see [5, Assumption 1.3].

In the above lemma the assumption is weaker: we only have (n.,n*,r)-reqularity for V. A simple
inspection of the proof of [5, Theorem 2.1] shows that its conclusion remains, in the restricted domain
P /n < <rn~Y (which will be sufficient for our purpose) under this (n.,n*,r)-reqularity assumption.

Proof. We bound the eigenvectors coordinates by the diagonal entries of the resolvent through
(D < 07T I G(E A + 107 ) (3.5)

If Akt — Eo| < (1 — K)r, denoting 2 = A+ +in ™' we have
CU w4 * 1 —1
ze{E—Hn.|E—E0|<(1—/<:)r,?<77<rnw }. (3.6)

The local law from [5, Theorem 2.1] with the domain adjustment from Remark 3.2 states that G(t, z) is well
approximated by Updiag{gi(t,2), g2(¢, 2), ..., gn(t, 2) UG, i.e., for any 7. < t < r and any unit vector q,
uniformly for any z as in (3.6), the following holds with overwhelming probability:

<q7 G(t7 Z)q> - Z<uz (0)7 q>2gi (tv Z)

i=1

< \;i% Im <§;<uz(0)a q>2gi(tv Z)) . (37)

Clearly, we can restate the last result as

‘<q7 G(ta Z)q> - <q7 G(Oa z+ tmfc,t (Z))Q>| < Im<q7 G(Ov z+ tmfc,t(z))q>7 (38)

<.
e

where G(0, 2) is the Green’s function of V. Since ¥?/,/nn < 1, we have

Im G(t,2)i —ImG(0, z 4 tme ¢ (2))ii| < ImG(0, 2 + tmige (2)) - (3.9)
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From [5, Proposition 2.2], for some fixed constant C' > 0 we have C~! < Immg. ;(z) < C and | Remg ¢(2)| <
C'logn, so that Re(z + tmyc ¢ (2)) € Zg,» and 1. < Im(z + tmge(2)) < n~“r. With (3.4), we deduce that

Im G(O, z+ tmfc,t(z))ii < C (310)

with overwhelming probability. Equations (3.5), (3.9), (3.10) conclude the proof. O

Similarly to [5,7], we split split the operator %(t) from (2.17) into a short-range part and a long range
part through a short range parameter ¢: #(t) = .7 (t) + .£(t), with

(- fe)(n) = Z cir(t)2n;(1+ 2me) (fi(n’*) = fi(m))

0<|j—kl<e

(L = > ce®)2n;(1+2m) (') = fi(n)).

|j—k|>¢

Notice that . and .Z are also reversible with respect to the measure 7 from (2.18). We denote by Ug(s,t)
(U (s,t) and Ug(s,t)) the semigroup associated with #Z (. and .Z) from time s to t, i.e.

O Ug(s,t) = B(t)Ugx(s,t).
For a fixed k > 0, consider the following “distance” on n particle configurations:

d(n7£) = lrglgi(d#{z € [[L ’I’L]] : ’yz(tO) = I,Z(EO),Z € [[xamya]] U [[yomxaﬂ}a (311)
wheren: 1 <z; <aa<---<wg<nand & 1<y <yo <--- < yg < n, and the initial an initial time #o
defined in the next lemma. Note that we use the notation d for d defined in [5, equation (3.10)].

Lemma 3.3. Assume the initial estimates (2.7), (2.8), (2.9) and (2.11) hold. We fix times tg, t1, and the
range parameter £, such that
l r

np S g
The matriz Brownian motion (K(s))ogs<t, defined in Subsection (2.1)) induces a measure on the space of

eigenvalues and eigenvectors (X(s),u(s)) for 0 < s < t1, such that, for any k > 0, the following event A
holds with overwhelming probability:

Yne <to Sy < (3.12)

(i) The eigenvalue rigidity estimate holds: sup, <<y, [ms(2) — M s(2)] < ¢(nn)~! uniformly in z € Dy,
and sup; <<, [Ai(s) —7i(s)] < ¢n~! uniformly for indices i such that ~;(s) € I (Ejp).

(i) When we condition on the trajectory A € A, with overwhelming probability, the following holds:

1/)2

sup |G(s,2)ii — G(0, 2 + smygc 5(2))ii| < C , 3.13

t0<s§t1| (s,2) ( (2))iil o (3.13)
1 1 cy? Oyt

sup |— G(s,2)i — —TrG(s, 2)| < + , 3.14

to<s<cts | 1] ; (5 2)si = 3 TrGlo 2)) < e n (3.14)

uniformly in z € D, where b, ¢ are defined in is defined in Assumption 2.4.
(iii) Finite speed of propagation holds: for any d there exists Cg,cq > 0 such that uniformly, for any
function h on the space of d particle configurations, and particle configuration € which is away from

the support of h in the sense that d(n, &) > ¥, we have for any 7 in the support of h that

sup Uy (s, 8)h(€) < Cyl|h||sonieca?. (3.15)

to<s'<s<ty
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Proof. The statement (i) was proved in [23, Theorem 3.3 and 3.5, and (3.13) and (iii) were given in Theorem
2.1 and Lemma 3.4 of [5] respectively. For the proof of (3.14), we decompose

il ZG’ 8,%) TrG (s, 2) |I| Z (s,2) G(0,z + smic s(2))is)
el el
1 1
|I| ZG 0,z 4 smgc,s(2))i — - Z G(0, z + smige s(2))ii - Z (G(s,2)i — G(0, 2 4+ smge s(2))is)
iel 1<ign 1<ign

(3.16)

The second sum is exactly the left hand side of (2.11), so it is bounded by n~¢. The third sum is just the
difference between Stieltjes transforms and it was proved in [23, Theorem 3.3] is of order at most n®/(nn)
thanks to (3.8). Notice that we have used myc s(z) = G(0, z + smg s(#)) by definition.

The first sum of the last displayed equation is of same type as the third one, except that the average is
over not all entries but a macroscopic fraction of them. The proof in [23, Theorem 3.3], based on a fluctuation
averaging lemma, can be replicated to yield that

i LS (G5, 2k — GO, 2 + smges(2))is)| < %
el
with overwhelming probability. This completes the proof of Lemma 3.3. O

Remark 3.4. The following is an elementary consequence of the above rigidity estimate (i) together with
(3.8). For any to < s < t1 and and interval I C I7(Ey) with |I| > ¢*/n, we have

CHIn < #{i = vi(s) € I} + #{i: \i(s) € I} < C|I|n. (3.17)

3.2 Approximation with short range dynamics. We introduce the notation

Sguﬂ)) = sup f@(n)

NnCl,us<v

for the following lemma. Moreover, for i € Z and J C Z, let d(¢, J) = inf;c s | — j|. Finally, from here, we
assume that the number of particles of the eigenvector moment flow is even, i.e.

d = 2m.

Lemma 3.5. Under the assumptions of Lemma 3.3, consider A € A, with A defined in the same lemma.
Consider the perfect matching observables f, from (A.3). Then, for large enough n, for any intervals
Jin C {7 :vi(to) € I (E)} and Jouy = {i : d(i, Jin) < YL}, any d-particle configuration & supported on Jiy,
and any tg < u < v < t; we have

nju—v w,v 1 w,v)y =1 1 w,v)y 2=2
(Uata.0) = Ul f) @) < 00T (8504 L)%+ 65" ).

Proof. We first define, similarly to [5, 7], the following flattening operators on the space of functions of
configurations with d points:

(Fata (D)) = { T

)

if pc{i:d(i, Jin) < a},
otherwise,

By Duhamel’s formula,

(U (u,0) — Usg(, ) / U (5,0).2(5) fo(€)ds

Notice that d(supp(Z(s)fs — Flatye(Z(s)fs)), &€} = L. Therefore by the finite speed of propagation (3.15)
in Lemma 3.3 of U, we have

(U (5,0)2(8) f5)(€)] = U (s, 0)Flaty (L (s) fs)(€)] + O(e=/?)
< max [Flatye (2L (s)f) ()] + O(e~¥/2).  (3.18)
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where in the last inequality, we used that U is a contraction in L.
Let 1 be a configuration {(i1,71),. .., (¢4, ja)}, with support in Jou. In view of (3.18), we only need to
prove that

(LRI <0 (SE0 + DT + i) ) (3.19)
We have

i
L)) <| D Mﬂfs(ﬁ)l > ﬁ

n
lj—k|>¢ 1<p<d,lip—k|>e P

Notice that i, € Jout, and thus A, (s) € I](Ep). We denote 1, = 27¢/n. From the local law and a dyadic
decomposition we have

1 [log, n/¢] 1 o

E —— < E E <
R 2 — n X
k:up—k|>e”(/\“’ Ak) =1 a7 Ak) +ng) L

so that the second term on the right hand side of (3.19) is bounded by the right hand side of (3.18), as
desired.
More subtle bounds are required for

fs (") fs(@'") n
= +0(z)  sw  |f(n)]
jzk|:>e n(dy = Aw)” |jk§m_o n(Ay = A)? (32) uSESONC Jout

where we used that 7% C Jou if 7k # 0, and 1/(n(X\; — A\x)?) < 1/(n(€/n)?) for |j — k| > ¢, by rigidity, see
Lemma 3.3 (i). For fixed p, we therefore want to bound

DI DR ﬂg) (1) + (1)

lip—Kk|>£,7,=0 GEQNka

where (I) corresponds to perfect matchings such that {(k, 1), (k,2)} is not an edge, and (II) corresponds to
perfect matchings with an edge of type {(k, 1), (k,2)}. More precisely,

Pig kDig, k
(1) = Z E P(Q17Q2)(p<€)ee€ﬁ) Z m [A],
1<q1,92<d |k—ip|>€,7,=0 » k
Dkk
(I) =E { PP((p(e)ece,)) D 2On, — )2 RYE

|k—ip | > 0,7k =0

with £ the set of all possible edges between between vetices from Vg, P9 is a finite sum of monic
monomials of degree d — 2, and , P is a finite sum of monic monomials of degree d — 1.
To bound (I), we simply write

Dig kPig,k 1 ) ) - 1|
Z n(Ai, —Ap)? 0 (n(é/n)Q Zk:(piqlk eriqzk)) =0 <n =)

|k—ip|>€, k=0 '»

where we slightly changed the meaning of pyr (only in the equation above and the equation below, prr =
e uk(a)?, ie. Cop=01n (2.6)) and used the elementary identity

||
€ —_—
szk = wui(a)? = (n — ) (3.20)
acl
The above second equality follows from Lemma 3.1. Moreover, with Lemma 3.6, we have
2

B (1P ple)eee) 1A) =0 (s Rmliaiaa ) =0 (855))

uSs<U,MCJous
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where we used Holder’s inequality and Lemma 3.6. This concludes our estimate for (I).

The term (II) is more complicated to bound. For fixed p and s, let By = v, ¢, B} = vi,—t—n<,
EfL = Yi,—t4nc, B2 = Vi, 10, By = YViptt—ne, E;r = Yi,+t+n=- We also define the contour I' as the rectangle
with vertices F; + i%, FEy + i%. Let

o=y P (3.21)

n(z— M\
kv gEr EF] ( k)

g(Z) = Z n(zpik)\k>

kg [By EfJU[Ey  EY]
We now assume |z — ;| < n*ﬂ%. By Cauchy’s formula, we have

L[S0 L[ 90
- 577

2mi Jp € — = 2ri Jp € — 2

flz) = dg,

where for the second equality we used that, for any A (and z) inside I" we have

d¢ _
/p(f—Akxsfz) =0

from a residue calculus. Define T'yyy = {z = E+in: E = Fj or Es,|n| <n®/n} and Ty = I'/Ting. We first
bound the contribution due to small 7: we have

9(§) n Pk |
/F;ntf_zdg’gf/rim 2 g

k<ip—f—n
ip+Hl+n®<k
ip—Ll+n® <k<ip+L—n®

We simply bound |pgk| by 1 and obtain that the corresponding integral is at most

—> ‘ i Zn(kl/nfocf)'

k>0

lnt

We now bound the contribution from I'ext. On this domain, we can afford extending the definition of g to
the full sum 1 < k& < n, up to an error of order

n |Dkk | n®
n®— —_— K —.
14 /rExt nlé —Ey| ¢

We therefore proved

f(@gj/rm 3

1<k<n

Pkk n® _n e w (1 1

where we used (3.14) in the second inequality. We conclude that 8. f(X;,) = O(n®)% (+ + L), so that

n 1

=03+ ) sk

where we used Hélder’s inequality and Lemma 3.6. This concludes the proof of (3.19) and the lemma (note
that 2 (S}") T = O(&(S§") ). O

()ut

Lemma 3.6. Denote by n the configuration with m particles at site i, m particles at site j and no particles
elsewhere. Moreover, denote by n) (n(Z) resp.) the configurations with d = 2m particles on the site i (site
j resp.) and no particles elsewhere. Then there exists C1,Ca,C > 0 depending only on d such that for any
1 < j and any time s we have

E (pij(s)* | A) < C1fas(mM) + Cafas(n®) + Cfas(n).
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Proof. From (A.3), we have
Prsm) = aaBG [N+ Y bap B@Gpie); | N (3.23)
a+p+y=d,a<d

for some coefficients aq > 0, ba,g,4 = 0. From Young’s inequality, for any € > 0 we have

o ae? B g
E(ppin]; | V)] < B | X) + ZEQh | X + ZE@ | A). (3.24)

Equations (3.23) and (3.24) imply

fas() bagy ((c? BE(pE | X) +E(p; | V)
E(p; | A) < = —2 R (pl | A 33 .
(P | A) < =~ +a+ﬁ+;da<d o | T B N+ -

The result follows by choosing € = e(d) small enough. O

3.3 Mazimum principle. Iterations of the following proposition will give the main result, Theorem 2.5.

Proposition 3.7. For any eigenvalue trajectory (A(s))ogs<t; € A defined in Lemma 3.3, let f be a solution
of the d-particle eigenvector moment flow (2.16) with initial matriz K(0). For any C > 0, there exists ng
such that for any n > ng the following holds. For any intervals Jin, C {i : vi(to) € I5.(Eo)}, Jour = {3 :
d(i, Jin) < nr/v}, and [t,t+ u] C [to, t1] with u > t/1, we have
3 3
(t+%,t4u) _ 3 (U)W LY qtttu) | 7 qtruna=t | 7 ((tttu)d=2 | o
Sy 2 < — — ]S —(S a —(S a . 3.25

Jin w < r + nt ']out + nc( Jout ) + nt( Jout ) + n ( )
Proof. For a general number of particles d, consider now the following modification of the eigenvector moment
flow (2.16). We only keep the short-range dynamics (depending on the short range parameter ¢, chosen later)
and modify the initial condition to be zero when there is a particle far from Jiy:

Dsgs = L (s)gs, t <5 <t+u,

3.26
gu(m) = (Av£)(m). (3.26)
where 30
avn=2" % P

We can write
Av(f)(n) = anf(n)
for some coefficient a, € [0,1] (an = 0if n & Jout, ay = 1if n C Jin). We will only use the elementary
property
Y
nr

(n,8), (3.27)

lan — agl <

where the distance is defined in (3.11).
For any n C Jiy, we have

[fs(m) — gs(m)| < |(Uz(t, 5)fr = Uz (t,5) 1) ()| + Uz (t, ) (fr — Avfi)(m)]

u ]. w)y\ e—1 ]- u)\ === —
<yt (Sfijff D4 ST 4 S5 ))df) TV, (3.28)

where we bounded the first term by Lemma 3.5, and the second term by finite speed of propagation (3.15),

since fi, — Avfi, vanishes for any &€ such that & C {i : d(4, Jin) < nr/3¢} (note that ¥l < nr/3y).
In the following we will prove that for large enough n we have

nu £ P?
sup gs(m) < <£ +—+ > S
NCJin,t+% <s<t+u nr nt

— 2 —
+ Ly oy (Z;‘ + ﬁ) (ST T +07C (3.29)

nC
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by a maximum principle argument. Equations (3.28) and (3.29) together give the expected result (3.25) by
choosing

= n¢2(ur)1/2,

which satisfies (3.12) If the left hand side of (3.29) is smaller than n~C, there is nothing to prove. It it is
greater thn n~¢, by the finite speed of propagation property (3.15), for any ¢ < s < t+u, the configuration(s)
7 such that

gs(n) = SUp g (m)

need to be supported in {i : d(i, Jiy) < 32- L
From the dynamics (3.26), for any parameter Yt /n < n < €/n to be chosen, we have

7 5 7 =i - c 9s(N'7*) — g4(0)

Bgs(M) = > 2 (L+20) (9:(07%) — g () < — D L

0<|j—k|<t e n s, (Ai, = Aw)2 + 12
k:0<[ip—k|<e

1 TR 1 1
= — E Im 95(n™") _ —gs(n) E S—— (3.30)
MG, Zip = Ak ) 1<p<d, Zip = Ak
ki0<|ip—k| <t ki0<|ip—k|<£

where we define z;, = A;, +in. For the second term in (3.30), note that

d d
Ui n S
DR s WD DIID DI ey ver s DI DR v
1<p<d, p=1k:0<|ip—k|<L ()\’P N )‘k) n p=1k:[Ap—Xi, |<n 21
ki0<]ip—k|<t P R

where we used (3.17). For the first term in (3.30), we claim that for any fixed p we have

1 1
Loy mZT o (L) st

zi, — A n nr
k:0<|ip—k|<L k gl

£O() )T +0 ) (4 ) (4T B

For this, we can bound the left hand side of (3.31) by (3.32) + (3.33) + (3.34) where

1 (U (t,s)Avf)(0'") — (AvUs(t, s) fi) (7'7")
Imsz_wn P , (3.32)
1 (AvU.»(t,5)f)(0'"") — (AvUg(t, 5) f1) (')
Im k20<%;k<€ ﬁ Z'L'p _ )\k ’ (333)
m Y ;(AvUiftaS)i)(ﬁ%’“)_ 530

k:0< |ip—k| <L

The term (3.32) will be controlled by finite speed of propagation; (3.33) will be controlled by Lemma 3.5,
and (3.34) by the local law.
To bound (3.32), we write

(Use (£, $)AVS) (0'7F) — (AU (£, ) 1) ('7") = 371/’ 3" (Us(t,s)Flataf; — Flat, U (t, 5) f2) (7).
5y <a<ift
For fixed a, let Ly C Lo be defined as Ly = {i : d(i, Jin) < a— L}, Lo = {i : d(i, Jin) < a+1€}. We consider
three cases: N'** ¢ Lo, f**F C Ly, or neither of them.
For f’»k ¢ Ly, by our definition, Flat,U.(t,s)f;(f'**) = 0. By the finite speed of propagation (3 15),
the total mass of U (t, s)Flat, f; outside Ly is exponentially small. In particular, |U (¢, s)Flat, f;(1'**)| <

exp(—cyp/2).
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For %j"»* C Ly, we have

(U (t, 8)Flata f; — FlataUs (2, ) f2) (77")| = (U (t, 8)Flata fe — U (2, 5).f2) (777"
= (Us(t,5) (fi — Flato /i) (7"7")] < exp(—cy/2),

we used the finite speed of propagation (3.15) in the last inequality, since f; — Flat, f; vanishes for any &
supported in {7 : d(i, Jin) < a}.

For the last case, we have f'»* C Lo, and some particle(s) of f*»* is in Ly/L;. There are at most 2n/
such a. Moreover, since U & is a contraction in L°°, we have

|(Us(t, s)Flatq fy — Flat,Us (£, s) f;) (77F)|
<|Us(t, s)Flata fi| + [Flatoa U (t, s)Flatas2ype fe(77°)] + [FlataUse (8, 5) (fo — Flatatapefe) (77°)]
<||Flaty filloo + [|Flata e fil oo + e 7%/2,

We bound [|Flat, fi[|oo, [[Flatay2ye filloo < S(Jtoij_u) From these estimates, we have (3.32) < y?-£ S(to’t°+")

out

We now bound (3.33). For |k —i,| < £, n'»* is supported in {i : v;(to) € I3,.(E)}, so that we can apply
Lemma 3.5:

[(AvUs(t,5) fo) (0'7F) = (AvUg(t, 5) f) (7'7F)] < |(Uy(t, s)fe — Us(t, s) fo)(""")|

1 d—1 1
(s 1 L)+ L ).
As a consequence, we have

(3:33) < v ™" (sffojj o Ly o Loy )

out

Finally for (3.34), note that f%* is supported on Jyy, so that

%Im Z W _ llm Z aﬁft(ﬁipk) + (a”vk - )ft( )

Zi — A n Zi — A
k0<|i,—kl<e T 0k k:0<ip—k|<t i Nk
~" k
a7 UK e
=y F7) 4o (pLslrn),
n . Zi — Ak nr Jout
k:0<|ip,—k|<e TP

where we used that |azi,x — aq| < ¥d(7, k) /(nr) < l/(nr) from (3.27).
In the above imaginary part, the contribution of all k € {i1,...,iq4} is of order #Sffo’iju), so that (here
ko is any index not in {i1,...,i4})

1 fita??) 11 | A) L o(tttu)
o7 S I g
o > _ n M(@igke) ) Z > +0 nnSJout

z A
k:0<ip—k|<e "0 T K k0<|ip—k|<CGEG ik P

ut

= () + (1) +0 ( S(i”“))

where (I) corresponds to perfect matchings for which {(k, 1), (k,2)} is not an edge, and (II) corresponds to
perfect matchings for which {(k, 1), (k,2)} is an edge. More precisely,

H=Im >  E[|P@®(ple)ece,) . PinykPingh 3 )

1<q1,q2<d k:0<| i —k|<E nlzi, = M)
I = ImE | P® cess __PrE iy
(II) = Im ((p(e)ees,)) > (e, — ) AT,

k:0< i, —k|<E
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with & the set of all possible edges between between vertices from Vg, P®9) is a finite sum of monic
monomials of degree n — 2, and , P(®) is a finite sum of monic monomials of degree n — 1.
To bound (I), we simply write

Pig kDig, k 1 ) , Lo
I Tl B : : _ Y

: n nn
k:0<|ip—k|<t

Here we slightly changed the meaning of pyj (in both equations above and below, prr = Y, o7 ur()?, ie.
Co = 01in (2.6)) and used the elementary identity (3.20). The above second equality follows from Lemma
3.1.

Moreover, with Lemma 3.6, we have

E(lP@’qz)(p(e»esﬁ)A)=0( sup |fs<n>nmm_n_2):o(<sff;§j">>df),

t<s<t+u,mCJout

S(t t+u))

ut

where we used Hoélder’s inequality and Lemma 3.6. This concludes our bound for (I), m?(

More subtle bounds are required for the term (II).
Pkk 1 Pkk
mo Y —o(mrd)om Y B
wo<lipmi<e M(Fn ~ M) . wlinr e M~ M)
where we used (3.14). This last term can be bounded exactly as between (3.21) and (3.22), and we obtain
Pkk 11
WY e o(iih)
. C
k:0<|i,—k|<t n(zi, = Ar) men

where we used that 1 < ¢/n. This concludes the proof of (3.31).
We define h(s) = sup,, gs(n7). Equations (3.30) and (3.31) yield

C 1 14 (t,t+u) 1 (t,t+u)y 4 1 (t,t+u) h(s)
/

< —- J— — - P — — c—=
h (S) < . ((m? + o + 7 > SJout + — e (SJWt ) + + €2 (S Tt ) c

for any t < s < t +u. We now chose 1 = t/1?, so that u/n > 1), and obtain

]_ g u U u -
h(s)<cw<nn+n+€)S(“+)+Cw(8(i‘f)) +cw< Zf)(s(ifj)) +n ¢

for any t + u/2 < s < t + u, which is (3.29) and concludes the proof. O

Proof of Theorem 2.5. We proceed by iterating the bound from Proposition 3.7. We are given a small € such
that € < a/5 and a large D > 0, as in the statement of Theorem 2.5.
We first choose d = [5D/e], and define (implicitly, for J;;1)

{ so = 1o ’ { JO = {Z : FYi(tO) € Ign(EO)}

siy1 = SEH Ji =i d(i, Jiy1) < 7}

A direct application of Proposition 3.7 together with the bounds n=1*® < ¢y < t; < n™% yields

3
S _ i = S5 Si = 2 s
S'(]’ilj;lvtl) < ,(/)3 (n a/2 4 oi, a) Sgit’tl) ﬁc (Sflo:fl))dd '(/;Lto (S( utl)) n-

In particular, we have
S(Sz+1,t1) < n75/38(97’t1)
’L+1

provided that

(SSSi7tO))1/d S n5/22i TLE/Q

- vnty ne
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This implies that for k = |4e~!| we have

n35/4 n35/4

[CrREE

\/Tlto nt

For each fixed i, by choosing i as the configuration with d = 2m particles on the site ¢ and no particles
elsewhere, we have |p;;(s)|? < Cqfs(n). Hence by Markov’s inequality, the last displayed equation implies

that . ) .
. 3 —d [ 3¢/4 -D
P(Hsk <t<t .]lAi(t)eqﬁ(Eo)\p“\ >n <n‘+\/%>) < (nf) (n c ) <n .

Here we used that {i : vi(to) € I3 (Eo)} C Ji because k7 < kr for k = |4e7!| and n large enough.

Finally, by Lemma 3.6, pfj can be estimated in terms f;, p;; and p;;. Hence the previous estimate also
holds if we replace 1Ai(t)eIZN(EO)|pii| by Ly, 6, (t)EIZN(Eo)|pij|' This concludes the proof of the theorem, up
to redefining tg and k by a constant factor. O

4 MEAN-FIELD REDUCTION

This section proves Theorem 1.5. We actually just need to prove it when a tiny GOE regularization is added,
as explained in the next paragraph.

4.1  Small regularization. Consider matrices of type

H = Hy + Hy+ N~4HS where HS @ (1+1,;)/2. N(0, N7Y), (4.1)
where H; and Hs are defined in (1.15). Our main result in this section is the following result.

Theorem 4.1. Let A > 10 be any fized constant. Assume that H is a band matriz of type (4.1), with band
width Wy satisfying (1.11).

(i) The eigenvectors are delocalized as in (1.12).
(ii) The eigenvalues satisfy the local semicircle law as in (1.13).
(iii) Fized energy universality holds as in (1.14).
(iv) For any (small) 7,5 > 0, and (large) D > 0, there exists Ny > 0 such that for any N = Ny we have

N€+W )
P (‘W > (e -1

where a > 0 was given in (1.11) and all indices are defined modulo N.

<N’%“+Tfor all1 < 3,6 < N such that |)\j|<2—/<;> >1- NP, (4.2)

The same results hold for all submatrices of H of type H®) = (Hij)ijer, N]\{k}-

The following simple lemma shows that all properties of delocalization only need to be established for
the slightly regularized matrices. It is proved by perturbative arguments.

Lemma 4.2. Theorem 4.1 implies Theorem 1.5.

Proof. Let H' = H,+ Hy have distribution (1.15) and H = H'+N~4HS, with respective ordered eigenvalues
and eigenvectors A, 1, A\, ¥;. Let A = {|H%||c < N=471/2+<} By Gaussian decay of the entries of
HS | for any €,C > 0, for large enough N we have

P(A)>1-N~€. (4.3)
The conclusions (i4) and (#47) of Theorem 1.5 for H' therefore follow from the Hoffman-Wieland inequality:

1/2

sup [Ap — A [Ta < NV2(Y TN = A ?) T S NVA(Te(H' — H)?)P1, < NTAT, (4.4)
k
k
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Moreover, the conclusions (i) of Theorem 1.5 also holds for H'. Indeed, we have n~! |1}, (i)|* < Im G}, (\,,+
in) and the simple inequality

— — N2
I(H = 2)" oo = [(H = 2) "o + O (772||H/ —H||oo>

obtained by resolvent expansion. From the local law and eigenvector delocalization for H, for any z = E+in,
n> N1 E¢€[-2+k,2— k], for any D > 0 we have P(||(H — 2) 7! {|oc < N°) > 1~ N~ for some C > 0,
for large enough N. Moreover, on A we have ]7\7[—; |H' — H||oo < N2, which concludes the proof of (i) for H'.

The proof of (iv) is more involved. We want to obtain (4.2) for H’, for a given large D > 0. Take A = 4D
in (4.1) and denote t = N~4. The perturbation formula for the 1/, (s)’s, eigenvectors of H' +sHS associated
to eigenvalues \g(s)’s, is

Q) HOp )

On A, we therefore have

’ 2 i 1 1
R K (e s eerc R vt ) o

Consider eigenvalues Ay < Agy1 for H, and )\,(f) € (Mk, A\kt1) be an eigenvalue for the minor H®, with

associated normalized eigenvector EZ). Denote

(i) _ () )2 w
Ay = Z [y (@)7] > 10N
|a—i|<W

By QUE for H®) for any C' > 0, for large enough N we have
P(mi,k:/\ke[—2+m,2—n]-/4§:)) >1-N"¢. (4.6)
By a Schur complement as in [25, Section 4], for any § > 0 we have

P ({Aks1 =Ml <3} 1Al -0 AP ) < NPQUED ()] < 0VN} 0 AY)

Where INi (Z) = (lil‘])]#Z' Iake (S - Nﬁ D. OII v l;ﬂ? )7 <l~1(1)7 ¢£;1)> i 2 Ia’ndOIIl Valiable W- (] .t b d
by N2, SO tl a ens y oun ed

Moreover, similarly to (4.4), we have supgc <, [Ak(t) — Ak(s)[La < N~4F3, which together with the previous
equation gives

P ({Mkﬂ(s) — Mi(s)] < 6 for some 0 < s < t}N AV N-..n AN 0 A) K N72DH L NTATS (47
From equations (4.3), (4.5), (4.6) and (4.7), for any C' > 0 we have, for large enough N,
P(”qpk _ 1/’;”00 < N—A+2+2D) 2 1— N—2D+4 _ N—A+3 _ N_C.

This concludes the proof of QUE for 4}, knowing QUE for 1, O

4.2 Notations. We now explain the ideas for the proof of Theorem 4.1. We start with the following
definition which generalizes band matrices by allowing diagonal perturbations.

Definition 4.3 (Definition of HCg) For any positive constant ( and any g € RY, H and H&g will denote
real symmetric N x N matrices satisfying the following properties.
The matriz H¢ is centered, it has independent entries up to the symmetry condition which satisfy (1.8),

(1.9) and is of the form
A; B*
H; = (B< D) , (4.8)
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where A¢ is a W x W matriz and

C(1 +d45)
Var((Hc)ig) = (s¢)ig = sij = =5 Lijenwls
where s;j = f(i —j) and ), p  f(x) = 1.
The matriz H¢ is defined by
A% B*
(Hcg)” = (H¢)ij — 9i0ij, HE = <BC Dg> , 8=1(91,02,--,9n)- (4.9)
g
We denote the eigenvalues and eigenvectors of HE by A} and % = (3&) where w§ € R, In the special
k

case gj = glj>w, we will denote HE by HY, and for ( = 0 we abbreviate HE (resp. H{) by H® (resp. HY).

In fact, the matrices H® we consider will always be of type HY, up to a translation of the basis indices mod N.

We now define some curves, illustrated in Figure 3 from Subsection 4.3. The eigenvector equation
He% = A59p% immediately implies that

(A8 — B&* (D& — \%) ' BE)wf = Afwt.
Hence we will consider the eigenvector equation
QBuf(c) = E(e)uf(c);  QF = (A5 — BE*(DE — ) ' B5), (4.10)

where ££(€), uf(e) are eigenvalues and normalized eigenvectors. From now on, we assume that k is an index
in the bulk of the spectrum for H®, i.e. for some k > 0,kN < k < (1 — k)N.

Since the matrix elements have Gaussian components (4.1), it is easy to check that the eigenvalue flows
g — A are smooth and non-intersecting with probability one. Assuming that the function g — e = ] +g¢
has a regular inverse (for the existence of such an inverse, see Subsection 4.7), for any e close enough to Ag,
there exists a g such that e = A} 4 g, so that we can define

Ck(e) = )\'Z.

The curves (Ci(e))1<r<nvare labeled in increasing order by their intersections with the diagonal C(e) = e.
We refer to [4, Equation (4.16)] for a detailed discussion of the domain of C.

We defined &;(e) (1 < i < W), the eigenvalue of Q. = Q&Y. A simulation of the curves e — £(e) in
given in Figure 3. Since &;(e) is also an eigenvalue of H*~¢(¢) it is equal to C;(e) for some j. We follow
the convention in [4] to denote k' € [1, W] to be the index given by the relation & (e) = Cr(e). Here
k" = k'(e) depends on the energy e and &/ (.(e) is increasing in k. As e approaches to an eigenvalue of D,
one eigenvalue from £(e) tends to +o0o0. The other eigenvalues follow the smooth curves Cj, and the labels
k'(e) gets shifted by +1 whenever e crosses an eigenvalue of D. Since the curve Cy passes through (Mg, Ag),
we have

Wi
Vi

Wi

Hapy = MWy, Er(Me) = My 0y = ( ) v Qe =Geu, wr (M) = (4.11)

welle”

4.3 Owutline of proof of Theorem 4.1. We explain the main steps of the proof, with successively QUE
for mean field blocks, QUE for H from (4.1), and its application to local law, universality and delocalization.

First step: QUE for mean-field blocks Q%. Remember the definition of H from (4.1) and denote H =
(14+ N-ANEL =12 Consider a parameter ( = T = N~¢ where ¢ > ¢, is defined in (4.22). Then, thanks
to the Gaussian matrix Hy defining H, we can write

~ G
H:HT—i—\/T(HOW 8)

for some Hrp as defined in (4.8), and HY is a W x W GOE matrix. To this Hr we associate H% from
formula (4.9), and denote V = A% — B&*(D8 — ¢)~! B&. Consider the flow

K2(t)=V + Z(t) (4.12)
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as in (2.1). Notice that we have the equality in distribution

KE8e(t) Y KB°,(0) = A, — BE*(DE — ¢)"' BE. (4.13)
In particular, the distributions of Q& = A8 — B&*(D& — ¢)~! B8 from (4.10) is the same as K£°(T).
We therefore obtain QUE for the mean field blocks Q% by using Theorem 2.5, i.e. by interpreting this
matrix ensemble as the result of the flow K (T') = K2°(T). As an hypothesis for Theorem 2.5, some estimates
on V = K(0) are necessary, and given in Subsection 4.4.

Second step: QUE for H8. To simplify the notations we set g = 0, but QUE will be obtained similarly for
any small enough g. For the proof, we combine an e-net argument with perturbations of eigenvectors.

For this, we first need to choose good points for our net. Let M = N¢ with C a large constant which
will be chosen in the rigorous proof. We will prove that there is another large number C’ such that for each
n € 7Z fixed such that E, = nN~" € [-2 + k,2 — k], then there is a deterministic e, € [E,, Eny1] (ie., the
choice of e,, may depend on the law of D but is independent of the random matrix elements of D)

inf AP —e,| > M

J
with high probability, where the /\]D’s are eigenvalues of D (recall that A\; denotes an eigenvalue of H). In
other words, the bulk eigenvalues of D will stay away from the grid points (e, )nez by at least N=C: the

norm of @, is polynomially bounded, an hypothesis necessary to prove QUE by flow methods.
We now consider QUE for these good points (e, )nez. Let J be the W x W matrix defined by

By QUE the mean-field blocks (see Lemma 4.8), for all n and [ satisfying | (en) — en| < W1 we have

N1/2+T N%+‘r
Wtz

\|J~uz<en>|§ - \ < (4.15)

with overwhelming probability, where 7 > 0 an arbitrarily small positive constant and &, is defined in (1.8).

For a given bulk index k, let € = sup,{e, : e, < Ax}. Recall that Cr(Ax) = A\ and k&' € [1,W] is
the index given by the relation &/ (e) = Ci(e) for all e, as explained in Subsection 4.2. By the eigenvector
perturbation formula for the matrix @., we have

d -~ uy (e) (o). B* e
™= 2 - e (et 5" B v (4.16)

Notice that we used the labeling associated with the curve C since Ci(e) is continuous, i.e., the label k, ¢ does
not change as e pass through the eigenvalues of D. However, the label &’ for the eigenvector depends on e.

Our goal is to approximate uy (\g), which is proportional to the first W components of the eigenvector
1, of H, by the eigenvector uy/(€) which satisfies the QUE by (4.15). Integration gives

_ o 1 L1
e ®) =00 <3 s 3l (w7 gt )| )

We will show that for some Cy > 0 the following two estimates hold with high probability.

(i) Level repulsion: for fixed k we have

i in [Cx(e) —C > N-G/2,
eerflglgk] ZH};I}C | k(E) é(e)‘

(ii) A consequence of the weak uncertainty principle from Section 4.6,

1
sup <Ug/(e),B*(De)QB uk/(e)) ‘ < Ncl/2.

Akge{é
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If these two bounds hold then (4.17) gives stability of the eigenvector under perturbation in e, provided that
C’ > (4. Delocalization and QUE of uy (€) therefore imply the same properties for ug (Ag).
Thus, denoting ey the right hand side of (4.15) and Xy, = 321 ;<)o [ (i + nW/2)|?, we have

e 1-‘1-0(8]\]) (418)
with overwhelming probability. Now we can shift the indices by W/2 and repeat the same argument, so that
for any 1 < ¢ <m < 2N/W, we have

X
XHL

— (1+0(En)" " =140 (Vf%) |

provided that %5 ~ = o(1). Summing over ¢ for fixed m gives, with overwhelming probability,

N 1 N
G Xn=5+0 (W€N> . (4.19)

This concludes the outline that QUE for the eigenvector 1, holds, when %5 ~ =o(1).

Third step: applications of QUE. We successively outline the proofs of delocalization, universality and local
law for H from (4.1).

Delocalization for the mean field blocks Q% holds thanks to a priori resolvent estimates from subsection
4.4, and regularization of the resolvent by Dyson Brownian motion, as in (3.13). By stability as in (4.17), this
delocalization is extended to ug/(Ag). As ((ur (Mr))(9))1<icw = (Vr (i) 1<isw /I|¥r L2 q1,wy), delocalization
for 4p,. follows from both delocalization of u/ (Ax) to the QUE estimate (4.19) about ||eby||r2(p1,wy)-

For universality, remember that for any e, Cx(e) = &s(e) denotes the eigenvalues of @, and that the
intersection points of the curves e — &;(e) with the diagonal e = £ are eigenvalues for H (see Figure 3).
Thus A; can be determined by the spectrum £(e) for a fixed e, and the slope of the curves e — &i/(e). On
the one hand, &(e) follows GOE statistics as a consequence of [22]. On the other hand, a simple calculation
yields

1
S O
where 97 is the corresponding eigenvector of HY with g the solution to e = A +g. From the QUE (4.19) for
HY, all slopes are equal at leading order, so that the statistics of A; will be given by those of £, up to some
trivial scaling. In the same way, the local law for H follows from a local law for (). by parallel projection.

0Cre) =1—

e
AN e
(a) A simulation of eigenvalues of Q. = A — (b) Framed region of Figure (a) for large N, W:
B*(D —¢)"'B, i.e. functions e s &;(e). Here the curves £; are almost parallel, with slope
N =12 and W = 3. The A;’s are the abscissa 1 — N/W. The eigenvalues of Q. and H are

of the intersections with the diagonal. related by a projection to the diagonal.

Figure 3: The idea of mean-field reduction, from [4]: universality of gaps between eigenvalues for fixed e
implies universality on the diagonal through parallel projection. For e fixed, we label the curves by &x(e).

27



4.4 Generalized resolvent estimates. In this subsection, we do not need to assume (1.8).

Recall that we have added a GOE regularization of size N4 in (4.1). Since N~ is tiny, all resolvent
estimates cited in this paper for matrices are valid after adding this small regularizing GOE. A formal proof
can be obtained by the standard resolvent identity (B —C)~! = B~! 4+ B~'CB~! + .-, which we will skip.
In this section, all results will be proved without this regularization so as to simplify the notations.

Our first goal is to show that K%7 (4.13) is (n.,n*,r)-regular at e = Ep, in the sense of Assumption
2.3, for some range of t. The precise choice of the parameters r, T, 7., n™ will be given in (4.22). Recall the

matrix HE , is defined by
A8 + 7, B*
(27 %)

As in (1.4), define the “generalized resolvent” of HF, by

-1
G% . (z,e) = HS, — “lw 0
7,:\% Tyt 0 eln_w -

The distribution of H , is the same as H%_, defined in (4.9), so we will also denote G%.,(z,¢) by G%_,(z,¢).

Clearly, the W x W component of G%. ,(z, €) is exactly the resolvent (K%, —z)~!. We will state estimates
on this generalized resolvent in Theorem 4.5, an important input for our mean-field reduction method. The
proof appears in the companion papers [6,37]. On the one hand, the absence of imaginary part on most of
the diagonal elements of the generalized resolvent is a major obstacle to estimate it. On the other hand,
Theorem 4.5 assumes 1 = Im z is large (almost of order 1), which is a sufficient input to apply Theorem 2.5
and obtain quantum unique ergodicity.

Define Mf’g(z, Z) as the solution of the self consistent equation

(MF®) 7N (z,2) = (G- 2)Lisw — 2 — g = Y _(s)M{®(2,%), 2 Z€CTUR
J

with the constraint that

MPP(2,7) = mee(Z +i01),
the Stieltjes transform of the semicircle law. For simplicity of notations, we denote by M¢8(z,%) the matrix
with entries

6.8 ._ 268
Mij .—Mi 5”-.

We will show that M¢8&(z,Z) is the limit of the generalized resolvent G?(z, Z). For this purpose, we first
collect basic properties of M in the following lemma, which is proved in [6].

Lemma 4.4. Assume |ReZz| < 2 — k for some k > 0. There exist ¢,C > 0 such that the following holds.

(i) (Ezistence and Lipschitz continuity) If
(+llglloc +12 =2 < e, (4.20)

then MS®(z,%) exists and
max | MF5(2,2) = me(Z+107)| < C (¢ + llglloe + 12 = 7))
If, in addition, we assume ¢’ + ||g']|oo + |2’ — Z| < ¢, then

max | ME 8 (2, 2) = ME%(2,2)| < C(llg = 8/l + 12/ = 21 + 1 = )

(it) (Uniqueness) The vector MS®(z,%), (1 <i < N) is unique under the constraints (4.20) and

max ’Mf’g(z, 2) — mee(Z+107)| < e
1
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Since s;; from (1.6) is a periodic function of ¢ — j, by the uniqueness of the previous lemma, we have
MZ»C’O(Z,Z) = M‘%}(ii(z,z , so that

w2

w
1
M0 Z2,2) = = MO 2, 2). 4.21
; i 2; i (22) (4.21)

This equation will be necessary to obtain the quantum ergodicity estimate for Q% in (4.28). Our main results
on the generalized resolvent of H, Cg is the following, proved in a companion paper.

Theorem 4.5 (Generalized resolvent estimate). Recall 0., n* and r from Assumptions 2.3 and 2.4. Suppose

these parameters are of the form
ne=N"%, p"=N"° p=Nt TNt < <e,/20, (4.22)

where T is a new parameter used in the following equation (4.24). Assume that

3 1
logy W > max (4 + €7, 3 +el+ 5*) . (4.23)

For any small 7,k > 0 and large D, uniformly in |e| < 2 — k, for large enough N the following holds. For
any deterministic z, ¢ and g satisfying

|[Rez—e|<r, n<Imz<n*, 0<{<T, gl < W*3/4, (4.24)

we have (we denote ||A||max = max; ; |A;;|)

P(|G# — MS® >N" N/ L < NP 4.25
H ((276) (zve)Hmax/ W + WImZ B . ( )

The following corollary is an immediate consequence of the above generalized resolvent estimate, the
deterministic Lemma 4.4, and (4.21). In the statement, we use the notation Z, , = (e —r,e+7) as in (2.13).

Corollary 4.6. We follow the assumptions and conventions of Theorem 4.5. Then for any z = E + in with
EeZ., and n, < n < n* anyt satisfying 0 < t < T and any fized (large) number D > 0 the following
statements hold for N large enough:

_ 2 _
P <3E €., |Im (K&°, - z)kkl‘ > o I T (K, — 2) 1) <WP, (4.26)
1 - .
P ( W Tr (K%<, — 2) to mee(2)| = N~°¢ /2> <WP, (4.27)
1 . 11 . 1 . (N2 1 _
P max |7 > (K%’_t—z)kk—ﬁTr(K%’_tfz) >N (W T ) <wP.
o 1<kSW)/2 mz

(4.28)

In particular, K8°, satisfies the reqularity assumptions (2.9), (2.10), 2.11) in the range 0 < ¢t < T.

Remark 4.7. This corollary gives control of the error in QUE for mean field blocks and therefore controls
the range of W for which delocalization can be proved.

More precisely, assume €, = 0 to simplify. The error N~—° in Assumption 2.4, which governs the error
in Theorem 2.5, is of order N™¢ ~ %/2, form (4.28). In order to patch this estimate to get QUE for the

band matriz H, we will need % . %/2 < 1. This explains our condition W > N3/%,

However, the error g in (4.28) is taken from (4.25); this error in (4.28) usually can be improved by

taking into account the average of the index k. We believe that the key error term in Theorem 2.5 comes
from the last term in (2.14). If we take ty close to 1 and replace n by W, this error is of order W12, We
therefore expect that for % . ﬁ < 1,i.e. W>> N?/3, the QUE for band matrices holds. If we additionally
assume that these errors associated to different blocks are centered and asymptotically independent, then the
total error for the QUE of the band matriz H would be (%)1/2 . ﬁ, which is much smaller than 1 when
W > N/2,
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4.5 FEigenvectors and eigenvalues estimates for mean-field blocks. The following lemma concern-
ing the QUE and related properties of the W x W matrix Q8 from (4.10). It is an important building block
for the proof of Theorem 4.1.

For the statement, recall the notations from Subsection 4.2. In particular, the matrix ()% and its eigen-
values and eigenvectors £f (e) and uf (e) are defined in (4.10).

Lemma 4.8. Let H satisfy the assumptions in Theorem 4.1 and k, 7 > 0 be small constants. Fore € R, 1 <
k< W and C > 0, denote by x the set

x(k,e,C,g) = {|D& —e| > N} n{|¢E(e) —e| < W'}, (4.29)
Uniformly in deterministic |e| < 2 — k, the following statements hold.
(i) (Delocalization) For any C, D > 0, for N large enough, we have

P ({|[u(e)% = W "} nx(k,e,C,g)) < N™P. 4.30
Wi il } Xk e, C)) (430

(i) (Level repulsion) For any C, D > 0, there exists Nog = No(C, D) such that for N = No(C, D), for any
x> 0 we have

€ T,..2—T —
max omax P ({ [€Fia(e) = &R ()] < 37} Nx(kse, € g)) <SWTa? 7 4 NP (4.31)

(i1i) (QUE) Recall that ., is defined in (1.11) and J in (4.14). For any C,D > 0, for N large enough,

1 N1/2+T N fmogr

g ‘J' FOls - 5| > Nx(ke Cg)) <N P 4.32
o e ({3 M A nvke ) )

(iv) (Local law) Take g = 0. There exists € > 0 which does not depend on T such that for any C,D > 0,
for sufficiently large N we have

P sup
0<e’ —eS<W—1+¢
e+W—ite

Notice that for T < e, we have W7 < W [ Psc(z)dx.

Remark 4.9. The constraint |£8(e) —e| < WL in (4.29) can be replaced by |£5(e) — e] < W™TE for some
e > 0, with little change in the proof. In the application of this lemma in our paper, we only need to use
AW L for any large fized constant A.

#{k: ) € fee)) - W / el

> WT} N{|D —e| > NC}> <N D,
(4.33)

Proof. Recall the operator K%:f in (4.13) and 7., n*, r and T in (4.22). Denote the eigenvalues and eigen-
vectors of K2:°(t) by AL(t) and uf (¢). Hence the distributions of the eigenvalue ££(e) and eigenvector u(e)
of (Y€ are given by
g\ @ g\ @
ele) = Aer(t), ugle) = wpr(t).
By definition of K%°(¢), it is trivial to prove that for any Cp > 0 there exists C such that

Ljpe_cpzn-co||KE ()| < W (4.34)

holds with a very high probability for any 0 < ¢ < 7. Corollary 4.6 and (4.34) imply that K£°(¢) is
(1, m*, 7)-regular (Assumption 2.3) at Ey = e for any 0 < ¢ < T' (under the condition 1|ps_¢>n-co). In
addition, the conditions in Assumption 2.4 are guaranteed by (4.26) and (4.28). By Theorem 2.5, for any
small € > 0, with overwhelming probability we have

1 (N1/2

J-ub(e)]3 — | < W*
1 - wge)llz - 5 W

+ (WN6*+€*)1/2> 7

where we have used T defined in (4.22). We now choose €, = &,,, +¢ and £* = €. For small enough ¢, thanks
to (1.11), the constraint (4.23) is satisfied. Together with the above equation, this proves proving (4.32).
Moreover, by (3.13), (Kg§ — 2);;* is uniformly bounded for z € D, and this implies (4.30).

To prove (4.31), we need a level repulsion result from [23].
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Lemma 4.10. (Theorem 3.5 and 3.6 of [23]) Let \;; denote the eigenvalues of K (t) (2.1) with V' (n.,n*,7)-
reqular at Ey and bounded as in Definition 2.3. Assume that there exists ¢ < 1 such that

|log n*| < c| log n.|. (4.35)

Let 7 > 0. Then for large enough N, for any x > 0 we have

?é%_XP ({INie = Eol W0 {{Aie — N S Wla}) < W27,

where T, is defined in (3.1).

We now apply Lemma 4.10 to the flow (4.12). The condition (4.35) is trivially verified by the choice of
€4, €% in Lemma 4.5. Hence Lemma 4.10 implies the level repulsion estimate (4.31).
It remains to prove (4.33). From Lemma 3.3 (i) applied to K%°(t) at time t = T', we have

P sup
0<e’ —e<W —1+e

We therefore just need to prove

#{k: 1 &k(e) € [e,e’]} — W/:l pe.7(z)dx

> WT} N{|D —e| > N—C}> <ND,

/ pte,7(z)da — / pse(z)dz| < W7, (4.36)
Recall the following relation between my.; and V:
1 _
Mict(2) =my (2 +t mees(2)) = = Te (V — 2 — t mge(2)) ! (4.37)

w

where V = A% — B&* (D8 —¢) "' B8 = K. For z = E+in with |[E—e| < r and . < n < n*, (4.27) implies
that

1 _ «
Mee,0(2) — Msc(2) = W Tr(V —2) - Mmge(z) = O(N™° /2) (4.38)
holds with high probability. Similarly, by (4.27) and (4.37), for any ¢ > 0 we have

Mie,t(2) — Mse(z + t Mpe(2)) = % Tr(V—z-t mfc’t(z))fl — Mge(z +t Mmpe(2)) = O(N~=/2)  (4.39)
provided that
e <Im(z + ¢t mec(2)) =n+tImme(2) <n°, |Re(z+t mee(2)) —e| < (4.40)
For t =T as defined in Lemma 4.5, we have
n<<T <<, T<r/2, |[E—el<r/2, 0<n<n"/2 (4.41)
Moreover, as proved in [23, Lemma 7.2], for any 0 < 1 < n*, we have

c<Immyge7(2) < C', |mger(2)| < C'log N, (4.42)

for some positive constants ¢, C’. Equations (4.41) and (4.42) show that the assumption (4.40) holds for
t =T, and concludes the proof of (4.36) by taking n = 0% in (4.39). O

4.6 Regularity and weak uncertainty principle. The GOE component in (4.1) implies the following

regularity property and weak uncertainty principle. This lemma does not require the decomposition (1.15),
i.e., the Gaussian divisibility for the band matrix elements, we state it under this assumption for simplicity.

Lemma 4.11. Let H be as in Theorem 4.1 for some fived A > 10. Let ¢ € RY be defined by

¢i = Lwign.
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Recall the notatons from Definition 4.3. Then there exists a (large) constant C. = C.(A) (the subscript r is

used to indicate that the constant is related to the reqularity) such that for any fixzed D > 0
2
max P <3t |t| <20, k € Zy such that ‘A%*td" < 20, HW%HQbH < N‘CT> NP, (4.43)
llgllee <WO-2 /N 2
P({de:lel <10 B*¥B>N0” B*éB 2+NC”‘ <NP (4.44)
Il o0 /N R L (D& —¢) R '

The proof of this lemma follows the one for [4, Proposition 3.1]. Lemma 4.11 is weaker in the sense that
the error N*¢" was originally given by order one quantities in [4]. In addition, [4, Proposition 3.1] applies to
any approximate eigenvector without assuming the small GOE regularization N~4H%. On the other hand,
Lemma 4.11 works for W > N3/4%¢ (in fact, W > N'/2%¢ is enough), while [4] required W = Q(N).

Proof of Lemma 4.11. We first note that 0.9 in (4.43) and (4.44) can be replaced by any fixed number less
than 1 in the following arguments.

We will first prove the following form of an uncertainty principle: approximate eigenvectors for D# have
some weight on the first W coordinates, in the sense that there exists C' > 0 such that for any fixed D > 0,

max P (3veRY W with |[v|]; =1, e € R, | B*v[2 + [[(DE —e)v]2 < N"9) < NP, (4.45)
lgllc <WO-2/N

We first consider B*v. Thanks to the component N~4HS in (4.1), for any fixed v and 1 < n < W,
there is an ag independent of H® such that (B*v),, = ag + N~4¢, - v with £,,..., &}, having independent
Gaussian entries of variance order 1/N. Thus there exists C' > 0 such that for any ||v|2 = 1, we have

P(|(B*v)a| < N°9) < 1/2,

for all 1 < n < W. Taking intersection of these independent events, we have proved that there exist
C > 0,c¢ > 0 such that for any v as above,

P(|B*v[2 < N7 ) <e M. (4.46)

The matrix D in H is itself a band matrix of size N — W and band width W. Denote by )\,’? be the
eigenvalues of D. The local law in [17, Theorem 2.1] was established up to the scale W ~!*7 for any constant
7 > 0, strictly speaking for random band matrices satisfying > ; sij = 1. For D, this assumption is violated
for 7 in a set of size at most 2W, but [17, Theorem 2.1] still holds by elementary adjustments left to the
reader. This theorem implies in particular that with probability 1 — N~

#{k, AP € [e, e+ W1H7]}

< 10. .
max N1t < 10 (4.47)

Denote by )\kDg and ka g, 1 <k < N-—W, the eigenvalues and eigenvectors of D8. A trivial bound
on the eigenvalue perturbation gives |A\P* — A\P| = [|gllec < W*9/N, so that A\P® € [e,e + N~!] implies
AP € le—WO9/N, e+ 2W%9/N]. Hence with high probability we have

[{k:AD% ele,e+ N7} < |{j: AP € [e— WO9/N, e+ 2WO9/N]}| < 10W°7,
where we have used (4.47) and W%9/N > W~1*7. Hence for any D > 0, for large enough N we have

]P’(He €R,

€le,e+ N7 = 30W°~9) < NP

As a consequence, if we define S, = span{ep?* : \P* € [e,e + N~1]}, then dim(S,) = O(W??) with high
probability. For such an S, of dimension O(W?°?), we can choose a finite set A in the unit sphere of S,
with [N = NOW") such that for any v in the unit sphere there is a p € A such that |[v — p| < N=¢~!
with C being the constant in (4.46). Together with (4.46) and the fact that ||B|| < N holds with very high
probability, we obtain that there exists C' > 0 such that for any fixed D > 0,

P(3veSe, BV <N “) <N,
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where we have used e~ NOW’?) < e=<W for some ¢ > 0. Therefore there exists C' > 0 such that for any
fixed e and D > 0, for large enough N we have P(A.) < N~ where

A, = {3v e RV with ||v|| =1, ||B*v||2 + ||(D& — e)v]]s < N~C}. (4.48)

By union bound, we also have P(N.en-207,|¢|<nc Ae) < N™P. Moreover, || DE|| < N with high probability,
so that (4.45) follows easily.

We now show how (4.43) follows from (4.45). By definition D&% = D& —t and A8+'® = A8 so the
eigenvector equation is

Agwg-&-w + B*v%+t¢ _ )\%+t¢W%+t¢,

BW%-Hd) + (D& — t)v%+t¢' = /\%Hd)v%“d’.

If |w&T?|ly < N=C for some C > 0, then ||A8wE™?|| + | BwEt*®|| < N~C/2 with very high probability.

Hence V%+t¢, after normalization, realizes the condition (4.48) with e =t + A%Hd’. Therefore, (4.43) follows
from (4.45).
We now prove (4.44). The event in (4.44) means that for some normalized v € RY=" and |e| < 10,
||¥Bv|| > N ||B*LBv|] +1). (4.49)
(D& —¢) 12 (D& —e) 12

Denoting v = (D& — €)1 Bv/||(D& — €) "1 Bv||2, it follows from (4.49) that

1 Bv2 < | B2
De —¢)-1B = , w1
[D% =) Bvl2 ~ o (B =gy B, + 1)
_ |IB*(D® —e)"'Bv]|2

B*Vl, = < N6,
| B*V||2 (D% —o)1Bv],

I(D® —e)vlla = <N~ |Bv]l2,

Since || B|lop < N with high probability, v realizes the event (4.48), so that (4.45) implies (4.44). O

4.7 Proof of Theorem 4.1. We make rigorous our proof sketch from Subsection 4.3. We consider the
full band matrix H, the proof for the minors H*) being the same up to trivial adjustments.

Recall the notations from Subsection 4.2. There, we assumed that the map g — e = A} + ¢ has a regular
inverse which enable us to define the curve Cx(e) = A\]. To prove this, a simple perturbation calculation
yields that (A + g)/dg = PO |1/),‘i(i)|2 By (4.43), |¢Z(i)|2 > N~% for all |g| < 20 for some constant
C, > 0, with high probability. Thus the invertibility is proved with high probability and from now on we
shall restrict ourselves to this case. By differentiating w.r.t. ¢ in the identity Cx(A] 4+ g) = A{, we have

0 u -1
|oc@) = L= (X lwt@r) | <N (4.50)
=1

We now complete the proof of Theorem 4.1, successively considering QUE for some small mean-field
matrices, then QUE and delocalization for band matrices, the semicircle law, and universality.

Part 1A: QUE for a small matriz. We will prove that a slightly more general form of (1.12) holds for
eigenvectors 1% of H8 with any ||g|lec < W3/4. But for simplicity, we present the proof for g = 0, and
point out the modification for the general case whenever it is needed.

We will prove the following delocalization and QUE for the eigenvector uy/ (Ax) of ka defined in (4.10):

PGBke[L,W],j€Zn : [N <2—k, &) =N, w2 =W 7)) < NP, (4.51)
: 1| _ N2t7 N7 _
E”(H’f MWl eZn  INI<2=8 &) =X, (17 we)E = 5| > =5+ i ) <NP
(4.52)
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The difference between (4.51)—(4.52) and (4.30)—(4.32) are the randomness of their arguments, i.e., e in
(4.30)—(4.32) is replaced by A; in (4.51)-(4.52). To prove (4.51) and (4.52), our basic strategy is combining
an e-net argument with a perturbation theory of eigenvectors. Let M = N2¢1+2D: here D is the constant
appeared in (4.51) and (4.52) (not to confuse with the notation that D was also used to denote a matrix)
and C; = D + 6C,. where C,. is the constant in (4.50).

We denote E,, = nN =, and claim that for each fixed n satisfying [E,,, En41] C [-2+ K,2 — k], there is
a deterministic e,, with F,, < e, < E,4; such that

P (i_nf AP —en| < Ml) NP (4.53)
J,mn
where the /\JD ’s are the eigenvalues of D. To see this, note that for any n > 0
En+1
/ Elm[D—E—in}—ldEgE/Im[D—E—in}—ldEg N.

En R

Hence there is an e, € [E,, E,41] such that, with n = M~ EIm[D — e, —in]~' < CN©*!. By the
Markov inequality, P(infj AP —en| < M‘l) < N+ ~1 and (4.53) holds, so that we can restrict our

consideration to the set |D —e| > N~ for any C' > 2C; + 2D. By Lemma 4.8, (4.30), (4.31) and (4.32)
hold. In particular, (4.31) holds with & = N=¢1/2, Hence for all n and [ satisfying |&;(e,) — en| < W™ we
have

1 (en) — &i(en)| = N™/2 (4.54)

1 N1/2+T N%Jr-r
2 —1+7 2
fuen) e € W, 10 wlenlf - 5| < i+ Y
with probability larger than (1 — N=P — N=G10=m12+7) > 1 — 2N~P. Here we have used the choice
C1 = D +6C, and 7 can be an arbitrarily small number.
We define

m(Ag) = sup{n : e, < \g} (4.55)

For simplicity we denote € = ep,(»,). Recall that Cr(Ax) = A, and thus (4.50) and (4.43) assert that
|0C(€)/0e| < N holds with high probability. Since e,11 — e, < 2N~ (4.55) implies |6 — \| < 2N 1.
Since C; > 6C, so that N~¢1 N « N—0-8C1 we have

ICL(€) — €| <|Ch(E) — CMp)| + | Mk — €| S N |\ — €] 2N~ NC < N708G L (4.56)

with probability larger than 1 — NP,
Recall that k" € [1, W] is the index given by the relation & (e) = Ci(e) for all e. Applying (4.54) with
en set to be € and using Cy > D, we obtain the level repulsion bound

P (|£k'i1(g) —&w(@)) > N‘Cl/Q) >1- NP2,

Together with the continuity argument used in (4.56), the level-repulsion holds between Cj and Cgy; in the
interval [€, A ], i.e.,

P (36 € [€ ], s.t. |[Crx1(e) — Cr(e)| < ;N‘Cl/2> <NP. (4.57)

Integrating the perturbation formula (4.16), we get

e

uk/(/\k) = Uy (g) —/ Z

ue (e) <ug, (), B'— B uk/(e)> de (4.58)
Ak gtk

Cr(e) — Cyl(e) (D —e)?

Inserting (4.57) into (4.58) and using |€ — A\x| < 2N~ we obtain

) i w, B (D ) Buy)
() = (@), < CN-/2 .
[ur (M) — ur (€)oo celane] ok ICele)| + 1

(4.59)
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The numerator of the last term can be bounded by using (4.44) so that

|(ug, B*(D — ) *Buy)

1/2 1/2
<N (B (D =) Bup|y+1) " (|BH(D =) Bug[y+1) . (4.60)
Inserting the identity B*(D —e)~'Buy = Q.up — Auy = &y (e)uy — Auy into the right hand side of (4.60),
we obtain
|(uer, B*(D = ¢) 2 Buys )| < N (€ur(e) + [[Allop + 1) (& (e) + [|Allop +1) -
It is easy to prove that || Al|,, = O(NV) with high probability. Together with the fact that & (e) € [A;, & (€)]
for e € [€, A], which follows from 9.C;(e) < 0, we have proved

|(ug, B*(D — ) *Buyy )| < N2 (|€p(e)| + 1)

Inserting this bound into (4.59), using that & (e) = Cs(e) in the denominator and the choice Cy = D + 6.,
we have proved (4.51) and (4.52).

Notice that the constant C,. is associated with the uncertainty principle in (4.44) and N~ is the grid
size. We can make the grid size small by choosing large C7; the price to pay is that the initial data in the
stochastic flow argument becomes large, i.e., the constant C; in (2.7) is large. However, the results we use on
the stochastic flow (e.g. 4.10) are insensitive to this constant, which is the main reason we can choose C; large.

Part 1B: Delocalization and QUE for the band matrices. By definition (4.11), ugp (A\g) = wi/||wg|l2. Equa-
tions (4.51) and (4.52) can be written in the following form: for any fixed large D > 0 and small 7 > 0,

. )2
P(3keZn, i M| <2—k, —isiSW W@ S pp-1er) < N0, (4.61)
2z [P (@)?
w/2 V|2 1/247 mogr
P(erZN:|Ak|<2—m,‘W—1>N +N1/2><N‘D.
Y k@ 2 w w

Clearly we can shift the indices so that

SRk +a))> 1

S [k(n+ i)z 2

and a similar shifted version of (4.61) holds. Since W, N and &, are related by (1.11), we have =<7— +

-D
Wt | SN

P(ElkEZN: |Ak] < 2 — K, max
neLN

N1/2+T NE£”+T>
>

% = o(W/N), so that exactly as in (4.18)—(4.19) we obtain
w/2 1/247 B
N , , 1| _ N (N7 N3+ b
P ezy, s Il <2n Sé%\wzﬂ'wk(”@ ~3 >W< Tt e ) ) SN

when N/W is an integer. If N/W is not an integer, the delocalization estimate (4.61) can be used to lead
to the same conclusion. Moreover, from (1.11) we have & - Nl‘ﬁ;H < N72% and i - % < N™2% with
a > 0 given in (1.11). We have thus proved the QUE part of Theorem 4.1. Finally, note that the above QUE
for length interval W /2 obviously implies the same estimate for length W.

Finally, the proof of Theorem 4.1 just given above holds for all ||g| < W3/ since all lemmas were
proved under this assumption. We have thus proved that for any fixed 7, D > 0, for large enough N we have

w
N 3
mi IP(H' Zn, @ |\8] <2 — —E g2 =1 N"“”))l—N‘D 4.62
HgHéWlnfaM J € LN, ‘)\Jl " w i=1 |w] @l +0( : ) (4.62)

Part 2: the semicircle law. Following the mean-field reduction method, we first prove the following lemma.

Lemma 4.12. Recall the definition of the constant a in (1.11). Under the assumption of Theorem 4.1, for
any fized eq with |leg] < 2 — k we have

max P (|)\j —eo) SN2 and | (Cj(eo) — en) —
J w

(Aj — eo) ‘ > W—l—fa> < NP, (4.63)
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Proof. Recall the definition of the matrix HY from (4.9) and the relation a(%g)\j) = EZVL |1/)Jg(z) ‘2. Integrating

this relation from gg to 0 with gy defined by the equation gy + )\?0 = ep, we have

)2

/ Z|¢g(z)| dg = \j — eo. (4.64)
90 =1

By (4.62), for each |g| < W3/ fixed, we have Zzl |1/)§(i)‘2 = W/N (1+ O(N~%)) with high probability.

Hence the left side of (4.64) is equal to —goW/N (1 + O(N~)) with high probability. By definition, C;(ep) =

A’ = eg — go. Inserting this relation into (4.64), we have proved (4.63). O

We now prove the local semicircle law by using (4.33). For € > 0 small enough, we consider Ey > F;
with A 1= Fy — By < N71T¢. Clearly, we can assume A > 1/N. We apply Lemma 4.12 with the choice
eg = E1: for any D > 0, for large enough N we have

1]}<#{k;Ake[El,EQ]}g#{k;ck(eo) [eo,eoJrA +1]}

#{k:Ck(eo) € |eg, 60+AW W W W

with probability 1 — N~ Since C; = & represents the same curve, we can apply (4.33) with the choices
e=FE, e —e=AN/W —1/W, or AN/W + 1/W. Hence the estimate (4.33) implies the local semicircle
law and we have completed the proof of Theorem 4.1.

Part 3: Eigenvalues local statistics. We rely on fixed energy universality result for a matrix flow, from [22]
(note that the constraint wy > 2/3 below is probably not optimal but sufficient in our setting).

Theorem 4.13 (Fixed energy universality for the Dyson Brownian motion [22]). Let V be a n x n deter-
ministic matriz and Z be a n X n standard GOE matriz. Consider H =V +\/toZ with to = n*° /n. Assume
that V is (n"%ty, n=%2, n%ty) regqular at E (see Assumption 2.3) with (c is a universal small constant)

2 1-—
§<(,<)()<17 52<min( 4&10,63’0).

Remember the notation ,0fC for the density corresponding to the Stieltjes transform mﬁc 350 defined in (3.2).

For any smooth test functzon O € €= (RF) with compact support, there are constants c,C > 0 such that

‘/Rk (a)py N &) - (2)pcor Nt (E)

fe,to fe,to

We apply this result to the W x W matrix flow ¢t — K¢, at t = T with the initial data V = K2,
i.e., n = W. By Corollary 4.6, V is (n.,n*,r) regular with the parameters defined in Theorem 4.5. With
e, ", r, T defined in (4.22), we have the following identifications

03 = 2 logy, N, 61 = e*logy, N, d =e*logy, N, 1 — wp = logy, N(ex —e*).

The above theorem with e = E gives (We consider the case k = 2 to simplify the presentation)

a
O E+ d / O(a ( ) d
‘ R2 ( )pQE ( Npsc ) 4 pGOE Npsc (E) .

where we replaced /)Ecn;o with psc by taking = 0% in (4.39). We can write

< CN™°“

/Rz Oa)pg) (E + N,f’@) da= ; EO(W pee(B) (& — E), Wpee( B) (& — )

= L S EO(Wp(B)CL(E) — B), Wo (B)(C(E) ~ F)).
k]

Recall that there is a shift of indices & — k' (depending on the randomness) so that Ci(E) = &. In the
expression above, we have summed over all indices and thus this shift is irrelevant for our purpose.

Applying (4.63) with ey = E, we can substitute W ps.(E)(Cx(FE) — E) with Np(E)(Ax — E) + O(W ~15)
in the above equation. Note that (4.63) holds only for eigenvalues in a small neighborhood of E. Since O
is compactly supported, this restriction does not affect the usage of (4.63) in the last equation. Finally, the
error term O(TW~%/10) is negligible, which concludes the the proof.
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5 A COMPARISON METHOD

In this section, we prove the theorems 1.2, 1.3 and 1.4. The basic idea follows the Green function comparison
method in [17], interpolating between resolvents of two matrices H and H. However, contrary to the setting
from [17], we only have a priori estimates on the Green’s function for H , but not for H. A self-consistent
Green function comparison method for band matrices was developed in [2], which only requires estimates on
the Green’s function of one of both matrices. Our a priori estimates on the Green’s function are different so
that we proceed with another self-consistent method from [21].

5.1 Elementary facts. Recall the resolvent of a matrix H can be written as

A — 2
3 k 2

| (i)]?

(ESWERT ol

where 1, is the k-th eigenvector with eigenvalue A;. The following lemma is a classical fact connecting the
Green function with delocalization of eigenvectors and local laws.

Lemma 5.1. Let (Hy)n>1 be a sequence of N x N random symmetric matrices. Suppose that for any ¢ > 0
there exists a constant k. > 0 € R such that for any D > 0

inf P(X\|<2—-kK,)>21—-NP 5.2
SN N ([ c) (5.2)

provided that N is large enough. Consider the following assertion: for any small k,7 >0 and D >0

sup max (ImGy;(2)) = O(NT), (5.3)
|Bl<2—r,N=1<n<1
sup max |Giy;(z)] = O(N7), (5-4)

|E|<2—r,N-1<n<1 b
hold with probability larger than 1 — N~ . Then
(i) (5.3) implies (1.12).
(1) (1.12) and (1.13) imply (5.4).

Proof. For any k € [cN, (1—c)N], by (5.2), we can assume |A;| < 2— K, for some k. > 0. Then (5.3) implies
that, with high probability,

7 Hk(9))? < Tm Giy(\g +in) = O(NT), n=N"1,

which is (1.12). On the other hand, the bound (1.12) on (i) and the eigenvalue distribution estimate
(1.13) inserted in (5.1) yield (5.4) by a simple dyadic decomposition. O

5.2 Proof of Theorem 1.2. By Theorem 1.5, (1.12) of Theorem 1.2 is just a corollary of the following
lemma. In the remainder of this section, we will prove Lemma 5.2.

Lemma 5.2. If the statement (5.3) holds for all H in (1.15), then (5.3) holds for any H in Theorem 1.2.

To prove Lemma 5.2, note that for each H in Theorem 1.2, there is H of type (1.15) such that the first
four moments of the entries of H and H coincide. A precise statement is the following lemma, about a single
random variable. The proof is easily adapted from [35, Corollary 30] and it is left to the reader.

Lemma 5.3. Let H be a band matriz satisfying the conditions in Theorem 1.2. Then there exists a matriz
ensemble H of the form (1.15) satisfying the assumptions of Theorem 1.5 such that

E(Hyj)" =E(Hy;)", |i—jl<W, n=1234.
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Proof of Lemma 5.2. Let H be the matrix in Theorem 1.2 and H the one given in Lemma 5.3. Denote by
G(z) = (H — z)~" the Green function of H. By Theorem 1.5, (1.12) and (1.13) hold for the eigenvalues and
eigenvectors of H. Together with Lemma 5.1, we get

sup 1G(2)|lmax = O(NT),z = E +in (5.5)
|B|<2—k,N=1<n<1

with probability 1 — N~. We now prove that the same estimate holds for G, i.e.

sup [G(2)[lmax = O(NT). (5.6)
|E|<2—k,N-1<n<1

We follow the self-consistent comparison method from [21]. We start with a very weak estimate ||G(2)||lmax <
n~1, ie., (5.6) holds for n ~ 1. For < 1, let g9 > 0 be a small parameter and define

N =N""C 2z =E+in,, 1<m<ep.

Our goal is to prove by induction that for z = 2,,,1 < m < g5, (5.6) holds, which implies (5.5). Thus it
remains to prove that if (5.6) holds for z = 2/, 0 < m/ < m, then (5.6) holds for z = 2,41, 1 <m+1 < g5t
As in [21], we define the symmetric interpolation matrix H ? by

(H)ij = (1—x0)HY +SH,, H'=H, H°=H (5.7)

where for i < j, ij are i.i.d. Bernoulli random variable such that ]P’(ij =1) = 0. Denote G%(2) = (H?—2)~".
We can now recast the induction as follows: if for any (small) 7 and (large) D, and |E| < 2 — x, we have

6 _ T _ :
(ax max [|G7(zm ) [max = ONT),  zmr = B + s

then for any 7 and D, and |E| < 2 — k, we have

6 _ T _ :
orile;% 1G* (2mt1)lmax = O(NT),  zms1 = E + i1 (5.8)

We know that (5.8) holds for § = 0 and all m < 5!, Our aim is to prove (5.8) for 0 < 8 < 1.

From [3, Lemma 10.2], we have ||G(E + in/7)|lmax < 7||G(E + in)|lmax for any r > 1. As a consequence,
maxo<n<m ||G? (21) | max = O(NT) implies ||G?(zim+1)|lmax = O(N7+20). Thus it remains to show that, under
the assumption (5.5), if we have

6 _ T4e€o0
025’2(1 G (zm+1) lmax = O(NV ) (5.9)

then (5.8) also holds.
By (5.5), for any p € N and for any 7 > 0, we have

max B[ GLi" (zm 1) = O(N?7). (5.10)
We will use the following Lemma from [21] to extend the above bound to general 6 € [0, 1]:
max max E|Gy (zm11)| % = O(N*7), (5.11)

which completes the proof of (5.8) by Markov’s inequality.

Lemma 5.4. For fized i,j € Zn, and A € R, we define the matrix
(He.’.)\) _ A Zf {a7 b} = {Zaj}v

(”) ab Hgb lf {a?b} 7& {Za]} :
For bounded and smooth F : RN*N 5 C we have

0,H} 0,HY;
QEF(H') =3 <]EF(H(ij) ) —EF(H;)" )> '

i<
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We now return to prove (5.11). Choose the function F' as follows:
, 2
F(X) = Frp(X) = [(X = 2) ul™

y (5.10), for any 7 > 0 and p € N, EF(H°) = O(N?™). Thus, (5.11) for H?,0 < § < 1, follows from
Gronwall’s inequality and the following inequality, to be proved in the remainder of this paragraph (here
and below, z = z,,,41): for any p > 100, there exists ¢ > 0 such that

vz 0] = (s (1) 2 () | < e (mr(a)) o
i,

for any 0 < 6 < 1. Note that the above equality is Lemma 5.4.

1
The matrices H(ei’ﬁ“ and H( )"j are identical except for the entries (i,5) and (j,4) when |i — j| < W, so

we now compare them by a perturbative argument. We fix ¢, j and define
,_ 0,
Q) = fijhipz6(0) := Frip.z (H(U))

By definition, f(Hfj) = F(H‘g) with H? as in (5.7). The n-th derivative of f, £, is a sum of products of

some 2p + n matrix entries of the resolvent and its conjugate. From (5.9), we therefore have
n 0N _ T+ 2p+n
1 )(Hij) - O(N( €0)(2p ))

with high probability. By standard iterated resolvent identities, the same bound holds for any y = O(W‘l/ 7.
M (y) = O(N(THeo)2ptn)y)

with overwhelming probability. Hence, by Taylor’s expansion with respect to y = 0, for any m > 1, we have

EF(H"H ) EF(HGYH?]') -y E(/™(0) (E((H5)™) —E((H%)™)+0 (N(T+60>(2p+m+1)(w )m“)

(i) (i) ol
5<n<m

where we used that the first four moments of Hl-lj and H % are the same. On the one hand, we choose m = p
so that the above error term is at most O(N~1) when 7+ &g < 1/100. On the other hand, f(™(0) is a sum
of products of some 2p 4+ n matrix entries of the resolvent and its conjugate, among which at least 2p —n are

1
either (H (GUO) — z) . or its conjugate. With the resolvent identity, these two quantities are easily bounded

by |le| + W~1/2%¢ for any € > 2(T 4 €0), with high probability. The remaining 2n resolvent entries are
bounded using (5.9). Therefore, for n < p,

[E£0(0)] < € N2+ (G [2m) 4+ W/249@m) < €, N2+ (14 E(F(H")))
The above estimates together give
|00EF(H®)| < C,NW=3+100+0)(1 4 EF(H?)) + C, N~ 5 W.

As W > N3/* and p > 100, this concludes the proof of the inequality in (5.12) (and Lemma 5.2). O

5.3 Proof of Theorem 1.3. We keep the notations from the proof of Lemma 5.2 for H and H. On the one
hand, from the local law in Theorem 1.5, for any &, 7 > 0 there exist € > 0 such that for any z = E + N7
with =2+ k < E <2 —k, In N"1Tr G(2) — Im mg.(2) = O(N ). On the other hand, by repeating exactly
the proof of Lemma 5.2, the estimate (5.12) also holds for F(X) = [Im N ~'Tr(X — z)~! — Im msc(z)|2p, S0
that Im N ~'Tr G(2) — Imms.(2) = O(N~°) for some ¢ > 0. In turn, this implies the local law for H.

5.4 Proof of Theorem 1.4. Again, we follow the notations from the proof of Lemma 5.2 for H and
H. Theorem 1.5 gives universality for H, so that Theorem 1.4 follows by applying the Green’s functions
comparison theorem from [17]. The input for this theorem is the four moment matching of the matrix entries,
given by construction of H, and resolvent bounds as proved for our band matrices in (5.6).
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APPENDIX PERFECT MATCHING OBSERVABLES FOR HERMITIAN MATRICES

Although the main reults of this paper are stated for symmetric matrices, they can be adapted to the
Hermitian class. The only major modification concerns the definition of the perfect matching observables.
We explain below the Hermitian counterpart of Section 2.

Eigenvector dynamics. Let B™ be a n x n matrix such that &E(B ) \S(B(h))(l < j) and B( )/\f are
independent standard Brownian motions, and B; (h) (B(h)) . The n x n Hermitian Dyson Brownian motion
K™ with initial value K™ (0) is K" (t) = K(h) (0) + \/12713(’1) (t).

Let A9 € X, up € U(n). The Hermitian Dyson Brownian motion/vector flow with initial condition
()‘h"'a)‘n) :)‘Oa (ula"'7un) = Uo, is

d B(h)
d\ kk de,
S e #Zk /\k N
aB 1 dt
duy, = Z kt — Z . (A1)
V2 é;ék >\k — )\g 2n s ()\k — )\g)

With the above definitions, the strict analogue of Theorem 2.1 holds in this Hermitian setting.
In addition to (2.4) and (2.5), we define

Uk aﬁz Z uk u (a)»
~(h)

XIEZ) = ukaw —m&ak, ka = ﬂkam — Ugauk.

Here 0,, and 0y, are defined by considering u, as a complex number, i.e., if we write uy = x + iy then
du, = (05 —i9,). The analogue of Lemma 2.2 for the generator is then (see [7])

ny 1 mx(h) | 57(h) - (h
LY =2 Y e (XX + X0 X)) (A.2)
1<k<t<n

meaning that dE(g(uy))/dt = E(Lgh)g(ut))) for the stochastic differential equation (A.1).

The observables. As in Section 2, let I be a fixed subset of [1,n], and denote the eigenvector overlaps

Zuz 7 7175‘76[[1”]]

acl

Zuz ai(o) — Co, i€ [1,n]

acl

where Cj is an arbitrary but fixed constant independent of 7. Note that contrary to the real case, we now
have p;; # pji for @ # j.

With this definition, Theorem 2.5 still holds. For the proof, we keep the same definition for our configu-
ration space as in the real case: 7 : [1,n] — N where n; := n(j) is interpreted as the number of particles at
the site j. For any given configuration 7, consider the set of vertices

Vo ={(,a,e): 1 <i<n,1<a<<n,eec{bwl}
We represent vertices corresponding to € = b (resp. € = w) by a black (resp. white) disk. Let A,, be the graph
with vertices V;, and with edges all possible {v1,vo} with €1 # €9, where v; = (i1, a1,€1), v2 = (i2, a2,€2). In

words, A, is the complete graph on V), except that edges between vertices of the same color are forbidden.
Let Gy, be the set of perfect matchings of A,,. Let £(G) be the set of edges of a graph G € G,,.
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I %

1 13 n 1 11 ia i3 n
(a) A configuration n with M(n) =6, n;, = 2, (b) A perfect matching G € G,,. Here, P(G) =
Niy = 3, Nig = 1. PivirPiviaPiir PizioDinigPigin-

Moreover, for any given edge e = {(i1,a1,¢£1), (i2, a2,€2)}, we define p(e) = p;, 4, if €1 = b, ple) = piy 4,
if e2 = b. Let P(G) = [[.cg(c) ple) and

o= B | 3 P@ 1AL £ =] (A.3)

GEGy
We have the following complex analogue of Theorem 2.6.

Theorem A.1 (Perfect matching observables for the eigenvector moment flow: Hermitian case). Suppose
that w is the solution to the Hermitian eigenvector dynamics (A.1), and f(h) is given by (A.3). Then it

satisfies the equation

afai =2M (R,
BN () fm) =D cre®m(L+n0) (F0™) = f(m)) .
[y

As in the real case, the above theorem is independent of our choice of the canonical basis, see Remark 2.8.
It therefore generalizes the class of observables for the eigenvector moment flow from [7, Theorem 3.1 (ii)].

Proof of Theorem A.1. We naturally replace the definition (2.19) with

1
gn) = ~— P(G)
L(n) G%g:n
and let 1 < k£ < £ < n be fixed for the rest of this subsection. We abbreviate X = X,EZ), X = X,(Ce) With
(A.2) the proof reduces to
1 -
5 (XX + XX)g(m) = ne(1+00)(9(n*™) = g(m) + ne(L +06) (9(n™) = g(m)). (A.4)

To calculate 3(XX + XX)P(G) for any G € G,, we first need the following definition.
Definition A.2. Let n and k < £ be fized.
(i) Vi C Vy is the set of vertices of type (i,a,¢), 1 <a <n;, € € {b,w}.
(1) V! C V; is the set of vertices of type (i,a,b), 1 < a < n;, and similarly for V.
(iii) For any two sets, denote A- B = (A x B)U (B x A). We define
1 if (v, o) € (V- V) U (V- V),
e(vy,vg) =< —1 1f (v1,v2) € (V- V2 U (VF - VP),
0  otherwise.
(iv) Let G € Gy and (v1,v2) € (Vi U Vp)2.

Assume (v1,v9) € (VE-VO)U (VP - V). Then we define Sp,v,G = Sup0,G € Gy as the perfect matching
obtained by transposition of vi and va. More precisely, let 7, ., be the permutation of Vy, transposing
vy and vo. Then

5(Svlsz) = {{T’UI,UZ (wl)’TU17U2 (wQ)} : {w17w2} € 5(G)}~
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Assume (v1,v9) € V2V, and write v1 = (k,a1,b), va = (k, a2, w) for ezample, where 1 < a1, az < N
Then we define Sy, v,G = Sy,u, G € Gpre as the perfect matching obtained by a jump of vi and ve to £.
More precisely, let jy,v, = Ju,u, be the following bijection from Vo to Vyre: ju,v,(v1) = (6,me +1,0),
Jurvs (V2) = (€m0 + 1, w), Juoyu, (K, ,0)) = (ke — 1,0) if a1 < ¢, Ju,u, (K, c,w)) = (ke —Lw) ifar <c
and Jy, v, (W1) = wy in all other cases. Then

5<SU1U2G) = {{jvlvz (wl)ajvlvz (w2)} : {w1>w2} € 5(G)}

A similar definition applies if (v, vs) € Vé’ -V, the jump now being towards k.
Finally, if (vi,v2) & (V- VEO)UVE-VE)U(VE -V U(VE - V), we define Sy, 0,G = G (or any arbitrary

function).
S’Ul’vg S'UI'UQ
m /N
- oD Lo -ev_ed- RS 0\ S P —a\
i E U2y 1 vy £
(a) The map Sy, 4, in case of a transposition. (b) The map Sy, v, in case of a jump.

Below is the main result for the proof of Theorem A.1.

Lemma A.3. For any G € Gy, we have

1 _ _ 1
§(XX + XX)P(G) =3 Z E(Uh U2)P(SU1U2G) - (77/6 + W)P(G) (A5)
(v1,v2)€(Vi,UVy)2

Assuming the above lemma we can complete the proof of Theorem A.1. Let

h(n)= ) P(G).

GeGn

Note that if (vi,v2) € (V2-V2)U (V- V), then Sy, 4, is a permutation of G,,. Moreover, if (vq,vs) € V2 -V
(resp. V¢ - V) then Sy, is a bijection from Gy, to Gyee (resp. Gyper). Summing (A.5) over all G € G,
therefore gives

5 (XX + XX) h(n) =3 (202h(n™) + 22h(n™) — (nene + 20 )(en) — 2 + o))

=nih(n**) + n7h(n"™) — (ne(me + 1) + ne(ne + 1)) ().

The above equation implies (A.4) after renormalization by £(n). This concludes the proof of Theorem A.1.

Proof of Lemma A.3. Let L = 3 (XX + XX). We have

LP(G)= > Xp(er)Xp(es) II e+ > o) I »le (A.6)

(e1,e2)€E(G)2 ecE(G)\{e1,e2} e1€€(G) ecE(G)\{e1}

We keep the notations (2.23), (2.24), (2.25) for the single, double and transverse edges. Remember that for
any v € Vp, e, is the unique edge containing v and v’ be the unique vertex such that e, = {v,v'}. We still
denote

Vs={veV, UV : {1)71)/} €&},
Va={veV,UV,: {U,U/} €&t
Vi={v eV, UV, :{v,v'} € &},
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and V};, . the single, black vertices in V}, (and similarly for Vits etc). We will need the following elementary
rules: if ¢ # £ and j # k, Xp;; = 0, and

Xpik = —pie; Xpej = Dkj (A.7)
Xpek = Prk — Pet, (A.8)
Xprk = —Pre, XDt = Drk- (A.9)

We also obviously have Xp = Xp. Equation (A.6) can be written as
LP(G) = (I) + (II) + (III) + (IV) + (V) + (VI) + (VII) 4 (VIII) + (IX)

where all terms are defined and calculated below. First,

D= > Xpler)Xp(es) 11 ple)=" > Xployo} XDPlosl} 11 p(e).

(e1,e2)€(E5)32 e€&(G)\{e1,e2} (v1,v2)€(Vs)2 e€€(G)\{ev; evy}

From (A7>, Xp{vl,v’l}Xp{vz,vé} = 7p{v2,vi }p{vhvé} if (Ul, 1)2) S (VZS XV};’S)U(V;:S XVZ)S), and le{vl,vi}Xp{vQ,vé} =
Do, o (02) 04 YP (o, g (v2) .05} if (vy,v9) € (V,gs X V}c‘js)U(VZS X Vﬁs). In all other cases, Xpro, v/} XP{vs,05) = 0
We therefore proved

(1) = 3 g(vl,7)2)113(5,,“)26*):1 > e(01,12)P(S0,0,G).

2
(v1,02)€(VE X VP YUV X VEJU(VE XV JU(VE XV ) (vi,v2)€(Vs)2
(A.10)
We now consider

I := Z Xp(er)Xples) H ple) = % Z Xp{v17vi}Xp{v27v§} H p(e).

(e1,e2)€Es-Eq e€€(G)\{er,e2} (v1,v2)EVs-Va e€E(G)\{ev; vy }

We used that vertices on a double edge need to be weighted by a factor 1/2. From (A.7) and (A.9),

XPior i3 XPfuavy) = —Ploagwi}Pfonwp) i (01,02) € (Vg x V%) U (Vg x V) U (Vg X Vi) UV X Vi),
XPLor o} XP{wswh} = Plinyug (01):0]}PLjny vy (wa)g} 1 (V1502) € Vilg X VL) U (Ve g X VE) U (Vilg x VL) U (VP X V).

We therefore have

1
(II) = 5 Z 5(”17“2)P(Sv1v2G)- (All)
(v1,v2)EVs-Va

Concerning

(I := Y Xp(e1)Xp(ea) 11 ple) = i > Xpior 03 XPva,o0} 11 p(e),

(e1,e2)€(Eq)? e€€(G)\{er,e2} (vi,v2)€(Va) w170y e€E(G)\{ev, vy }

using (Ag) we have Xp{vhv{}Xp{vzwé} = —P{va, v} }P{v1,04} if v1 and vy are in distinct V/S and with the same
color, Do, vy (11),04 1Py g (v2) 04} if they are in the same V; with distinct colors. All together, we always have
Xp{vl,v;}Xp{w,u;} = £(v1,v2) P(Su,0,G) + £(v],v2) P(Sy14,G). We therefore proved

1 1
(III) = Z Z (5(U17U2)P(SU1UQG) +€(v/1av2)P(Sv’1v2G)) - 5 Z P(va’G)
(v1,v2)€(Va)?2 vEVy
1 1
=3 > e(v1,02) P(S0,0,G) — 3 > P(SywG). (A.12)
(v1,v2)€(Va)2 vEVY

Our next estimate is a diagonal term, namely

W)=Y i) [I pe)=Y Loy [ #e)=—35 3 P@) (4.13)

e1€8s ec&(G)\{e1} vEVs ecE(G)\{ev} vEVs

43



where we used (A.7) twice to obtain Lpgy vy = —%p{vyv/}.
Another diagonal term is

1
(V) := Z Lp(ey) H ple) = 3 Z Lpgo,vy H p(e).
e1€€q eeE(G)\{er} vEVq ee&(G)\{e1}
Note that we have Lpy, .y = prk — pee if v € Vi, poe — prr, otherwise. This proves

1

(V) =5 > (P(Suw (@) = P(G)). (A14)
vEVy

We now consider cases where transverse edges appear:

(VI) == > Xp(en)Xp(ea) [ »le)

(e1,e2)EESXELUEL X E; ec&(G)\{e1,e2}
= Z (Xp{vl,v’l}Xp{vg,v;} +Xp{vl,vi}Xp{v2,'ué}) H p(6)~
v1€Vs,{v2,v5 }EE e€€(G)\{evy ey }

Up to transposing ve and vy, we can assume that v; and vy are in the same V;. With (A.7) and (A.8) a
calculation gives Xpio, v} XP{vs,05) + XP{o1,0} XP(w2,05} = Py (01)04 Py g (02005 ~ Pry oy (02)04 Pry oy (04)02
This yields

Vh= > 6(01’vz)P(&m(G))=1 Yo (1, 02) P(S0,0 (@) (A.15)

2
(v1,v2)EVs X Vy (v1,v2)EVs- Vs

We also consider

(VD) := > Xple)Xples)  [[  »le)

(e1,e2)EEGXELUEL X Ey ee&(G)\{e1,e2}

= Z (XDgor,0 3 XPgor,o5} + XPoy 03 XDfor,00}) H ple).
v1E€Va,{v2,v5 }EE: ecE(G)\{ev,ew}

Without loss of generality we can assume v; and vy are in the same V;. Assume they also have a differ-

ent color. Then (A.8) and (A.9) give XDgor w3 XPor sy + XPloy 0} X P w0y} = Py (01)6 Py oy (v2)0h, —

Pr, o (01)0Pr, oy (v3)v2- If v and vo have the same color, a similar equation holds, permuting vy and vj. This
vy vy vh

implies

(Vi = Y 5(vl,v2)P(S,U11,2(G)):% > e(v1,02) P(Su,0,(G)). (A.16)

(v1,v2)€Va x V¢ (v1,v2)€Va- Vi

For two transverse edges, with (A.8) we first compute %(ka[kag+ka[kaz) =0, and indeed &(vy, vg) =0
vzhen v1, Vg are the same color on the same site, or different colors on different sites. Moreover, %(X PreX Dok +
XpreXper) = %(p%k + p?, — 2pkkpee), so that in all cases we proved

(VII) := Y Xp(er) Xp(ez) 11 p(e):% > (w1, 02) P(Su,0.(G). (A.17)

(e1,e2)€(Er)? e€&(G)\{er1,e2} (v1,02)€(VF)«

Finally, from (A.8) we have Lpyy = —pye, so that

)= Y e [ ple)=—3 3 P@) (A19)

e1€€ ecE(G)\{e1} vEVy

By summation of all equations (A.10), (A.11), (A.12), (A.13), (A.14), (A.15), (A.16), (A.17), (A.18), the
right hand sides of (A.5) and (2.22) are the same. This concludes the proof of Lemma A.3. O
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