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Abstract

We give simple criteria to identify the exponential order of magnitude of the absolute value of the determinant
for wide classes of random matrix models, not requiring the assumption of invariance. These include Gaussian
matrices with covariance profiles, Wigner matrices and covariance matrices with subexponential tails, Erdés-Rényi
and d-regular graphs for any polynomial sparsity parameter, and non-mean-field random matrix models, such as
random band matrices for any polynomial bandwidth. The proof builds on recent tools, including the theory of
the Matrix Dyson Equation as developed in [AEK19].

We use these asymptotics as an important input to identify the complexity of classes of Gaussian random
landscapes in our companion papers [BABM21, McK21].
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1 INTRODUCTION

1.1 Overview. In this paper, our goal is to study the expected absolute values of the determinants of general
N x N real symmetric random matrices Hy, specifically at exponential scale in the large-N limit:

) 1
]\}gnooﬁlogEHdet(HN)H. (1.1)

We identify two sets of simple criteria that lead to asymptotics of this type (Theorems 1.1 and 1.2), and apply them
to a wide variety of matrix models.

Initiated in the 1930s, and developed early on by Turan, Fortet, Tukey, Nyquist, Rice, Riordan, Prékopa, and
others, the study of random determinants has focused on three distinct questions: the singularity probability (that
the determinant of a discrete random matrix vanishes), Gaussian fluctuations, and asymptotics of the type (1.1).
We will describe this history below in greater detail. The third direction is useful for the topological “landscape



complexity” program, which studies the geometry of high-dimensional random functions via the Kac-Rice formula,
and which motivates our present work.

Most studies in this direction have focused on the invariant Gaussian ensembles. We study random determinants in
contexts where the distribution of the matrix H is not necessarily invariant by orthogonal conjugacy, evaluating (1.1)
for matrix models including Gaussian matrices with variance profiles, large zero blocks, or even correlations; Wigner
matrices and sample covariance matrices whose entries have subexponential tails; Erdés-Rényi graphs with parameter
p > N¢/N; uniform d-regular graphs with parameter N < d < N?/3~¢; band matrices with any bandwidth W > N¢;
and the classical free-convolution model A+ OBOY with O uniform on the orthogonal group. For example, denoting
Psc the semicircle density on [—2,2], for any E we prove that

lim - log E[|det(Wy — B)[] = /log|)\ ~ Blpae(N) X,
N—oco N

whenever Wy is a Wigner matrix (Corollary 1.3) or a random band matrix (Corollary 1.7), under the above decay
and bandwidth assumptions.

In the companion papers [BABM21, McK21], we use these results to study the landscape complexity of non-
invariant random functions. There, we prove formulas of Fyodorov and Le Doussal [FLD20] on the classical “elastic
manifold” from statistical physics, which models a point configuration with local self-interactions in a disordered
environment. We also find a new phase transition, with universal near-critical behavior, for a certain anisotropic
signal-plus-noise model.

In fact, for these geometric applications we need to understand asymptotics like (1.1) when the matrix Hy has
long-range correlations, for example when all the diagonal entries are correlated with each other. In the last section
of this paper, we show how to give exact variational formulas for asymptotics of this type, based on the (simpler)
formulas for matrices with short-range correlations.

Theorem 1.1 and 1.2 below prove that we can obtain the asymptotics 1.1 under three general conditions which
do not use invariance, stated informally as follows.

(1) We can discard the contribution of extremely large and small eigenvalues (at scales eV~ and e=V7).
(2) Some form of concentration of the empirical spectral measure fiyy, about its mean E[fiz, ] holds.

(3) There exists a deterministic sequence (pun)37_; of probability measures, sufficiently regular, that are mildly
good approximations for the mean spectral measure E[fig, |.

Overall, our proof strategy is to write the determinant as an almost-continuous test function integrated against fig,,,
regularize the logarithm using (1), prove concentration of this test statistic about its mean using (2), and relate this
mean to something more recognizable using (3). Checking condition (1) is typically model-specific, but conditions
(2) and (3) can be discussed in general.

To prove condition (2) on concentration of fiy,, we identify two distinct criteria, corresponding to our general
theorems:

— Either (the convexity-preserving functional case, Theorem 1.1) H is built in a convexity-preserving and Lip-
schitz way from arbitrary independent random variables,

— or (the concentrated input case, Theorem 1.2) linear statistics of Hy are already known to concentrate. This
is meant to be applied if, e.g., Hx satisfies log-Sobolev, or Gromov-Milman concentration on compact groups.

To prove condition (3) regarding convergence of E[fifr, ], in the case of classical random matrices the approximating
sequence (un)_; is well-known (and in fact constant): For example, one should choose the semicircle law for Wigner
matrices, or the Marcenko-Pastur law for sample covariance models. But the good choice of uy for non-invariant
Gaussian ensembles, which are the most important matrices for applications to complexity, has only been understood
recently, a consequence of the theory of the Matrix Dyson Equation (MDE) as developed in [AEK19, AEKN19]. Given
nice Hy, the MDE produces a probability measure puy found by solving a constrained problem over matrices. The
existence, uniqueness, and regularity theory of the MDE is an important input for our work.

The organization of the paper is as follows: In the rest of this section, we give some history on determinants of
random matrices, then state our main results. We prove our general results, Theorems 1.1 and 1.2, in Section 2,



then prove our applications to matrix models in Section 3. In Section 4, we discuss determinants in the presence of
long-range correlations. In Appendix A we extend our results to product of determinants, showing
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for any fixed ¢ and random matrices H](\}), e ,Hj(\f) which may be correlated with each other. This asymptotic

factoring holds regardless of the correlation structure between the HI(\Z,') ’s. Finally, in Appendix B we find a transition
for the exponential order of determinants of Wigner matrices Wy, showing that, for any p > 1, the quantity
lim supy_, ., + log E[|det(Wy — E)?|] is finite if and only if the entries have finite (2p)-th moment.

1.2 History. The earliest research on random-matrix determinants covered non-Hermitian matrices with i.i.d.
entries, discussing an extremal problem on the determinant of Bernoulli matrices [ST37] (extended in [Tur55]) and
exact formulas at finite NV for small moments of determinants [For51, FT52, NRR54, Pré67] (see also Girko’s book
[Gir90]). Later in the literature, we identify three main strands of research on determinants.

First, one can ask for the probability that an N x N discrete matrix (Bernoulli, say) is singular, i.e., that its
determinant is zero, for large N. In the non-Hermitian case, Koml6s showed that this probability is o(1) [Kom67,
Kom68]. Recently K. Tikhomirov established the long-standing conjecture that this probability is (2 +o(1))" [Tik20];
earlier exponential estimates in this direction include [KKS95, TV06, TV07, BVW10].

Second, one can show that the determinant, appropriately normalized, has Gaussian fluctuations. In the non-
Hermitian case, if the entries are Gaussian this follows from work of Goodman [Goo63]. Gaussianity was replaced
by an exponential-tails assumption in [NV14] and a fourth-moment assumption in [BPZ15]. In the Hermitian case,
Gaussian matrices were studied in [DLC00]. Gaussianity was relaxed to a four-moment-matching assumption in
[TV12], then to a two-moment-matching assumption in [BM19, BMP22]. Some other ensembles were treated in
[CLZ15, Rou07], and more about determinants for Gaussian ensembles was discussed in [BLC15, ELC15].

Third, one can study the same question we do here, namely the asymptotics of E[|det(Hy)|], usually in the same
context of studying complexity for high-dimensional random fields. Here we just discuss the types of random matrices
that have appeared; for a discussion of what these prior results mean for complexity, we refer to the companion
paper [BABM21]. Fyodorov [Fyo04] studied Gaussian matrices of type GOE + A(0,1/N) Id using supersymmetry,
and a similar model was addressed in Auffinger et al. [ABAC13] using known large-deviations principles (LDPs)
[BAGY97, BADGO1]. Rank-one perturbations of GOE appeared in [BAMMNI19], using an LDP of Maida [Mai07].
An upper bound for full-rank perturbations of GOE appeared in [FMM21], based on free probability and large
deviations. Upper and lower bounds for Gaussian matrices with a certain covariance structure were given in [AC14].
The (Gaussian) real elliptic ensemble was discussed in [BAFK21], based on a new result on large deviations for its
spectral measure. Baskerville et al. cover finite-rank perturbations of GOE in [BKMN21] and a specific ensemble
of Gaussian matrices with a variance profile, inspired by a two-layer spin-glass model, in [BKMN22]. In both cases
the determinant analysis is performed through supersymmetry, for the asymptotic spectral density and for Wegner
estimates. Our corollaries 1.9.A, 1.9.B, and 1.10 about general Gaussian ensembles provide alternative derivations for
all these results about Hermitian matrices. These corollaries also make rigorous the analysis of random determinants
by Fyodorov and Le Doussal [FLD20] (see [BABM21] for corresponding complexity results).

Finally, asymptotics for a pair of determinants, in the style of (1.2) with ¢ = 2, appeared for a particular pair of
random matrices from spin glasses, closely related to correlated GOE matrices, in [Sub17, AG20, BASZ20]. These
arguments were based on known LDPs for Gaussian ensembles.

Notations. We write || - || for the operator norm on elements of CV*¥ induced by the L? distance on CV. We let

1 flLip = SUP, 2y % for functions f : R™ — R", and consider the following three distances on probability
L



measures on the real line (called bounded-Lipschitz, Wasserstein-1, and Kolmogorov-Smirnov, respectively):

o, (1,) = sup{ ] [ £ vyaa)
Wi (1, —sup{‘/f )| Iflhap < 1],

dks(p; v) = sup{|p((—o0, z]) — v((—o0,z])| : 2 € R}.

We normalize the semicircle law as pg.(dz) = “12;””2 1,e[—2,21dz. We write 1(u) for the left edge (respectively,

r(p) for the right edge) of a compactly supported measure p. For an N x N Hermitian matrix M, we write

NPl + Il < 1},

Amin (M) = M(M) < -+ < AN(M) = Apax (M) for its eigenvalues and fipy = %Ef\il dx, () for its empirical
measure. We write ./ for the set of all N x N real symmetric matrices, which we often identify with the space

N(N+1) 3
R~z , and on which we therefore put the norm

Iz = Y 1 (1.3)
1<i<SN

(slightly different from the Frobenius norm since we only sum on and above the diagonal; but we will also use the
Frobenius norm || T||% = 3, <ij<N 2]) We also write B for the free (additive) convolution of probability measures.

We write By for the ball of radius R around 0 in the relevant Euclidean space. We use (-)7 for the matrix
transpose, which is distinguished both from the matrix conjugate transpose (-)*, and from the matrix trace Tr(-).

1.3 General theorem for convexity-preserving functional. The following Theorem 1.1 is our first general
result. It applies to random matrices without any a priori concentration hypothesis, but requires the tools of convex
analysis, in particular results of Talagrand.

To state the hypotheses, we denote x > 0 an arbitrarily small control parameter which does not depend on N.
Let M = My > 1. Consider X = (X;,..., X)) arandom vector. We now consider the following set of assumptions.

(I) The X;’s are independent and real-valued.

(M) Matrix model. Let H = Hy = ®(X) where ® : RM — ¥y is deterministic and Lipschitz (with respect to the
norm (1.3)), and ®~1(A) is convex for any convex set A.

(E) Expectation. A sequence of probability measures py exists satisfying the following properties. First,
dL(Efie(x), un) < N7™. (1.4)

Moreover, the puy’s are supported in a common compact set, and each has a density puy(-) in the same
neighborhood (—k, k) around 0, which satisfies pux(z) < £71|z|1T* for all |z| < x and all N.

(C) Coarse bounds. Write (X;), for the eigenvalues of ®(X). For every ¢ > 0,

N
. 1
Jim - logE 1:[1(1 + AL s seve) | =0, (1.5)
Nlim P(®(X) has no eigenvalues in [—e " e™N]) = 1. (1.6)
—00
In addition, there exists § > 0 such that
li log E[|det(Hy)|'+° : 1.
i SUp N 08 (Idet(Hn)|"™7] < oo (1.7)

(S) Spectral stability. Let (Xcut)i = Xil|x,|<n—+/|o|., (recalling again the norm (1.3)). We have

1 ~ ~ —K
ngnoo NTog N logIP’(ng(uq>(X),,u‘i,(XCm)) >N ) = —o0. (1.8)



Theorem 1.1. (Convexity-preserving functional) Under the assumptions (1), (M), (E), (C), (S), we have

i

im
N—o00

(}Vng[det(HNm - / 1og|A|uN<dA>) —o. (1.9)

Comments on the result. (i) A polynomial rate in (1.5) is enough to give a polynomial rate of convergence
1
o Elldec(1)] - [ logl ()] < 8
R

for some € > 0 and N > Ny(e). Indeed, an examination of the proof shows that ¢ depends only on x and the
polynomial rate in (1.5), but Ny(¢) also depends on the rates of convergence in (1.6) and (1.8), and on the permissible
values of ¢ and the value of the limsup in (1.7).

(ii) The matrix Hy does not need to be centered. As an elementary example, we can choose Hy = Wy — E for
Wy a Wigner matrix and obtain concentration around [ log|A — E|psc()) dX; see Corollary 1.3 below.

(iii) The proof uses Talagrand’s classic concentration inequality for product measures. We want to recognize the
determinant almost as a Lipschitz, convex function of independent, bounded random variables. Ideally these would
be the X;’s, but they are not bounded; however, we truncate them using assumption (S). The functional H = ®(X)
gives the Lipschitz, convex condition, after regularizing the logarithm using assumption (C).

Comments on the assumptions. We discuss briefly why our assumptions are reasonable and close to optimal. In our
applications, ® is linear so assumption (M) is trivially satisfied, but ® is also allowed to create correlations between
the entries in a nonlinear fashion. Equation (1.6) avoids a non-trivial kernel, an obviously necessary condition
for (1.9). Equation (1.7) asks for slightly more integrability than finiteness of limsup N ! log E[| det Hx|] which is
implied by the result and assumption (E). In Section 3.11 we show the importance (1.5) (which is a constraint on
large eigenvalues) and assumption (S) (which essentially states that the spectrum should not depend too much on
a small number of X;’s): for each of these, we give an example of a distribution on matrices satisfying every other
assumption but not this one, for which the result of the theorem fails.

1.4 General theorem for concentrated input. Here we consider the problem of exponential growth for random
matrices Hy that already satisfy some concentration property directly, without having to cut the tails and apply
a result of Talagrand as in (the proof of) Theorem 1.1. For example, in applications we will take matrices whose
upper triangles satisfy a log-Sobolev inequality (even if correlated), or Gromov-Milman-type concentration. We
remark that the dichotomy in Theorems 1.1 and 1.2 — namely, proving the similar results, once under product-
measure assumptions and once under log-Sobolev-style assumptions — first appeared in the classic concentration
paper of Guionnet-Zeitouni [GZ00]. We have termed these models “concentrated input,” to contrast with the
previous section’s “convexity-preserving functional” where Hy is written as ®(X) and concentration is provided
by convexity-preserving properties of ® (and tail bounds). In this section, we will therefore consider Hy directly.
We will also replace some of the assumptions above with the following.

(W) Wasserstein-1. A sequence of probability measures uy exists satisfying the following properties. First,
Wl(E,&HNaNN) <N7TF, (110)

Moreover, the py’s are supported in a common compact set, and each has a density py(-) in the same
neighborhood (—k, k) around 0, which satisfies px(x) < k= 1|z|~1** for all |x| < k and all N.

(L) Concentration for Lipschitz traces. There exists 9 > 0 with the following property: For every ¢ > 0, there
exists ¢ > 0 such that, whenever f :R — R is Lipschitz, we have for every § > 0

P(‘;Tr(f(HN)) — JbE[Tr(f(HN))]‘ > 5) < exp (‘Kfc min{ (”;Vip>27 (”;\ﬁi)lﬂo}). (1.11)

On a first pass readers can drop the N~¢ factor in (1.11). It is included because, for Gaussian matrices as in
Section 1.10, our assumption on the correlation structure implies (1.11) for every ¢ > 0 but not necessarily for ¢ = 0.




Theorem 1.2. (Concentrated input) Under the assumptions (W), (L), and the gap assumption (1.6), we have

li (;flogE[det(HN)H —/Rlog|)\|uN(d/\)> =0.

im
N—oc0
As in Theorem 1.1, by examining the proof one can find a small polynomial rate N~¢ in Theorem 1.2.
Compared to [GZ00], we do not require bounded entries in Theorem 1.1, our matrix models are more general,
and we consider logarithmic singularities. On the other hand, [GZ00] identifies the correct scale of fluctuations,
analogous to a rate of convergence of order N~! in (1.9), for test functions without singularities.

1.5 Wigner matrices. We now discuss determinant asymptotics for Wigner matrices Wy whose entries have
subexponential tails. (In Appendix B below, we consider what can be said when the entries only have finite second
moment.)

Let 1 be a centered probability measure with unit variance that has subexponential tails, in the sense that there
exist constants «, 8 > 0 such that, if X ~ u, then

P(|X| >tY) < Be™! (1.12)

for all ¢t > 0. Let Wy be a real symmetric N x N Wigner matrix associated with p, by which we mean that the
entries of vV NWy are independent up to symmetry and each distributed according to . The following corollary uses
Theorem 1.1.

Corollary 1.3. (Wigner matrices with exponential tails) For every E € R we have
1
lim — logE[|det(Wx — E)|] = / log|A — E|psc(A) dA.
N—oo N R

An examination of the proof shows local uniformity in E, meaning that for every compact K C R we have

1
lim sup ( log E[|det (W — E)|] — / log|\ — Elpec()) d/\) ~0.
N—oo EcK N R

Remark 1.4. One would also be interested in results of the form
1
lim_ - log E[[det(Wy + D) = [ loglA|(puc B up) (0 (1.13)
N—o0 N R

where (DN)R_q 5 a sequence of deterministic matrices whose empirical measures tend to some compactly-supported
up (at some polynomial speed and without outliers, say). Our techniques could likely be extended to prove such a
result under the assumption of subexponential tails on the Wigner matrices. We do not pursue this direction further
here; however, in the companion paper [BABMZ21], we prove (1.13) with a different approach when Wy is a GOE
matriz. For a related problem, see the free-addition model below, in Corollary 1.11.

1.6 FErdds-Rényi matrices. We now consider Erdés-Rényi matrices with near-optimal sparsity parameter p >
N¢/N, i.e., when each vertex has expected degree N. Tt is classical that the limiting spectral distribution of such
matrices is semicircular as long as p = w(1/N) (see, e.g., [TVW13]), but not semicircular anymore if p = a/N for «
fixed (see, e.g., [BGO1]).

Fix some € > 0, and let Hy be an N x N Erdos-Rényi random matrix with parameter 1 — e > py > NWE scaled
so that the bulk eigenvalues are order one. This means that the entries are independent up to symmetry and

1 1 with probability py,
(HN)ij = {

Npn(1 —py) |0 with probability 1 — py.
The following corollary uses Theorem 1.1.

Corollary 1.5. (Erdds-Rényi matrices with p > N°/N) For any E € R with |E| # 2 we have
1
lim — logE[|det(Hy — E)|] = / log| A — E|psc(A) dA.
N—o00 N R

This result is locally uniform for E away from the edges, meaning F in any compact subset of R\ {—2,2}.



1.7 d-regular matrices. We now consider d-regular random graphs for N¢ < d < N?/37¢ i.e., we fix once and
for all an € > 0 and let Hj, be the adjacency matrix of a (uniformly) random, simple d-regular graph on N vertices
for some sequence d = dy satisfying

N® <dy < N3°2,

Then we consider the normalization 1
Hy = —————H),. (1.14)

d(1 - )

Tran, Vu, and Wang [TVW13] showed that the limiting empirical spectral measure of Hy is semicircular as long as
dN — OQ.

Proposition 1.6. (d-regular matrices with N° < d < N?/37¢) For any F € R with |E| # 2 we have
1
lim — logE[|det(Hy — E)|] = / log|A — Elpsc(N) dA.
N—oco N R

We call this a “proposition” rather than a “corollary” because it is not a direct consequence of our theorems, but
rather can be proved in a similar way. We give details in Section 3.5.

We note that the assumption dy < N3—¢ is only to verify Assumption (W) and the Wegner estimate (1.6)
using (much stronger) local laws of Bauerschmidt-Knowles-Yau and Bauerschmidt-Huang-Knowles-Yau [BKY17,
BHKY?20]. It is likely the result holds up to dy < N'7¢ (of course, if dy = N, the determinant is zero).

1.8 Band matrices. In this section we consider random band matrices H, i.e., matrices whose (i, j)th entry is
zero unless 7 and j are less than some W apart. Many statistics of Hy are believed to undergo a phase transition at
W ~ N'/2. For example, the eigenvectors are supposed to be localized on o(N) sites for W <« N 1/2 and delocalized
for W > N'/2. However, we establish that the determinant asymptotics do not see this phase transition: They are
the same as long as W — 400 polynomially in N. For a full discussion, we direct the reader to [Boul8].

Let © be a centered probability measure with unit variance that has subexponential tails in the sense of (1.12).
Suppose also that p has a bounded density u(-). Fix any € > 0. Let Hy be an N x N band matrix with bandwidth
W = Wx > N°¢ corresponding to p. This means that Hy has independent entries up to symmetry with

=0 if [|li — jll > W,
(HN)U{ X . . .
~ oW +1 if ||Z 7‘7H < w.

(Here we take periodic distance ||i — j|| = min(|i — j|, N — |i — j|).) The following corollary uses Theorem 1.1.

Corollary 1.7. (One-dimensional band matrices with bandwidth W > N¢) Under the above assumptions,
1
lim — logE[|det(Hy — E)|] = / log|A — Elpsc(N) dA.
N—oco N R

This result is locally uniform in F.

We now comment on the significance of this result. In the companion paper [BABM21], we solve a problem
of Fyodorov-Le Doussal [FLD20] on a model called the “elastic manifold.” They consider a mean-field version of
this model, corresponding to block-banded random matrices with bandwidth order IV, and find the “Larkin mass”
separating ordered and disordered phases. An important open problem is the behavior of the elastic manifold beyond
mean field, when the corresponding random matrix is block-banded with sublinear bandwidth. It does not seem to
be clear in which regimes this Larkin transition should persist, but Corollary 1.7 may suggest that the transition
remains for any polynomial bandwidth.

1.9 Sample covariance matrices. Let u be a centered probability measure on R with unit variance and subex-
ponential tails in the sense of (1.12). We assume p has density f = e™9 with f smooth enough in the sense that, for
any a > 1, there exists C, > 0 such that for any s € R

Ca

&I +1F9" ()] < s (1.15)



Let Y, n be a p x N = py x N matrix whose entries are independent copies of ;1. Suppose that
. PN
= lim —=— € (0,1].
1=y €0

If v < 1, we require a mild speed-of-convergence assumption

Y- %N <N~ (1.16)

for some € > 0; if v = 1, then for technical reasons we require py = N, i.e., we require the matrices to be exactly
square rather than asymptotically square. Write pnp , for the Maréenko-Pastur distribution

(by —z)(x — ay)
2myx

pinip o (dz) = Lig, b, do (1.17)

where a, = (1 — /7)%, by = (1+ 7)%
Proposition 1.8. (Sample covariance matrices with subexponential tails) Under the above assumptions, for

every £ € R, we have

1
lim — logE[
N—oo pN

1
det<NYp,N(Yp,N)T - E) H = /10g|)\ — B|pap o (A) dA.

As for d-regular matrices, this is called a “proposition” rather than a “corollary” because it is proved along the
same lines as our theorems, rather than following from them in a strict sense. The details are in Section 3.7. The
proof also shows, as usual, that the limit holds uniformly in F.

Proposition 1.8 complements a 1989 result of Dembo [Dem89], who gave an exact formula at finite N for the
averaged determinant in the special case £ = 0, without requiring the assumption of a bounded density. In our
normalization, he showed by a combinatorial method that

N!

IE[ det(;/,YpJ\r(}/p,N)T> H = ]E|:det<]1fyp,N(}/p,N)T>:| = m

and one can check from the known log-potential of the Marcenko-Pastur law that limy_, oo % log<m) is the

same as given by our proposition.

1.10 Gaussian matrices with a (co)variance profile. Let Hy be an N x N real symmetric Gaussian matrix,
possibly with a mean, a variance profile, and/or correlated entries, satisfying the technical assumptions below. These
are essentially the assumptions needed for the local law of Erdés et al. [EKS19] which we will use in the proof. We
first give an easier statement for matrices with independent entries up to symmetry (Corollary 1.9.A), then a more
involved statement for matrices with correlations (Corollary 1.9.B). In the statement, we decompose Hy = Ay +Wy
where Ay = E[Hy]. These corollaries use Theorem 1.2.

In the following mean-field conditions, the arbitrary parameter p > 0 is fixed.

(B) Bounded mean. We have supy ||An|| < oo.
(F) Flatness. For each N,

1Tx(T)

Tr(T)
p N '

T e CV*N T positive semi-definite = N

S E[WNTWnN]| <p

Let py be the measure from the size-N Matrix Dyson Equation, that is, the measure with density pn(-) whose
Stieltjes transform at z € H is 5 Tr(My(z)), where My(z) is the (unique, deterministic) solution to the following
constrained equation over CNV*V:

ldyxny +(zldyxny —An + E[WN My (2)WN]) My (2) = 0

_ MN(Z) — MN(Z)*
2i

subject to Im My(z) >0 in the sense of quadratic forms.



Corollary 1.9.A. (Gaussian matrices with a variance profile) If Hy has independent entries up to symmetry,
then under assumptions (B) and (F) we have

Jim (JblogEHdet(HN)H —/Rlog|)\\uN()\) d)\) 0.

N->oo
The following assumptions are needed if Hx has correlations among its entries beyond the symmetry constraints.
(wF) Weak fullness. Whenever T € RYV*¥ is real symmetric,
E[(Tr(BW))?] = N~'"P Tx(B?).
(The p = 0 case is called “fullness” in [AEK19].)

(D) Decay of correlations. Write x for multivariate cumulants (for any number of arguments), and consider the
distance on subsets of [1, N]? given by d(A, B) = min{min{|a — 8|, ]a’ — 3|} : « € A,3 € B} where (-)!
switches the elements of an ordered pair. For the order-two cumulants we assume

C
1 4 d(supp f1,supp f2)

lk(fi(Wn), 2(Wn))| < =l fall2ll f2112

for some s > 12 and all L? functions f1, fo on N x N matrices. For order-k cumulants, k > 3, we consider, for any
L? functions fi,. .., fi, the complete graph on {1,...,k} with the edge-weights d({i, j}) = d(supp f;,supp f;).
Writing Tiin for the minimal spanning tree on this graph (i.e., smallest sum of edge weights) and lifting
covariance to edges as x({3,j}) = k(fi, f;), we assume

lk(frWN), ..., fr(WN))| < Ck H |k(e)].

e€E(Tmin)

(In fact, our results hold under some weaker correlation-decay conditions that are longer to state; see [EKS19,
Example 2.12].)

Corollary 1.9.B. (Gaussian matrices with a (co)variance profile) Under assumptions (B), (F), (wF), and
(D), we have

lim (1logE[|det(HN)|] —/log|)\\,uN()\) d)\) =0.
N—o0 N R

Corollary 1.9.A is an immediate consequence of Corollary 1.9.B, because it is easy to check that (F) implies both
(wF) and (D) if Hy has independent entries up to symmetry. In Section 3.8 we therefore only prove Corollary 1.9.B.

In some cases one can show that the sequence (pn)3¥_; has a limit /i, and obtain limy _,« 7 log E[|det(Hy)|] =
J log|A|peo (dX). Notice this does not follow from our assumptions, because we do not assume any consistency in
N. For example, this corollary applies to the contrived example Hy = GOE + (—1)" Id. In the companion paper
[BABM21], we show how to use the (well-established) stability theory of the Matrix Dyson Equation to find a limit
oo When it exists.

1.11 Block-diagonal Gaussian matrices. In this section, we are interested in Gaussian random matrices with
large zero blocks. These are not covered by Corollary 1.9.B, since the “flatness” assumption there implies that all
entries have variance in some [£, %] In the landscape complexity program, such block-diagonal matrices describe
random functions whose components in certain directions are independent of those in other directions. In the
companion paper [BABM21], we study one such random function from statistical physics, called the “elastic manifold.”

Consider matrices Hy = Ay + Wy, with Ay = E[Hy], that have the following special form. Fix once and for all
some K € N (the number of blocks), and consider matrices in REXX @ RN*N je. matrices with K2 blocks each of
size N x N. Write E;; for the matrix with a one in the (¢,7)th entry and zeros otherwise; depending on the context
this will be either an N x N matrix or a K x K matrix.



(MS)

Bounded mean structure. Consider a deterministic triangular array (a;)¥.; = (a; y)¥., with each a; € REXK
and define

N
Ay = Zai ® Ej;.

i=1

In particular Ay can only have nonzero entries on the diagonals of each block. Assume

sup || An|| < oc.
N

Mean-field randomness in diagonal blocks. The Gaussian random matrix Wy has the form

X1 0 0
K 0 Xy 0
WN — Z E“ ® Xz = . : b
i=1 :
0 0O Xk

where the X;’s are independent N x N Gaussian random matrices, each of which has centered independent

entries up to symmetry. Write x(Q for the (j, k)th entry of X; and syk) for its variance. For some parameter p,

each i € [1, K], and each j, k € [1, N], we have

Notice the lower bound is only along the diagonal.

Regularity of MDE solution. Given r = (r1,...,7ry) € (CE*K)Ndefine

N K
S =33 s BB,y € CRXE (1.18)
k=1 j=1

for each i € [1, N]. The MDE in this context is a system of N coupled equations over K x K matrices; we
seek the unique solution m(z) = m™)(2) = (m(2),...,mn(2)) = (mgN) (2),... ,mg\],v)(z)) € (CEXEYN o

Idr«k +(Z Idgxrx —a; + %[m(z)})ml(z) =0

: ) (1.19)
subject to Imm;(z) >0 as a quadratic form.

Consider the probability measure 1y on R whose Stieltjes transform at the point z is 1 Zjvzl Trm,(z).

Assume that each uy admits a density with respect to Lebesgue measure, and that these densities are bounded
in L*, uniformly over N.

The following corollary uses Theorem 1.2.

Corollary 1.10. (Block-diagonal Gaussian matrices) Under assumptions (MS), (MF), and (R), we have

N—o00

lim (NlKlog]EHdet(HN)] —/Rlog|)\|uN()\) d)\) =0.

(The normalization is = because Hy is an NK x NK matriz.)

In applications to landscape complexity, the description of these measures py via the MDE is very important
to prove properties of the limit measures p1,. For example, in our companion paper [BABM21], we use this MDE
description to identify a crucial convexity property in a variational problem.

10



1.12 Free addition. Let (AnN)F_;, (BN)F_; be a sequence of deterministic, N x N, real diagonal matrices, whose
empirical measures tend to some pa, pp respectively. We will be interested in the random matrix Ay + OnByO%;,
where Oy is sampled from Haar measure on the orthogonal group Ox.

We require the following assumptions.

— The measures pugq and pp admit densities py and pp, respectively. These densities have single nonempty
interval supports [E4, Ef] and [EB, EB], and each density is strictly positive on the interior of its support.

— Each measure 4 and pp has a power-law behavior with exponent in (—1, 1) at each of its edges; that is, there
exist 0 > 0 and exponents —1 < tf‘,t?,tﬁ,tf < 1 such that, for some C > 1,

c'< (p"‘(i))tf, <C forallze[EAEA+6], C'< ( ”B(”;))tB <C forallxe[EP EP +4],
x—E2)- z— EP)-

ct< (EZAQC))H <C forallx e [EY -6, B, c < (EZB(x))tB <C forallz € [EY -4, EP.
Fox)H T —ax)+

— One of the measures u4 and pp has a bounded Stieltjes transform.

— The eigenvalues (a;)Y, = (az(-N))f\Ll of An, ordered increasingly, are close to the classical particle locations a}

defined by
a; :inf{s:/ ,uA(dy):i/N}

in the sense that for any ¢ > 0, sup, ;< y|a; — af| < N7'*¢ for N sufficiently large. The analogous condition
also holds for the eigenvalues of By.

For example, all of these assumptions are satisfied if u4 is the semicircle law and pp is either a uniform measure,
the Marcéenko-Pastur law, or the semicircle law; and if Ay and By store the relevant %—quantiles.
The following corollary uses Theorem 1.2.

Corollary 1.11. (Free addition) If Oy is chosen randomly from the Haar measure on the orthogonal group On,
then whenever E is not an edge of ua B up, we have

1
lim log E[|det(An + ONByOY — E)|] = / log|A — E|(pa B pp)(A) dA.
R

N—o0

This result is locally uniform in F away from the edge, meaning in any compact subset of R\ {1(paBug),r(uaBug)}.

Comment on the assumptions. For the proof, we check the assumptions of the concentrated-input Theorem 1.2
using the local law of Bao-Erdés-Schnelli [BES20] and the fixed-energy universality of Che-Landon [CL19]. For concise
writing, the assumptions we state here are a bit stronger than “the union of the assumptions of these two papers,”
but in fact this union suffices for Corollary 1.11. In fact, our result likely holds under even weaker assumptions than
required in these papers, which handle more fine-grained questions.

Acknowledgements. We wish to thank Nick Cook, Amir Dembo, Laszl6 Erdés, Yan Fyodorov, Torben Kriiger,
Pierre Le Doussal, Krishnan Mody, and Ofer Zeitouni for helpful discussions. We are also grateful to a referee for
pointing out an error in an earlier version of the paper. GBA acknowledges support by the Simons Foundation
collaboration Cracking the Glass Problem, PB was supported by NSF grant DMS-1812114 and a Poincaré chair, and
BM was supported by NSF grant DMS-1812114.

2 PROOFS OF DETERMINANT ASYMPTOTICS
2.1 Proof of Theorem 1.1. The proof depends on a careful tuning of many N-dependent parameters; in the

next section we define these parameters and prove some estimates that are common to both the upper and lower
bounds. In the following subsections we then prove these upper and lower bounds in order.
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2.1.1 Definitions and common estimates. Let k be as in the assumptions (i.e., given to us), and write
K,n,t,wy, pp for some N-dependent parameters. In fact we will choose

K =eN°  for some ¢ small enough (¢ = x2/16 suffices),

n=N-"2
t=N""/14, (2.1)
Wy = an/47
2
Py = N7F /83

but we find it more transparent to work with the names K, 7, and so on for the bulk of the proof, checking only at
the end that these specific choices make the error estimates useful. We will work with the following regularizations
of the logarithm:

log,,(A) = log|A +in,
logf()\) = min(log, (A), log, (K)).

Let b= by : R — R be some smooth, even, nonnegative function that is identically one on [—wy, wp], vanishes outside
of [—2wp, 2wy], and is wib—Lipschitz. Consider the following events:

Egap = {®(X) has no eigenvalues in [—e N, e},
Ess = {dxs(fla(x) Ao(Xow) S N7},

Euome = {| [ 108 o - Emmmﬂxd»\ < t}, (22)

&= { [ i (@) <

It turns out that all of these events are likely. For £gap, and & this is by assumption; we will prove that Econe and
&y are likely below.
Now we collect some estimates which will be useful for both the upper and lower bounds.

Lemma 2.1. We have

R R . K2
’/logf(/\)(%(m = flo(xe))([dA) |1, <N log<1 + 772>

Proof. The proof of [BCC11, Lemma C.2] shows that, if iy and [ip are empirical measures of matrices A and B
(which have the same size as each other) and if f is a test function of bounded variation, then

\ [i0va@n - [ f(A)ﬂBmA)] < Il - dics (s ).

Then the result follows from the computation || logf]( lrv = log(l + 5—;) and the definition of &. O

Lemma 2.2. With

2

K 1
1) = N log (145 )+ 2l ol (8% +

K —K
5+ o I ) v,

we have

' [ 108K ) Elpacx..o) - m(dA)\ <a(N).

12



Proof. First, by inserting 1¢  and using Lemma 2.1, we find
[ 108t O Bl o] — Bl hian)| < 81014 55 ) 4 2ol B8
Next, since log77 is 2—77—Lipschitz7 (1.4) yields
[ toes O Elfac] - i) @) < (g5 + o e )aon Bliacl i) < (5 -+ 108 o )N

Both equations above conclude the proof. O

Lemma 2.3. Let to(N) = 24y/21/(nNz1%). If t > to(N), then

P((Econe)®) < 12exp <_ (t— fO(NQ)QSn NI R>.

Proof. The function logff is not convex (it is convex on [—n, 1] and concave outside this interval). But it is a linear
combination of three convex functions. Indeed, for i = 1,2, 3, consider log, = log; , x : R — R given by

—*—*+10gn(77) iffﬂg—??»
log, (z) = { log, () if —p<z<,
7_7+10g7]() 1f$>777

2n

o T <),
log,(z) = > .

logn (I) + % - 1Og7](n) ifz> UE

logs(z) = _ﬁ ifo>
3l@) = .
logff (z) + % —log,(n) ifz < -n.

Notice that logf]( = Zle log;, that log, is convex while log, and logs are concave, and that each log; is ﬁ—LipSChitz.

N—" N—" ]M
I@flLip > [®[lLip

F(Xo) = (=117 L rllog(B(Xe))) = (-1 [ 1oy (Wt (0

The factors of —1 are for convenience, so that each f; will be convex. Notice that

For each ¢, consider the function f; : [— — R given by

3 3
c i t
HD((gconc) ) = P( Z(_l)]l#l (fi(XCut) - ]E[fi(XCut > Z <|fz cut [fi(Xcut)H > 3> (23)
i=1 i=1
Each f; is a Lipschitz, convex function of the many independent compactly supported variables (Xcut)1, - - -5 (Xeut)as-

Thus we can apply concentration-of-measure results of Talagrand. It will be useful to factor f; = g¢; o ®, where
gi + N — Ris given by ¢;(T) = (—1)'#* % tr(log;(T)).

Indeed, since log; is (2n7)~!-Lipschitz, we know that g; is (7v/2N)~!-Lipschitz (see, e.g., [AGZ10, Lemma 2.3.1],
recalling our norm (1.3)), and thus f; is ||®||Lip/(nV2N)-Lipschitz. Furthermore, since (—1)%#! log, is convex, by

Klein’s lemma (see, e.g., [GZ00, Lemma 1.2]) g; is also convex; since we assumed that ® pulls back convex sets to
convex sets, we conclude that {Xcut : fi(Xeus) < a} is a convex set of [—ﬁ, %]M
i i

[Tal96, Theorem 6.6] implies that

for every a € R. Then

22 N1+28
P(| fi(Xeut) — My, | > t) < dexp <_’732)

where My, is a median of f;(Xcu). We conclude using (2.3) and the estimate

> 2P N2 8v2r 1
B0 (X)) = 907 € B CKe) =) <4 [ exp( -2 Y e = ST L)
0 nN =
to substitute the median with the mean. O
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2.1.2 Upper bound. After establishing one more estimate, we prove the upper bound of Theorem 1.1.
Lemma 2.4. With the parameter choices (2.1), we have
. 1
Jim log E[Jdet(H)|(1 - Te, T,,,.)] = —oc.
Proof. Writing € = Es N Econe, for any § > 0 Holder’s inequality gives

5
log E[|det(Hn)[* ] + w7 log P(£°).

1
(14+90)N (1+9)
For ¢ satisfying (1.7), the first term is O(log N). Concerning the second term, we have

1
v log Efldet(Hn)[Le] <

%log P(£°) < %bgup((gmy) +P((£)9)] < —C'log N,

for any C' > 0 and N > Ny(C), where the last inequality follows from Lemma 2.3, our parameter choices (2.1), and
our assumption (1.8). O

Proof of upper bound. From our assumptions on py we have liminfy_,o [log|A|un(dA) > —oco. Thus, by Lemma
2.4, it suffices to prove

N —o0

1
hmsup(NlogEndet(HN)|ngssngm} -/ 1og|AuN<dA>) 0 (2.4)
On the events & and Eone, Lemmas 2.1 and 2.2 give us
[ 1o Witan (@)

= /10g£((>\)(ﬂ¢>(x) = [l (X)) (dA) + /lognK(/\)(ﬂq»(Xcun = Elfio(x.,0)])(dA) + /10gf,<(/\)E[ﬂq>(XCuc)](d)\)
K2 N
< N log (1 N 772> b / logX (\E[fia(x..0))(4N) < 261 (V) + ¢ + / log X (\)yun ().

We use this estimate to obtain

1 1
08 Elldet(Hy)lle, Le.,, ] = 1 log B | | IT | IT ) tete,..
| | <K || >K

N
eNflogf,{ die(x) (H(l + |/\i|11|)\i|>K)> ]]‘gssﬂgconc‘|

i=1

1
< Nlog]E

N

1

+ [log (@),

From our choice of parameters (2.1) and the assumption (1.5), this last term is [ logff (M pn(dA)+o(1). Furthermore,

since the pn’s are supported on a common compact set and K increases with N, we have [ lognK MNpn(dr) =
J1og, (M) pun(dA) for N large enough. Thus to prove (2.4) we need only show

lim sup/(logn()\) — log|\Dpw (dX) < 0. (2.5)

N—o0

To show this, we use
/ (108, (A) — log M)y (dN) < 1og<1 + Zz)

which tends to zero since 1 does, and

K

/K (10gn(A)—10gIA)uN(dA)‘ @fl/ (log|A| = log, (A)|A| " dA,

—K —K

which tends to zero by dominated convergence. This completes the proof of (2.5) and thus of the upper bound. O

14



2.1.3 Lower bound. We first collect some estimates.

Lemma 2.5. We have

1 N N
< log Bl [ CosNTlos Oiaca g 1 15, 16,] > —23(N),

conc

where

o1
% ﬁ lOg P(ggapv 5557 Sconc, 81,),

ea(N) = % log(1 + >N n?) +
Proof. On &gy, for any eigenvalue A of ®(X) we have

1 2 1 E
log|A| —log, (A) = _21°g(1 - Z?) > — 5 log(1+¢™Vp).

Similarly, since 1 — b(A) < 1>, and log(1 4 ) < = for > 0, we have

. 1 n? Uk
o] o, ()1 = b)) (44) > g log(1+ 2 ) > 5T

Thus

E[BN f(lOg‘M—lOgn()\))ﬂ@(X)(d)\)-ﬂg Ilg 18 Ilfb]

gap ss conc
o Ny log(l_,’_ezNEnZ)E[eN f(logm—1ogn(A))(1—b)(A)ﬁ<p<x>(dA)]lggap]lgss]lgmc]lgb]
Npy 1 2N€ 2 _Lﬂj

2 677 Og(1+€ n )6 zwb P(ggapa 5557 5C01’1C7 gb)v

which concludes the proof. O

Lemma 2.6. For N large enough we have

P((&)°) < = (W + (2“’*’”).

Db\ W K2

Proof. By our choice (2.1) of wy, tending to zero, ux admits a density on [—2wy, 2wp] for N large enough. Since b())
is wib—LipschitZ and bounded above by 1|<2u,, we use (1.4) to find

1 ION—F 1 (2w .
B[ [ 00000 (@0)] < (o 1) don (Elnacelnm) + (-2, 20n]) < 254 2 [ a1,

b K 7211}1,
The conclusion follows by evaluating this integral and applying Markov’s inequality. O

Proof of lower bound. Lemmas 2.1, 2.2, and 2.5 show that N ~!logE[|det(Hy)|] is larger than

. K . N N N
1 log E [eN (f(lOgW—10gn(A))lt<p(x)(dA)+f log,y (M) (fha(x) —#q>(xm,t)+/tcp(xm,t>—]E[/tcp(xC|,t)])(d>\)) ﬂggap]lgsa]lgconc]

+ [ 10 (VE o (Y
1 N [ (log|A|~log, (\))fta(x) (dX) p K? K R
> logEle " Le, el ] — N "log{ 1+ ) log, (NE[fio(x.,)](dN)
> / log|A i (dA) — (), (2.6)

where e(N) =¢e1(N) +e(N)+ N—F log(l + I;—;) + t and we have used

1o O (@) > [ tog(aningA, ) (a0) = [ ToglAlu(@ (27)
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for N large enough in the last inequality (2.6), as the uy’s are supported on a common compact set and K grows
with N. It remains to check that (V) — 0. This follows immediately from our parameter choices (2.1), except
possibly for the term 2 (V). For this term, we note that P(Es) — 1 and P(Egap) — 1 by assumption ((1.8) and (1.6),
respectively), then use Lemmas 2.3 and 2.6 to show that P(Eqone) — 1 and P(&,) — 1. This shows that e5(N) — 0,
which concludes the proof of the lower bound and thus of (1.9). O

2.2 Proof of Theorem 1.2. In this subsection we prove Theorem 1.2. The proof is largely similar to that of
Theorem 1.1, so we will omit some steps.

We make the same parameter choices as in (2.1). We also work with the events Egap, and &, from (2.2), but &
is no longer relevant, and Eqonc is replaced by

v = {| [ 108,00, ~ Bl Dian)| < o}

Proof of upper bound of Theorem 1.2. From (1.11) and some elementary estimates, there exists a universal constant
e, such that, for N large enough, we have

1/e 2
R [ 108 O sty ~Elfa DEN] eprQNC) °< 1 ) ]
X Cgg .

C¢ %
Hence
/€0 n7¢/e0—1
1 1 N [log, (N itsr (dN) 2 \/*N N
+ log Eldet(Hy)[] < - log Ele J1og, (i (@) Foon e log, (\)E[fur ] (dN)
2\ VNl g
() g W) + [ o, (v ()
For ¢ small enough, the first term decays with N. We complete the proof by applying (1.10) and (2.5). O

Proof of lower bound of Theorem (1.2). Arguing as in (2.6), N~ log E[|det(Hy)|] is larger than

1 o —lo L fo) 1 —E[4 A~
NlogE[eN(f(l gl Al—log, (\) sy (AN)+ [ 1og, () (s E[uHN])<dA))1gLip]15gap]+/logn(/\)E[uHN](d)\)

1 o —lo (1 1 0
>~ 1ogE[eNf R P9 PO 27 Wi Elfiay ) + / log| Al ().

As in Lemma 2.5, we have

1 N [ (log|A|=log, (\))ftr  (dN) Po INE 2 7’ 1
*IOgE[e & En AN ¢ ip]lsgap]ls} > ——log(l+e™" n°) — 5 + = 10g P(ELips Egap, Eb)s
N L b 2 2w§ N P eap
so by our parameter choices (2.1) it suffices to show P(Erip, Egap, Ep) — 1. The event &g,y is handled by assumption

(1.6); the event &, is handled by Lemma 2.6 (replacing dpr, there with Wy here); and the event &r,;p is handled by

assumption (L), since (1.11) gives P(Ef;,) < exp(— 7 min{(2Nn)?, (2Ntn)'T0}). O

3 APPLICATIONS TO MATRIX MODELS

In this section, we check the assumptions of our general theorems, 1.1 and 1.2, for our different matrix models. First
we present two general and classical techniques that will help us check these assumptions. Informally speaking, the
first technique shows how local laws for the Stieltjes transform along lines of the form {E +iN~¢: E € [-C,C]}
give polynomial convergence rates of the averaged empirical spectral measure, corresponding to assumptions (E) and
(W). The second technique proves Wegner estimates of the form (1.6) using the Schur complement formula.

In the last Section 3.11, we prove the claims made just after Theorem 1.1 about the necessity of its assumptions.
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3.1 General technique: Convergence rates via local laws. In this subsection, we summarize the general
technique for using local laws to derive estimates like (1.4) and (1.10). We will use this technique repeatedly for
specific matrix models This idea is classical; see for instance [Bai93] for the speciﬁc estimates we need.

Write sy (2) = [ firry (dX)/(X — 2) for the Stieltjes transform of fip,, and my(z) = [ pn(dN)/(X — z) for the
Stieltjes transform of un. Define the distribution functions Fgp(x) = Elfig,]((—o0 x]) Fyuy(x) = pn((—o0, z]).

Proposition 3.1. Suppose the measures uy have densities un(-) on all of R, not just near the origin, and
supy |un(+)||pe < 0o. Assume also that there exist fized (N-independent) constants A,e1,e2 > 0 such that

3A
/ |E[sn(E +iN~")] —my(E+iN"")|dE < N~%2, (3.1)
—3A

/ | A|FEW( z) — Fy (@) de < N5 752, (3.2)
Then there exists v > 0 with dxs(E[fimy], un) = O(N™Y). If in addition supp(pun) C (—A, A) for each N, and

| Figiy () — Fa (2)] = 0jajroc (1) (3.3)

||

then there exists v/ > 0 with dpr,(E[fim ], un) < Wi(E[wy], pn) = O(N™Y).

Proof. From [Bai93, Theorem 2.2], we have

dxs(Elfiry], i) <n‘1sup/|< IFuN(fCer)—FuN(ﬂc)lder?W—l/ A|FE[ﬂ](x)_FuN($)’dx
y|<10n

z ||>

3A
+ / |E[sny(E +in)] — my(E +in)|dE.
—3A

Since the measures uy have densities bounded by S, say, the function F),, is S-Lipschitz; hence the first term is at
most 100S7. With the choice n = N ¢, the second and third terms are handled by assumption.

For the Wasserstein distance, let f be a test function with ||f||Lip, < 1. We integrate by parts (notice (3.3) gives
us the decay at infinity necessary to do this) to find

(E[ﬂHN] - /’[’HN}( )

</ (@ — (24— 1)E[jim, )(d2)

A

gdKS(E[ﬂHN]MUN)"‘/ |F]E[;1]( ) ltN |dx<N T4 NTEiTe2
2A

and similarly for the left tail. For the bulk, we approximate f on [—2A,2A] with test functions smooth enough to
integrate by parts on f directly, which gives

‘/ Elfiry] — pn)(da)| < (8A + 4)ds (Elfiry ], o).

This completes the proof. O

3.2 General technique: Wegner estimates via Schur complements. In this subsection, we summarize the
classical idea of using the Schur-complement formula to derive Wegner estimates on the probability that there are
no eigenvalues in a small gap around energy level E. These will be used to check (1.6) for a wide variety of models.
For compactness, we temporarily drop the N-dependence from the notation Hy. For any j in [1, N], write H()
for the matrix obtained by erasing the jth column and row from H, write h; for the (N — 1)-vector consisting of the
jth column of H with the entry H;; removed, and write H 5 for the collection of every entry of H except for Hj;.
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Proposition 3.2. Fiz E € R and suppose there exists a sequence n = ny tending to zero such that

sup E|E
je[t,N]

1 1
Im<Hjj —(E+in+hT(HO) — (E+ in))—lhj)> ‘HEH - O<Nn> (3.4)

Then
lim P(Hy has no eigenvalues in [E —n, E + 1)) = 1.

N—o0

Proof. We have

N 9
. . . n

P(Hyx h 1 E—-—nFE+ SE[#{j: |\ — E| < <E|2 _

(Hy has an eigenvalue in [E — 7, n)) <E[#{j: [N | < n}] ;11 POy B2

N

1 1

= 29E | Tm — || =2E|m(Tr——— )| <2Ny sup E[m(((H — (E+in)~ )]
n jE:MJ‘—E—W n{ < H_(E+m))] nje[[LNﬂ T (((H — ( )~ )is)l

Moreover, the Schur complement formula gives

1

((H = (E+in))™");; =

which concludes the proof by the assumption (3.4). O

Lemma 3.3. Write ijj for the law of Hj; conditioned on HJAJ Suppose that there exists a single probability measure
p on R (independent of N and j) with a bounded density u(-), and constants o;; = 5](_;\/) and m;; = 7%%\[) such that
Hei — s
3 Mgy,
T3

for every N and j € [1,N]. If there exist o, C > 0 with

inf ajj > fN_a,

jenny 77 C
then (3.4) holds with n = o(N~1~%) for every E € R.

Proof. For any deterministic z = E + in, and with the notation S := ||u()|| L, we have

1

1 Ui n
E~|Im|—|| = = = der < S— dx < 7SCN*“.
Hj; l <Hjj _ z)} /R (052 +mj; — E)? +n? plz) de Gi; Jr 22+ 12 rSsm

Define z; = E +in + h;‘-F(H(j) — (E+in))"'hj, and z; = z; — E[ijjL and notice that z; is measurable with respect
to H= with Im(z;) > n deterministically; thus
1
Hjj =z

1
sup E[E{Im()‘HA” = sup E-~
J€l1,N] Hjj =2 ) % jell,N]

which is o(1/(Nn)) for our choice of 7. O

B

Ji

< 7SCN*?
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3.3 Wigner matrices. We will use Theorem 1.1 (convexity-preserving functional) and model a Wigner matrix
Wy —FEasWy—FE=®(Xy,...,Xu), where M = W, the X;’s are independent random variables distributed
according to p, and ® is ﬁ times the identity map which places these entries in the upper triangle of an N x N
matrix, minus EId. This @ is trivially convex and satisfies || ®||Lip = ﬁ

Our assumption (1.12) that the underlying measure p has subexponential tails is only used to check assumption
(S). To check the remaining conditions of Theorem 1.1, we need only assume that p has 2 + ¢ finite moments for
some € > 0. In the interest of generality, in the following we give these minimal-assumptions proofs.

Now we check assumption (E) on expectations, with all px’s equal to the semicircle law ps.. A. Tikhomirov
[Tik09a, Theorem 1.1] showed that for every € in the assumption of 2 + ¢ finite moments, there exists 7 = n(g) > 0
with

dxs(E[iwy], psc) < N7 (3.5)

Now we transfer this inequality from dkg to dpr: If M > 2 and || f||oc < 1, then

|/ Y @) Eli] — pre)(d) |/ ()

from (3.5), and similarly for [,;; on [—~M, M] we proceed exactly as in the proof of Proposition 3.1, to obtain (E)'.
Now we check the three estimates comprising assumption (C) on coarse bounds.

-M
< / Elfiwy ](dz) < N7

— 00

(1.5) Fixe > 0 and write W = Wy = A+ B = Ay + B, where A is defined entrywise by Ai; = (Wi; )1y, < 1_ene.

Notice that all eigenvalues of A have absolute value at most 15 LeN® The Weyl inequalities give us

X (W) = Mi(A + B) € Amax(A) + Xi(B) < —=e™" + \(B)

10°

and similarly \;(W) > X\;(B) — 1—106N5, so that for fixed E, for large enough N we have, for any ¢,

L+ MW = B)L\,(w-p)seve < 1A 2AN(W)IL)y > 1eve T+ 20W)[L)5 (5))> 1ene
<

1
L+ (I Amax(A)]| + (X (B) )L, By 1eve < 1+ 2[Ai(B)[L)y, ()| 1ene

For 2 > 1 we have (1 + 2x) < (1 +100x%)'/2, so

N N
[T +20(B)1 )5, 5y 5 2enve) < T (14 1000:(B)?) "2 = det(1d +100B%)"/2.
=1

i=1
By Fischer’s inequality this can be bounded above by the product of its diagonal entries; that is,
1/2

N
det(Id +100B%)/? < H 1+1OOZB <II(1+103 B3],
j=1 i=1 j=1

2
=

where for the last inequality we used Y a? < (3 a;)? for positive numbers a;. Now, for some constant C' we

have E[|B;; ], E[|Bi;|*] < CNe N < e 2N and notice that we can calculate E[vazl (1 +10 Z;»V:1|Bij|>:| b,

expansion and factorization again. All matrix elements appear with a power at most two, and for any set I of
1 €

couples (4, j) which can appear in the expansion, we have E[[],;|Ba|] < (e72V")/l so that

N

N N N
1 1 _1ln
+ l0sE 11 1+1oj§:1j|Bij\ éﬁlogg 1+1oj§:lj@ 5

i=1

IWe also briefly sketch another possible proof of assumption (E). First, by following the usual Hoffman-Wielandt-based proof that
two moments suffice for the Wigner semicircle law (see, e.g., [AGZ10, Theorem 2.1.21]), we can assume that the entries W;; are replaced
with Wij]1|WA |<n10es if the 2 4+ € moment is finite. Second, for this new matrix, one can apply the usual Stieltjes-transform-based proof

i |<
of the Wigner semicircle law using Schur complements (see, e.g., [AGZ10, Section 2.4.2]); the fourth moments of the new matrix are
O(N49¢), which is more than compensated by 1/N prefactors in the error terms.
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(1.6) The existence of gaps near zero with high probability (indeed, gaps of polynomial size) was established by
Nguyen [Ngul2, Theorem 1.4], including the case of general energy levels E.

(1.7) Fix ¢ so small that p has finite 2 + 26 moment. Let Sy be the symmetric group on N letters, and for any
permutation o € Sy define X, = |(W — E)151) .- (W = E)no(n)|- Then |det(Wy — E)| < > X, and

by convexity of z — 2% we have

140
X1+6
det(Wy — E)|'T0 < X, < (N! ”52"7".
NI
gESN ’

If VNY is distributed according to j, then for each E € R there exists cg = cg(p,6) such that
max(E[)Y — BI'""*LE[Y — B E[Y]""] E[Y]**]) < cp < co.

Thus sup, E[X2 ] < (cg)Y. Since N! < NV, this gives E[|det(Wy — E)|'T°] < NN up to factors of
lower order, which suffices.

To prove assumption (S) on spectral stability, we follow Bordenave, Caputo and Chafai, see [BCC11, Lemma C.2]
and [BC14, Lemma 2.2]. Write W' = ®(Xcy) for the matrix Wy with entries truncated at level N=% for some

K< 2(#4-1)’ where « is from (1.12). From interlacing (see, e.g., [BS10, Theorem A.43]) we find

N N 1 2
dKS(p“WNa MWJC\']“") < N rank(WN - WJ?/'Ut) < N Z 1\Wij|>N*"7
i<j
where the last inequality follows since the rank of a matrix is at most the number of its nonzero entries. The w
random variables (1w, |>n-+)1<igj<n are i.i.d. Bernoulli variables with parameter

pn = P([Wi| > N7%) < Bexp(~NGE797),

from (1.12). Writing h(z) = (x + 1) log(x + 1) — x, Bennett’s inequality [Ben65] gives

N(N +1 t
P ZH\WMI>N*~—(T)]?N2t <GXP<—02h(02>)

i<

with N(N +1) N(N +1)
+ +
o2 = NED gy < YY)

for N large enough. With the choice ¢t = N'=% — WpN = %Nl’” (for k small enough) we have % — +00, and

using h(z) ~ zlogx as * — +oo (more precisely, h(z) > %xlogm for x large enough, say), we obtain

pn < Bexp(—NG=Mza),

11—k

11—k
V) < —ontriog( 1) < —onterionds
202

202

log P(dks(fAwy , fiwen) > N77) < —02h<

for some constant C' and N large enough. From our choice of k, the last exponent is larger than one, which completes
the proof of (1.8).

3.4 Erdds-Rényi matrices. We will use Theorem 1.1 (convexity-preserving functional) and model an Erdés-
Rényi matrix Hy — F as Hy — E = ®(X4,..., X)), where M = w, the X;’s are independent Bernoulli random

variables with parameter py, and ® is ﬁ times the identity map which places these entries in the upper
PN(1—=PN
1

triangle of an N x N matrix, minus E Id. This clearly satisfies assumptions (I) and (M) with || ®||Lip, = W/~
pPNn{l=PN

Now we verify assumption (E) with all uxy’s equal to the semicircle law ps.. In the proof, we control the extreme
eigenvalues (more precisely the smallest and second-largest) with results of Vu [Vu07], improving on earlier results
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of Fiiredi-Komlés [FK81]; and we control the bulk eigenvalues using the local law of Erdés et al. [EKYY13]. Often
we use much weaker consequences of the results, replacing log N factors by polynomial factors and so on.

More precisely, consider Hy = Hy — E[Hy]. This matrix has centered entries of variance 0% = 1{,, supported in
—K, K| with K = Thus the proof of [Vu07, Theorem 1.3, Theorem 1.4] shows that there exist C,~v > 0 with
ﬁ
— log N _

for N large enough. Recall we order eigenvalues as A\; < -+ < Ay; since E[Hy] is rank-one and positive semidefinite,
interlacing tells us that max(|A;(Hy)|, |[Anv—1(Hn)|) < ||Hn||, and thus we have the very coarse bound

B(max(|Ay (Hy)|, [Av_1(Hy)]) > 3) < N7

for N large enough. In particular, whenever f is a test function with || f||e < 1, we have
1 -
\ Z ]P ) N + N ’
and similarly for the left tail, which is even easier because we do not need to separate out the smallest eigenvalue.

Now we handle the bulk eigenvalues. Let F),_, Fj, and Fgp, be the distribution functions for psc, fim,, and
E[fimy], respectively. Then [EKYY13, Theorem 2.12] shows that there exists v > 0 such that, for N large enough,

] Psc

]P’( sup |Fp. (x) — Fp(x)| < N—1+e> > 1 — exp(—v(log N)Floslog Ny,
z€[—3,3]

Since sup,|Fj,. () — Fu(x)| < 2 deterministically, this gives

N¢
Sup |Fsc(x F]E[u]( )| SN + 2exp(— (IOgN)SIOgIOgN),
z€[—3,3]

The proof of (E) is then easily completed as in the case of Wigner matrices.
Now we check the three estimates comprising assumption (C) on coarse bounds.

(1.5) We have

1
o 2 < H; < 7N2_5 3.7
[Hn|" < E [Hil? < < —pN) 5 (3.7)

almost surely, so (1.5) is trivially satisfied.
(1.6) For bulk energy levels, meaning F € (—2,2), one can show
1 1
IP’(HN has no eigenvalues in (E - N E+ ]\ﬂ)) =1-0(1)

using the bulk fixed-energy universality results of Landon-Sosoe-Yau [LSY19, Section 1.1.1]; the argument is
given in our discussion below of the free-addition model. For |E| > 2, eigenvalues other than Ay are handled
with the result of Vu above (3.6). For Ax (only a concern for positive F values), the Weyl inequalities give

Npn
1—pN

)\N(HN) > )\N(E[HND -I—)\l(HN — ]E[HN]) = + )\1(HN — E[HN]) > %Ns/z + )\1(HN — E[HN])

By (3.6), the last term is at least —3 with probability 1 — o(1); thus Ax cannot stick to any fixed E > 2.
(1.7) This follows from (3.7), using |det(Hy — E)| < |[Hy — E||V.

For assumption (S) on spectral stability, we note that the threshold for cutting is

N K £
=Nz % /py(l—pn) > VENTF > 1

1®]leip
for k < 5 and large enough N. Since the X; = 0 or 1, this means that X = Xcy¢, and hence (1.8) is trivially satisfied.
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3.5 d-regular matrices. We will prove Proposition (1.6) by mimicking the proof of Theorem 1.2, but we will,
informally speaking, prove (1.11) only for special test functions that we need to approximate the logarithm, rather
than in full generality. Precisely, a careful reading of the proof of Theorem 1.2 finds that it suffices to verify the
following:

— Assumption (W) for some x > 0, with all measures py equal to the semicircle law ps. (this is translation-
invariant, so it suffices to check it at E = 0)

— the Wegner estimate (1.6) around energy level E,

— for the same k, with the parameters

n=N"*2
t=N"r/4,
that (for the lower bound)
(| [ 1083~ ) ~ i @v| <1) -+ 1. (35)
R
— and that (for the upper bound)
1 N R
lim sup — log]E[eNIIOgn()\—E)(#HN _E[#HN])(CD\)] <0. (39)
N —o0 N

We now verify these four conditions.

— We will use Proposition 3.1 and the local laws of Bauerschmidt-Knowles-Yau and Bauerschmidt-Huang-
Knowles-Yau [BKY17, BHKY20]. The former paper scales the d-regular adjacency matrix slightly differently
from us; recalling that HY is the adjacency matrix with entries in {0, 1}, it considers

— 1 d
Hy = ——(Hly— —
N d—l( N N']>

where J is the N x N matrix of all ones. This normalization is close enough to ours (which was Hy =
1 HY,), in the sense that whenever f: R — R is 1-Lipschitz, from Hoffman-Wielandt we have

Va5

[ 1) Elaz] - Blanyae)

but deterministically we have

! ! H, +H d J
_ . v
Vd—1 \/d(l—%) . N+vd—1

|Hy — Hyl|F <

B =
by our choice of d. Thus
Wi (E[ﬂﬁ;]v E[ﬂHN]) = O(N_E)a

and we can use Proposition 3.1 to estimate W1 (E[f ], psc). Writing sy () for the Stieltjes transform of fi—
N N

and m(z) for the Stieltjes transform of the semicircle law, a weaker consequence of [BKY17] shows that, for
some absolute constant C,

IP| there exists z € C with n > M such that |sy(z) — m(z)] = C/(log N)3 L + 1 < e (0gN)’
77 = N = g \/]T’O N€/2 S .
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This suffices to check (3.1). Since ji [z~ is deterministically supported in [—3V/d, 3v/d], (3.3) is trivial. For (3.2),
with say A = 10, by separating out the largest eigenvalue we find

9]
/10

Now, with the same e from N¢ < d < N2/3—¢, (a weak consequence of) the edge-rigidity result of Bauerschmidt,
Huang, Knowles, and Yau [BHKY?20, Theorem 1.1] gives

3Vd
dz:/lo Elf - ((z,00))] de < 4\[+4\f11ﬂ>(AN {(Hy) = 10).

Fpp—(x) = Fp, (z)

Hpn

]P’(maX{’/\Nq((d —1)"'2Hy)

((d—1)"Y2HY) + 2‘} > 10N—8) < NVe, (3.10)

(This is still stronger than what we need, both in where it localizes the eigenvalues — in a shrinking region around
+2 — and in its right-hand side, which we only need to be O(N~<'d~1/2) for some ¢’.) Since Ay_;(Hy) <
Av_1((d = 1)"Y2H};) by interlacing, this suffices (along with analogous estimates at the left edge) to check
(3.2).

As in the Erdés-Rényi case, for E € (—2,2) one can show
) . . 1 1
P( Hy has no eigenvalues in | £ — W,E + ~2)) = 1—-o0(1)

using the bulk fixed-energy universality results of Landon, Sosoe, and Yau [LSY19], with details given in the
free-addition section below. For |E| > 2, eigenvalues other than the largest one are handled with (3.10) (even

with the slightly different normalization); the largest eigenvalue is deterministically - >Vd > N/? e,

cannot stick to any finite F.

We study Hpy by thinking of it as the adjacency matrix of an Erd6s-Rényi random graph, conditioned to be
d-regular. Notice that the resulting law is indeed uniform on d-regular matrices, since all graphs on IV vertices
with a given number of edges are equiprobable under the Erdés-Rényi measure. Precisely, write Py for the law
(and E, associated expectation) of Hy with the d-regular law (1.14). Let A’y be the adjacency matrix of an
Erd8s-Rényi random graph G(N, %), and consider the normalization

Ay = — 1Ay

a0 $)

whose law we denote as Ppr with corresponding expectation Egg. It will be convenient to use the notation

Eun(.8) = {| [ 08,0 = E)iry ~ Blaas D) <

for My = Ay or My = Hy, and for § > 0 (possibly depending on N).
Now [TVW13, Lemma 2.1] shows that, if d — oo, then there exists a constant C' with
Per(Ay is d-regular) > exp(—CNVd). (3.11)

Thus
Pa((Erip(Hn,3))¢) = Por((Erip(An,6))° | A is d-regular) < e“NVIPgg((Epip(An, 6))°).

In the proof of Lemma 2.3 above, we wrote a decomposition log, = Zle log,, where each log, = log, , was
%—Lipschitz and either convex or concave. Now
> 5>

log;(A = E)(fiay — E[ﬂAND(d)\)‘ > g)
R

Per((ELip(An,0))°) = Per ( 4 log;(A — E)(fay — E[fay])(dN)

3
< Z Per (
i=1
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Since log; (- — E) is Lipschitz and convex (or concave), and since v N A y has entries compactly supported in, say,

[—+/ 25, /2], we can use concentration results of Guionnet and Zeitouni, namely [GZ00, Theorem 1.1(a)],

+r

which gives, for any (possibly N-dependent) § > §o(N) = 100N~ “5== the estimate

Pm( dNn2(5—5o(N))2>.

32
With the choice § = % = %N‘”/‘l, this gives

/Rlogi()\ —E)(fiay — E[ﬂAN])(d)\)‘ > 5> < 4exp<—

Pa((ELip(Hn,1))¢) < 12exp (cN\/& - le) . (3.12)

Since we can take x arbitrarily small, this tends to zero.

d ] € [~v/2d,V/2d], we have

— Since fig, is deterministically supported on [— \/d(lid/N), Jan—a)

‘/ log, (A = E)(firy — E[ﬂHN])(dA)’ <2 max [log,(z — E)| < 10log(N),
R lz|<v2d

almost surely, for N > Ny(E). Thus
E[eN [ 102, (A=B) (in ~Eljy ()]
_ E[eNflogn(A*E)(/lHN*E[ﬂHN])(d/\)ﬂgLip(HN,t)] JrE[eNflogn(A*E)(ﬂHN —Elpny])(dX)

L(epip (B 0))e]
< Nty 0N MNP((g 1 (H iy, 1))°)

From (3.12), this is enough.

3.6 Band matrices. We will use Theorem 1.1 (convexity-preserving functional) and model a band matrix Hy

as Hy = ®(Xy,..., X ), where M = (W 4+ 1)N, the X;’s are independent random variable distributed according

to pu, and P is \/ﬁ times the identity map which arranges these entries into a band matrix. This ® is trivially

convex and satisfies || ®| i, = \/ﬁ Throughout this section, the constant € will be the same as in the assumption
W > N°=.

To check assumption (E) with uny = pse, we will use Proposition 3.1 with A = 3. (By translation invariance, it
suffices to check (E) at E = 0.) The bulk estimate (3.1) follows from the stronger local law of Erdés et al. [EYY12];
the tail estimate (3.2) uses the tail estimates of Benaych-Georges/Péché [BGP14].

Write sy (z) for the Stieltjes transform of fiz, and mgc(z) for the Stieltjes transform of the semicircle law. The
local law [EYY12, Theorem 2.1] gives constants C' and ¢ such that, if 2 = E +in with £ < 3, k := ||[E| —2| > N7
for § = 3¢/20, and n = N% ¢ then

P(|sn(2) — mec(2)] > N7%) < CN—elloslos N

Together with the trivial bound |E[sy(E + in)] — ms.(E + in)| < %, this gives

|E[SN(Z)] - msc(z)| < N76 + ZC«N.stzﬁfc(loglogN) 5 N75

for such z values. Writing e; = & — 66 > 0 and using again the trivial bound for k < N~%, we obtain
3
/ |E[sn(E +iN"")] — mgo(E +iN"")|dE S 6N ~° + 8N 7°.
-3

By our choice of § we have €1 — § < 0; this suffices to check (3.1).
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For the tail estimate (3.2), we note that |Fgyy(z) — F,, ()| < P(||[Hn| > ) for, say, # > 3. The proof of
[BGP14, Theorem 1.4] gives, for any k > 1,

12 67,12\ —1
P(|Hy| > ) < Nx—w(l - “%V’k) |

Choosing k = ky = N°/29 we verify (3.3) and find, for N large enough,

NE/20

- . (4
/ P(||Hy| > z)dz < 6N'"20 (9) ’
3

which is much faster than we need. The left tail is estimated similarly, and this verifies (3.2) and thus (1.4).
Now we check assumption (C) on coarse bounds.

(1.5) The proof for Wigner matrices works verbatim here (in particular, 2 + ¢ finite moments is enough).
(1.6) Since we assumed our entries have a bounded density, this follows from Proposition 3.2 and Lemma 3.3.
(1.7) The proof for Wigner matrices works verbatim here (in particular, 2 + ¢ finite moments is enough).

The proof of assumption (S) is similar to the case of Wigner matrices; in particular it holds assuming only that
w1 has 2 + ¢ finite moments.

8.7 Sample covariance matrices. As noted above, this model is not covered by either of our theorems directly.
But it can be proved by mimicking the proof of Theorem 1.1 (convexity-preserving functional) with the following
changes. We let M = pN, let X1,..., X be independent copies of y, and consider the map ® = &g : RM — I
that places its arguments in the entries of the p x N matrix ¥ = Y, x and returns %YYT — E. There are two
problems with applying Theorem 1.1 as written, but we will implement the following workarounds:

1. ® is not convex (but we will use the standard Hermitization trick that compares eigenvalues of YY7 with
eigenvalues of the (p+ N) x (p + N) block matrix (YOT g), which is a convex function of the entries of V).
2. @ is not Lipschitz, since it grows too quickly at infinity (but the Hermitization is Lipschitz).

As in the Wigner case, the assumption of subexponential tails is only used to check assumption (S), and we will
give the remainder of the proofs only assuming that p has 2 + € finite moments.

Below, we will verify assumption (E) with some value of k. For now, we redefine X, (for this model only), using
this same &, as

(Xeut)i = X1 (3.13)

\Xi|§N_K'+% .
We choose this scaling so that each %YZ? is at most N 2%, similar to what happens in the Wigner and Erdés-Rényi
cases. Later we will check assumption (S) with this new definition, as well as assumption (C). First we show that all
of these assumptions yield determinant concentration.

Much of the proof of Theorem 1.1 works verbatim in this new setting, since for example it never uses the old
definition of X, directly, using instead the stability estimate (1.8) which will still be true for us under the new
definition. The biggest change is in the proof of Lemma 2.3, where we applied results of Talagrand using the convexity
and Lipschitz properties which no longer hold. The replacement for Lemma 2.3 is as follows.

Lemma 3.4. For every E € R, there exist cg,Cg > 0 with the following properties: If we let tB(N) =—C2_ then

2NEEr

whenever t > %(N) we have .
P((Econe)) < 20exp(—cp(t — to(N))zn‘lNHQ”).

Proof. We use the classical trick of considering the (p + N) x (p + N) matrix

— _ 1 0p><p va,N
v = I (X) = m(yg]v Onn )
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For any test function f, we have

tr(f(9%)) = 26x(f(YYT/N)) + (N — p) £(0). (3.14)

We show in Lemma 3.5 below that for every fixed E € R, there exists C > 0 such that the function = — logé((x2 —FE)
can be decomposed as a sum of five functions

5
logn z? — Zlng Zlogi,E,n,K(x)
i=1

where each IE)Tgi is €2 -Lipschitz and either convex or concave (in fact, if £ < 0 we only need three terms, and the

last two will be set to zero). For simplicity, we choose powers p; € {0, 1} such that each (—1 )pllogi is convex. From
these we define functions f; : [-N~#+1/2, N=#+1/2]M _ R given by

Fi(Xew) = (—1)7" 55 6108, (9 (Xewr)).

Using (3.14) and mimicking the proof of Lemma 2.3, we find

PlEte) = P |y trlomi (930) - g Blntogt (930)] > 1) < fjn»( FiCXew) ~ B[ ()| > 21).

— 5

As in the original proof, each ﬁ is\/2(p+ N )ﬁ TEf CE -Lipschitz (for anew Cg), and since the map Xcut — Hn
is convex (this is the point of the Hermitization) we know that each fl is convex as well. Then Talagrand’s inequality
gives

- t2774N1+2/<

P( i 9ﬁ~‘2t>§4 —_

fim P\ T16(Cp)?

and we conclude as before. O

Lemma 3.5. For every E € R, there exists Cg > 0 with the follawmg property: For every n < r]o(E) and every

K > Ky(E), there exist functions logl
convex or concave, and such that

logn z? — Z log, (x

Proof. The proof has two cases, according to whether £ < 0 or E > 0.

— Case F < 0: Here we only need three functions (i.e., we set log4 = log5 = 0). One can check that there exists
0< \/j < b= bE" such that the function z logn (v2 — E) is concave on (—o0, —b) U (b, 00) and convex
on (—=b,b). (EXphCltly, it is given as the largest positive solution of the degree-six equation 2b° — 2Eb* — 2(E? +
3772)1)2 +2E(E? +1?) = 0, but the exact form does not matter so much as its stability for small : As n | 0,

bl v—E.) We want to pick our three functions (which we will actually call lo,vg1 and f(;:gz’i) in the form

—c(x +b) +log,(v* — E) ifx < b

log, (z) = { log, (> — E) i —b<a<bh
c(x —b) +log,(B* —E) ifx>b

logy, (1) = 4 ifo<b

B2+ = log (22 — E) 4+ b —log, (1> —E) ifx>b

log, _ (z) = log, . (~2)
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for some ¢ = cg,,, > 0. It is easy to check that these functions sum to lognK (22 — E), and they are all concave
or convex as long as

2b(b? — E)

2 _

¢ 2 0zlog, (2" — E)|o=p = m,

in which case each function is c¢-Lipschitz; but since nfi((l;,:?y < 2b(b;; E) < %ﬂ for small 7, we are done.

— Case E > 0: This is similar to the case E < 0, except since the function is more complicated one needs five
summands: One can check that there exist 0 < b,, = b%E’n) < VE < by = bch’n) (for “near boundary” and

“far boundary”) such that the function z +— lognK(:z:2 — E) is concave on (—oo, —bs) U (=by,by) U (by, +00)
and convex on (—by, —b,) U (b,,by). (As before, they are given as the two positive solutions of the degree-six
equation 22% — 2Ex* — 2(E? + 3n?)22 + 2E(E? + 7?) = 0, and they are stable for small 7 in the sense that as

n10,b,1VE, and by | VE.) We want to pick our five functions (which we will actually call lt)Aé;l, loAéQVi, and
@H) in the form

cr(z+by) +log, (b2 — E)  if x < —b,
log, (z) = { log, (¢* — E) if —b, <x<by
—c1(z —by) + logn(bfl —FE) ifz>b,
—ci(x —by) +1og, (b2 — E) if x < by,
log, , (z) = { log, (% — E) if b, <z < by
03(x—bf)+10gn(bfc —-E) ifxz>by
log, () = logy | ()
—~ cs(z—bs) +log, (b2 — E) ifzx<
logz | () = IS(K gf) (s ) .
og, (z° — E) ifby <z
1/(;53,—(95) = 18‘/53,+(_$)

for some ci,c3 = c1,E.9, 3,6,y > 0. What are the constraints on these constants? To guarantee that all these
functions are concave or convex, we need

25, (1 — E)

2 n

c1 2 Oy log, (27 = E)|g=—s, = W:_E)y (3.15)
2 (b2 — E)

e3> 0,108, (3% — B)lyms, = — (3.16)

n?+ (b7 — E)*’

in which case each function is max(cy, ¢3)-Lipschitz. Furthermore, the sum of these five functions is equal to
logUK (22 — E) as long as the constants satisfy the constraint

c1bp +log, (b — E) — csby + log, (b7 — E) = 0, (3.17)

c1bn +log,,](b2 E)+log, (b3 —E)

through which ¢; and c3 determine each other: c3 = . If we take c¢; very large to
satisfy (3.15), then through (3.17) we find that ¢3 must be very large hence satisfies (3.16); thus it is possible
to find some palr (01,03) satisfying all the constraints. Now we want pairs with small value, i.e., such that

max(cy,c3) < =£: For small 7 one can show that the lower bounds on the right-hand sides of (3 15) and (3.16)

1005% . and if we choose ¢; = 100E , then through (3.17) we find that ¢z < n% as well,

are upper- bounded by
which finishes the proof.

O

It remains to check assumptions (E), (C), and (S) (the latter under the new definition (3.13)). The only assumption
that is not translation-invariant (i.e., that depends on the energy level E) is assumption (C).
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For assumption (E), [Tik09b] proved that if p has 2 + ¢ moments then there exists (explicit) x(g) > 0 such that
dKS(]E[ﬂ%ny],uMpypTN) < N,

From this Kolmogorov-Smirnov distance information we evaluate dpy, in the same way as for Wigner matrices with
2 4+ € moments. It remains only to understand dpy(p,, PN s M P~), and this is only necessary in the case v < 1

(since when v = 1 we assumed py = N). If 1,72 € [e,1 — €], then the difference between the densities gives

dBL(HMP 1 » WMP o) = 05( |y — 72\)

Since we assumed in (1.16) that |pWN — 'y’ is polynomially small, this suffices to prove (1.4).
We check the three estimates of assumption (C) as follows:

(1.5) This follows the proof of the Wigner case, but using the Weyl inequalities for singular values instead of those
for eigenvalues. We write out the beginning of the argument because some of the powers change. For some
e > 0, write Y/ N = A+ B, where A is defined entrywise by

1
VN

Then A has singular values at most %e%N °, and the Weyl inequalities give

A’Lj = Kjﬂ Lne.
f‘YLJ‘ 71\] ez

(Y/\/>) Omdx( )+0i(B) < *eéNE —|—O’i(B)

and similarly o;(Y/VN) > 0;(B) — 1—062N , so that for each i we have

L+ NYYT/N = By vyrv—p)sens <1+ 2M(YYT/N)Ly vy v)ys tene

=1+202(Y/VN)1 1ve < 1+807(B)1

oi(Y/V )>1 e2 o'i(B)>%e%N€'

Then from Fischer’s inequality we have

P P N
[T+ 803(B)110i(3)>%e%,v5) <det(Id+8BBT) < [[( 148> B
j=1

=1 =1

Since B is non-Hermitian with independent entries, the same argument as in the Wigner case goes through
here: when we expand and factor, each matrix entry appears at a power at most two.

(1.6) We mimic the proofs from Section 3.2, making the following changes. We closely follow the proof of some Wegner
estimates for complex Wigner matrices from [ESY10, Theorem 3.4], as adapted in [BEYY16, Proposition B.1]
to the symmetric case. Our estimates below will be coarser as we can afford any polynomial error, contrary
to the optimal estimates from these references. Let E,n >0, n=¢/N,I =[E —n,E+ 1|, 2z = E +in and
N7 = |{u; € T}|. In the covariance matrix setting, the Schur complement formula gives, for any 1 < j < N
and defining X = Y/v/N and H = YY*/N (sce e.g. [BEK*14, Equation (3.8)])

(H=2)""u=(—2—2X;Ri(2)X,) "

where we define X; = (Xj;);, X;Q = X112 and R;(z) = (X@)*X® — 2)~1. This implies, by the Cauchy-
Schwarz inequality,

< C2E

EN714] QC(Nn)QE[(I _z—gja 1 ,\ z)Z]lA

N N
(O cata)® + (B =) daka)?
a=1 a=1
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for any event A, where

1 NA(E = \y) Aa€

do =~ — o= ,
N N2 -E2+e2 T N2\, — E)2+e2

with (Aa)1<a<n_1 the eigenvalues of (X()*X (1) with corresponding L2-normalized eigenvectors u,’s, and
ga = |ua : Y1|2~

Let (vk)1<kgn be implicitly defined through fOA/k pmp (dz) = k/N, with uyp 4 from (1.17). If B < y|ny2),
we define m = [3N/4]. If E > N2, let m = [N/4]. Convergence of N~* Z,JCVZI Oup (H1,..., N are the
eigenvalues of H) to pinvp, under the minimal assumption of finite second moment of the entries [Wac78] has the
following elementary consequence: For any ¢ > 0, P(Ax) = 1 —o(1) where Ax = Ny/7<p<sn/7ilie — x| < c}.
By interlacing, on Ay the (dmi¢)o<e<s all have the same sign and absolute value greater than N2, and
CmyCm+1 > cg/N2. Hence we can apply [BEYY16, Equation (B.4)]? with 7 = 0,7 = p = 2 (and either E or
—FE depending on the sign of the d,,1¢’s) to obtain, on Ay,

C N0
. < 07)
VCEmCm+1 mln(dm+1a dm+27 dm+3) €

so that E[N?14,] < N and in particular P(N7 > 1) — 0 fore = e~ V",

N N—-1 )
Ey, [ (D cala)® + (E= Y daa)?)” | <
a=1 a=1

(1.7) This proof has the same idea as the one for Wigner matrices; the only difference is that the product of entries
associated to one permutation is estimated as follows. Fix § so small that p has finite 2 + 20 moment. For any
permutation ¢ € S, define X, = [(YYT/N — E)y 51y ... (YYT/N = E), 5()|- Let

¢ = max(E[[ Y| E[ VL)) < oo,

Then from convexity of x — 2!7° we have

1+6

N P N P 146
1 1
N > T¥iiYews — Edioe] <N > (H!Yi,jiyo(i),ji - E5i,a(i)|> :
Jiyeendp=1i=1 Jiseenip=1 \i=1
and thus
PN 1o 1 N p 146
EXGH]=E|(]] ~ > (YiiYoyj = Edio) S N >, E (H(Mm%um + IE)>
=17 j=1 seenip=1 i=1
1 N
— 146
=% Y Bl
Jiseesdp=1
Now each Zj, . ;, is the sum of 2?7 terms, each of the form |E[P* H’;Zl Yieji, Yo(ic),gi, | for some k € [1, p]

and some collection of distinct integers iy, ...,4; € [1,p]. Since they are distinct, each entry of the matrix YV
appears with power at most two in such a term; since these entries are independent, we have

k

—k

E <E|p H |Yié7jig YU(U)JQ
{=1

1446
) < \E|(p_k)(1+6)c§k < max(|E|, cs, 1)2p(1+5) = C?:Dé1+6)

Then Minkowski’s inequality in L' gives

E[X; 7] < sup E[(Zj,...5,)" ) < (265 p)P0H).
j17"'7jp

The rest of the proof is similar to the Wigner case.

2The assumption (1.15) is exactly the needed input for [BEYY16, Lemma B.4]. Note that although this Lemma assumes p has finite
moments of all orders, this is actually not used in its proof.
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Finally we check assumption (S) with the new definition (3.13). Write Yoyt = ®(Xeut) for the p x N matrix Y
with entries truncated at level N=%1/2; then it is classical that

dis(fyyr /N, fy,,,yT

cut

1
/N) < Z;rank(Y — )/Cut)

(this follows from interlacing of singular values; see, e.g., [BS10, Theorem A.44]). The rest of the argument with
Bennett’s inequality goes through from here; note that P(|W;;| > N=*) and P(|Y;;| > N=%*1/2) are of similar order
because Y has order-one entries but the Wigner matrix W has order—ﬁ entries.

3.8 Gaussian matrices with a (co)variance profile. We will use Theorem 1.2 (concentrated input) to prove
Corollary 1.9.B. First we need the following sequence of lemmas establishing consequences of our model assumptions
(such as the log-Sobolev inequality and tail decay estimates).

Lemma 3.6. Let C = Cy be the covariance matriz of the upper triangle of Hy considered as a Gaussian vector, i.e.,

C is an N(AQIH) X N(A;H) matriz with entries

Cij),(k,0) = Cov(H;j, Hye) = Cov(Wij, Wie).

Let p be as in the weak-fullness assumption (wF). Then, in the sense of quadratic forms,

C>N"1"PId.
Proof. We claim that
w @ N-Ew(©or) |y (3.18)
where Wgog is distributed as a GOE matrix (i.e., independent Gaussian entries up to symmetry with ]E[(Wi(jGOE))Q} =

146845 . . . -
%) and where W’ is some real symmetric Gaussian matrix independent of W (GOE),

Indeed, consider the N? x N? covariance matrix €y of the full matrix W (not just the upper triangle). We will
index this by matrix locations, i.e., €y has entries (6w ), j),k,¢). Write Gcor for the covariance matrix for GOE.

We index a vector B € RN’ similarly, writing B; ;), and associate with it the matrix B € RV*N (defined by

Bij = B.j).
Notice that the matrix B need not be symmetric. Whenever B has unit norm, we have
1 RO B+ BT\?
<By(gGOEB> = N Z B(m)(éikéjg + 5i65jk)B(k,é) = — TI‘(BB + B ) = N Tr T .

£ N
1,5,k,€

Thus by the weak-fullness assumption (wF) we have

()] o () ) - o

To complete the proof of (3.18), we write
Cw = N P6cor + (6w — N P%cor)

(B,%wB) =E[(Tx(BW))?| =E

and interpret the matrix in parentheses on the right-hand side, which we just showed is positive semi-definite, as the
covariance matrix for W'.
Now we consider the N(A;H) x NNV+1)

covariance matrix C = Cy of the upper triangle of W, and define Cqog

o NN+ o, . . .
and Cy similarly. Then whenever v € R = is indexed with upper-triangular entries we have

(v,Cwv) = (v, N"PCqorv) + (v,Cwrv) = N P(v,Caopv) = N~'7P Zv(zm») + ZU(QM) > N"P||v||3
i

i<

which concludes the proof. O
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Lemma 3.7. For every ¢ > 0, there exists cc > 0 such that the law of the upper triangle of Hy, considered as a

vector, satisfies the logarithmic-Sobolev inequality with constant CCNWC.

Proof. Since the logarithmic-Sobolev inequality is preserved under translations, it suffices to prove the statement
with Hy = Wy + E[Hy] replaced by Wy. This is essentially an exercise in spelling out our model assumptions,
which come from [EKS19].

The upper triangle of Wy is a Gaussian vector with covariance matrix C. Define the matrix |C| by [C|; ;) (.0 =

N+ . :
and whenever u € R™"z~ is a unit vector, define the unit vector lul by |ul; ;) = |u(;,j)|- Then

(u, Cu) < (Jul, [Clul) < IC]]]-

[

But our assumptions (D) on correlation decay imply that |||C]|| <, NTC; see [EKS19, (6b), Assumption (C)], specifically
noting that ||x[[5" in their notation is the same as N|||C||| in ours (the factor N appears since their normalization is
Hy =Ayx + ﬁWN toour Hy = An + Why).

Since C is invertible by Lemma 3.6, this implies the log-Sobolev inequality via the Bakry-Emery criterion. O
Lemma 3.8. The flatness assumption (F') implies, for each i,j, N,

p

< Var((Wy)s5) < N

pN

Proof. By writing e; for the jth canonical basis vector, understood as a column, and writing ()T for transposition,
we have E[W2] = E[W;;Wj;] = E[We;(e;)" Wi = (e)"E[We;(e;)" Wle;, but by the flatness assumption (F) we
have - = o Tr(ej(e;)") < () "E[Wej(e))" Wle: < & Tr(ej(e;)") = & O

Lemma 3.9. We have supy E[||Hy||] < 0.

Proof. Since we assumed supy ||An|| < oo, we need only check supy E[||Wx||]] < co where W = Wy = Hy —E(Hy).
We apply the relevant local law from [EKS19]. This local law provides a sequence of measures iy which well-
approximate the empirical measure of W. The exact form of iy does not matter for our purpose; what does matter
is [AEK19, Proposition 2.1, Equation (4.2)], which we combine to obtain supp(iun) C [—2+/2p, 24/2p] uniformly in
N. Then the local law [EKS19, Corollary 2.3] implies that eigenvalues of W stick to supp(ixv) in the sense that, for
some constant C, we have

P(|W] = 24/2p+ 1) < CON~100,
Thus

E[[W*) < (2v2p + 1 + E[IW Ly >0 3501] < 2v/20+1)° + \/]E[IIWH P(W] > 2v2p+1)

and the last term is o(1) provided E[||W]|*] satisfies some weak bound: Since the entries W;; are centered Gaussian
with variance at most & by Lemma 3.8, Hélder’s inequality gives

E[IW*] < E[Te(WH] < Y EWyWiWeWa] < ) (EIWSIEWLIEWLIEWA])Y < 3p*N?,
i,k L 04kl
which is sufficient. O
Lemma 3.10. There exists C' such that, for every t > 0, we have
B(|[Hyl|| > £) < eV mext=C0),
Proof. For definiteness, we consider the logarithmic Sobolev inequality from Lemma 3.7 with constant ¢N /2,

c = cij3. We apply Herbst’s lemma with the map Hy + |Hx||, which is Lipschitz with constant V2 (by the
Hoffman-Wielandt inequality), to obtain for any « > 0

E[e®l Hxll] < gosupn Bl Hx ll+5N /202

To finish, we bound E|Hy|| with Lemma 3.9, choose a = v/N, and apply Markov’s inequality, so that the result
applies for any C' > supy E[||Hn||] + ¢/2. O
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Proof of Corollary 1.9.B. By the Herbst argument, Lemma 3.7 implies assumption (L) on Lipschitz concentration.

We now check assumption (W), with the measures puy given as the solutions of the Matrix Dyson Equation.
Most of this argument consists of importing results of Ajanki et al. and Erdés et al. Indeed, combining [AEK19,
Proposition 2.1, Equation (4.2)], we find that the supports of the measures py satisfy

supp(uv) S (—([ AN +2v/2p), [|AN | + 21/2p). (3.19)

Since the right-hand side is uniformly bounded in N, so is the left-hand side. Furthermore, [AEK19, Proposition 2.2]
shows that each py admits a density py with respect to Lebesgue measure (on all of R), and that these densities
are c-Holder continuous for some universal ¢; hence they are bounded, uniformly in N.

To check (1.10), we use Proposition 3.1. Write sy for the (random) Stieltjes transform of i, . For the Stieltjes-
transform estimate (3.1), we use the local law [EKS19, Theorem 2.1(4b)], which implies that there exists a universal
constant ¢ such that, for every sufficiently small € > 0, there exists C. > 0 with

P(\SN(E +INTE) = my(E 4+ iN ") = N2 for some |E| < N100) < CLN100,
Using the trivial bound % for a Stieltjes transform evaluated at E + i, we obtain
|E[sn (E +iN7%)] — my(E +iN~)| < NeF2971 4 90, Nee—100
for all |[E| < N9 which suffices to check (3.1). Moreover, if x > max supp(uy) we have
[Fegp) (@) = Fi ()] = 1 = Feggg () < P(| Hy|| > 2) < 7N mexe=0)

from Lemma 3.10, and similarly for the left edge, which gives (3.2) and (3.3). This verifies assumption (W).

Finally we check the Wegner estimate, with the general Schur-complement strategy. Recall we wrote C for the
covariance matrix of the upper triangle of H = Hy (we will drop the subscript N for the remainder of this proof).
Now we will write ij for its minor obtained by erasing the column and row corresponding to Hj;;. Since C is invertible
by Lemma 3.6 (and positive semidefinite), so is its minor Cj} by interlacing. Conditioned on H 7 we have that H;
is a Gaussian random variable with (an explicit mean that does not matter now and) variance

2 - 1 1
(0j;)" = Var(Hj;) — > Cl.ink0 (C3) ™D ot 0,00 Clr ), (1.3 = 1y, 2 e € 2N -
k<K' < Jj
(k,O)#(5,5)# (k' L")
where we used Lemma 3.6 in the last step. By Lemma 3.3 and Proposition 3.2, this proves (1.6). O

3.9 Block-diagonal Gaussian matrices. As in subsection 3.8, we will use Theorem 1.2 (concentrated input).
Considered as a vector, the upper triangle of Hy satisfies log-Sobolev with constant £, since it consists of independent
(possibly degenerate) Gaussians with variance at most £-. This implies the Lipschitz-concentration assumption (L).

Now we check assumption (W). We assumed in (R) that the MDE measures py have a bounded density; they
lie in a common compact set by the estimate [AEKN19, (3.32a)] and arguments like those around (3.19), so it
remains only to check (1.10), through Proposition 3.1. If sy denotes the Stieltjes transform of Hp, then the local
law [AEKN19, (B.5)] implies that there exist universal constants § > 0 and P € N such that, for every 0 < v < §,
there exists C, with

~yP

IP’<|3N(E +iN77) —my(E+iN77)| > for some E € R) < C N1,
For the tail estimate (3.2), we essentially mimic the proof in the case of Gaussian matrices with a (co)variance profile,
with the following differences: Here the estimate sup y E[||Wx||?] < oo is easier, since (recall that Wy is block-diagonal
with blocks X1,..., Xx) we have E[|Wy|?]'/? < Zfil E[||X;||?]'/2, and it is classical that sup y E[|| X;]|?] < oo since
X; is a Gaussian matrix whose entries all have variance order %, by assumption (MF). Since the log-Sobolev constant
is now at most p/N, we obtain P(|Hy/| = t) < e~V max(0:t=C) for some constants ¢, C' > 0, which verifies (3.2) and
(3.3). This completes the proof of (1.10).

Finally we check the Wegner estimate (1.6) with Proposition 3.2. Here Lemma 3.3 applies immediately, since the
conditioning is trivial, and we assumed in (MF) that the variances on the diagonal are all at least of order %
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8.10 Free addition. We will use Theorem 1.2 (concentrated input). Write Hy = E+Apn —I—ONBNO%. Concentra-
tion for Lipschitz test functions follows from classical results of Gromov-Milman: If S = E 4 supys, (|An|| + | Bx|)
and f: R — R is Lipschitz, then (see, e.g., [AGZ10, Corollary 4.4.30])

2772
p(‘]lvm FUHN)) - }VE[TW(HN»J’ > 6) < %XP(—H&(;M)’

Lip

which suffices to check (1.11) and thus assumption (L).
For assumption (E) with the reference measure puy = pa B pp, we will use the local law of Bao et al, [BES20,
Corollary 2.8]: for every € > 0 and all N > Ny(e), we have

P(dKS(ﬂHwaMA Bug) > N‘“‘f) < N~L00,

This implies dks(E[fimy], paBpus) < N~1%¢. We obtain the same estimate for W1 as in the proof of Proposition 3.1
(there are no tail estimates because all the measures iy, and ps B up are supported on a common compact set).

It remains only to check the Wegner estimate (1.6). The argument is different depending if E is in the bulk of
s B pp (meaning in the interior of the single-interval support), or if F is outside the support. In the first case, we
prove the Wegner estimate with the much stronger fixed-energy universality results of Che-Landon [CL19, Theorem
2.1]. This result implies

€ €
Nia @) (B) "~ Niua aaquE))) =1-Fle),

where F(¢) is a special function found by solving the Painlevé V equation satisfying lim. o F(¢) = 0. Thus

lim IF’<H ~ has no eigenvalues in (E —

N—o0

1 1
l}\ggofP<HN has no eigenvalues in (E - N E+ N2>) >1- linslisoup F(e)=1.

In the second case (if E is outside the support of pa B up), the Wegner estimate is much easier, since indeed
P(no eigenvalues in (E — 0, E+6)) — 1 for small enough 6. This follows, e.g., from the large-deviations principle for
the extremal eigenvalues of this model established by Guionnet and Maida [GM20], or from the edge rigidity of Bao
et al. [BES20].

3.11 Proofs of examples showing necessity of assumptions. In this subsection we show the importance of
two of the trickier assumptions of Theorem 1.1. Precisely, for each of (1.5) and assumption (S), we give an explicit
example satisfying all the assumptions of that theorem except for the one in question, for which the conclusion fails.
All notations refer back to that section.

Our example where (1.5) fails and determinant concentration fails is the following: Let (X;;)1<i<j<n be centered,
ii.d. with variance 1 and a compactly supported and bounded density; choose some 6 € (0,1) (e.g. 8 = 1/8 works)
and let A be deterministic, diagonal, and defined through A;; = eV elli< ~i-o with all other entries zero; and define
symmetric H = ®(X) as H;; = ®(X);; = % + A;; for i < j. In this example, gy = psc.

Our example where assumption (S) fails and determinant concentration fails is the following: Let (X;;)1<i<i<n
be as above, include the additional random variable X, with P(Xg = N) = N~! = 1 — P(Xy, = 0), and define
A = Xy Idy; then we let H = ®(X) be symmetric defined by H;; = ®(X);; = % + A;; for i < j. In this example,
MUN = Psc-

In the remainder of this subsection, we prove that these examples have the claimed properties.

3.11.1 Necessity of bounds on large eigenvalues.

Write the compact support of the X;’s as [T, T]. This proof is essentially an application of the Weyl inequalities.
Note that ||®||rip = N~—1/2; since the X;’s are compactly supported, this means X, = X for £ < 1/2 and N large
enough, and hence (S) is trivially satisfied. Equation (1.6) holds by Lemma 3.3. If x < 6, then (E) holds with

UN = psc by interlacing; indeed, defining the matrix G by G;; = %, we have dks(fig, firr) < % rank(A) = N7,
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Since G is a Wigner matrix with all moments finite, [Bai93, Theorem 4.1] shows dks(E[fig], psc) < N~/4, and thus
if # < 1/4 we have
dxs (Elfin]; psc) S N7
We transfer this from dkg to dpy, in the same way as for Wigner matrices, above. For (1.7), the Weyl inequalities
give deterministically
N
et (Hy)| = [TIre(Hw)I < J[u(A) + TVN) = (¥ + TVN)Y (VNN N7 < 2NN (TV/N)Y
i=1 1=1
which suffices to check (1.7) (with any J > 0).
On the other hand, (1.5) fails. Indeed, by the Weyl inequalities the N'~% large eigenvalues of H satisfy

=

1
A=V —TVN > 5eNg, (3.20)

so for e < 6 the failure of (1.5) follows from the deterministic estimate

N N 1 e Nt—f -
T[O+ M) > I el > (26N ) gV,
i=1 i=N—N1=041

The proof that determinant concentration fails is somewhat involved, but mimics the proof of the lower bound
of Theorem 1.1. The idea is that the largest N'1=¢ eigenvalues contribute a factor of size eV, as above, and the
rest of the eigenvalues behave as if semicircular (this is the difficulty), so we get a lower bound for the determinant
asymptotics that is order-one above what the semicircle would predict. We now sketch how to prove this rigorously.
Since X = Xcyut, we simplify our notation and write /i = fig(x). Recall our eigenvalues are ordered A\ < -+ < An;
we decompose this measure as

NNl" N

~ _ atrunc AT, tail Atrunc _ ~r. tail __
fio= e 4t = § O, [ =~ > Ox;-
i=N—-N1-041

Notice that g*'"¢ has mass 1 — N=% and " % has mass N=?. Compared to (2.2), the event & is no longer
necessary; the events ., and &, remain the same (since they clearly imply the analogues for 4'""¢), and each still
has probability 1 — o(1); the event Econe is replaced with

etgiee = {| [row (e~ wamep(an| < o,
This is a likely event, since

(3.21)

[ rowi 0 Bl (x| < 2log, (i (R) $ N <
(here it matters that 6 not be too small), and thus if ¢ < 6

runc ~ t
1 peets) < | [os )(a - By > 5 ).

but the right-hand probability is o(1) by arguments as in the proof of Lemma 2.3. By mimicking (2.6) but handling
the large eigenvalues instead with (3.20), + log E[|det(Hy)|] is larger than

1—

log2 1 T N [(og|a|—log, (\)at™™(dx) K ~trunc
B+ [ J Cosi—tos, () Ly Lesype | —t+ [ logi (VE[A"™)(aA)

=1+ [log K OUEL™™ 0N — o(1),
AT, tail

where the last equality follows by mlmlckmg Lemma 2.5. Now E[a®u0¢] = E[a]—E[a* %] and by (2.7) and arguments
as in the proof of Lemma 2.2, we have [logX (\)E[4](dA) > [log|A|pse(A) dA+0(1). The term [ log) (\)E[f* *2i1](dA)
is handled as in (3.21). Overall, this gives liminfy_,c % log E[|det(Hy)[] = 1+ [log|A|psc(A) dX which contradicts
(1.9).
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3.11.2 Necessity of spectral stability. With T as above, the eigenvalues of H are at most N +7Tv/N determin-
istically; this implies (1.5) and (1.7). For (1.6), we note that on the event {Xy = N}, the eigenvalues are at least
N — TN > 0, so there are clearly no eigenvalues near zero; on the event {Xo = 0}, the matrix H is just a Wigner
matrix, for which we proved (1.6) above. Now we claim that assumption (E) holds with uy = psc. Indeed, for test
functions f with || f||rip + || f]|ze < 1 we have

E[| [ 1(@)in - puian) - %

1x,— N} < 2P(Xy = N)

and on the event 1x,—¢ we revert to the Wigner case studied above.

On the other hand, notice that (Xcy)o is always zero, so on the event { Xo = N} the measure fig(x.,,) is supported
on [-T+v/N,T+/N] while fle(x) is supported on [N —T+/N, N +T+/N]. For large enough N these are disjoint, so the
measures are one apart in KS distance, and thus P(dks(fia(x), fo(x.,)) > N7%) = %, which shows that (S) fails.

Finally, since E[|det(H)|] > E[|det(H)|Lx,=n] = (N — TV N)NP(X, = N), we have + logE[|det(H)|] — +o0

and determinant concentration fails.

4  VARIATIONAL PRINCIPLES AND LONG-RANGE CORRELATIONS

4.1 General scheme. In this section, we study expected determinants in the presence of long-range matrix
correlations. The prototypical example to keep in mind is

Hy = Wy + €14,

where Wy is drawn from the Gaussian Orthogonal Ensemble (GOE), and £ ~ N(0,1/N) is independent of Wy.
Matrices of this style are very common in the landscape-complexity program, but our main theorems do not apply
directly because of the presence of long-range correlations (here, along the diagonal of Hy). Nevertheless, there is
still a general procedure to understand the determinant asymptotics for such matrices, which we illustrate in the
case of this example. We first notice

E[|det(Hy)|] = #/RG_N§E“det(WN +u)] du.

V27 /N

Our determinant asymptotics do apply to Wy + u, giving E[|det(Wy + u)|] = e
the Laplace method suggests

N2() for some constants X(u); then

. 1 u?
A}gnoo N log E[|det(Hy)|] = itelg{ﬁl(u) - 2}. (4.1)

This method has appeared before in special cases, for example in [AC14] and [FLD20]. In Section 4.2, we prove
results of this type without reference to any particular matrix model. In Section 4.3, we prove extensions necessary
to understand asymptotics of the form

o1
Jim - log Ef|det(Hw) Ly ol

In complexity computations, these “restricted determinants” correspond to counting just the local minima among
all critical points. The upshot is that this limit is also a variational problem as in (4.1), but restricted to u in some
good set instead of all Euclidean space.

4.2 Variational principles for unrestricted determinants. For applications to complexity, we will need not
just one matrix Hy, but a field of matrices Hy(u) for u € R™ (here m is independent of N), with approximating
measures iy (u).

Theorem 4.1. Assume the following:
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— (Assumptions locally uniform in u) Each Hy(u) satisfies all the assumptions of Theorem 1.1, or all the
assumptions of Theorem 1.2. In addition, all limits, powers, and rates in these assumptions are uniform over
compact sets of u.3

— (Limit measures) There exist probability measures po.(u) such that

dpr(pn (), oo (w)) <K N7 if we are in the setting of Theorem 1.1, or

<
Wi(pun(w), oo (u)) < N7F if we are in the setting of Theorem 1.2

for k = k(u) > 0 that can, again, be chosen uniformly on compact sets of u. These measures also admit
densities oo (u,-) on [—k, k] that satisfy pieo(u,z) < & |z| ™" for all |z| < k.

- (Continuity and decay in u) For each N, the map u — Hy(u) is entrywise continuous. Furthermore, there
exists C' > 0 such that
E|det(Hy (u))[] < (Cmax(||uf, 1))". (4.2)

Then for any o > 0, any fired p € R, and any ® C R™ with positive Lebesque measure that is the closure of its
interior, we have

1 2
lim Nlog/ e~ WAl g det(Hy (u))|] du = sup{/ log| Al oo (u) (dX) — a||u|2}.
o) R

N—o0 ueD

Remark 4.2. A close inspection of the proof shows that the condition “D is the closure of its interior” is only
necessary for the lower bound in Theorem 4.1. For the upper bound, it suffices to assume that © is simply closed
(and has positive measure). We will use this below.

The proof of this theorem relies on the following two lemmas, in addition to determinant concentration in the
form of Theorem 1.1 or 1.2. We postpone their proofs until after the proof of the theorem. Recall that Bp is the
ball of radius R around zero in R™.

Lemma 4.3. )
Jim limsupﬁlog/ e~ VPl R | det(Fy ()] du = —o.
B

R—o0 N0 <

Lemma 4.4. The function
Sulul = [ Tog\nac()(@) — allul?
is continuous, and lim | 4oc Salu] = —00.

Proof of Theorem 4.1. First we prove the upper bound. We apply Theorem 1.1 or 1.2 with the reference measures
oo (u). Since all inputs are uniform over compact sets of u, so is the conclusion; that is, for all R, we have

1 B o u
lim sup — log sup {E[|det(HN(u))|]e NfRI I A oo ( )(d/\)} <0
N—oo uEBR

and a matching lower bound we will use momentarily. If R is large enough that |[Br N®| > 0, then we conclude

1 1 _ 2
lim sup — log/ e~ NtPellul* B(|det(Hy (u))|] du < lim sup — log el?l*®* / g~ Vellul®+N [ loglA oo (w2 dX g
Brn® N BrN®

N—oo N—o0
{log(lBRﬂ’D)l}

< sup S [u] + lim sup N

ueD N—o00

An application of Lemma 4.3 finishes the proof of the upper bound.

3For example, writing (A;(u))Y, for the eigenvalues of Hy(u), the condition (1.5) becomes: for every compact K C R™,
. N
lim N 00 SUP, e i % log]E[Hizl(l + IAi(u)l]l‘)\i(u)‘>eNE )] =0.
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Now we prove the lower bound. Lemma 4.4 tells us that sup, g Sa[u] is achieved at some (possibly not unique)
ug. Since S, is continuous, for every € > 0 there exists a bounded neighborhood U, of ug on which Sy [u] = Sq[ug] —e.
Since D is the closure of its interior, we have | ND| > 0.

For each R, applying Theorem 1.1 or 1.2 with arguments as above yields

.1 . —N [ log|A|proo (u)(dA)
_ > > 0.
lﬂlgof = log uleanR{]EHdet(HN(u))]e R >0
If R is so large that U. C Bg, then

1
liminf—log/ e_(N+p)O‘”u”2]E[|det(HN(U))HdU
N—ooo N )

1
> 1}glianlog{e—'P'aR2 / e-Na'"'ZE[deuHN(u)mdu}
—00 U-N»

1 1 1
> liminf — log/ eNSalul dy > lim inf — log/ eN(Saluol=¢) gy > S, [ug] — € + lim inf M.
N—ooco N U.ND N—co N U-ND N —oc0 N
Letting € — 0 completes the proof. O

Proof of Lemma 4.3. If wy, is the surface area of the unit ball in R™, then from (4.2) we have

J;

which suffices by the Laplace method. O

e~ (NtP)llul’ B[ det( Hy (u))|] du g/

[
_ 2\ _ 2 _on2) 2 _
eN(log(CHuH) allul| ) po|ull du:wm/ eN(log(Cr) ar ) par®,m 1d7’
B R

c c
R R

Proof of Lemma 4.4. Fix N. We assumed that Hy (u) is an entrywise continuous function of u. Since the determinant
is a continuous function of the matrix entries, dominated convergence (with dominating function given by (4.2)) says
that E[|det(Hx (u))|] is continuous in u, hence so is + log E[|det(Hx (u))[]. Then Theorem 1.1 or 1.2 shows

i sup |- Tog Elldet ()] = | Tog\ s ()(@N)| = (43)

N—o0 yeBgr

and [ log|A|tioo (1) (dA) is the locally uniform limit of continuous functions. Thus Sq[u] is continuous.
The decay at infinity follows from [; log|A|zeo (u)(dA) < liminfy o0 A log E[|det(Hy (u))]] < log(C max(|ul[, 1)),
obtained by (4.3) and (4.2). O

4.8 Variational principles for restricted determinants. Let G C R™ be the set of “good” u values
G={ueR": poo(u)((—00,0)) =0} = {u € R™ : 1(ptoo(u)) = 0}. (4.4)
For each ¢ > 0, consider the following inner and outer approximations of G:

Gre ={u € R™ : Lpioo (u)) = 2¢},

m (4.5)
G . = {u € R™ : piog (w)((—00, —¢)) < e},
Theorem 4.5. Fiz some ® C R™, and suppose that © and the matrices Hy(u) satisfy the following.
— All the assumptions of Theorem j.1.
— (Superexponential concentration) For every R > 0 and every € > 0, we have
]\}gnoo Nlog N log usequR P(dBL(f1ry (u), oo (1)) > €)| = —00. (4.6)
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- (No outliers) For every R > 0 and every € > 0, we have

lim inf P(Spec(Hy(u)) C [L(poo (1)) — &, 1 (oo (v)) +€]) = 1. (4.7

N—00u€DNG+.NBR

— (Topology) Each G, is conver; ® is convexr and closed; the set © N Gy1 has positive Lebesque measure; and

DN (U g+s> =9NG. (4.8)

e>0

Then for any a > 0 and any fized p € R, we have

1
tim_log | &P Bljdet(Hoy (1) | Ly uysol du = sup { [ loglAlac(a) ~ alful? |
N—oo N @ - uwedng (/R

We prove the upper and lower bounds separately in the next two subsubsections.

4.3.1 Upper bound. The proof of the upper bound of Theorem 4.5 relies on the following three lemmas, which
we will prove after.

Lemma 4.6. Each G_. is closed, and G is closed.

Lemma 4.7. For every € > 0, we have

—(N u
Nh_r}r;@—log/ E)c (Ntp)aull? E[|det(Hx (u)) 1 gy (u)>0] du = —o0.
Lemma 4.8. We have

lim sup S,fu] < sup Salul.
el0 yeodng_. u€EDNG

Proof of the upper bound in Theorem 4.5. For each € > 0, Lemma 4.7 yields

1
lim sup i log/ e_(N+p)a|‘“||2]E[|det(HN(u))\]IHN(U)>0] du
D

N—oc0

1
< limsup — log/ e~ NFPl PR | det (Hy (1)) Lz, (u)50) du
DNG_e

N—o00

N—o00 uEDNG_o

hmsup—log / ~N)alu R det(Hy (w)[] du < sup  Sa[ul.
DNG_.

The last inequality holds by Theorem 4.1 applied to ©® N G_., which is closed (by Lemma 4.6) and has positive
measure (as a superset of © NG, which has positive measure by assumption). By Remark 4.2, these are the only
conditions we need to check. Letting ¢ tend to zero and applying Lemma 4.8 completes the proof. O]

Proof of Lemma 4.6. Since we assumed that v — Hy(u) is entrywise continuous and the spectrum is a continuous
function of matrix entries, we have that u + fif, () is almost surely continuous with respect to the bounded-
Lipschitz distance: dgr(fary (u), firiy () < % ZZI\LI min(2, |A;(u) — A;(u')]). By dominated convergence, this means
that u +— E[fiy, ()] is continuous with respect to dpr. But dpr(E[fis, (u)], teo (1)) — 0 uniformly on compact sets
of u by assumption (here we use dgr, < W; for the concentrated-input case), so we conclude that u — pioo(u) is
continuous with respect to dpr,, as well. Since dpr, metrizes weak convergence, and since the defining properties of
G and G_. can be stated in terms of distribution functions of i, (u), which are continuous since each o, (u) has a
density with respect to Lebesgue, the lemma follows. O
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Proof of Lemma 4.7. From Lemma 4.3, it suffices to show

N—o00

1
lim — log / e~ NVl B det( Hy (1)) [1 1, (uy>0] du = —00
(g—s)cmBR

foreach R > 0. If Hy(u) 2 0 and u € (G_.)¢, then by taking some %—Lipschitz Je satisfying S1,<o > fe(z) > S1o<
we obtain dr (fiay (u), Hoo (1)) = § oo (u)((—00, —€)) > % For small § > 0, this gives (for N > —p)

/ e_(N+P)0‘““”2]E[|det(HN(u))|]1HN(u)>0] du
(G—c)°NBRr

35
N R g2\ T
< 15l sup Blden(y ()17 ) (sup Pl oy i (0) > 5))
u€EBR u€EBR

This suffices by (1.7) and (4.6). O

Proof of Lemma 4.8. From their definitions, we have ()., ,G-. = G. We take the intersection of both sides with ©.
Next, we claim that there exists some R > 0 such that

sup S,lul= max  Syfu] and sup  Sylu] = max Salul] (4.9)
ueEDNG u€(DNGNBR) UEDNG_. u€(®NG_NBR)

for every € > 0. Indeed, the proof of Lemma 4.4 shows that
Salu] <log(Cllul)) — afjul?

on R™. Since S, is continuous and ® NG is closed by Lemma 4.6, let u, € ® NG satisfy sup,cpng S[u] = S[u.], and
let R > 1 be so large that log(CR) — aR? < S, [u.].

For each ¢, since ® N G_. is closed (again by Lemma 4.6), let u. be such that S, [uc] = sup,cong_. Salu]. Then

ue. € Bg; otherwise, we would have
uchox Solu] = Safuc] <log(CR) — aR? < S,[u.] = ax Salu] < chax Salul.
This verifies (4.9).

Since the {u.} lie in a compact set, they have a limit point up up to extraction. Furthermore, ug € D NG =
Ne(® N G_.). Indeed, otherwise a neighborhood of ug would be contained in (D NG_.,)¢ for some &1, hence in
(D NG_.)° for every € < &1 (since the sets are nested). But then ug could not be a limit point of {u.}.

Thus by continuity of S, we have lim. o sup,cong_, Salu] = lime o Sa[uc] = Safuo] < sup,eong Salul. O

4.3.2  Lower bound. The proof of the lower bound in Theorem 4.5 relies on the following two lemmas, which we
will prove after.

Lemma 4.9. For each u € R™ and each 6, > 0, define the set of probability measures
M (u,d,e) = {p : dpL (1, poo(u)) < & and supp(p) C [L(koo(u)) — &, T(poo(u)) + €]}

that are close to oo (u) both in dgy, and in support. For all R, all 0, and all £ sufficiently small depending on R, we
have

26
inf < inf /log|)\|u(d)\) /log|/\|,uoo(u)(d)\)> > ——.
u€©ﬂg+gﬁBiR HGM(U’57€) €
Lemma 4.10. Each G is closed, and for all R large enough we have
sup Splu] = max_ Syfu] and sup  Syfu] = max _ Sylu] (4.10)
ueEDNG ue®NGNBR ueDNG ueEDNGL.NBR
for every 0 < e < 1. Furthermore,
lim sup Syfu] = sup Sufu]. (4.11)

el0 ueDNG o ueDNG
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Proof of the lower bound in Theorem 4.5. Since

P(firy ) & M(u,6,€)) < P(Spec(Hn (1) & [L(poo(w)) — &1 (oo (1) + €]) + P(dBL (firry (u): Hoo(w)) > 6),

(4.7) and (4.6) tell us that

1 . .
A}gnoo N log< inf P(fpry ) € M(u,d, 5))) =0. (4.12)

wEDNG+.NBr

Let R satisfy Lemma 4.10, and additionally be so large that |CD NGi1 0373| > 0. If ¢ < 1 is sufficiently small
depending on R, then by Lemma 4.9 we have

/De(N”)""“”Q]E[ldet(HN(U))]lHN(u);o} du

> o~ lplaR? / e~ Nellul? exp (N inf /log)\m(d)\))ﬂb(ﬂHN(u) € M(u,d,¢))du
DNG4.NBr e M (u,8,¢)

2N§
> o~ lplaR? inf _ P(Agy ) € M(u,d,¢)) | exp (—) / _ eNVSalul gy,
wEDNG1-NBR € DNG4+eNBr

Now we take the logarithm of both sides, divide by N, let N — oo, and then let § | 0. The set ® G, .N By is closed
and convex, as the finite intersection of such sets. Since closed convex sets in Euclidean space have empty interior if
and only if they lie in a lower-dimensional affine space, we conclude that ® N G,. N Br has nonempty interior from
the fact that it has positive measure. Since a closed convex set with nonempty interior is the closure of its interior,
we can apply Theorem 4.1 to this set. From this theorem and from (4.12), we have

lim inf/ 6_(N+p)a“u”2EHdet(HN(u))|]1HN(U)>0] du > sup Salu] = sup  Suful.
N—oo Jg u€DNGNBr uEDNG, .
By (4.11), this suffices. O

Proof of Lemma 4.9. Consider the function f, defined on [1(poo(u)) — &, 1(poc(u)) + €] by fu(A) = log|Al. If u €
D NGy N Bg, then

m | D

[ fulltip + [ full e < é + max{|log(e)|, [log(r(peo (1)) + €)[} <

where the last inequality holds for e sufficiently small, uniformly over u € Bp, since supp(peo(u)) is compactly
supported uniformly over u € Bgr. This implies that whenever u € M(u,d, ), we have

‘/1og)\|u(d)\) —/log|>\|uoo(u)(d>\) < gdBL(ﬂaﬂoo(u)) < 2;5

O

Proof of Lemma 4.10. The proof of Lemma 4.6 shows that the map u — poo(u) is continuous with respect to weak
convergence; thus each G, . is closed.

The proof of Lemma 4.4 shows that S, [u] < log(C|lu||) — a|/u[|?> on R™ and that S, is continuous. Since ® NG
is closed by Lemma 4.6, and each © N G, is closed by the argument above, we can write sup,cong Salt] = Salus]
for some u, and sup,cpng,. Salu] = Saluc] for some wu..

Let R > 1 be so large that log(CR) — aR? < S,[u1]. Then u. € Bg for each € < 1; else we would have

= < —aR? = < .
uer%l?g:g Salu] = Sqfue] <log(CR) — aR® < Sy fui] uelgg)g(“ Salu] < ue%l%)g(“ Saul]

This verifies (4.10).
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For each € > 0, let

Salu] ifu€DN (Ues0G+e),
—o0o  otherwise.

Fre(u) = Fro(w) = sup fre(u) = {

—o0o  otherwise,

{Sa[u] itue®nNg,.,

Since the G.’s are nested and S, is continuous, we have

lim sup Syfu] =sup sup Syfu] =sup sup fi(u) = sup sup fi.(u) = sup fio(u)

el0 ueDdNG, . e>0 u€eDNG4 e >0 ucR™ uER™ >0 ueR™
= sup Salu] = sup Salu] = sup Sylul,
u€EDN(Ue>0G+<) wE€DN(Ue>0G1e) ueDNG
where the last equality follows from (4.8). O

APPENDIX A EXTENSIONS TO PRODUCTS OF DETERMINANTS

In this section, we are interested in expectations of products of determinants like E[Hle \det(H](\;))H, where £ is
independent of N. In the landscape complexity program, these asymptotics help understand the ¢th moment of the
number of critical points of some high-dimensional random function. Everything essentially is the same as in the
case £ = 1, and we obtain leading-order determinant asymptotics consistent with

E

3 3
[T det(Hx>>|] ~ [T El det(H)]) (A1)

i=1

on exponential scale in N. This is true no matter the correlation structure between the Hj(\f) ’s, which is perhaps
surprising at first glance. However, note that (A.1) should hold at “both ends of the correlation spectrum,” so to
speak: On the one hand, it holds with exact equality if the HJ(\?)’S are independent; on the other hand, if we believe
in concentration then (A.1) is very plausible when the Hj(é)’s are the same as each other.

However, (A.1) does require slightly stronger moment assumptions, which are encapsulated in the following

generalization of assumption (C) (notice that (C*) with £ = 1 is the same as (C)).

(C*) In addition to the Wegner assumption (1.6), we require

N
o1 ,
Jim = log 1:[1(1 + ALy meve )| =0 (A.2)
for every € > 0 and
1
lim sup ———— log E[| det(Hy)[**+)] < 00 for each 1, (A.3)

for all sufficiently small > 0.

Here is the analogue of Theorem 1.1.

Theorem A.l. (Convexity-preserving functionals) Fiz { € N, and consider ¢ collections (XD)¢_, each con-
sisting of M arbitrary independent entries. The collections can have any correlation structure with respect to each
other. Consider matrices Hj(\?) = oO(X D) that each satisfy Assumptions (I), (M), (E), (C*), and (S) with reference

measures ug\i,) . Then

0 14
[1I det(Hx>>|] -3 / log| A5y (dA)) =0. (A4)

. 1
A <N log
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Proof. We refer freely to objects from the proof of Theorem 1.1, adding a parenthetical index (i) to indicate their
corresponding matrix. For example,

£D = ks (Ao (x0)s flgo (x)) S N7}

and so on. The main estimate in the upper bound is

0
H | det H( 15(1)]15(é)r.c‘|
=1

— logE

N

¢
N [ 1ogh (A (dN)

< —logE 2 N 10w g o ) H (1+ P\ ,\<i>|>K) Lol

j=1

=1 \\J

14 4 N
i 1
<U2e (V) +0)+Y :/Rlogf(/\)ugv)(d)\)—i—E:mlog | | 1+ 00
i=1 =1 j=1

conc

where we use Holder’s inequality in the last line. Using the assumption (A.2) and arguments as in the one-determinant
case, we use this to find

lim sup ( logE

N —oc0

£
H|det (H)[1 g JS(Z;Q] = / logAmﬁ@(dA)) <0
=1

To conclude the upper bound, write £(%) = Es(si) N Sc(é)nc. We expand

H|det ]lg()+]l(g()) )1

as a sum over 2¢ terms, each of which has a product of ¢ determinants and a product of ¢ indicators. We just studied
the term with every indicator on £%), and now claim that any term with at least one indicator on the complement
of £%) does not contribute. Indeed, suppose for concreteness that the indicator L(g)). appears; then the term is
bounded above by

14 J4
E H|det<H§é>>|ﬂ(gm>c] < (HEH det(H%’)“1”)]@)&»«6(“)0)&

i=1 =1

according to Holder’s. Using the new assumption (A.3), we proceed as in the proof of Lemma 2.4 to complete the
proof of the upper bound.
The lower bound is easier to generalize; by following the proof of Lemma 2.5, we find

%logE [ﬁ eNf(log\)\l—logy,(k))ﬁ¢(i)(X(i)>(d)\)]lgg('a)p]lg( ”lséol.L] > &)
i=1
with
&(N) = K(I;b log(1 + €2V p?) +3 > - = log]P(ﬂ gga)p,gs(s),gc(onc’g(i))
which tends to zero since each of the events £ has probability tending to one. |

Here is the analogue of Theorem 1.2.

Theorem A.2. (Concentrated inputs) Fixz ¢ € N, and suppose that each of the matrices (HS))5:1 satisfies the

assumptions of the one-determinant Theorem 1.2 with measures u%), Then (A.4) holds.
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Proof. For the upper bound, we mimic the proof of the one-determinant case, using Hoélder’s to obtain terms of

EN | log, (M (& i) —E[f_i)])(dX)
the form Ele Jres P D ]'/%; we simply absorb this £ into the Lipschitz constant of log,,. The lower

bound is generalized as in the convexity-preserving-functional case, Theorem A.1. O
We give two corollaries.

Corollary A.3. (Products of { Wigner matrices with subexponential tails) Let (uV)_, be a collection of
centered probability measures on R with unit variance and subexponential tails in the sense of (1.12) (the constants «

and 8 can depend on i). Let W](Vi) be a real symmetric Wigner matriz corresponding to p®. Then for every collection
(E@)E_, we have

14
; 1 (1) (i)
Jim logE [[1|det(WN — E@)|

4
=3 [1og]r = BVl ax
i=1 /R

Proof. We use Theorem A.1, verifying its assumptions as in the case of one Wigner matrix. The verification of (A.2)
and (A.3) is as follows: Dropping (---)® from the notation and arguing as in the one-point case, we find

N N

4
N
B[+ 15, seve)f | <E H<1+1OZ|Bjk|> :
k=1

j=1 j=1

where B is the matrix of tails, which has independent entries up to symmetry. When we expand and factor the
right-hand side, entries of B now appear with power at most 2¢ (instead of 2 before). Similarly, to verify (A.3) we
mimic the original notation and find

xL0+9)
det(Wy + B0+ < (et e Xo o
0

Corollary A.4. (Products of { mon-invariant Gaussian matrices) If (H%))le are Gaussian matrices with

a (co)variance profile satisfying the requirements of Corollary 1.9.B, or block-diagonal Gaussian matrices satisfying

the requirements of Corollary 1.10 — or a mixture of both — and ,ug\i,) are the corresponding MDE measures, then

L 4
H|det(H§3>)|] fZ/Rlongg@)(A) d)\> = 0.
=1 =1

. 1
R <N log E

APPENDIX B SECOND MOMENTS AND EXPONENTIAL FINITENESS

In the main text we found sufficient conditions to compute the exact value of limy_, = log E[|det(Hy)[]. In this
section we ask just when this limit is finite, but the conditions we find are both necessary and sufficient.

For the theorem statement, we fix some probability measure u, and let Hy be a Wigner matrix associated with
1 in the sense of Section 1.5. We emphasize that there are no regularity assumptions on p other than the moment
ones made in the theorem statement.

Theorem B.1. Fiz p > 1 and E € R. If u has infinite (2p)-th moment, then
E[|det(Hy — E)|P] = +o00

for every finite N. On the other hand, if i has finite (2p)-th moment, then
1
lim sup — log E[|det(Hx — E)[] < oo.
N—o0 N

The proof relies on the following elementary lemma, whose proof will be given at the end:
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Lemma B.2. For any a,b >0 and p > 1, the function f: Ry — Ry given by f(x) = (a + x'/P)P/2(b + x1/P)P/2 s
concave.

Proof of Theorem B.1. First, suppose that u has infinite (2p)-th moment. We can write det(Hy — F) = XHf, +
Y Hio + Z, where the random vector (X,Y, Z) is independent of Hip and X = —det((H;; — E)s<i,j<n)- Denoting
px.y,z the joint law of (X,Y,Z) on R and Ep,, denote expectation with respect to Hia, we have

Ewwﬂmm>/¢xmmewm#£mmﬁ%+ﬁm+4%
;

We have P(X = 0) < 1, so it suffices to show that, for every deterministic (z,y,2) € R with x # 0, we have
IEJH:UH%Q +yHis + z’p} = +00. Indeed, suppose without loss of generality that « > 0; then there exists a threshold
tz,y,- such that, for |Hya| > ts ., we have vHZ +yHyp +2 > %H%Q; thus

T\ P
El|aH?, + yHio + 2|°] > (5) E[|H2|* 151, 1., ] = +00.

Now suppose that g has finite (2p)-th moment, and write the columns of Hy — E, which are N vectors each
of length N, as (V;)X, = (Vi(E))ﬁl. Write || - || for the 2-norm on vectors, and for simplicity of notation write
H for Hy. By Hadamard’s inequality |det(H — E)| < Hfil [IVill, it suffices to prove, for some finite C, that

N
B[, IVill?] < o™,
The problem is that the V;’s are correlated (since H is symmetric); to surmount this, we will apply a Lindeberg-

style argument. Fix some ordering of the strict-upper-triangular positions, i.e., amap £ : {(4,7) hi<i<j<nv —= [1; Vmax]

N(]\éfl))

(of course, Vimax = . Then, for v € [0, Umax], define the symmetric matrix H () entrywise through

H,; if v < 2((4,7)),
FE CC

ﬁE[(\/ﬁHz])zp] 2p if v 2 6((2,])),

for i = j, (H(U))ij = H;j,

for i > j, (HW);; = (HY) ;.

for i < j, (H™);; = {

In other words, H® = H, and in H(®) we have replaced v of the entries in the (strict) upper triangle, along with
their reflections in the lower triangle, with deterministic numbers.
Write (Vi(v))lgi@v for the columns of H®) — E. For any 1 < v < Upmax We claim that

N N
v—1 v
E|JTIV:C Ve | <E|TTIVI7|. (B.1)
=1 i=1
This naturally follows from
N N
-1
Ime&H4<HWWW
=1 =1

where E, denotes the integration with respect to the single entry Hy(,) (and of course its reflection in the lower

triangle). Writing Hy,y = N ~1/2X for some random variable X ~ y which has finite (2p)-th moment, the above
equation can be rewritten as

E[(a+ N7 (X)) b+ N7 (X)3)E] < (a+ NTEIX#]9)E (0 + NTE[X ] E

for some a,b > 0. But this rewriting follows from Jensen’s inequality and Lemma B.2.
Thus (B.1) holds and by iterations we end up with

N
E|[]IViP| <E
=1

N
IDM%Md.
=1
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On the right-hand side, all off-diagonal entries were replaced by deterministic ones, so the expectation splits. We
have thus proved that

N
LT vl
i=1

which concludes the proof. O

P\ N
E < <El<(H11—E)2+(N—1);E[(\/NH12)QP];’>2]> <cm,

Proof of Lemma B.2. One can compute
2f'(x) = (a+a9) 57 b+ a%)Bur ! + (a+ %) B (b +27)E Lad
Thus
2f"(z) = [(a—l—x%)%—l(b—}—x%)% + (a—l—x%)%(b—i—x%)%—l] (1 B 1>x;_2 N [(a+x%)%_1(b+x%)%—1$%—l
+(§ N 1)(“Jr5‘7%)%72%u’c%_1(l)+:z:%)E +(a+av)% (g - 1)(b+x;)§2;xp—1}x;_1,

i.e.

2atar) " E (brar) 22> E £ (2) = [(a +av) 4 (b+x%)} (]1) - 1>z—é+1+(1 - ;) (

and f”(z) has the same sign as

GG i) ()

When we change variables as u = ax~'/?,v = bz ~/?, the above becomes

1 1 14+u n 1+ 9) 4+ 1 1) (u+ )

- — = — - — U+ v),

2 p 14v 14w P
and it suffices to show this is nonpositive for all u,v > 0 and p > 1. Since y +y~ — 2 > 0, it is nonpositive
when p = 1; it thus suffices to show that it is non-increasing in p for every fixed u and v. Its partial derivative in

p is i(H“ + i 9 (u+ v)), so we just want to show that g(u,v) = % 4+ 122 2 — (y + v) is nonpositive

1

p? \ 1+v 1+u 1+v 1+u
for all u,v > 0; but g has the properties (i) ¢g(0,v) = 1iv +1l4+v—-2—-v = liv —1 <0, and (ii) dug(u,v) =
-1+ l}rv - (11%”)2 <-1+ H% = 175 < 0, which completes the proof. m

REFERENCES

[AEK19] Oskari H. Ajanki, Laszlé6 Erdds, and Torben Kriiger. Stability of the matrix Dyson equation and
random matrices with correlations. Probab. Theory Related Fields, 173(1-2):293-373, 2019.

[AEKN19]  Johannes Alt, Lészlé Erdds, Torben Kriiger, and Yuriy Nemish. Location of the spectrum of Kronecker
random matrices. Ann. Inst. Henri Poincaré Probab. Stat., 55(2):661-696, 2019.

[AGZ10] Greg W. Anderson, Alice Guionnet, and Ofer Zeitouni. An introduction to random matrices, volume
118 of Cambridge Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 2010.

[ABAC13]  Antonio Auffinger, Gérard Ben Arous, and Jiii Cerny. Random matrices and complexity of spin glasses.
Comm. Pure Appl. Math., 66(2):165-201, 2013.

45



[AC14]
[AG20]
[BS10]
[Bai93]
[BES20]
[BPZ15]

[BKMN21]

[BKMN22]
[BGO1]
[BHKY20]
[BKY17]
[BABM21]
[BADGO1]
[BAFK21]
[BAG97]
[BAMMNT19)]

[BASZ20]

[BGP14]
[Ben65]
[BEK*+14]
[BC14]
[BCC11]

[BLC15]

Antonio Auffinger and Wei-Kuo Chen. Free energy and complexity of spherical bipartite models. J.
Stat. Phys., 157(1):40-59, 2014.

Antonio Auffinger and Julian Gold. The number of saddles of the spherical p-spin model, 2020.
arXiv:2007.09269v1.

Zhidong Bai and Jack W. Silverstein. Spectral analysis of large dimensional random matrices. Springer
Series in Statistics. Springer, New York, second edition, 2010.

Zhidong D. Bai. Convergence rate of expected spectral distributions of large random matrices. 1.
Wigner matrices. Ann. Probab., 21(2):625-648, 1993.

Zhigang Bao, Laszlé Erdds, and Kevin Schnelli. Spectral rigidity for addition of random matrices at
the regular edge. J. Funct. Anal., 279(7):108639, 94, 2020.

Zhigang Bao, Guangming Pan, and Wang Zhou. The logarithmic law of random determinant. Bernoulli,
21(3):1600-1628, 2015.

Nicholas P. Baskerville, Jonathan P. Keating, Francesco Mezzadri, and Joseph Najnudel. The loss sur-
faces of neural networks with general activation functions. J. Stat. Mech. Theory Ezp., 2021(6):064001,
June 2021.

Nicholas P. Baskerville, Jonathan P. Keating, Francesco Mezzadri, and Joseph Najnudel. A spin glass
model for the loss surfaces of generative adversarial networks. J. Stat. Phys., 186:Paper No. 29, 2022.
M. Bauer and O. Golinelli. Random incidence matrices: moments of the spectral density. J. Statist.
Phys., 103(1-2):301-337, 2001.

Roland Bauerschmidt, Jiaoyang Huang, Antti Knowles, and Horng-Tzer Yau. Edge rigidity and uni-
versality of random regular graphs of intermediate degree. Geom. Funct. Anal., 30(3):693-769, 2020.
Roland Bauerschmidt, Antti Knowles, and Horng-Tzer Yau. Local semicircle law for random regular
graphs. Comm. Pure Appl. Math., 70(10):1898-1960, 2017.

Gérard Ben Arous, Paul Bourgade, and Benjamin McKenna. Landscape complexity beyond invariance
and the elastic manifold, 2021. arXiv:2105.05051v1.

Gérard Ben Arous, Amir Dembo, and Alice Guionnet. Aging of spherical spin glasses. Probab. Theory
Related Fields, 120(1):1-67, 2001.

Gérard Ben Arous, Yan V. Fyodorov, and Boris A. Khoruzhenko. Counting equilibria of large complex
systems by instability index. Proc. Natl. Acad. Sci. U.S.A., 118(34), 2021.

Gérard Ben Arous and Alice Guionnet. Large deviations for Wigner’s law and Voiculescu’s non-
commutative entropy. Probab. Theory Related Fields, 108(4):517-542, 1997.

Gérard Ben Arous, Song Mei, Andrea Montanari, and Mihai Nica. The landscape of the spiked tensor
model. Comm. Pure Appl. Math., 72(11):2282-2330, 2019.

Gérard Ben Arous, Eliran Subag, and Ofer Zeitouni. Geometry and temperature chaos in mixed spher-
ical spin glasses at low temperature: the perturbative regime. Comm. Pure Appl. Math., 73(8):1732—
1828, 2020.

Florent Benaych-Georges and Sandrine Péché. Largest eigenvalues and eigenvectors of band or sparse
random matrices. Electron. Commun. Probab., 19:no. 4, 9, 2014.

George Bennett. Upper bounds on the moments and probability inequalities for the sum of independent,
bounded random variables. Biometrika, 52:559-569, 1965.

Alex Bloemendal, Laszlé Erdés, Antti Knowles, Horng-Tzer Yau, and Jun Yin. Isotropic local laws for
sample covariance and generalized Wigner matrices. Electron. J. Probab., 19:no. 33, 53, 2014.
Charles Bordenave and Pietro Caputo. A large deviation principle for Wigner matrices without Gaus-
sian tails. Ann. Probab., 42(6):2454-2496, 2014.

Charles Bordenave, Pietro Caputo, and Djalil Chafai. Spectrum of non-Hermitian heavy tailed random
matrices. Comm. Math. Phys., 307(2):513-560, 2011.

Folkmar Bornemann and Michael La Croix. The singular values of the GOE. Random Matrices Theory
Appl., 4(2):1550009, 32, 2015.

46



[Bouls§]

[BEYY16]
[BM19]
[BMP22]
[BVW10]

[CLZ15]

[CL19]
[DLCO0]

[Dem89|
[ELC15]

[EKYY13]
[EKS19]
[ESY10]
[EYY12]
[FMM21]
[FT52]

[For51]
[FK81]

[Fyo04]
[FLD20]
[Gir90]
[Goo63]
[GM20]

[GZ00]

Paul Bourgade. Random band matrices. In Proceedings of the International Congress of Mathemati-
cians — Rio de Janeiro 2018. Vol. IV. Invited lectures, pages 2759-2784. World Sci. Publ., Hackensack,
NJ, 2018.

Paul Bourgade, Laszlo Erdés, Horng-Tzer Yau, and Jun Yin. Fixed energy universality for generalized
Wigner matrices. Comm. Pure Appl. Math., 69(10):1815-1881, 2016.

Paul Bourgade and Krishnan Mody. Gaussian fluctuations of the determinant of Wigner matrices.
Electron. J. Probab., 24:Paper No. 96, 28, 2019.

Paul Bourgade, Krishnan Mody, and Michel Pain. Optimal local law and central limit theorem for
B-ensembles. Comm. Math. Phys., 390(3):1017-1079, 2022.

Jean Bourgain, Van H. Vu, and Philip Matchett Wood. On the singularity probability of discrete
random matrices. J. Funct. Anal., 258(2):559-603, 2010.

T. Tony Cai, Tengyuan Liang, and Harrison H. Zhou. Law of log determinant of sample covariance
matrix and optimal estimation of differential entropy for high-dimensional Gaussian distributions. J.
Multivariate Anal., 137:161-172, 2015.

Ziliang Che and Benjamin Landon. Local spectral statistics of the addition of random matrices. Probab.
Theory Related Fields, 175(1-2):579-654, 2019.

Renaud Delannay and Gérard Le Caér. Distribution of the determinant of a random real-symmetric
matrix from the Gaussian orthogonal ensemble. Phys. Rev. E (3), 62(2, part A):1526-1536, 2000.

Amir Dembo. On random determinants. Quart. Appl. Math., 47(2):185-195, 1989.

Alan Edelman and Michael La Croix. The singular values of the GUE (less is more). Random Matrices
Theory Appl., 4(4):1550021, 37, 2015.

Laszl6 Erdés, Antti Knowles, Horng-Tzer Yau, and Jun Yin. Spectral statistics of Erdés-Rényi graphs
I: Local semicircle law. Ann. Probab., 41(3B):2279-2375, 2013.

Laszlé Erdds, Torben Kriiger, and Dominik Schréder. Random matrices with slow correlation decay.
Forum Math. Sigma, 7:e8, 89, 2019.

Laszl6 Erdés, Benjamin Schlein, and Horng-Tzer Yau. Wegner estimate and level repulsion for Wigner
random matrices. Int. Math. Res. Not. IMRN, 2010(3):436-479, 2010.

Laszl6 Erdés, Horng-Tzer Yau, and Jun Yin. Bulk universality for generalized Wigner matrices. Probab.
Theory Related Fields, 154(1-2):341-407, 2012.

Zhou Fan, Song Mei, and Andrea Montanari. TAP free energy, spin glasses and variational inference.
Ann. Probab., 49(1):1-45, 2021.

George E. Forsythe and John W. Tukey. The extent of n random unit vectors. Bull. Amer. Math. Soc.,
58:502, 1952.

Robert Fortet. Random determinants. J. Research Nat. Bur. Standards, 47:465-470, 1951.

Zoltan Firedi and Janos Komlés. The eigenvalues of random symmetric matrices. Combinatorica,
1(3):233-241, 1981.

Yan V. Fyodorov. Complexity of random energy landscapes, glass transition, and absolute value of the
spectral determinant of random matrices. Phys. Rev. Lett., 92(24):240601, 4, 2004.

Yan V. Fyodorov and Pierre Le Doussal. Manifolds in a high-dimensional random landscape: Com-
plexity of stationary points and depinning. Phys. Rev. E, 101:020101, Feb 2020.

Vyacheslav L. Girko. Theory of random determinants, volume 45 of Mathematics and its Applications
(Soviet Series). Kluwer Academic Publishers Group, Dordrecht, 1990. Translated from the Russian.

N. R. Goodman. The distribution of the determinant of a complex Wishart distributed matrix. Ann.
Math. Statist., 34:178-180, 1963.

Alice Guionnet and Mylene Maida. Large deviations for the largest eigenvalue of the sum of two
random matrices. Electron. J. Probab., 25:Paper No. 14, 24, 2020.

Alice Guionnet and Ofer Zeitouni. Concentration of the spectral measure for large matrices. FElectron.
Comm. Probab., 5:119-136, 2000.

47



[KKS95]

[Kom67)
[Kom68]
[LSY19]

[Mai07]

[McK21]
[Ngul2]

[NV14]
[NRR54]

[Pré67)
[Rou07]

[Sub17]
[ST37]

[Tal96)
[TV06]

[TV07]
[TV12]
[Tik09a]

[Tik09D)]

[Tik20]
[TVW13]

[Turb5]
[Vu07]
[WacT78]

Jeff Kahn, Janos Komlds, and Endre Szemerédi. On the probability that a random +1-matrix is
singular. J. Amer. Math. Soc., 8(1):223-240, 1995.

Janos Komlés. On the determinant of (0, 1) matrices. Studia Sci. Math. Hungar., 2:7-21, 1967.
Janos Komlés. On the determinant of random matrices. Studia Sci. Math. Hungar., 3:387-399, 1968.

Benjamin Landon, Philippe Sosoe, and Horng-Tzer Yau. Fixed energy universality of Dyson Brownian
motion. Adv. Math., 346:1137-1332, 2019.

Myléne Maida. Large deviations for the largest eigenvalue of rank one deformations of Gaussian
ensembles. Electron. J. Probab., 12:1131-1150, 2007.

Benjamin McKenna. Complexity of bipartite spherical spin glasses, 2021. arXiv:2105.05043v1.

Hoi H. Nguyen. On the least singular value of random symmetric matrices. Electron. J. Probab., 17:no.
53, 19, 2012.

Hoi H. Nguyen and Van Vu. Random matrices: law of the determinant. Ann. Probab., 42(1):146-167,
2014.

H. Nyquist, S. O. Rice, and J. Riordan. The distribution of random determinants. Quart. Appl. Math.,
12:97-104, 1954.

Andras Prékopa. On random determinants. I. Studia Sci. Math. Hungar., 2:125-132, 1967.

Alain Rouault. Asymptotic behavior of random determinants in the Laguerre, Gram and Jacobi
ensembles. ALEA Lat. Am. J. Probab. Math. Stat., 3:181-230, 2007.

Eliran Subag. The complexity of spherical p-spin models—a second moment approach. Ann. Probab.,
45(5):3385-3450, 2017.

Gyorgy Szekeres and Pal Turdn. On an extremal problem in the theory of determinants. Math.
Naturwiss. Am . Ungar. Akad. Wiss, 56:796-806, 1937.

Michel Talagrand. A new look at independence. Ann. Probab., 24(1):1-34, 1996.

Terence Tao and Van Vu. On random =41 matrices: singularity and determinant. Random Structures
Algorithms, 28(1):1-23, 2006.

Terence Tao and Van Vu. On the singularity probability of random Bernoulli matrices. J. Amer. Math.
Soc., 20(3):603-628, 2007.

Terence Tao and Van Vu. A central limit theorem for the determinant of a Wigner matrix. Adv. Math.,
231(1):74-101, 2012.

Alexander N. Tikhomirov. On the rate of convergence of the expected spectral distribution function
of a Wigner matrix to the semi-circular law. Siberian Adv. Math., 19(3):211-223, 2009.

Alexander N. Tikhomirov. The rate of convergence of the expected spectral distribution function of a
sample covariance matrix to the Marchenko-Pastur distribution. Siberian Adv. Math., 19(4):277-286,
20009.

Konstantin Tikhomirov. Singularity of random Bernoulli matrices. Ann. of Math. (2), 191(2):593-634,
2020.

Linh V. Tran, Van H. Vu, and Ke Wang. Sparse random graphs: eigenvalues and eigenvectors. Random
Structures Algorithms, 42(1):110-134, 2013.

P&l Turdan. On a problem in the theory of determinants. Acta Math. Sinica, 5:411-423, 1955.
Van H. Vu. Spectral norm of random matrices. Combinatorica, 27(6):721-736, 2007.

Kenneth W. Wachter. The strong limits of random matrix spectra for sample matrices of independent
elements. Ann. Probability, 6(1):1-18, 1978.

48



	Introduction
	Proofs of determinant asymptotics
	Applications to matrix models
	Variational principles and long-range correlations
	Appendix A   Extensions to products of determinants
	Appendix B   Second moments and exponential finiteness
	References

