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On strictly sequential computers that tolerate tests and branches well,
the definition of conplex miltiplication should include automtically the
tests and appropriate corrective measures for exceptional multiplications,
as has been done on the HP-71B, although the relentless urge for speed may
tenpt conpiler witers to include themonly when a programer asks for them
explicitly by calling upon a conplex-val ued function CMULT(w z) defined
perhaps thus:

OMULT(uttv, x+y): ... = (utv)(x+y) allowing for infinities and Nahs.
Save and Lower the Qverflow and Invalid flags ;
oz U - vy, nr=uytvx;
if (neither &norn is NaN
then { Restore the Invalid flag's saved value ;
if the saved Overflow flag was raised
then Restore its saved value ;
Return (¢ +1) } ... the normal case.

else { ... nowtake care of unusual cases ...
if (Invalid flag was raised)
then { if (u=0 and v=0) or (x=0 and y=0)
then { ... invalid O case
if the saved Invalid flag was raised
then restore its saved value ;
restore the Overflow flag's saved value ;
return (E+1m) } ... NaNs exit.
else { ... filter out unwanted NaNs ...
(uttv) := CORNER(UHY) ;
(x+1y) = CORNER(x+1y) }
Restore hoth flag's saved val ues ;
Presubstitute 0 for 0 o and oo
Eozux-vwy, nizuy+vx;
Repeal presubstitution ;
Return (¢ +1m) }; end CMLT .

The code that precedes the first else may be emitted inling, Ieaving the
rest for an exception-handling subroutine. That subroutine defines the way
infinite conplex products are rounded into the set of nunbers available for
them It is not so nice a rounding as has been inplenented on the HP-71B
but it is the only one I have found conpatible with what will have to be
done on the fastest conputers, pipelined, vectorized and concurrent.

Complex division &Hn:=C:=wz = (utv)/(x+y) cannot be freed from
tests and branches, so it might as well be a subroutine. In the absence of
special operands wand z , the neatest algorithmwould be one, traceable
to Robert L. Smith, that goes something Iike this:
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(utv) ;= CORNER(UHY) ;  (xHy) .= CORNER(x+y) ;
if x| <]yl thenreplace "(utv)/(x+y)" by "(v-1)/(y-1x)" ;
now |x| >|y| , or at least one is NaN and signaled Invalid

if |y] =« then y:=copysign(Ly) ;

if x=0and y=0 then Return CMULT(utv, 1x-1yx); ... exits.

rosylxy di=ry+x; 0 |r] <1<dlx <2 normally

Return ( (rv+u)/d + 1(v-ru)/d) ; end.
The main trouble with this code is that it can suffer fromspurious overflow
incase either 2wor 2z would overflow and it can lose accuracy if wor
z has underflowed but remins nonzero. These troubles are so rare they may
go unnoticed by all but the nost conscientious programrer; and even she
mght overlook the underflow signals that can be generated when one of ry,
rvor ru underflows, though those signals are ignorable only if underflow
is gradual (IEEE 754) and neither |z| nor |w underflows. A better but
slower (unless multiplicationis enormously faster than division) way is
this:

CONV(uHy, x+y): ... = (utv)/(x+y) carefully.
uty ;= CORNER(u+Y) ; xHy := CORNER(x+y) ;
if anyof u v, % y is NaN

then Return ( Ouvxy + Ouvxy ) }: ... NaNexit.
Saveall flags ;

:= integer near est Logh(Q)/2 - ... Qis the overflow threshold.
h = Logb(max{| x|, y|}) ; if |h| = o then h:=copysign(8L, h) ;
K:=L- (integer nearest h) ;
X =Sc|b( Koy —Scalb(y, K ;
h:= Log (max{|u| [v]}) ; if |h| =« then h:=copysign(8L, h) ;
Ji=L- (integer near est h)
u:=Sealb(u, J); v -Scalb(v )
d:=x*+y7: ... cannot over/underflow
i

f d=w o d=0 then { if |x|=d then x := copysign(Lx) ;
if yEO then y :=copysign(L,y) 1} ;

&N o= CMLT( Uy, x-1y) ;

restore all flags ;

Return ( Scalb(&/d, K-J) +1Scalb(n/d, K-J) : end CDIV.
This program appears to produce neither spurious signals nor spurious over/
underflows , and it preserves the identity |wz| =|w/|z] a 0and o,
and it produces correctly rounded results for small Gaussian integer
i nputs.

2, 1987
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Tocomute p := |z = [xxy] = V(x® ty ?)
ABS(x+y): ... = Fortran's CABS(Z) = Cs hypot(x y)
The obvious fornula can produce errors bigger than one ulp ,
... and coul d over/underflow spuriously. Nt so for what follows. ...
Constants 12 :=+2, r2pl:=1n2, t2pl:= 182 - 12pl;
These constants nust be correctly rounded to working precision;
consequently r2pl + t2p1 = 142 to double that precision.
Save Invalid flag; ... This suppresses spurious Invalid Cperation
signal's from NaN conparison or w-o ; but spurious
Inexact signals can be generated by this program

xo=0xoy=lyl s si=0.0; .
If x<y then swap xandy; ... so x>y>0 if not NaN.
If y:oothen Xi=y,

B
If x#oo and tEx then
{ ... executedif xFo and y Fo and y is not negligible.
Save Underflow flag;

[f t>y then ... when 2<xly<2c¢,
{ s:=xly; s: :s+¢(1+52)}
else ... when 1<xy52,
{ S =ty e +)
((t2p1 +H/(r2 + (2+t))) +s) +12pl };
s:=yls ... |-larn1ess Gadual Underflow can occur here.

Restore Underflowflag ;

b
Restore Invalid flag; ... Only if deserved can Overflow happen now.
Return x +s; end ABS.
Another version of ABS would use CSSQS below in an obvious way.

To conpute O := arg(z) = arg(x +1y) |,
ARGx +1y): ... = Fortran's ATAN(y, x) ..
If x=0 and y=0 then x:=copysign(l, x) ;
If |x| =0 or |y =o then z:= B2 ;
| eaves signs unchanged.
If |yl >|x  then 0:= copy3|gn(rd2 y) - arctan(x/y)
elseif x <0 then 0:=copysign(m y) + arctan(y/x)
else 0 :=arctan(y/x) ;
Suppress any Underflow signal unless |O| <0.125, say.
Better accuracy may be obtained by further case reduction and use
of identities like arctan(y/x) = w4 +arctan((y-x)/(y+x)) .
Return ©; end ARG.

2, 1987
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Tocompute x+1y = z := = (L+m)® ,
CSQUARE( + 1n) .
X = (& (&) o onot &
yo=+in, ONE nultiply, one add.
... 1T aspurious NaN is created by overflowit gets removed thus:
If xfx then

—N— +
=

{ if |yl=e then x :=copysign(0, ¢
elseif |n = then y:=-w
elseif [§ =o then x:=w }
elseif yky and |x|=o then vy .= copysign(0, y) ;
Return ( x +1y ) ; end CSQUARE .
The principal use for CSQUARE is for raising a conplex nunber to an
integer power by repeated squaring.

To compute  p o= |(x+y)/25|® scaled to avoid Over/Underflow ...

CSSQS(x +1y): ... = p+ik, withan integer k ...
Integer k ;
k:=0;
Save and lower the Over/Underflow flags ;
p:=x>+y*, ... Miltiply twice and add.

[f (pisnot finite) and ( || =@ or |y =w) then p:=w
elseif ( the Overflowflag was just raised, or
the Underflow flag was just raised and p<MNe )
then { Kk :=Togb( mx( x|, |y] ) ) ;
p:=scalb(x, -k)*+scalb(y, -k?> }:
Restore the Over/Underflow flags ;
Return (p+tk); end CSSCS.

Sept. 2, 1987
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Tocomute E+1 = C = V2 = Vx+1)

COQRT(x +1y):
Real p; Integer k
ptik = CSSQS(xHy) ... Sumof-Squares Scaled; see above.
If x=x then p:=sca b(|x|,-)+w/p;
If kisodd then k: :(kl)
else{k:k/2 :p+ ;
al b( \/p, K ;.o.o= (|x+|y| + |x|) 2') without over/underflow

p:=sC
Cizps ni=y;
if pchthen
{ if Inl £ then { n:=(np)l2; o
if n underflowed, signal it} ;
if x<0 then { ¢&: ||
n:

copysign(p, y) }

Return ( Z}+ n);

This program appears to handle all special cases correctly:
V(-B+10) =40 + (B for all B>0.
Yx +10) =+4m + 10 for all x, finite, infinite or NaN,
and if x is NaN then "Invalid Comparison" is signaled too.
For all finite B,
V(NaN#B), V(BHNaN) and V(NaNtNaN) are all  NaN + INaN ;
Vto +1f) =+0 +10; V(4o + NaN) = 4o + INGN ;
V- +1B) =40 +10;  V(-o+ INaN) = NaN+ 100,
End CSQRT .

Tocompute &+ = { := In(2'2) = In(2’(x+y)) with integer J, ...
O_CIBS(X 1y, J): ... forusewith JEO only when | x+y| is huge.
This programis particularly helpful for inverse trigononetric and
hyperbolic functions that behave like In(2z) for huge |z| .
Thi's programuses a subprogram Inlp(x) :=In(1+x) presuned to be
available with full relative accuracy for all tiny real x . Such
a programexists in various nath. libraries, including that for
4,3 BSD Unix, Intel's CEL and Apple's SANE. The accuracy of
Inlp influences the choice of thresholds T0, T1 and T2 .
Constants 10 : =1V2; TL:=5/4; T2:=3; In2 : =1n(2) ;
Real p; Integer k;

+|k::CSSQB(x+|y); = [(x+1y) 1242 + 1k ; see above.
o= mx( [x], |y) ; 0:=mn( [x, Iyl)
If k=0 and TO<p and ( p<TL o p<T2)
then p:=1Inlp( (B-1)(p+L) +6%)/2
else p:=In(p/2 + (k+J) In2;
0:= ARGx +1y) ;

Return  (p+1©); end CLOGS

To compute &+ = C := In(z) = In(x +1y),
0qz) = CLOy(z, 0) .



Slitsh b

To conpute &+ = C := arccos(z) = arccos(x +1y)
CACCS(2): ... based upon formlas
§ =2 arctan( Re(V(1-2))/Re(V(142)) ) ;
... suppress any Divide-by-Zero signal when z <-1.
N o= aresinh( I Y(142)" V(L-2) ) )
Return ( £+ ) ; end CACOS.

To conpute &+ = C := arccosh(z) = arccosh(x +1y)
CACCSH ) : . based upon forml as
Z =arcsinh( Re( V(z-1)" V(z#1) ) ) ;
n =2 arctan( In{V(z-1))/Re(V(z41)) ) ;
... Suppress any Divide-hy-Zero signal when z <-1.
Return ( &+ ) ; end CACOSH.

To conpute &+ = C := arcsin(z) = arcsin(x +1y)
CASIN(x +1y): ... based upon formil as
&= arctan( x/Re( V(1-2) V(1+2) ) ) ;
... suppress any Divide- by Zero signal when z <-1.
N o= aresinh( I V(1-2)" V(142) ) )
Return ( &+ ) ; end CASIN.

To conpute &+ = C := arcsinh(z) = arcsinh(x +1y)
|

CASINH(z) := -1 CASIN(1z) .

To compute &+ = { := arctanh(z) = arctanh(x +1y) ,

CATANH(x + 1y):
Constants ©:=(Q)/4, p:=1/0
B:=copysign(1, ) ; z:=Bz ; ... copes with unsigned 0
If x>0 or |y >0 ... toavoid overflow,
then { = oopysign(n2 y) ;&= Re(l(xhy)) )
elseif x=1 )
then { &= In(V(|y1)V(V(4+(] y1 40)7))
o= copysign( - arctan((|y|+p)/2) . y)I2 }
else ... Normal case ...
{... u5|ng Inlp(u) := |n(1+u) accuratelyevemf uistiny,
§o=Inlp( Al ((1-x)* + (]y[+p)*) )14
= arg( (1) (1)-(ly| +p)° + 2y )12

, ... all exceptional cases appear to be handled correctly.
Return ( B¢ ) ; end CATANH.

To compute &+ = { := arctan(z) = arctan(x +1y) ,
CATAN(z) := -ICATANH12) .

Sept.
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To conpute x +1y = z := tanh(Q) = tanh(¢+ 1) |,

CTANH € + n):
[f |§ >arcsinh(Q)/4 ... avoid overflow...

then z := copysign(L, & + 1 copysign(0, n)

else {
save Divide-by-Zero flag ;
t :=tan(n) ; ... suppress any Div-by-Zero signal here.
restore Divide-hy-Zero flag ;
B:=1+t*: ... 1cos®y ...
s :=sinn(g) ;
p:=V(1+5s%) ... coshé ...
if |t| =« then z:=p/s+i/t ... my signal if s=0

else z:=( Pps+1t )/( 1+ps?)
b
return z ; end CTAMH.

To conpute x +1y = z :=tan(l = tan(¢+m) ,
CTANCQ) += -1 CTANH(1D) .

SOPIIIIIIOI>> Still to cone are details about <LK
CLOGIP, CEXP, CPOMER, Qtrigs
though most of these details are now predictable.

The exponential function z% and 0°.
The function z" has two very different definitions. One is recursive
and aBpIicable only when w is an integer:

=1 and ™Y = ™z uwhenever " exists.
The second definition is analytic:
2" o= i exp(wIn(Q) provided the limt exists using the
(->12 principal value and domain of In({) .

The linit process is necessary to cope smoothly with z =0. Since the
recursive definition makes sense when z S a nunber or a square matrix or
a nonlinear map of some domain into itself, regardless of whether In(z)
exists, the fact that hoth definitions coincide when w is aninteger and
In(z) exists nust be a nontrivial theorem The fact that both definitions
agree that z°=1 for every z is doubly significant because programrers
who have implenented z* on conputers have so often decreed 0° to be a
capital offense.

| can only speculate on why 0° might be feared. Perhaps fear is
induced by the singularity that z* possesses at z =w=0; if both z
and w are conpelled to approach 0 but allowed to do so independent!ly
along any paths, then paths may be chosen on which z™ holds fast to any
preassi gned val ues whatsoever. Assuming for the sake of argument (because
it is generally not so) that neither z nor w could be exactly zero but
must instead be approximtely zero because of roundoff or underflow, the

Sept. 2, 1987
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expression 0° \Aoulg pgve to be treated as if it really ought to have

been (roundoff) , Wwhich generally defies estimation.

To draw concl usi ons based upon sonething better than fear or speculation,
we need estinmates for certain costs and benefits. Setting z°:=1 without
exception confers the henefit of adherence to sinmply stated rules; but it
introduces some risk that we mght unwittingly accept 1 for 0° instead of
an unknown but preferred value ¢V with tiny {andv . That added risk
shoul d be judged in the light of the greater and unavoidable risk that z"
mght unwittingly be accepted when z and w are both nonzero but tiny and
quite wong because of roundoff. In other words, only on those extremely
rare occasions when a programof unknown reliability betrays its inaccuracy
by a chance encounter with 0° will we benefit fromoutlawing 0°. But
outlawing 0° incurs the cost of departing froma sinple rule; it imposes
upon those programmers who prefer to take z° =1 for granted, regardless
of whether z =10, the extra burden of remenbering to insert extra code to
cope with a rare eventuality.

There are two situations in which programmers are fully entitled to take
0°=1 for granted. The first arises in languages |ike Fortran and Pascal
that distinguish variables of type INTEGER fromfloating-point variables
of type REAL and COVPLEX. Suppose that M is of type INTEGER but w has a
floating-point type; then z" can be distinguished from z, and
particularly z° from z>°, because they call upon different subroutines
froma library of intrinsic functions. Since roundoff cannot possibly
obscure the value of an exponent M of type INTEGER in the way it night
obscure the value of a floating-point variable w that happens to vanish,
there is no reason to doubt that z° =1 for every z regardless of one's
fears about 0.0%° . Therefore, in every language in which M can be
declared of INTEGER type, the exponential function z“ nust be consistent
withits recursive definition even if conputed, at least when |M is
huge, with the aid of logarithms; in short,

when M=0 then z™=1 regardiess of z.

A second situation in which programers might presune that 0.0%° =1
arises frequently. Consider two expressions z :=z(§) and w:=w¢) that
depend upon some variable &, and suppose that z(f) = w(B) =0 and that
zand w are analytic functions of § in some open neighborhood of &= .
This neans that z(€) and w(€) can be expanded in Taylor series in powers
of &P validnear & =B, andhoth series begin with positive powers of
&-B. Thenwe find that z->0andw->0 and z"=exp(wlin(z)) ->1 as
§->p regardliess of the branch chosen for In. Since this phenomenon
occurs for all pairs of analytic expressions z and w, it is very common.

Inthe light of the foregoing considerations, 0.0%°=10°=1 seens to
be the only reasonable choice; sinilar considerations imply «>°=a°=1
too, and consequently z0.0 =1 foe every z including NaN.

Some other exponential expressions involving infinite operands require
further thought. For instance, 1.0 is clearly aninvalid operation, but
1" =1 night be acceptable. Somewhat |ess clear are the signs of results
ke
+

0.5
0.5

)7 =072 (42)7 = (+0)"=0 , and
)T 0T ()7 (+9), all te

Aug. 8, 1987
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It is possible to argue that all these results should be assigned + signs
inreal arithmetic on any North American conputer; the argunent goes
thus:
Since all sufficiently big floating-point numbers on such machines are
even integers, taking the linit makes w an even integer too.
Whet her equal Iy ful gent reasoning can be applied to conplex arithnetic
remains to be seen. And whether 0" = w should signal Division by Zero,

Aug. 8, 1987

as 0°'and /0 must, isnomitter of taste; no signal is needed for 0°°

because "Division by Zero" is a misnoner inposed for historical reasons in
place of the more appropriate phrase
"an infinite result produced exactly fromfinite operands.”

When z isneither zero nor infinite, and when w is not an integer,
the complex function z™ could be assigned a multiplicity of values;
they are arranged around a circle if w isreal, or otherwise along an
Archimedean spiral in the conplex plane. What distinguishes the Principal
Value defined above fromall others is that its logarithmhas ninimm
magnitude; this definition is conventional. Respectable accuracy can be
difficult to achieve when either |w or |wlin(z)| isbig requiring
extraordinarily careful calculation of In(z) , but that is a story to
unfol d el sewhere.
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Bl BLI OGRAPHI C NOTES
Penfield' s proposal "Principal Values and Branch Cuts in Conplex APL"
appeared in APL Quote Quad vol. 12, no. 1, Sept. 198L.

The conplex functions inplenented in the hp-15C are described in
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Section 3 of the Hewett-Packard HP-15C Advanced Functions Handbook,
Aug. 1982, part no. 00015-90011. The formulas that tell where that
calculator puts the branch cuts were first published in an article
"Scientific Pocket Calculator Extends Range of Built-In Functions" hy Eric
Evett, Paul MCellan and Joe Tanzini in the Hew ett-Packard Journal of
May 1983, vol. 34 no. 5 pp. 25 - 35. More about that calculator, plus a
formula for conputing arccosh accurately, may be found in ny paper
"Mathematics Witten in Sand," pp. 12 - 26 inthe Statistical Computing
Section of the Proceedings of the Joint Statistical Meetings of the
Anerican Statistical Association etc. heldin Toronto in August 1983.
The conformal map onto a slotted strip is adapted fromthat paper.

The ANSI/IEEE standard 754-1985 for Binary Floating-Point Arithmetic
has numerous other features not nentioned herein. Its specifications are
availabl e as stock number SHL0116 fromthe |EEE Service Center, 445 Hoes
Lane, Piscataway NJ 08854 ; telephone (201) 981-0060 . A nore readable
exposition of 754 and the new'y approved Binary and Decinal Standard 854
has been published in pp.86-100 of the Aug. 1984 issue of the |EEE
magazine MCRO; toobtainareprint fromthe |EEE, cite docunent
nunber 0272-1732/84/0800- 0086 . Early versions of 754, now super seded,
plus some supporting naterials have appeared in the March 1981 and January
1980 issues of the IEEE magazine Computer, and in a special issue,
Cctober 1979, of the ACM SIGNUM Newsletter. Inplenentations of |EEE 754
abound, ranging in size and speed fromthe ELXSI 6400 to the Apple Il
and Macintosh. The Standard Apple Nunerical Environment (SANE) is now
the most thorough inplenentation, and is documented in the Apple Numerics
Manual published in 1986 by Addison-Vésley, Reading, Mass.

The Intel 18087 and 180287 floating-point coprocessor chips were
designed to conformto an early draft of [EEE 754; they very nearly
conformto the present standard. Though widely used in the [BMPC PC/XT
and PC/AT, they are not yet well supported by software in that realm A
fine library of elenentary functions for them real ones coded by Steve
Baunel, conplex by Dr. Phil Faillace, comes with Intel's Fortran for
its 286/310 and 286/330 computers running under both Xenix and RVX86
operating systems. That library's algorithms are much like ours above. The
real functions are documented in Intel’s 80287 Support Library Reference
Manual (1983), order no. 122129. Real functions similar to those, and
almost as accurate, are inplemented on the Mbtorola 68881 and docunented
inthe M68881 Floating-Point Coprocessor User's Manual (1985, prelininary
edition), order no. MC6888LUMAD. | do not yet have public documentation
for anal ogous libraries running on the ELXSI 6400 (programed by Peter
Tang), on the National Semiconductor 32081 floating-point slave processor
chip, and onthe IBMRT/PC. The latter two nachines’ libraries are very
mich like the C Math Library for [EEE 754 - conforming machi nes programed
mostly by Dr. Kwok-Choi Ny and now distributed with 4.3 BSD UNX by the
University of California at Berkeley; that library is intended ultimately
to be distributed i ndependently of Berkeley UNIX.

The hp-71B is currently the only inplenentation in Decinal arithmetic
of 854 ; that hand-held conputer is the subject of the July 1984 issue
of the Hew ett-Packard Journal, vol.35 no. 17.  Many of the conplex
elementary functions, plus PRQJ , have been inplenented in the hp-71B's
Math Pac , HP 82480A; but its inplementors were conpelled by linitations
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upon time and space to acquiesce to a few conpronises that | wish they could
have avoided. For instance, users of that machine have to wite Z*Z
instead of 72 to compute z?, and (-IMPT(Z), REPT(Z)) instead of
(0, 1)*Z to conpute 1z, if they wish to conserve the sign of zero.

Some of the ideas that Iead to canonical fornulas around branch-points
are explained in pp.276-286 of volume I11 of A I. Mrkushevich's
Theory of Functions of a Conplex Variable translated by R I. Silverman,
1967, Prentice-Hall, N.J. The confornal map fromthe right half-plane to a
liguid jet was adapted, with corrections, frompp.122-5 of Theory of
Functions as applied to Engineering Problems edited by Rothe, O lendorf
and Pohl hausen, translated by Herzenberg in 1933, reprinted in 1961 by
Dover, N.Y. Another Dover reprint is the Handbook of Mathenatical
Functions with Formulas, Graphs, and Mathematical Tables edited by M
Abramowitz and Irene Stegun, issued originally in 1964 as no. 55 in the
U S National Bureau of Standards Applied Math. Series. Its Chapter 4
locates the slits for all nine elementary functions considered here, but
its formlas 4.4.37-9 for conplex Arcsin, Arccos and Arctan are non-
comittal onthe slits and generally vulnerable to roundoff; and it Iacks
a formula for conplex Arccosh . During the Handbook's ninth reprinting
its definition of arccot(z) changed from "2-arctan(z) to arctan(l/z) .
Finally, H Kober's Dictionary of Confornal Representations contains
pictures of many useful conformal maps; this too was reprinted by Dover,
In 1957,
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