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Abstract

In this dissertation I develop both generalresultson the dynamicsof neural oscil-

lators and integratorsand speci¯c applicationsof theseresults to brain areasinvolved

in simple cognitive tasks. The scienti¯c motivation is broad: neural networks inside

our brainsareableto adapt to changinginformation processingdemandsby exercising

cognitive control, for examplefocussingon salient components of noisysensoryinputs

when making speci¯c decisionsbasedon theseinputs, but relaxing this focus when

other needsbecomeprominent. But what freevariablesor parameterscanaccount for

the observed adaptability? And doesthis adaptation occur optimally, with respect to

simpleeconomicmetricsand physiologicallimitations? HereI addressthesequestions

via reducedmodelsof neuronsand populations near bifurcations, which characterize

the dynamicsof a brainstem nucleusinvolved in adaptive cognitive control, and via

variational problemsarising from neural signal processing,which clarify the role of

this nucleus,and other dynamical mechanismsin decisiontasks.

First, I study and apply nonlinearoscillator dynamics. I developand extendphase

reductions for singlecompartment ordinary di®erential equation neuron models that

show how both type of, and distance from, the four codimension-onebifurcations

to periodic ¯ring a®ect responsesof neural populations to stimuli. I also extend

results from equivariant dynamicswhich describe how coupling functions determine

the existenceand stabilit y of phase-locked statesin which subgroupsof oscillatorsare

synchronized. Theseresults are then applied to the ¯ring rate dynamicsof the locus

coeruleus(LC) brainstem nucleus, thereby characterizing the inputs that drive the

LC and suggestinga new biophysical mechanism for transitions amongLC-mediated

statesof cognitive performance.

LC-driven neuromodulation transiently adjusts the sensitivity (\gain") of inte-
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grator units believed to determine simple cognitive decisionsin responseto sensory

stimuli, and thesegain e®ectsare the focus of the secondpart of this dissertation. I

study how transient parameteradjustments canoptimize decisiontasksfor speedand

accuracyin the presenceof noise. The results indicate a surprising match between

empirical data on the time courseof LC ¯ring rates and optimal gain tra jectories

found via variational methods, providing an explicit hypothesisfor the role of the LC

in decisiontasks.
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Chapter 1

In tro duction

Recent experimental developments, such asmultineuron in vivo recording(e.g. [129,
33]) and functional magnetic resonanceimaging (e.g. [28, 105]), are providing high
resolution data on neural activit y during simple cognitive tasks. One result is an
unprecedented set of opportunities to ground theoretical work on the dynamics of
neural decisionsin the underlying biophysics.

For example, a ¯nding from cortical neural recordingsmade during behavioral
experiments is that certain simple visual discrimination processescan be described
by ¯ring rates of neural subpopulations, each of which is responsive to alternative
sensorystimuli [18, 83, 156, 72, 145]. Thesesubpopulations appear to accumulate
incomingsensoryevidenceby elevating their ¯ring rates, in addition to receivingboth
recurrent inputs andexcitatory and inhibitory connectionsfrom other subpopulations.
When the ¯ring rate of the ¯rst subpopulation crossesa threshold, a motor response
indicating the corresponding decision is made; seeFigure 1.1. This makes contact
with connectionist theories of cognitive processing,which describe the dynamics of
abstractedneural units in cognitive tasks ([148, 134], cf. foundations in [121, 91, 87,
40]), and alsowith the classicaldrift-di®usion decisionmodelsof Laming, Ratcli® and
others (e.g. [113, 139, 140, 159]), sincetheselatter modelshave recently beenshown
to be special limits of connectionistnetworks [169, 21, 13]. Furthermore, Wang [184]
hasdemonstratedhow an accumulation of decision-related̄ ring rates can arisefrom
a detailed model of spiking cortical neurons,drawing on prior work on the population
dynamicsof incoherently ¯ring neural groups(e.g. [165, 63]).

While the cortical recordingsjust described are striking, they by no meansimply
that averaged¯ring rates are the only currency of neural information. In particular,
the timing of individual spikeshasbeenshown to play a direct role in encoding certain
neural information [12] and has been implemented in novel and powerful computa-
tional strategies[92, 93]. This said, I will assumea ¯ring rate description in Part I I
of this thesis, in which I develop neural integrator models of sensorydiscrimination
tasks of the typesfor which the experimental data described above wascollected. In
Part I, I considerbiophysically-basedneural modelsthat are intrinsic oscillators,and
hencepreserve spike timing information and allow studiesof synchronousoscillations.

A central issuein neuroscienceis the control of cognitive processes:the modula-
tion of information processingto enact strategiesthat accomplishever-shifting goals
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Figure 1.1: Firing rates of area FEF increaseto a ¯xed threshold, at which the
decisionis made. Note random walk type accumulation of ¯ring rates. From [151].

[137, 153]. A classicalexampleof the needfor cognitive control is the tensionbetween
`exploration' and `exploitation' in which the bene¯ts of °exibly processinga broad
variety of sensoryand internal signalsare balancedagainst commitment to signals
relevant to a particular predeterminedtask. Recent studiessuggestthat the forebrain
areaanterior cingulatecortex (ACC) may beresponsiblefor dynamically assessingthe
appropriate level of this balanceby monitoring the coactivation of neural representa-
tions for competing task alternativesand hencethe degreeof neural con°ict [27, 15].
High valuesof this con°ict on short timescalesindicate the needfor additional allo-
cation of cognitive resourcesto a task in order to, for example,enablemore e±cient
discrimination betweenalternatives. If this allocation provesunsuccessful,evidenced
by maintenanceof high con°ict levelsover longertimescales,in the simplestscenarios
the more favorablestrategy may be to decreasecommitment to the task at hand and
explore for more rewarding pursuits.

The locuscoeruleus(LC) brainstemnucleushasbeenproposedasa mechanismfor
implementing changesin information processingstrategysuggestedby the time course
of con°ict (or other meansof assessingcurrent attentional needs).Neural recordings
show that this nucleus possessestwo distinct modes of operation, characterizedas
phasic and tonic [10, 167]. In the phasic mode, cortical areas are committed to
respond selectively to the limited set of sensorystimuli directly relevant to a given
cognitive task: when such stimuli are presented, the LC emits the neuromodulator
norepinephrineto widely dispersedbrain areas,resulting in a transient increasein
the sensitivity (or `gain' [154]) of cortical units that selectively follows presentation of
task-relevant information ([175], cf. [70]). However, baselinelevels of norepinephrine
release(and hence sensitivity) in the phasic mode are low. The tonic mode, by
contrast, is exploratory: there are higher levelsof baselinenorepinephrinereleasebut
smaller stimulus-evoked impulses,allowing responsesto a variety of inputs from the
environment with lesscommitment to a speci¯c task.

Several interesting questionsremain. For example,how do the changesbetween
tonic and phasic LC modes themselves comeabout? One possibility, proposedand
demonstratedvia computationsin [167], is that changesin couplingstrength between
LC neuronsresult in the di®erent modes. In Chapter 5 of this dissertation I suggest
another, simpler mechanism, by which synaptic contacts to LC from the ACC or
other brain areascan directly contribute to this change by setting baselinelevels
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of LC ¯ring. I also addresshow the varied LC ¯ring patterns observed in di®erent
cognitive tasks might arise.

Another key question is: How do we know that transient norepinephrinerelease
can truly be associated with enhancingtask-speci¯c processingand throughput of
decisions?Answering this questionrequiresmodelling cognitive tasks in the presence
of dynamic gain manipulations (as in [167, 70]) and assessingthe bene¯ts of these
manipulations, subjects pursued in Chapters 6 and 7. The results support the hy-
pothesisof [10, 167] that the LC can play a role in optimizing cognitive processing.
This hypothesisrepresents a shift in interpretation of the broader role of the brain-
stem, which is not typically associated with the details of cognition: in particular,
the classicalview of norepinephrineis that it setsoverall levels of arousalover long
timescales,not the timescaleof tens and hundredsof millisecondsrelevant to cortical
decisionmaking.

The dynamics and role of norepinephrineand other neuromodulators in neuro-
scienceis a compelling ¯eld of study for additional reasonsworth mentioning here.
First, such research seeksto identify generalprinciples that may be operative in a
wide variety of cognitive tasks. As a consequence,the e®ectsof mechanisms that
implement cognitive control must be broadly distributed throughout the brain, im-
plying that a wealth of existing neuraldata may eventually beapplicableand possibly
making cognitive control e®ectseasierto identify in future imaging or recordingstud-
ies. Second,de¯cits in neuromodulator systems,associated with depleted capacity
for, e.g.,selective attention and switching betweencompeting task demands,are sig-
natures of most neuropsychiatric diseases[37, 57], adding impetus to the task of
understandingthe dynamicsof thesesystemsand their e®ectson neural information
processing.

Progresson thesetopics requiresunderstanding the dynamics of the underlying
neuronsand neural groups on di®erent scales. A ¯rst step is to establish general-
ized (and simpli¯ed) neuron models for the dynamicsof an isolated spiking neuron,
starting with biophysically groundedconductance-basedmodels of Hodgkin-Huxley
type [89, 41]. This needfor reducedmodels of this type has beenwidely recognized
and is a broad area of research in mathematical neuroscience.The piecewise-linear
`integrate and ¯re' formalism, in which voltageincreasesto a ¯xed thresholdat which
a spike is evoked, is perhaps the simplest reduction (e.g. [68]). Another approach
taken in developing the Fitzhugh-Nagumoand related relaxation oscillator models
[61, 102] is to exploit separationsof timescalesamonggating variablesto reducethe
dimensionof a broad classof conductancebasedneural modelsand to developgeneral
approximations that capture the essential components of their dynamicswith simple
polynomial vector¯elds (seealso [97]). A third, related approach relieson simpli¯ed
normal form equationsthat approximate the full conductance-basedequationsnear
bifurcations to periodic ¯ring: this is the `canonicalmodel' methodology of [94]. A
bifurcation-basedanalysisis alsousedin, for example,[142] and referencestherein to
explain how broad classesof neuron model can begin ¯ring at either zeroor nonzero
rates, can undergo bursting behavior, and can be reducedto phasedescriptionsby
projecting their dynamicsonto the attracting invariant manifolds on which periodic
tra jectories lie (seealso,e.g., [52, 84, 171, 85, 50, 111]).
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In Part I of this dissertation I adopt and extend this latter phasereduction ap-
proach, thereby contributing to a general analysis of reduced neuron models with
applications to the cognitive control applications introduced above. In particular, I
addresshow `controlling' a®erent inputs can adjust the sensitivity of spiking neurons
to other stereotyped external (e.g. sensory)inputs, henceallocating di®erent levelsof
commitment or importance to thosestimuli. This is done in Chapter 2 by assessing
how the sensitivity of phasemodels of neural oscillators to transient external inputs
scaleswith their baseline¯ring rates (which may be determinedby the value of the
controlling a®erents). This requires extensionsand additions to the existing liter-
ature on phasereductions for the genericcodimension-onebifurcations to periodic
¯ring. In Chapter 3, I develop a probabilistic model which explains how the sensi-
tivit y of individual phase-reducedneuronsscalesup to determinethe sensitivity of a
population of such neurons,and alsodeterminetemporal patterns in this population
responsethat are signaturesof the di®erent bifurcations. Chapter 4 then focusseson
synchrony induced by coupling among members of a neural population rather than
external inputs, thereby completing the generaldescriptionof the dynamicsof neural
oscillators that is applied to LC neurons,as already mentioned, in Chapter 5.

Part I I of this dissertation addressesthe impacts that norepinephrine-mediated
gain changes(driven by the LC dynamics studied in in Part I) have on the neural
integrators whose¯ring rates are assumedto determine cortical decisionprocesses.
Chapter 6 begins by projecting the stochastic network dynamics corresponding to
a simple two-alternative choice task onto suitable one-dimensionalslow manifolds,
and using this reducedrepresentation to solve for the (qualitativ ely di®erent) gain
schedulesthat optimize decisionprocessingfor three commonlyusedneural integrator
models. Next, in Chapter 7, the capacity of the LC to adaptively implement gain
schedules that are su±ciently close to these optima in order to improve decision
performanceis testednumerically by (approximately) solving a seriesof optimization
problemsconstrainedby the neurobiologyof the LC. The metric of performanceused
here is the rate of correct responses(or `reward rate' [72]) achieved by the simulated
decisionnetwork. Signi¯cant improvements in reward rate are found to accompany
LC-mediated gain changes,supporting the hypothesis that the LC plays a role in
optimizing the dynamics of neural decisions. I concludewith a brief summary and
note someopenproblemsand future directionsin Chapter 8. Each chapter is prefaced
by a brief summary of its contents and major results.
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Chapter 2

Phase reduction of limit cycle
oscillators

2.1 Chapter outline

In this chapter, wecomputesimplifying reductionsto phasevariablesvalid nearbifur-
cations to periodic ¯ring for Hindmarsh-Rose,Hodgkin-Huxley, FitzHugh-Nagumo,
and Morris-Lecar single compartment models of neurons, encompassingthe four
generic(codimensionone) bifurcations. Section 2.2 discussesphasereduction tech-
niquesfor ordinary di®erential equationswith attracting limit cycles. In the following
Section2.3, we recall and computephaseresponsecurves(PRCs) for familiar neuron
models near the four codimension-onebifurcations to periodic ¯ring, using normal
forms and numerical calculations [51]. Thus, we review part of the broad literature
on the topic as well as providing new results: PRCs valid near degenerateHopf and
homoclinic bifurcations, and the scalingof PRCs with the frequencyof the neurons
from which they are derived. Theseresults will enablemuch of the analysis in the
chapters to follow. Most of the results given hereappear in the ¯rst part of [23].

2.2 Phase equations for nonlinear oscillators with
attracting limit cycles { general considerations

2.2.1 Reduction to phase coordinates

Phase reduction methods have a rich history, including numerous applications in
neuroscience.The fundamental coordinate changeto phasevariablesdescribed below
originated at least by 1949 [118], with the complementary asymptotic phaseideas
expandedin, e.g., [35, 182, 81, 183] and applied in, e.g., [52, 53, 54, 84, 171, 85, 50,
94, 111, 103, 16, 97, 51, 22, 115]; seealsothe related \spike responsemethod" [69, 68]
and referencestherein.

Our starting point is a general,conductance-basedsinglecompartment model of
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a neuron:

C _V =
£
I g(V; n) + I b + I (V; t)

¤
; (2.1)

_n = N (V; n) ; (V; n)T 2 Rd : (2.2)

HereV is the voltagedi®erenceacrossthe membrane, the (d ¡ 1)-dimensionalvector
n comprisesgating variablesand I g(V; n) the associated membrane currents, and C
is the cell membrane conductance. The baselineinward current I b e®ectively sets
oscillator frequency, and will correspond below to a bifurcation parameter. I (V; t)
represents synaptic currents from other brain areas due to stimulus presentation;
below, we neglect reversal potentials so that I (V; t) = I (t). We write this equation
in the generalform

_x = F (x) + G(x; t) ; x = (V; n)T 2 Rd ; (2.3)

whereF (x) is the `baseline'vector ¯eld, G(x; t) is the stimulus e®ect,and T denotes
transpose. In our simpli¯cation, G(x; t) = (I (t); 0)T ; in a more general setting,
perturbations in the gating equations(2.2) could alsobe included.

We assumethat the baseline(G ´ 0) neural oscillator has a normally hyper-
bolic [82], attracting limit cycle° . This limit cyclepersistsunder small perturbations
[59], and hereafterwe assumethat such a limit cycle always exists for each neuron.

The objective is to simplify Eqn. (2.3) by de¯ning a scalarphasevariable µ(x) 2
[0; 2¼) for all x in someneighborhood U of ° (within its domain of attraction), such
that the phaseevolution has the simple form dµ(x )

dt = ! for all x 2 U when G ´ 0.
Here ! = 2¼=T, whereT is the period of (2.3) with G ´ 0. From the chain rule, this
requires

dµ(x)
dt

=
@µ
@x

(x) ¢
dx
dt

(x)

¯
¯
¯
¯
G´ 0

=
@µ
@x

(x) ¢F (x) = ! : (2.4)

Eqn. (2.4) de¯nes a ¯rst order PDE that the scalar ¯eld µ(¢) must satisfy. Here, we
describe the `asymptotic phase'method of constructing µ(¢) indirectly, i.e., without
solving the PDE itself. We construct this solution in two stages:¯rst, we de¯ne µ(x)
for x 2 ° ½ U, and then we extend to generalx 2 U.

Let xs be the point on the limit cycle ° with the maximum value of V (i.e.,
the tip of the voltage spike), and let µ(x s) = 0. To de¯ne µ for the rest of ° , we
let µ(x °

0(t)) = ! t, where x °
0(t) 2 ° is the tra jectory of the baselinesystem with

x °
0(0) = xs. This givesa simpleparameterizationof ° by µ. To extend µ(¢) to general

x 2 U, we de¯ne the isochron [183] corresponding to a point x ° (0) 2 ° to be the
set of all initial conditions x(0) 2 U such that the distancebetweenx ° (t) and x(t)
approacheszerounder the vector ¯eld F as t ! 1 . Such points x ° (0) and x(0) are
said to have the sameasymptotic phaseµ(x ° (0)). SeeFig. 2.1. Thus, isochrons are
level setsof the asymptotic phase.We note that [81], cf. [88, 82], shows that there is
a neighborhood of ° foliated by the (unique) family of isochrons, and we restrict our
U to lie within this neighborhood.

In fact, isochronsgivean invariant foliation of U, i.e., the °ow map takesisochrons
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nbhd. U

g

xgggg(0)

xgggg(t)

x(0)

x(t)

Figure 2.1: The limit cycle ° , annular neighborhood U (betweendot-dashedlines),
and isochrons (dotted lines) for a planar system. The two tra jectoriesx ° (t) and x(t)
discussedin Sect. 2.2.1, here with initial asymptotic phaseµ(x ° (0)) = µ(x(0)) =
2¼=10, are shown.

to isochrons. Imagine, for example,two tra jectories (as in Fig. 2.1) starting at time
t = 0 at the points x ° (0) 2 ° and x(0) 2 U on the isochron with the asymptotic
phaseµ(x ° (0)) = µ(x(0)). For all t, the points x ° (t) and x(t) must also share an
isochron (becausethe distancebetweenthesepoints also approacheszero under the
dynamicsas t ! 1 ), and hencethey alsohave the sameasymptotic phase,i.e.,

µ(x ° (t)) ´ µ(x(t)) : (2.5)

Di®erentiating (2.5) with respect to time, and recallingthat by de¯nition dµ(x ° (t ))
dt = ! ,

weconcludethat dµ(x (t ))
dt = ! for arbitrary x(t) in the neighborhood U of ° , asdesired.

Finally, we demonstratethat, asin [81], the isochronsmust be the level setsof any
scalar¯eld µ(¢) in U that solves(2.4). To seethis, let L µ be the level setof such a ¯eld
with (arbitrary) phaseµ, and denoteby x ° (µ) the intersectionof ° and L µ. Lµ must be
mapped into itself after °owing for time T under F , sinceby assumption dÁ

dt = ! = 2¼
T

(i.e., it is an invariant foliation). Repeating this time-T mapping, we seethat all
points on L µ eventually tend to the samepoint x ° (µ) 2 ° (sinceL µ is in the domain
of attraction of ° ). Thus, all points on L µ have the sameasymptotic phaseµ, and L µ

can be noneother than an isochron. The solution to (2.4) is thereforedeterminedby
the family of isochrons, and is hence(up to an additive constant determinedby the
choiceof origin whereµ = 0) unique as claimed.
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2.2.2 Incorp orating inputs G(x; t)

We now re-introduce the stimulus term G(x; t) and determine its e®ectson the dy-
namicsof µ. Using the chain rule, as in (2.4) but with G 6= 0, we have

dµ(x)
dt

= ! +
@µ
@x

(x) ¢G(x; t) : (2.6)

The vector ¯eld on right-hand sideof (2.6) dependson x 2 U, sothis equation is not
a phase-only(i.e., self-contained) description of the oscillator dynamics. However,
evaluating the vector ¯eld at x ° (µ) (as above, the intersection of ° and the µ(x)
isochron), we have

dµ(x)
dt

= ! +
@µ
@x

(x ° (µ)) ¢G(x ° (µ; t)) + E ; (2.7)

where E is an error term to be discussedbelow. Dropping this error term, we may
rewrite (2.7) as the one-dimensionalphaseequation

dµ
dt

= ! +
@µ
@x

(µ)¢G(µ; t) ; (2.8)

which is valid (up to the error term) in the whole neighborhood U of ° .
Next, we show that the error E in Eqn. (2.7) is of order

E = O
¡
jGj2=¸

¢
;

wherejGj measuresthe magnitudeof inputs and ¸ measuresthe strength of attraction
to the limit cycle° in a mannerto be madeprecisebelow. Thus, the phasereduction
(2.8) is accuratefor su±ciently weakstimuli or su±ciently attracting limit cycles(cf.
[183]).

De¯ne ¸ > 0 such that ¡ ¸ is an upper bound on exponents characterizingthe °ow
normal to ° of the vector¯eld F , linearized around any point on ° ; thus, ¸ bounds
the (linear) strength of attraction to the limit cycle. In other words, ¸ is de¯ned
such that v ¢DF (x ° )v < ¡ ¸ kvk2 for any v normal to ° at x ° . (Here and below, k ¢k
measuresthe (Euclidean) distancein Rd.) Also, let the scalarjGj be an upper bound
on G(x; t) over all components as well as over x and t.

We now show that

kx(t) ¡ x ° k · k1 ¢jGj=¸ + O(1=¸ )2 ; (2.9)

wherex ° is the intersection of ° and the µ(x) isochron and k1 is a positive constant
depending on the geometryof the isochrons.

For any x in the neighborhood of ° , let xb be the point on ° closestto x and
de¯ne x? = x ¡ xb; seeFig. 2.2. Then we rewrite Eqn. (2.3) as

dxb

dt
+

dx?

dt
= Fk(xb + x? ) + F? (xb + x? ) + Gk(xb + x? ) + G? (xb + x? ) ; (2.10)
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where the vector¯eld has been(locally) split into components parallel ( dx b
dt ; Fk; Gk)

and orthogonal ( dx ?
dt ; F? ; G? ) to ° at xb. We study the dynamicsof the orthogonal

component:
dx?

dt
= F? (xb + x? ) + G? (xb + x? ) : (2.11)

Anticipating small displacements from ° , we linearize the ¯rst term around x b:

dx?

dt
= DF? (xb)x? + G? (xb + x? ) + O(kx? k2) ; (2.12)

We de¯ne the matrix A(xb) = ¡ 1
¸ DF (x ° ), which, recalling our de¯nition of ¸ , ex-

pandsany vector normal to ° at xb by a factor greater than 1. Introducing the small
parameter ² = 1=¸ and the fast time ¿ = t=² we have

dx?

d¿
= ¡ A(xb)x? + ²G? (xb + x? ) + ²O(kx? k2) : (2.13)

Next we expand in powersof ²:

x? = x? ;0 + ²x? ;1 + ²O(kx? k2) ; (2.14)

and substitute (2.14) into (2.13) to obtain at order ²0:

dx? ;0

d¿
= ¡ A(xb)x? ;0 : (2.15)

Due to the fact that A expandsthe x? ;0 by a factor greater than 1 (by de¯nition),
kx? ;0k < ke¡ ¿ = ke¡ t=² for somepositive k. Thus, kx? ;0k = 0 to all powers in ².
Using this result, at order ²1 we have

dx? ;1

d¿
= ¡ A(xb)x? ;1 + G? (xb) : (2.16)

Using the sameproperty of A, we have

kx? ;1(¿)k = O(jGj): (2.17)

From here,weplug our order ²0 and ²1 resultsinto (2.14). After recalling that ² = 1=¸
and scalingkx? k by k1 to account for the fact that xb and x ° may not coincide,we
have the desiredresult (2.9).

Next, we Taylor expand the secondterm on the right-hand side of (2.6) around
x ° :

dµ(x)
dt

= ! +
·

@µ
@x

(x ° ) + D
@µ
@x

(x ° )(x ¡ x ° ) + O
¡
(x ¡ x ° )2

¢
¸

¢ (2.18)
£
G(x ° ; t) + DG(x ° ; t)(x ¡ x ° ) + O

¡
(x ¡ x ° )2

¢¤
: (2.19)
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x(t)

x � (t)

g

Figure 2.2: Variablesusedin deriving the bound (2.9).

Comparing with (2.7), we have

E =
@µ
@x

(x ° )¢DG(x ° ; t)(x ¡ x ° )+ D
@µ
@x

(x ° )(x ¡ x ° )¢G(x ° ; t)+ O
¡
(x ¡ x ° )2

¢
: (2.20)

Thus, (2.9) yields E = O(jGj2=¸ ) as desired.

2.2.3 Computing the phase response curv e

In the caseof Eqns.(2.1-2.2),the only partial derivative we must computeto fully de-
¯ne (2.8) is with respect to voltage,andwede¯ne the phaseresponsecurve (PRC) [183]
as @µ

@V (µ) ´ z(µ). Then, Eqn. (2.8) becomes

dµ
dt

= ! + z(µ)I (t) ´ v(µ; t) ; (2.21)

the population dynamics of which is the subject of Chapter 3 and is applied to the
locuscoeruleusin Chapter 5. Note that Eqn. (2.21) neglectsreversalpotential e®ects
for the various synapsesthat contribute to the net I (t): if thesewere included, I (t)
would be replacedby I (µ; t). Furthermore, if G had nonzerocomponents in more
than just the voltagedirection, we would needto computea vector-valuedPRC; each
component of this could be computed in a similar manner to that below.

Direct metho d

Wenow describea straightforward way to computez(µ) that is usefulin experimental,
numerical, and analytical studies. By de¯nition

z(µ) = lim
¢ V ! 0

¢ µ
¢ V

; (2.22)

where ¢ µ =
£
µ(x ° + (¢ V; 0)T ) ¡ µ(x ° )

¤
is the changein µ(x) resulting from a per-

turbation V ! V + ¢ V from the basepoint x ° on ° ; seeFig. 2.3. Since _µ = !
everywherein the neighborhood of ° , the di®erence¢ µ is preserved under the base-
line (G = 0) phase°ow; thus, it may be measuredin the limit as t ! 1 , when
the perturbed tra jectory has collapsedback to the limit cycle ° . That is, z(µ) can
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Dq

Figure 2.3: The direct method for computing @µ
@V at the point indicated by * is to

take the limit of ¢ µ=¢ V for vanishingly small perturbations ¢ V. One can calculate
¢ µ in the limit t ! 1 , as discussedin the text.

be found by comparing the phasesof solutions in the in¯nite-time limit starting on
and in¯nitesimally shifted from basepoints on ° [183, 71]. This method will be used
in Section 2.3 to compute PRCs for the normal forms commonly arising in neural
models.

The adjoin t metho d

Another technique for ¯nding @µ
@V (µ) involvessolving the adjoint problem associated

with Eqns. (2.1-2.2) [94, 54]; this procedureis automated in the program XPP [51]
and is equivalent to the direct method discussedabove. Wenote that this equivalence,
described below, is implicit in the calculation of coupling functions presented in [94]
and [51].

Consider an in¯nitesimal perturbation ¢ x to the tra jectory x ° (t) 2 ° at time
t = 0. Let x(t) be the tra jectory evolving from this perturbed initial condition.
De¯ning ¢ x(t) via x(t) = x ° (t) + ¢ x(t),

d¢ x(t)
dt

= DF (x ° (t))¢ x(t) + O(k¢ xk2) ; ¢ x(0) = ¢ x : (2.23)

For the phaseshift de¯ned as ¢ µ = µ(x(t)) ¡ µ(x ° (t)), we have

¢ µ = hr x ° (t )µ; ¢ x(t)i + O(k¢ xk2) ; (2.24)

where h¢; ¢i de¯nes the standard inner product (written as a dot product above),
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and r x ° (t )µ is the gradient of µ evaluated at x ° (t). We recall from above that ¢ µ
is independent of time (after the perturbation at t = 0) so that taking the time
derivative of (2.24) yields, to lowest order in k¢ xk,

¿
dr x ° (t )µ

dt
; ¢ x(t)

À
= ¡

¿
r x ° (t )µ;

d¢ x(t)
dt

À

= ¡hr x ° (t )µ; DF (x ° (t)) ¢ x(t)i

= ¡h DF T (x ° (t)) r x ° (t )µ; ¢ x(t)i : (2.25)

Here the matrix DF T (x ° (t)) is the transpose (i.e., adjoint) of the (real) matrix
DF (x ° (t)). Since the above equalities hold for arbitrary perturbations ¢ x(t), we
have

dr x ° (t )µ
dt

= ¡ DF T (x ° (t)) r x ° (t )µ : (2.26)

Finally, recall that from (2.4) that

dµ
dt

= r x µ ¢
dx
dt

= r x µ ¢F (x) = ! ; (2.27)

which in particular must hold at t = 0. Thus, as in [94, 51, 54], we must solve (2.26)
subject to the condition

r x ° (0) µ ¢F (x ° (0)) = ! : (2.28)

Sincer x ° (t )µ evolvesin Rd, (2.28)suppliesonly oneof d requiredinitial conditions; the
rest arisefrom requiring that the solution r x ° (t )µ to (2.26) be T-periodic [94, 51, 54].

Note that equations(2.26) and (2.28) correspond to equations(9.16) and (9.17)
of [94], with the identi¯cation of r x µ ! Q and a slightly di®erent parametrization.
Indeed, this is the adjoint problem that XPP solves to numerically ¯nd the PRC
QXPP . The relationship is

r x µ = ! QXPP : (2.29)

The strong attraction metho d

Sinceonly partial derivatives @µ
@x evaluatedon ° enter Eqn. (2.21), and not the valueof

the phasefunction µ itself, it is tempting to computethesepartial derivativesdirectly
from Eqn. (2.4). However, when viewed as an algebraicequation for the vector ¯eld
@µ
@x , (2.4) yields in¯nitely many solutions,being only oneequation for the d unknown
functions @µ

@x j
; j = 1; :::; d . Someof thesesolutionsare much easierto construct than

the phaseresponsecurvecomputedvia the direct or the adjoint method. However, for
such a solution, which we write as @µ2

@x (6= @µ
@x ) to distinguish it from partial derivatives

of the asymptotic phaseµ, there is not necessarilya corresponding phasevariable µ2

such that dµ2 (x )
dt = ! ; x 2 U (in the absenceof stimulus): recall the uniquenessof the

solution µ(x) to Eqn. (2.4).
For example, the `strong attraction limit' of a coordinate change to the phase
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variable µ2 discussedin, e.g., [53, 94] e®ectively sets

@µ2

@x
(x) =

F (x)
kF (x)k2

! ; (2.30)

which clearly satis¯es (2.4) but implicitly imposesd ¡ 1 additional constraints: in
particular, level sets of µ2 are always orthogonal to ° , which is not generally the
casefor isochrons. Furthermore, Eqn. (2.30) requires that F (x )

kF (x )k2 ! is the gradient
of the scalar function µ2, which is only possibleif it is curl-free in a neighborhood
of ° . Sinceit is proportional to the unit-normalized vector ¯eld which exhibits the
attracting limit cycle, F (x )

kF (x )k2 ! will never meet this requirement, sothe phasevariable

µ2 cannot be extendedto a neighborhood of ° . More practically, @µ
@x (x ° ) and @µ2

@x (x ° )
can also give qualitativ ely di®erent phasedynamics, with µ dynamics representing
more accurately the original `full' equations: seeChapter 4 for an exampleinvolving
the stabilit y of phase-locked states in coupledHodgkin-Huxley systems.

2.2.4 Validit y of the phase reduction

We shall always assumethat the phase°ow _µ is nonnegative at the spike point µs ´ 0;
otherwise(2.21) doesnot make senseasa neuronmodel (neuronscannot cross`back-
wards' through the spike and regain a state from which they can immediately ¯re
again). For oscillatorsgiving PRCs z(µ) with z(µs) 6= 0, this assumptionrestricts ad-
missibleperturbing functions I (t) (or, in the moregeneralcaseof Eqn. (2.8), G(x; t))
to thosesatisfying

I (t)z(µs) > ¡ ! : (2.31)

Thus, for z(µs) > 0, excitatory input (I (t) > 0) is always admissible,but there is a
lower bound on the strength of inhibitory input for which phasereductionshold. In
particular, if I (t) contains a noisecomponent, it must beboundedbelow; this requires
`trimming' the white (di®usive) or Ornstein-Uhlenbeck noiseprocessescommonlyused
to model variabilit y in synaptic inputs. Theseproblemsdo not arise for continuous
PRCs having z(µs) = 0.

We note that z(µs) = 0 approximately holds for the Hodgkin-Huxley (HH) and
Hindmarsh-Rose(HR) neurons to be consideredbelow, and indeed holds for any
neuron model with a `fast' vector ¯eld surrounding the spike tip x s on the limit
cycle. In this case,asymptotic phasechangesvery little in a small neighborhood
near xs, sinceµ = ! t and only a short time is spent in the neighborhood. A small
perturbation in the V direction thereforetakestra jectories to isochrons with similar
valuesof µ, and so has little e®ecton asymptotic phase. For the integrate and ¯re
systemsinvestigated below, spikes are not explicitly modeled. While this may be
viewed asan arti¯cial omissionleadingto z(µs) 6= 0, the population dynamicsof such
systemsare of interest becausethey are in rather commonuse.
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2.3 Phase equations for nonlinear oscillators with
attracting limit cycles { application to neural
mo dels

In this section we derive or recall analytical approximations to PRCs for multi-
dimensionalsystemswith limit cyclesthat arise in the four (local and global) codi-
mensiononebifurcations [82]: theseare appropriate to conductance-basedmodelsof
the form (2.1-2.2). We then give PRCs for one-dimensional(linear) `integrate-and-
¯re' models. Of thesePRC calculations, results for the homoclinic and degenerate
Hopf bifurcation arenew,while the resultsfor other models,previouslyderivedasref-
erencedin the text, aresummarizedand recastto display their frequencydependence
and for application to population models in what follows.

2.3.1 Phase response curv es near codimension one bifurca-
tions to perio dic ¯ring

Bifurcation theory [82] identi¯es four codimension one bifurcations which can give
birth to a stable limit cyclefor genericfamiliesof vector ¯elds: a SNIPER bifurcation
(saddle-node bifurcation of ¯xed points on a periodic orbit), a supercritical Hopf
bifurcation, a saddle-node bifurcation of limit cycles,and a homoclinic bifurcation:
seeFig. 2.4. All four bifurcation typeshave beenidenti¯ed in speci¯c neuronmodels
as a parameter, here the baselineinward current I b, varies: for example, SNIPER
bifurcations are found for `Type I' neurons[50] like the Connor model and its two-
dimensional Hindmarsh-Rose(HR) reduction [146], supercritical Hopf bifurcations
may occur for the abstracted FitzHugh-Nagumo (FN) model [102], a saddle-node
bifurcation of limit cyclesis found for the Hodgkin-Huxley (HH) model [89, 143], and
a homoclinic bifurcation can occur for the Morris-Lecar (ML) model [142].

In this section,we calculate or summarizePRCs for limit cyclesarising from all
four bifurcations. This is accomplished,where possible, through use of one- and
two-dimensionalnormal form equations. Normal forms are obtained through cen-
ter manifold reduction of Eqns. (2.1-2.2) at the bifurcation, followed by a similarit y
transformation to put the linear part of the equation into Jordan normal form, and
¯nally by successive `near identit y' nonlinear coordinate transformations to remove
as many terms as possible, a processwhich preserves the qualitativ e dynamics of
the system [82]. To obtain the PRC in terms of the original variables, i.e., @µ

@V ,
rather than in terms of the normal form variables(which we henceforthdenote(x; y))
with associated PRCs @µ

@x and @µ
@y , it is necessaryto `undo' these coordinate trans-

formations. However, sincethe normal form coordinate transformations only a®ect
nonlinear terms, we obtain the simple relationship

@µ
@V

= º x
@µ
@x

+ º y
@µ
@y

+ O(x; y); (2.32)
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where

º x =
@x
@V

¯
¯
¯
¯
x= y=0

; º y =
@y
@V

¯
¯
¯
¯
x= y=0

:

The remainderterm in (2.32) is assumedto besmall nearthe bifurcations of relevance
and is neglectedbelow. This introducesvanishingerror in the Hopf case,in which the
bifurcating periodic orbits have arbitrarily small radii; the sameis true nearSNIPER
and homoclinic bifurcations, where periodic orbits spend arbitrarily large fractions
of their period near the origin. When using the Bautin normal form, however, we
must tacitly assumethat the nonzero `onset' radius of stable bifurcating orbits is
small; failure of this assumption for the Hodgkin-Huxley model may contribute to
the discrepancybetween PRCs derived via analytical and numerical methods; see
Sect.2.3.3.

Beforeproceeding,a few notes regarding the normal form equationsthat we will
considerare in order. For the SNIPER bifurcation, we considerthe normal form for
a saddle-node bifurcation of ¯xed points, which must be properly embeddedglobally
in order to capture the presenceof the periodic orbit (the unstable branch of the
center manifold must closeup and limit on the saddlenode, cf. Fig. 2.4(a)). For the
saddle-node bifurcation of periodic orbits, we appeal to the sequenceof bifurcations
for `Type II' neuronssuch asthe Hodgkin-Huxley (HH) model [89], namelya subcrit-
ical Hopf bifurcation in which an unstable periodic orbit branch bifurcates from the
rest state, turns around, and gains stabilit y in a saddle-node bifurcation of periodic
orbits [143]. This sequenceis captured by the normal form of the Bautin (degenerate
Hopf) bifurcation [112], cf. [82, x7.1]. Finally, for the homoclinic bifurcation we con-
sider only the linearized °ow near the ¯xed point involved in the bifurcation; this is
not strictly a normal form, and asfor the SNIPER bifurcation, a proper global return
interpretation is necessaryto producethe periodic orbit.

Near the SNIPER, Hopf, and Bautin local bifurcations, there is a separationof
timescalesbetweendynamicsalongversusdynamicsnormal to the one-or-two dimen-
sional attracting center manifold containing (or, in the SNIPER case,consistingof)
the periodic orbit. In particular, su±ciently closeto the bifurcation point, the time
required for perturbed solutionsto collapseback onto the manifold is negligiblecom-
paredwith the period of the orbit. This implies that, asthe bifurcation is approached,
(the tangent spaceof) any d ¡ 1 dimensionalisochron (computed at its intersection
with the periodic orbit) becomesnormal to the (corresponding tangent spaceof the)
center manifold. Thus, su±ciently nearthesethree bifurcations the only relevant con-
tributions that perturbations make to asymptotic tra jectoriesis via their components
along the center manifold, as captured by the above terms º x and (additionally for
the Hopf and Bautin bifurcations) º y. HenceEqn. (2.32) capturesthe phaseresponse
curve for the full d-dimensionalsystem. For the homoclinic global bifurcation, the
sameconclusionholds, although for a di®erent reason: in this case,there is no low
dimensionalcenter (i.e. locally slow) manifold. However, becausethe dynamicswhich
asymptotically determine the PRC are linear for the homoclinic bifurcation (unlike
the SNIPER, Hopf, and Bautin cases),a PRC valid for full d-dimensionalsystems
can still be computedanalytically, as described below.
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We use the direct method of Section 2.2.3 to compute PRCs from the normal
form equations. This involves linearizing about the stable periodic orbit, which is
appropriate becausethe perturbations ¢ V to be consideredare vanishingly small.
The explicit solution of the normal form equationsyields ¢ µ, and taking limits, we
obtain the PRC, cf. (2.22). Without lossof generality, the voltagepeak(spike) phase
is set at µs = 0 and coordinates are de¯ned so that phaseincreasesat a constant
rate ! in the absenceof external inputs, as in Section 2.2.1. Analoguesof someof
the following results have beenpreviously derived by alternative methods, as noted
in the text, and we alsonote that PRCs for relaxation oscillatorshave beendiscussed
in [97]. However, unlike the previouswork, herewe explicitly computehow the PRCs
scalewith oscillator frequency.

Saddle-no de in a perio dic orbit (SNIPER)

A SNIPER bifurcation occurs when a saddle-node bifurcation of ¯xed points takes
placeon a periodic orbit: seeFig. 2.4(a). Following the method of [50], we ignore the
direction(s) transverseto the periodic orbit, and considerthe one-dimensionalnormal
form for a saddle-node bifurcation of ¯xed points:

_x = ´ + x2 ; (2.33)

wherex may be thought of as local arclength along the periodic orbit. For ´ > 0, the
solution of (2.33) traversesany interval in ¯nite time; as in [50], the period T of the
orbit may be approximated by calculating the total time necessaryfor the solution to
(2.33) to go from x = ¡1 to x = + 1 and making the solution periodic by resetting
x to ¡1 every time it `¯res' at x = 1 . This givesT = ¼p

´ , hence! = 2
p

´ .
Since(2.33) is one-dimensional,[50] immediately computes

@µ
@x

= !
@t
@x

=
!
dx
dt

; (2.34)

where dx
dt is evaluated on the solution tra jectory to (2.33). This gives

@µ
@x

=
2
!

[1 ¡ cosµ] (2.35)

as ¯rst derived in [50], but with explicit ! -dependencedisplayed here.
Consideringa voltage perturbation ¢ V, we have

@µ
@V

= zSN =
csn

!
[1 ¡ cosµ] ; (2.36)

where csn = 2º x is a model-dependent constant (see(2.32) above). Note that @µ
@V

is nonnegative or nonpositive accordingto the sign of csn . Sincein `Type I' neuron
models [50] a positive voltage perturbation advancesphase(and hencecausesthe
neuron to ¯re sooner), in the following we will generallyassumecsn to be positive.
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Figure 2.4: (a) SNIPER bifurcation: two ¯xed points die in a saddle-node bifurcation
at ´ = 0, giving a periodic orbit for ´ > 0, assumedto be stable. (b) Supercritical
Hopf bifurcation: a ¯xed point losesstabilit y as ® increasesthrough zero, giving a
stable periodic orbit (closedcurve). (c) Bautin bifurcation: seetext for details. At
® = c2

4f there is a saddle-node bifurcation of periodic orbits. Both a stable (solid

closedcurve) and unstable (dashedclosedcurve) periodic orbit exist for c2

4f < ® < 0;
the unstableperiodic orbit dies in a subcritical Hopf bifurcation at ® = 0. The ¯xed
point is stable (resp., unstable) for ® < 0 (resp., ® > 0). (d) Homoclinic bifurcation:
a homoclinic orbit exists at ¹ = 0, giving rise to a stable periodic orbit for ¹ > 0.
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Generalized and supercritical Hopf bifurcations

The normal form for the (generalized)Hopf bifurcation [82, 112] is:

_z = (®+ i¯ )z + (c + id)jzj2z + (f + ig)jzj4z ; (2.37)

in polar coordinates, this is

_r = ®r + cr3 + f r 5 ; (2.38)
_Á = ¯ + dr2 + gr 4 : (2.39)

We study two cases,always treating ® asthe bifurcation parameter. In the ¯rst case,
we assumec < 0, yielding a supercritical Hopf bifurcation: for ® < 0 there is a stable
¯xed point at the origin that losesstabilit y as ® increasesthrough zero,giving birth
to a stable periodic orbit with radius r po;H =

p
¡ ®=c: seeFig. 2.4(b). Crucially,

rpo;H = 0 when® = 0, sothat only terms of cubic order in (2.38-2.39)are required to
capture (unfold) the supercritical Hopf dynamics. Hencewe may set g = f = 0 for a
local analysis.

In the secondcase,we assumec > 0, so that Eqns. (2.38-2.39)have a subcritical
Hopf bifurcation at ® = 0 and there is no stableperiodic orbit for any valueof ® when
g = f = 0: hencewe must reintroducetheseterms to capture the relevant dynamics.
Assuming additionally that f < 0, for ® < 0 there is a stable ¯xed point at the
origin that losesstabilit y in a subcritical Hopf bifurcation at ® = 0, giving rise to an
unstableperiodic orbit as® decreasesthrough zero. The branch of unstableperiodic
orbits turns around at a saddle-node bifurcation of periodic orbits at ® = c2

4f ; for

® > c2

4f stableperiodic solutionsexist with radius r po;B =
h

1
2f

³
¡ c ¡

p
c2 ¡ 4®f

´ i 1=2
:

seeFig. 2.4(c). This is the generalizedHopf or Bautin bifurcation (identi¯ed by the
subscript B).

In either case,the angular speedis constant on the stable periodic orbit; hence,
we set the asymptotic phaseµ equal to the polar angleÁ on the periodic orbit itself.
(However, (radial) level setsof Á extendingo®of the periodic orbit are not isochrons,
since _Á varieswith r .)

We calculate the PRC by linearizing about the attracting periodic orbit r po.
Letting r = r po + r 0, we obtain _r 0 = ¸r 0 + O(r 02), where ¸ is the transverseFlo-
quet exponent (eigenvalue) for the stable periodic orbit. In the supercritical Hopf
bifurcation, ¸ = ¸ H = ¡ 2® < 0 and r po = rpo;H ; in the Bautin, ¸ = ¸ B =
1
f

³
c2 ¡ 4®f + c

p
c2 ¡ 4®f

´
< 0 and rpo = rpo;B . Here and below we drop terms

of O(r 02) becausewe are concernedwith arbitrarily small perturbations, cf. (2.22).
Solving the linearizedradial equation with initial condition r (0) = r 0, we obtain

r (t) = r po + (r0 ¡ rpo)e¸ j t ; (2.40)
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with j = H or B . Next, integrating (2.39) yields

Á(t) =
Z t

0
dÁ =

Z t

0
[¯ + d(r (s))2 + g(r (s))4]ds ; (2.41)

and taking Á(0) = Á0, substituting (2.40) in (2.41), letting t ! 1 , and dropping
terms of O(r 02), we obtain the phaseµ associated with the initial condition (r 0; Á0):

µ(t) = Á0 +
¡
¯ + dr2

po + gr 4
po

¢
t ¡

2rpo(d + 2gr 2
po)(r0 ¡ rpo)

¸ B
: (2.42)

Herewe have againusedthe fact that the polar angleÁ and the phaseµ are identical
on the periodic orbit.

Supposethat we start with an initial condition (x i ; yi ) on the periodic orbit, with
polar coordinates (r po; Ái ). As t ! 1 , the tra jectory with this initial condition has
asymptotic phaseÁi + (¯ + dr2

po + gr 4
po)t. Now considera perturbation ¢ x in the

x-direction to (x f ; yf ) = (rpo cosÁi + ¢ x; rpo sinÁi ). To lowest order in ¢ x, this
corresponds, in polar coordinates, to

(r f ; Áf ) =
µ

rpo + cosÁi ¢ x; Ái ¡
sinÁi

rpo
¢ x

¶
:

Setting (r 0; Á0) = (r f ; Áf ) in (2.42) and subtracting the analogousexpressionwith
(r0; Á0) = (rpo;j ; Ái ), j = H or B , we compute the changein asymptotic phasedue to
this perturbation:

@µ
@x

= ¡
2drpo;j + 4gr 3

po;j

¸ j
cosµ ¡

1
rpo;j

sinµ ; (2.43)

wherewe have substituted µ for the polar angleÁi , again using the fact that the two
variablestake identical valueson the periodic orbit. Similarly, we ¯nd

@µ
@y

= ¡
2drpo;j + 4gr 3

po;j

¸ j
sinµ +

1
rpo;j

cosµ : (2.44)

We now expressr po;j and ¸ j in terms of the frequenciesof the periodic orbits. In
the supercritical Hopf case(recall that we set g = f = 0 here), at the bifurcation

point the phasefrequency! is _Á
4
= ! H = ¯ , and from (2.39) we have ! ¡ ! H = dr2

po;H ,
yielding

rpo;H =

p
j! ¡ ! H j
p

jdj
: (2.45)

Substituting for r po;H , we have ! ¡ ! H = ¡ ®d=c, which together with the expression
for ¸ H gives

¸ H =
2c
d

(! ¡ ! H ) : (2.46)
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In the Bautin case,we ¯nd that

! ¡ ! SN =
·
¡

d
2f

+
gc
2f 2

¸ p
c2 ¡ 4®f +

g
4f 2

¡
c2 ¡ 4®f

¢
; (2.47)

where! SN is the frequencyof the periodic orbit at the saddle-node bifurcation (® =
c2

4f ). Thus, from (2.47),

p
c2 ¡ 4®f = kj! ¡ ! SN j + O

¡
j! ¡ ! SN j2

¢
; (2.48)

wherek =
¯
¯
¯ 2f 2

f d¡ gc

¯
¯
¯, and we may usethe expressionsfor r po;B and ¸ B to compute:

rpo;B =
r

¡ c
2f

+ O (j! ¡ ! SN j) ; (2.49)

¸ B =
ck
f

j! ¡ ! SN j + O
¡
j! ¡ ! SN j2

¢
: (2.50)

Next, we substitute these Eqns. (2.45-2.46)and (2.49-2.50) for r po and ¸ into
(2.43-2.44).For the supercritical Hopf case,this gives

@µ
@x

=
1

p
j! ¡ ! SN j

p
jdj

jcj
[dcos(µ) + csin(µ)] ; (2.51)

@µ
@y

=
1

p
j! ¡ ! SN j

p
jdj

jcj
[dsin(µ) ¡ ccos(µ)] ; (2.52)

In the Bautin case,we get

@µ
@x

=
1

j! ¡ ! SN j

"

¡ 2d
r

¡ c
2f

¡ 4g
µ

¡ c
2f

¶ 3=2
#

f
ck

cosµ + O(1) ; (2.53)

@µ
@y

=
1

j! ¡ ! SN j

"

¡ 2d
r

¡ c
2f

¡ 4g
µ

¡ c
2f

¶ 3=2
#

f
ck

sinµ + O(1) ; (2.54)

wherewe have explicitly written terms of O(j! ¡ ! SN j)¡ 1 which dominate near the
saddle-node of periodic orbits. Note that the only term involving the bifurcation
parameter ® is the prefactor, so that, as this parameter is varied, all other terms in
(2.53-2.54)remain constant.

Equipped with (2.51-2.52),the PRC for a perturbation in the V-direction near a
supercritical Hopf bifurcation is found from (2.32) to be

zH (µ) =
@µ
@V

=
cHp

j! ¡ ! H j
sin(µ ¡ ÁH ) ; (2.55)

wherethe constant cH =
p

jdj
jcj

p
(º xc + º yd)2 + (º xd ¡ º yc)2 and the phaseshift ÁH =
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tan¡ 1
³

º y c¡ º x d
º x c+ º y d

´
. The form of this PRC was originally presented as Eqn. (2.11) of

[52]. Seethat paper, aswell asSect.4 of [50] and [94], for earlier, alternative methods
and computations for the PRC near supercritical Hopf bifurcation.

For the Bautin bifurcation, we similarly arrive at

zB (µ) =
@µ
@V

=
cB

j! ¡ ! SN j
sin(µ ¡ ÁB ) : (2.56)

Here cB =
·
¡ 2d

q
¡ c
2f ¡ 4g

³
¡ c
2f

´ 3=2
¸

f
ck

p
º 2

x + º 2
y is a constant (which can be positive

or negative depending on d and g), and ÁB = tan¡ 1
³

º x
º y

´
is an ! -independent phase

shift.

Homo clinic bifurcation

Finally, supposethat the neuron model has a parameter ¹ such that a homoclinic
orbit to a hyperbolic saddle point p with real eigenvalues exists at ¹ = 0. Then
there will be a periodic orbit ° for, say, ¹ > 0, but not for ¹ < 0. Speci¯cally,
we assumea singleunstable eigenvalue ¸ u smaller in magnitude than that of the all
stableeigenvalues,¸ u < j¸ s;j j, sothat the bifurcating periodic orbit is stable [82]: see
Fig. 2.4(d).

If parametersare chosencloseto the homoclinic bifurcation, solutions near the
periodic orbit spend most of their time near p, where the vector ¯eld is dominated
by its linearization. This may genericallybe written in the diagonal form:

_x = ¸ ux ; (2.57)

_yj = ¸ s;j yj ; j = 1; :::; d ¡ 1 ; (2.58)

where the x and yj axes are tangent to the unstable and a stable manifold of p,
respectively, and ¸ s;j < 0 < ¸ u are the corresponding eigenvalues. For simplicity, we
assumeherethat the segments of the axesshown in Fig. 2.5 are actually contained in
the respective manifolds; this can always be achieved locally by a smooth coordinate
change[82].

We de¯ne the box B = [0; ¢] £ ¢¢¢£ [0; ¢] that encloses° for the dominant part
of its period, but within which (2.57-2.58)is still a good approximation; ¢ is model-
dependent but ¯xed for di®erent periodic orbits occurring asa bifurcation parameter
varieswithin the model. We do not explicitly model ° outsideof B , but note that the
tra jectory is `re-injected' after negligible time (comparedwith that spent in B) at a
distance² from the stable manifold, where² varieswith the bifurcation parameter¹ :
seeFig. 2.5. Thus,periodic orbits occurring closerto the bifurcation point correspond
to lower valuesof ² and have larger periods.

We approximate the period T(²) as the time that the x coordinate of ° takes to
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Figure 2.5: The setup for deriving the PRC for oscillations near a homoclinic bifur-
cation, shown (for simplicity) with d = 2.

travel from ² to ¢ under Eqn. (2.57):

T(²) =
1
¸ u

ln
µ

¢
²

¶
: (2.59)

Notice that the x-coordinate of ° alonedeterminesT(²), and hencemay be thought
of asindependently measuringthe phaseof ° through its cycle. We set µ = 0 at x = ²
and, assuminginstantaneousre-injection, µ = 2¼at x = ¢. Then ! = 2¼=T(²), and
as in (2.34)

@µ
@x

=
!
dx
dt

=
!

¸ ux(µ)
=

!
¸ u²

exp(¡ ¸ uµ=! ) : (2.60)

In the ¯nal equality we used the solution to (2.57), x(t) = ² exp(̧ ut), with the
substitution t = µ=! . Since, as remarked above, motion in the yj -directions does
not a®ectthe phaseof ° , only components of a perturbation ¢ V along the x-axis
contribute to the phaseresponsecurve; thus, the PRC zH C = @µ

@V = º x
@µ
@x , where º x

is as de¯ned following (2.32). Using (2.59), ² = ¢ exp(¡ 2¼̧ u=! ), which allows us to
eliminate ² from (2.60):

zH C (µ) =
@µ
@V

= chc ! exp
µ

2¼̧ u

!

¶
exp

µ
¡ ¸ u

µ
!

¶
; (2.61)

where chc = º x
¸ u ¢ is a model-dependent constant. This is an exponentially decaying
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function of µ with maximum

zmax = chc! exp
µ

2¼̧ u

!

¶
(2.62)

and minimum

zmin = zmax exp
µ

¡
2¼̧ u

!

¶
= chc! : (2.63)

Here and below we assumechc > 0. zH C is discontinuousat the spike point µs = 2¼,
which forcesus to take a limit in de¯ning population-averaged¯ring rates below, but
doesnot otherwisea®ectthe following analysis.

2.3.2 One-dimensional neuron mo dels

Generalizedintegrate and ¯re modelshave the form

_V = F (V) + G(V; t) ; (2.64)

whereV(t) is constrainedto lie betweena reset voltage Vr and a threshold Vth , and
the following resetdynamicsare `externally' imposed: if V(t) crossesVth from below
a spike occurs and V(t) is reset to Vr . Here, nothing is lost in transforming to the
single phaseequation (2.8); in particular, the error term of (2.7) vanishes. In fact,
asnoted in, e.g., [48], the crucial quantit y @µ

@V can be found directly from (2.64) with
G(V; t) ´ 0:

z(µ) =
@µ
@V

= !
@t
@V

=
!

F (V(µ))
; (2.65)

where we recall that µ is de¯ned such that _µ = ! . In the next two subsectionswe
computephaseresponsecurvesfor two simple integrate and ¯re models.

In tegrate and ¯re neuron

We ¯rst considerthe simplest possibleintegrate and ¯re (IF) model:

C _V = (I b + I (t)) ; Vr = 0 ; Vth = 1 ; (2.66)

where I b is the baselinecurrent, C is membrane capacitance,and G(V; t) = I (t).
Hereafter we set C = 1 for the IF model. The angular frequency of a baseline
(I (t) = 0) oscillation is ! = 2¼I b, and Eqn. (2.65) gives

zI F (µ) =
!

F (V(µ))
=

!
I b

´ 2¼: (2.67)

Thus, the IF PRC is constant in µ and frequency-independent.
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Leaky in tegrate and ¯re neuron

Next, we considerthe leaky integrate and ¯re (LIF) model:

C _V = (I b + gL (VL ¡ V) + I (t)) ; Vr = 0 ; Vth = 1 < VL +
I b

gL
; (2.68)

whereI b is the baselinecurrent, gL > 0 and VL are the leak conductanceand reversal
potential, C is the capacitance,and G(V; t) = I (t). As above, we also set C = 1
for this model. We assumeI b ¸ gL (1 ¡ VL ) so that, when I (t) = 0, the neuron ¯res
periodically with frequency

! = 2¼gL

·
ln

µ
I b + gL VL

I b + gL VL ¡ gL

¶¸ ¡ 1

: (2.69)

This expressionshows how I b enters asa bifurcation parameter,with I b = gL (1 ¡ VL )
corresponding to the bifurcation point at which ! = 0.

Solving(2.68) for V(t) with initial condition V(0) = Vr = 0, and then usingµ = ! t
and Eqn. (2.65), gives

zLI F (µ) =
!
gL

µ
1 ¡ exp

µ
¡

2¼gL

!

¶ ¶
exp

µ
gL µ
!

¶
; (2.70)

equivalent to formulas previously derived in [171, 115] and referencestherein. Thus,
the PRC for the LIF model is an exponentially increasing function of µ, with a
maximum that decreaseswith ! :

zmax (! ) =
!
gL

µ
exp

µ
2¼gL

!

¶
¡ 1

¶
; (2.71)

and minimum

zmin (! ) = zmax exp
µ

¡
2¼gL

!

¶
=

!
gL

(1 ¡ e¡ 2¼gL =! ) : (2.72)

Recall that the PRC near a homoclinic bifurcation is also an exponential function,
but with oppositeslope: this is becauseboth the essential dynamicsneara homoclinic
bifurcation and the LIF dynamicsarelinear, while the tra jectoriesacceleratefollowing
spikesin the homoclinic caseand deceleratein the LIF.

This is our ¯nal analytical PRC calculation; we summarizethe results derived
above in Table 2.1 and Figs. 2.6-2.7.

2.3.3 Accuracy of the analytical PR Cs

The rangeof parametersover which the PRCs of the full neuron modelsare well ap-
proximated by the analytical expressionsderived above varies from model to model.
Oneoverall limitation noted in [96] is that normal form calculationsfor the Bautin and
supercritical Hopf bifurcation ignore the relaxation nature of the dynamicsof typical
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Figure 2.6: PRCs for the various neuron models, from the formulae of Sect.2.3 and
numerically computed using XPP [51], all with µs = 0. The relevant bifurcations
are noted where applicable. Dot-dashed,dashedand dotted curves for each model
correspond to increasing frequencies,respectively: HR: ! = 0:0102; 0:0201; 0:0316
rad/msec (corresp. 1.62, 3.20, 5.03 Hz.) FN: ! = 0:204; 0:212; 0:214 (corresp. 32.5,
33.7,34.1Hz.), HH: ! = 0:339; 0:355; 0:525 rad/msec (corresp. 54.2,56.5,83.6Hz.),
ML: ! = 0:0572; 0:0664; 0:0802 rad/msec (corresp. 9.10, 10.6, 12.8 Hz.), IF: (any
frequency), LIF: ! = 0:419; 0:628; 1:26 rad/msec (corresp. 66.7, 100, 200 Hz.). For
the LIF model, gL = 0:110. Normal forms (2.36), (2.55), (2.56), (2.61) for the PRCs
closestto bifurcation shown solid (scale factors ci ¯t by least-squares);the IF and
LIF PRCs are exact. PRC magnitudesdecreasewith ! for the HR, HH, ML, and
LIF models, are constant for the IF model, and increasewith ! for the FN model.
The phaseshifts ÁH and ÁB are chosenas ¼ (yielding z(µs) = 0: seeSect. 2.2.4).
The inset to the ML plot displays the sameinformation on a log scale,demonstrating
exponential decay.
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bifurcation z(µ) zmax zmin

SNIPER csn
! [1 ¡ cos(µ)] 2csn

! 0

Hopf cHp
j! ¡ ! H j

[sin(µ ¡ ÁH )] cHp
j! ¡ ! H j

¡ cHp
j! ¡ ! H j

Bautin jcB j
j! ¡ ! S N j [sin(µ ¡ ÁB )] + O(1) jcB j

j! ¡ ! S N j + O(1) ¡ jcB j
j! ¡ ! S N j + O(1)

homoclinic chc ! exp
¡

2¼̧ u
!

¢
exp(¡ ¸ uµ=! ) chc! exp

¡
2¼̧ u

!

¢
chc!

IF 2¼ 2¼ 2¼

LIF !
gL

¡
1 ¡ e¡ 2¼gL =!

¢
egL µ=! !

gL

¡
e2¼gL =! ¡ 1

¢
!
gL

(1 ¡ e¡ 2¼gL =! )

Table 2.1: Phaseresponsecurvesfor the di®erent neuron models.

neural oscillators. However, the analytical PRCs (2.36), (2.55), (2.56), and (2.61) are
qualitativ ely, and in many cases,su±ciently closeto the bifurcation point, quantita-
tiv ely correct: seeFig. 2.6,which comparestheseformulaswith PRCscalculatedusing
XPP [51] for the Hindmarsh-Rose(HR), FitzHugh-Nagumo (FN), Hodgkin-Huxley
(HH), and Morris-Lecar (ML) models near the relevant bifurcations (PRCs for the
integrate and ¯re (IF, LIF) modelsare exact). The companionFig. 2.7 demonstrates
the scalingof PRC maxima with baselinefrequency, which is alsocorrectly predicted
by the normal form analysis. Frequencies! were varied by changing the bifurcation
parameter: baselineinward current I b. Here and elsewhere,the neural models are
as given in [146, 127, 89], and [142]; all parameter valuesusedhere are reproduced
along with the equationsin the Appendix to Part I. Finally, looking forward to the
next chapter, we note that the analytical PRCs derived here will correctly predict
key qualitativ e aspectsof population responsesto stimuli.
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Chapter 3

Response dynamics of phase
oscillator populations

3.1 Chapter outline

We undertake a probabilistic analysis of the response of repetitiv ely ¯ring neural
populations to simple pulselike stimuli. Equipped with the phasereductionsderived
in the previous chapter, we use phasedensity equations to analyze the role of the
bifurcation, and the resulting phaseresponsecurve (PRC), in responseto stimuli.
In particular, we explore the interplay between stimulus duration, baseline ¯ring
frequency, and population level responsepatterns. We interpret the results in terms
of the signal processingmeasureof `gain,' and discusssomefurther applications and
experimentally testable predictions.

This chapter is organizedas follows. Following introductory material on popu-
lation models in neuroscience,Section 3.3 analyzes¯ring probabilities (and hence
population ¯ring rates) in responseto simple stimuli, enabling us to predict spike
histograms, to describe their dependenceon parameterscharacterizing the stimuli
and neuron type, and to emphasizesimilarities and di®erencesamongthe responses
of di®erent models. Theseresults are summarizedin seven Roman-numbered bold-
face statements. Section 3.4 interprets these results in terms of the gain, or signal
ampli¯cation, of neural populations, and Section 3.5 analyzese®ectsof distributed
frequenciesand noisy currents on the post-stimulus decay of evoked ¯ring rate re-
sponses. Section 3.6 closesthe chapter with comments on further applications and
possibleexperimental tests. Someof the results of this chapter appear in the second
part of [23].

3.2 In tro duction and background

This chapter seeksto add to our understandingof how the ¯ring rates of populations
of neural oscillators respond to pulselike stimuli representing sensoryinputs, and to
connect this to mechanismsof neural modulation and computation. In particular,
we study how responsesdepend on oscillator type (classi¯ed by its bifurcation to
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periodic ¯ring as in Chapter 2), baseline¯ring rate of the population, and duration
of the input. As in, e.g., [60, 86], our results alsoapply to the interpretation of Peri-
Stimulus Time Histograms (PSTHs), which represent averagesover an ensemble of
independent neuronal recordings.

We are motivated by attempts to understandPSTHs of spike rates in the brain-
stem organ locus coeruleus (seeChapter 5), but there are many other situations in
which populationsof spiking neuronsare resetby stimuli. For example,the multiple-
oscillator and beat- frequencymodels of interval timing of Meck et al. [119] involve
cortical oscillatorsof di®eringfrequencies,and the 40 Hz synchrony reported by Gray
and Singer and Eckhorn et al. (see[79, 46] for reviews) also suggestthe onset of
coherent oscillations in visual cortex.

For most neuronmodelswe ¯nd that the responseof populations to a ¯xed stim-
ulus current scalesinversely with the pre-stimulus `baseline'¯ring rate of the pop-
ulation, re°ecting the scaling of PRCs found in Chapter 2. While the ¯ring rates
of individual neuronsalso display this inverserelationship (encoded in their f̀ ¡ I '
curves [142]), the scaling of the population responsedi®ersfrom that of individual
neurons.This e®ectsuggestsa possiblerole of baselinē ring rate in cognitiveprocess-
ing by neural populations: decreasingbaseline¯ring rates (via reducedinputs from
other brain areasor via neuromodulators (e.g. [167, 9, 8])) canadjust the `fraction' of
an incoming stimulus that is passedon to the next processingmodule. Recent data
from the brainstem nucleus locus coeruleus (LC), for example, re°ect this pattern:
greaterresponsivity and better cognitive performanceareboth correlatedwith slower
baseline¯ring rates [10, 167, 24], as described in Chapter 5.

We also ¯nd that, for certain commonneuron models, the maximum population
response to a step stimulus of ¯xed strength can only occur (if it occurs at all)
after stimulus removal. Moreover, in all casesthere are `resonant' stimulus durations
for which there is no post-stimulus response. Thus, the magnitude and timing of
maximal population responsedepends strongly both on neuron type and stimulus
duration relative to baselineperiod.

Voltage density approaches,primarily undertaken in an integrate and ¯re frame-
work involving `re-injection' boundary conditions and in somecasesinvolving dis-
tributed conductances,are developed and applied in, e.g., [160, 181, 60, 67, 130, 133,
86, 29, 26, 63, 68] and referencestherein. In particular, density formulations derived
from integrate and ¯re models, e.g. [60, 86], demonstrate the inverserelationship
between peak ¯ring rates and baselinefrequency (for populations receiving pulsed
stimuli) that we extend to other neuron models in this chapter. The work of Brunel
et. al [26, 63] focusseson the transmissionof stimuli by noisy integrate-and-¯re pop-
ulations: it explainshow components of incoming signalsare shifted and attenuated
(or ampli¯ed) when \output" as ¯ring rates of the population, dependingon the fre-
quency of the signal component and the characteristics of noise in the population.
Someof the conclusionsof our chapter (for integrate and ¯re neuronsonly) could pre-
sumably be reconstructedfrom the Brunel et al. resultsby decomposingour stepped
stimuli into Fourier components; however, simpler methods applicable to the noise-
free casepermit di®erent analytical insights into responseproperties. Experiments
on population responsesto applied stepped and °uctuating currents have also been
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performed,e.g. by [116] in cortical neurons.Due to noiseinherent in their biological
preparations,responsesto stepped,but not °uctuating, stimuli aregradually damped
(cf. also [67, 68]); thesee®ectsare studied using a phasedensity approach in [144].

The phasedensity formulation is also used in [110, 162] and referencestherein,
wherethe emphasisis on coupling e®ectsin populationswith distributed frequencies,
generally without external stimuli. The approach closest to ours is that of [163],
which focuseson how pulsed input signalscan desynchronize populations of noisy,
coupledphaseoscillatorsthat have clusteredequilibrium states;of particular interest
is the critical stimulus duration Tcr it for which the maximum desynchronizing e®ect
is achieved. By contrast, the present chapter focuseson synchronizing responsesof
independent oscillators (with uniform stationary distributions) and, using analytical
solutions to this simpler problem in the noiselesslimit, stressesthe in°uence of indi-
vidual neuron properties. Speci¯cally, we contribute a family of simple expressions
for time-dependent ¯ring rates in responseto pulsed stimuli, derived from di®erent
nonlinear oscillator models via phasereductions and the method of characteristics.
Our expressionsallow us to identify a seriesof novel relationships betweenpopula-
tion dynamics during and after stepped stimuli and the frequenciesand bifurcation
types of the individual neuronsmaking up the population. As already mentioned,
we consideronly uncoupledneurons,but we note that our results remain generally
valid for weakly coupled systems. In particular, in Chapter 5 (and [24]) we show
that for a noisy neural population with synaptic and electrotonic couplingssu±cient
to reproduce observed variations in experimental cross-correlograms,the uncoupled
limit is adequatefor understandingkey `¯rst order' modulatory e®ects.

3.3 Probabilistic analysis of ¯ring rates

3.3.1 A phase densit y equation

We now describe how time-dependent ¯ring rates in response to external stimuli
emergefrom averagesof oscillator population dynamicswith appropriate initial con-
ditions. Let ½(µ; t) denote the probability density of solutions of (2.21), the funda-
mental equationdescribingphasedynamicsof an individual neuronfrom the previous
chapter. Thus, ½(µ; t)dµ is the probability that a neuron'sphase(say in an arbitrary
experimental trial) lies in the interval [µ; µ + dµ] at time t. This density evolvesvia
the advection equation:

@½(µ; t)
@t

= ¡
@
@µ

[v(µ; t) ½(µ; t)] : (3.1)

Boundary conditions are periodic in the probability °ux: e.g.,v(0; t)½(0; t) =
limÃ! 2¼v(Ã; t)½(Ã; t), which reducesto ½(0; t) = ½(2¼; t) for smooth phaseresponse
curves z. A related phasedensity approach is used in [163, 144]. In the presence
of noise,there is an additional di®usionterm in (3.1) [160, 163, 24]: seeSection3.5
below.

Multiple trials in which stimuli are not keyed to oscillator states may be mod-
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eled by averaging solutions of the linear PDE (3.1) over suitably distributed initial
conditions; since(unmodeled) noiseand variable and/or drifting frequenciestend to
distribute phasesuniformly in the absenceof stimuli, we set ½0 ´ 1=2¼. Histograms
of ¯ring times may then be extracted by noting that ¯ring probabilities for arbitrary
cells at time t are equal to the passagerate of the probability density through the
spike phase,i.e., the probability °ux

F L(t)
4
= lim

Ã! µ¡
s

v(Ã; t) ½(Ã; t) = lim
Ã! µ¡

s

[! + z(Ã)I (t)] ½(Ã; t) : (3.2)

The limit from below allows for discontinuities in z(µ) (as in the homoclinic and LIF
PRCs of Chapter 2), since the relevant quantit y is °ux acrossthe spike threshold
from lower valuesof V and hencefrom lower valuesof µ. If the PRC z(µ) and hence
½(µ; t) are continuousat µs, (3.2) simply becomesF L(t) = [! + z(µs)I (t)] ½(µs; t).

We emphasizethat the expression(3.2) equally describes the average¯ring rate
of an entire uncoupledpopulation on a singletrial, or the average¯ring rate of single
neuronsdrawn from such a population over many sequential trials, as in [86], or a
combination of both.

3.3.2 Patterns of ¯ring probabilities and conditions for re-
fractory perio ds

Eqn. (3.1) canbeexplicitly solvedfor piecewiseconstant stimuli of duration d = t2¡ t1:
I (t) = ¹I for t1 · t · t2 and I (t) = 0 otherwise. (Here and elsewherewe assume¹I > 0
unlessexplicitly noted.) Speci¯cally, the method of characteristics([176], or pp. 97-
100of [55]) yields:

½(µ; t) = ½0(£ µ;t (0)) exp
µ

¡
Z t

0

@
@µ

v(£ µ;t (t0); t0)dt0

¶

=
1

2¼
exp

Ã

¡ ¹I
Z ~t2

t1

z0[£ µ;t (s)]ds

!

; (3.3)

where t ¸ t1, ~t2 = min(t; t2) and we take the initial condition ½0 = ½(µ; 0) = 1=2¼.
Here,£ µ;t (s) lies on the characteristic curve given by

d
ds

£ µ;t (s) = v(£ µ;t (s); s) ; (3.4)

with `endpoint' condition £ µ;t (t) = µ. When £ µ;t (s) coincideswith a discontinuity in
z, the integrands in (3.3) are not de¯ned, and we must appeal to the continuity of
probability °ux or, equivalently, to the following changeof variables.

We now simplify the expression(3.3). Using the fact that v(£ µ;t (s); s) = ! +
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¹I z(£ µ;t (s)) for t1 · s · t2, and changingvariablesfrom s to £ µ;t (s),

Z ~t2

t1

z0[£ µ;t (s)]ds =
Z £ µ;t (~t2 )

£ µ;t (t1 )

z0[£ µ;t (s)]
! + ¹I z(£ µ;t (s))

d£ µ;t (s)

=
1
¹I

ln
·

! + ¹I z(£ µ;t (~t2))
! + ¹I z(£ µ;t (t1))

¸
; (3.5)

so that

½(µ; t) =
1

2¼

·
! + ¹I z(£ µ;t (t1))
! + ¹I z(£ µ;t ( ~t2))

¸
: (3.6)

This expressionis valid everywhere it is de¯ned. To obtain the terms in (3.6), we
integrate(3.4) backward in time from the ¯nal condition at s = t until s = t1 or s = ~t2;
this may be doneanalytically for the normal form PRCs of Sect. 2.3 or numerically
for PRCs from full neuron models. The integration yields the PRC-independent
expression

£ µ;t ( ~t2) = µ ¡ ! (t ¡ ~t2) ; (3.7)

for all neuron models,while £ µ;t (t1) is model-dependent via the PRC.
Note that while the stimulus is on (i.e. t1 · t · t2), ~t2 = t so that £ µ;t (~t2) = µ.

After the stimulus turns o®,v(µ; t) is independent of µ, and ½is constant alongcurves
with constant µ¡ ! t. Thus, for t > t2, ½(µ; t) is simply a traveling wave rotating with
frequency! , with ½(µ; t2) determining the phasedensity.

From the de¯nition (3.2), we have:

F L(t) = lim
Ã! µs

! + z(Ã)I (t)
2¼

·
! + ¹I z(£ Ã;t (t1))
! + ¹I z(£ Ã;t (~t2))

¸
: (3.8)

Fig. 3.1 shows examplesof F L(t) for the various neuron models, computed via
Eqn. (3.8) with both numerically and analytically derived PRCs z, as well as as
via numerical simulations of the full neuron models. The phasereduction (3.8) gives
qualitativ e, and, in somecases,precisematches to the full numerical data. We re-
call that the accuracy of phasereductions from full neuron models improves with
weaker stimuli ¹I , and that the analytical PRCs better approximate their numerical
counterparts as the bifurcation point is approached (i.e., as I b is varied).

Note that if limÃ! µs z(Ã) = 0, I (t) doesnot directly enter (3.8), soF L(t) depends
only on variations in ½resulting from the stimulus. However, (I) if limÃ! µs z(Ã) 6= 0,
the ¯ring probabilit y F L(t) `jumps' at stim ulus onset and o®set; seeFig. 3.1,
and recall that we set µs = 0. This is our ¯rst main result.

Somecomments on the limit in Eqn. (3.8) are appropriate. Sincefor all neuron
models we always assumethat v(µ) is positive and bounded, and is de¯ned except
at isolated point(s), £ Ã;t (s) is a continuous function of Ã, s and t. Nevertheless,as
£ Ã;t (t1) and £ Ã;t (~t2) passthrough µs ast advances,discontinuities in z(¢) give discon-
tinuities in F L(t), but the limit in Eqn. (3.8) ensuresthat F L(t) is always de¯ned. As
remarkedabove, if the PRC z(¢) is continuousfunction, then the limÃ! µs z(Ã) = z(µs)
and taking the limit is unnecessary.

33



While the stimulus is on, solutions to (3.4) are periodic with period

P =
Z 2¼

0

dµ
! + ¹I z(µ)

; (3.9)

(independent of the endpoint condition). Thus, (3.6) implies that ½(µ; t) must also
be P-periodic, so that the distribution returns to ½(µ; t1) ´ 1

2¼ every P time units:
i.e., ½(µ; t1 + kP) ´ 1

2¼ for integers k. If the stimulus is turned o® after duration
d = t2 ¡ t1 = kP, this `°at' density therefore persists (recall that ½ evolves as
a traveling wave), giving our secondresult: (I I) for stim ulus durations that
are multiples of P, post-stim ulus ¯ring probabilities F L(t) return to the
constan t value !

2¼. This is illustrated in Fig. 3.2 (a) and correspondsto the absence
of post-stimulus refractory periods and ringing, and is related to the `black holes'
discussedin [163]; Figs. 3.1, 3.2 also illustrate the periodic regimesboth during and
after the stimulus.

When the stimulus duration d is not a multiple of P (and provided z(µ) is not
constant), ½(µ; t2) has at least one peak exceeding1=2¼, and at least one valley less
than 1=2¼(seephasedensity plots of Fig. 3.1). Let the largest and smallestpossible
½valuesbe ½max and ½min , respectively. Eqn. (3.6) then gives

½max =
1

2¼

·
! + ¹I zmax

! + ¹I zmin

¸
; ½min =

1
2¼

·
! + ¹I zmin

! + ¹I zmax

¸
; (3.10)

wherezmin ´ z(µmin ) and zmax ´ z(µmax ) are the global extremaof the PRC; note the
relationship ½min ½max = 1=4¼2. Recalling that £ µ;t (~t2) = µ during the stimulus, com-
paring Eqns.(3.10) and (3.6) shows that ½max occursat µmin and ½min at µmax . When
it exists, the stimulus duration dmax (resp., dmin ) for which a distribution with peak
½max (resp., valley ½min ) occursis essentially obtained by requiring (ignoring the lim-
its required for discontinuousPRCs) that a characteristic curve passesthrough µmax

(resp.,µmin ) at t1 and through µmin (resp.,µmax ) at time t2. Thus, (I I I) for stim ulus
durations dmax (resp., dmin ), post-stim ulus ¯ring probabilities F L(t) exhibit
their maximal deviation above (resp., below) the baseline rate !

2¼. These
deviations may or may not be exceededduring the stimulus itself. SeeFig. 3.2 for
examplesand Fig. 3.1 for the evolution of phasedensity during a prolongedstimulus;
in particular, note that while dmax is not strictly de¯ned for the LIF model, shorter
stimuli (of arbitrarily small duration) always give higher peaks.

We now determine whether maximal peaks and minimal valleys in ¯ring rates
occur during or after stimulus for the variousneurontypes. Again using£ Ã;t (~t2) = Ã
during the stimulus, (3.8) yields

F Ld(t) = lim
Ã! µs

! + z(Ã) ¹I
2¼

·
! + ¹I z(£ Ã;t (t1))

! + ¹I z(Ã)

¸

= lim
Ã! µs

1
2¼

£
! + ¹I z(£ Ã;t (t1))

¤
; t1 < t · t2 ; (3.11)
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Figure 3.1: (a)-(f ) Phasedensity ½(µ; t) in greyscale(darker corresponding to higher
values) (top) and ¯ring probability F L(t) in msec¡ 1 (bottom) for stimuli of length
3=2 £ P (indicated by black horizontal bars), from Eqns. (3.6),(3.8) via the method
of characteristics. Dashed curves indicate F L(t) from the normal form PRCs of
Eqns. (2.36), (2.55), (2.56), (2.61), (2.67), (2.70); solid curvesfrom numerical PRCs
computed via XPP. Baselinefrequenciesand valuesof ¹I for HR, FN, HH, ML, IF,
and LIF models are (0.0201, 0.212, 0.429, 0.08, 0.628, 0.628) rad/msec (corresp.
3.20, 33.7, 68.3, 12.7, 100, 100 Hz.) and (0.1, 0.0015, 0.25, 0.0005, 0.05, 0.05)
¹ A=cm2, respectively. The vertical bars are PSTHs, numerically computed using
the full conductance-basedequations(Appendix C) using 10,000initial conditions,
with I b set to match frequenciesof the corresponding phasemodels. Initial conditions
generatedby evolving the full equationsfor a (uniformly distributed) randomfraction
of their period, from a ¯xed starting point. Note that F L(t) jumps discontinuouslyat
stimulus onsetand o®setfor the IF and LIF models,sincefor thesemodelsz(µs) 6= 0
(point (I) in text). Also, during stimulus F L(t) doesnot dip below the baselinevalue
!
2¼ for the HR, IF, and LIF models,becausezmin ¼ 0 in thesecases(point V ).
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Figure 3.2: (a)-(d) Firing probabilities F L(t) for the HH and HR models,with stimu-
lus characteristicschosento illustrate the points in the text. Dashedand solid curves
and vertical bars denote data obtained as in Fig. 3.1. (a) A stimulus ( ¹I = 0:04
¹ A/cm 2) of length exactly P = 232:50 msec(indicated by the horizontal black bar)
for the HR model (! =0.0201 rad/msec) leavesno trace (point (I I )). (b) A stimulus
( ¹I = 0:25 ¹ A/cm 2) of duration dmax = 11:46 msec for the HH model (! =0.429
rad/msec) yields maximum response after the stimulus has switched o® (because
zmin < 0) but for the HR model (d) (! =0.0102 rad/msec) with stimulus duration
dmax = 152:01 msec,the peak in F L(t) is achieved at t2 (becausezmin ¼ 0), (points
(I I I,IV a)). Plots (c),(d) illustrate point (VI ): the stimulus in (c) is identical to that
of (d), but the slower HR population (d) (! =0.0102 vs. 0.0201rad/msec) displays
the greatestresponse.
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the superscript on F L d(t) denotes`during' the stimulus, emphasizingthat this ex-
pressionis only valid for t1 < t · t2. After the stimulus has turned o®, a di®erent
special caseof (3.8) is valid:

F La(t) = lim
Ã! µs

!
2¼

·
! + ¹I z(£ Ã;t (t1))
! + ¹I z(£ Ã;t (t2))

¸
; t > t2 ; (3.12)

here the superscript on F L a(t) denotes`after' the stimulus. We now use theseex-
pressionsto write the maximum and minimum possible¯ring rates during and after
the stimulus:

F Ld
max =

1
2¼

£
! + ¹I zmax

¤
(3.13)

F La
max =

!
2¼

·
! + ¹I zmax

! + ¹I zmin

¸
(3.14)

F Ld
min =

1
2¼

£
! + ¹I zmin

¤
(3.15)

F La
min =

!
2¼

·
! + ¹I zmin

! + ¹I zmax

¸
: (3.16)

From (3.13-3.16),we have

F Ld
max ¡ F L a

max =
1

2¼

·
! + ¹I zmax

! + ¹I zmin

¸
¹I zmin ; (3.17)

F Ld
min ¡ F L a

min =
1

2¼

·
! + ¹I zmin

! + ¹I zmax

¸
¹I zmax : (3.18)

Sincewe restrict to the casewherev(µ; t) > 0 (i.e., there are no ¯xed points for the
phase°ow), the terms in the brackets of the precedingequationsare always positive.
This implies, for ¹I > 0,

F La
max ¸ F L d

max if and only if zmin · 0 ; (3.19)

F La
max · F L d

max if and only if zmin ¸ 0 ; (3.20)

F La
min · F L d

min if and only if zmax ¸ 0 ; (3.21)

F La
min ¸ F L d

min if and only if zmax · 0 ; (3.22)

where the `equals'casesof the inequalities require zmax = 0 or zmin = 0. In other
words, (IV a) for the speci¯c stim ulus durations that elicit maximal peaks in
¯ring rates, these maximal peaks occur during the stim ulus if zmin ¸ 0 but
after the stim ulus switc hes o® if zmin · 0; (IVb) for the speci¯c (p ossibly
di®eren t) stim ulus durations that elicit minimal ¯ring rate `dips,' these
minimal dips occur during the stim ulus if zmax · 0 but after the stim ulus
switc hes o® if zmax ¸ 0. We recall that zmin < 0 is a de¯ning condition for `Type II'
neurons[50]. The post-stimulus maximum (resp. minimum) ¯ring rates are obtained
asthe peak(resp. valley) of the distribution ½(µ; t) passesthrough µs. As Fig. 3.2 (b)

38



neuron model Response\jumps" with stimulus? Max. responseafter stimulus
(point I ) and depressed̄ring

during stimulus?
(points IV, V )

HR NO NO
HH NO YES
FN YES YES
ML YES NO
IF YES NO

LIF YES NO

Table 3.1: Predictions using the numerical PRCs of Fig. 5.3. The conclusionsfollow
from the limiting valueof z(µs) (point (I) in text), and the valueof the PRC minimum
zmin (points (IV a, V) ).

shows, the delay from stimulus o®setcan be signi¯cant for typical neuron models.
De¯ning the baselinerate valid for t < t1

F Lb(t) ´
!
2¼

; (3.23)

Eqn. (3.15) shows that F L d
min ¸ F L b if and only if zmin ¸ 0. Thus, (V) if zmin ¸ 0,

the ¯ring rate does not dip below baseline values until (p ossibly) after
the stim ulus switc hes o®. Table 3.1 summarizesthe above results for the neuron
modelsstudied here.

In Section3.5 we show via Fourier transformation of the analogof Eqn. (3.1) in
the presenceof noise that F L(t) decays at exponential or faster rates due to noise
and averaging over distributions of neuron frequencies(cf. [163, 24]). For mildly
noisy or heterogeneoussystems,the results (I)-(V) remain qualitativ ely similar but
are `smeared:'e.g.,½(µ; t) is no longer time-periodic during or after the stimulus, but
approachesa generallynonuniform equilibrium state via damped oscillations.

3.3.3 Frequency scaling of response magnitudes

We now determine how the maximum and minimum deviations from baseline¯ring
rates depend on the baseline(pre-stimulus) ¯ring rate of the neural population. Fol-
lowing the discussionof the previous section, we separatelycompute the scaling of
maximal (minimal) responsesthat are possibleduring stimulus and the scaling of
maximal (minimal) responsesthat are possibleafter stimuli switch o®. Eqns. (3.13-
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3.16) and (3.23) yield:

F Ld
max ¡ F L b =

1
2¼

£¹I zmax
¤

(3.24)

F Ld
min ¡ F L b =

1
2¼

£¹I zmin
¤

(3.25)

F La
max ¡ F L b =

!
2¼

· ¹I (zmax ¡ zmin )
! + ¹I zmin

¸
(3.26)

F La
min ¡ F L b =

!
2¼

· ¹I (zmin ¡ zmax )
! + ¹I zmax

¸
: (3.27)

Theseexpressionsprovide one set of measuresof the sensitivity of population level
responseat di®erent baseline¯ring rates. Additionally , taking ratios with the pre-
stimulus ¯ring rate (e.g. ¯nding F L d

max ¡ F L b

F L b ) determinesthe sizeof deviationsrelative
to baselineactivit y. Weusethe information summarizedin Table2.1 to compilethese
measuresfor all neuron models in the following Tables3.2-3.5. Note that in these
tables, `moving away from the bifurcation' meansvarying parameterssothat the fre-
quencyvaries away from its value at onset of ¯ring, namely ! = 0 for the SNIPER
and homoclinic bifurcations and IF and LIF models, ! H for the supercritical Hopf
bifurcation, and ! SN for the Bautin bifurcation. The scaling of F L d

max ¡ F L b, as
an example,is con¯rmed by comparingFig. 2.7. In summary, (VI) di®eren t neu-
ral mo dels and bifurcations imply di®eren t scalings of maximal response
magnitude with frequency .

Most measuresof population ¯ring rate responsesincreasefor frequenciescloser
to the bifurcation point (Tables3.2-3.5). If thesemodels are parameterizedso that
frequency increasesas the bifurcation parameter I b increasesthrough the bifurca-
tion point, this meansthat populations at lower frequenciestend to display greater
responses;seeFig. 2.7for examples.This e®ectis further exploredin the next section.

3.4 Gain of oscillator populations

In attempts to understand neural information processing,it is useful to understand
how input signalsaremodi¯ed by transmissionthrough variouspopulationsof spiking
cells in di®erent brain organs. The generalway to treat this problem is via transfer
functions [154, 68]. Hereweinterpret the resultsof the previoussectionin termsof the
ampli¯cation, or attenuation, of step function input stimuli by the neural population.
We considerboth extremal and averagevaluesof the ¯ring rate F L(t) during stepped
stimuli of varying strengths, and illustrate for neuronsnear a SNIPER bifurcation.
We will usethe word `gain' to describe the sensitivity of the resulting input-output
relationship: systemswith higher gain have a greater output range for a speci¯c set
of input strengths. The average ¯ring rate during stimulus is

hF L di ´
1
P

; (3.28)
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bifurcation F L d
max ¡ F L b Lowest order scaling Strongeror weaker e®ect

near bifurcation as move away from bifurcation,
to lowest order

unnormalized(normalized by F L b)

SNIPER 1
2¼

h
2¹I csn

!

i
» 1

! weaker (weaker)

Hopf 1
2¼

·
¹I cHp

j! ¡ ! H j

¸
» 1p

j! ¡ ! H j
weaker (weaker)

Bautin 1
2¼

h
¹I jcB j

j! ¡ ! S N j

i
» 1

j! ¡ ! S N j weaker (weaker)

homoclinic 1
2¼

¹I chc ! exp
¡

2¼̧ u
!

¢
» ! exp(k=! ) weaker (weaker)

IF ¹I const. const. (weaker)

LIF 1
2¼

¹I !
gL

¡
e2¼gL =! ¡ 1

¢
» ! exp(k=! ) weaker (weaker)

Table 3.2: Scalingof deviations in ¯ring rate during stimulus F L d
max ¡ F L b for the

di®erent neuron models. The positive constant k di®ersfrom caseto case.

whereP is the period of an individual oscillator during the stimulus (Eqn. (3.9)), and
h¢i is the averageover one such period. For the special caseof a population near a
SNIPER bifurcation, PSN = 2¼p

! 2+2 csn I
so that

hF L d
SN i =

p
! 2 + 2csn I

2¼
: (3.29)

These expressionsdescribe the standard f̀ ¡ I ' curve typically studied for single
neurons[142].

The instantaneousresponsesof neuronsare perhapsof greater interest than av-
eragessuch as (3.28-3.29). To derive the extremal (i.e., maximally above or below
baseline)¯ring rates, we appeal to the expressions(3.11) and (3.12), which are valid
for both positiveand negativevaluesof ¹I aslongasv(µ; t) remainsnonnegative. (How-
ever, the subsequent formulae of Section3.3.2 require modi¯cation: `max' and `min'
must be appropriately interchangedwhendealingwith negative ¹I .) In particular, the
extremal value of F L d(t) for the SNIPER bifurcation is

F Ld;ext
SN =

1
2¼

·
! +

2csn
¹I

!

¸
: (3.30)

In Fig. 3.3, we plot F L d;ext
SN asa function of both baseline¯ring rate and stimulus

strength ¹I , where the latter takes both positive and negative values. For (here,
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bifurcation F L d
min ¡ F L b Lowest order scaling Strongeror weaker e®ect

near bifurcation as move away from bifurcation,
to lowest order

unnormalized(normalized by F L b)

SNIPER 0 const. const. (const.)

Hopf ¡ 1
2¼

·
¹I cHp

j! ¡ ! H j

¸
» ¡ 1p

j! ¡ ! H j
weaker (weaker)

Bautin ¡ 1
2¼

h
¹I jcB j

j! ¡ ! S N j

i
» ¡ 1

j! ¡ ! S N j weaker (weaker)

homoclinic 1
2¼

¹I chc ! » ! stronger (const.)

IF ¹I const. const. (weaker)

LIF 1
2¼

¹I !
gL

¡
1 ¡ e¡ 2¼gL =!

¢
» ! stronger (const.)

Table 3.3: Scalingof deviations in ¯ring rate during stimulus F L d
min ¡ F L b for the

di®erent neuron models.

negative) stimulus values,and frequencies,su±cient to causethe minimum of v(µ) to
dip below zero, ¯xed points appear in the phasemodel, giving ¯ring rates F L d(t) =
hF L d

SN i = F L d;ext
SN = 0. Notice the increasedsensitivity of extremal ¯ring rates to

changesin stimulus strength at low baselinefrequencies.This `increasedgain' is also
shown in Fig. 3.4 (a), which plots slicesthrough Fig. 3.3 for two di®erent baseline
frequencies. However, there is no analogouse®ect for the average ¯ring rates of
Eqn. (3.29), which follow the standard frequency-current relationshipsfor individual
neurons: seeFig. 3.4 (b).

Note that there is always a crossingpoint between ¯ring rate curves for near-
SNIPER populationswith high and low baselinefrequencies(seeFig. 3.4 (a)). Above
this crossingpoint, stimuli are more greatly ampli¯ed by the low frequencypopula-
tion; below the crossingpoint, they are more greatly ampli¯ed by the high frequency
population. This is analogousto increasingthe slope (= gain) of a sigmoidalresponse
function as in [154], gain increasein Fig. 1 of that paper being analogousto decrease
of ! . Thus, if signal discrimination dependson extremal ¯ring rates, the e®ectsof
gain modulation on signal/noisediscrimination of [154] could be producedby changes
in baselinerate.
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bifurcation F L a
max ¡ F L b Lowest order scaling Strongeror weaker e®ect

near bifurcation as move away from bifurcation,
to lowest order

unnormalized(normalized by F L b)

SNIPER 1
2¼

h
2¹I csn

!

i
» 1

! weaker (weaker)

Hopf 1
2¼

·
2¹I cH !

!
p

j! ¡ ! H j¡ ¹I cH

¸
» 1p

j! ¡ ! H j
weaker (weaker)

Bautin 1
2¼

h
2¹I jcB j!

! j! ¡ ! S N j¡ ¹I jcB j

i
» 1

j! ¡ ! S N j weaker (weaker)

homoclinic 1
2¼

¹I chc !
1+ ¹I chc

(exp(2¼̧ u=! ) ¡ 1) » ! exp(k=! ) weaker (weaker)

IF 0 const. const. (const.)

LIF !
2¼

¹I (1¡ e¡ 2¼gL =! )( e2¼gL =! ¡ 1)
gL + ¹I (1¡ e¡ 2¼gL =! )

» ! exp(k=! ) weaker (weaker)

Table 3.4: Scaling of deviations in ¯ring rate after stimulus, F L a
max ¡ F L b, for the

di®erent neuron models. The positive constant k di®ersfrom caseto case.

3.5 E®ects of noise and distributed frequencies

Wenow considertwo featuresof realistic neural populations: noiseand heterogeneous
oscillator frequencies,and determinehow thesee®ectsdamp post-stimulus \ringing"
of the population, thereby generalizingformulas in [163] to treat populations with
distributed frequencies.Speci¯cally, weassumethat baselinefrequenciesin the neural
population (or collection of experimental trials) of interest are distributed with a
density r (! ), so that

hF L(t)i =
Z

r (! )F L(t; ! )d! : (3.31)

Extending Eqns. (2.1)-(2.2) to allow for variable inputs, we considera population
of conductance-basedneurons,indexedby i :

C _Vi =
£
I g(Vi ; n i ) + I b

i + I (t) + ¾́ i (t)
¤

; (3.32)
_n i = N (Vi ; n i ) : (3.33)

Each neuronmay have a di®erent baselinecurrent I b
i (leading to distributed frequen-

cies acrossthe population) and receives an independent white noise process¾́ i (t)
with r.m.s. strength ¾2 which represents unmodeled`fast' synaptic inputs. Reducing
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bifurcation F L a
min ¡ F L b Lowest order scaling Strongeror weaker e®ect

near bifurcation as move away from bifurcation,
to lowest order

unnormalized(normalized by F L b)

SNIPER ¡ 1
2¼

h
2¹I csn

! +2 csn ¹I =!

i
» ¡ ! stronger (const.)

Hopf ¡ 1
2¼

·
2¹I cH !

!
p

j! ¡ ! H j+ ¹I cH

¸
» ¡ 1p

j! ¡ ! H j
weaker (weaker)

Bautin ¡ 1
2¼

h
2¹I jcB j!

! j! ¡ ! S N j+ ¹I jcB j

i
» ¡ 1

j! ¡ ! S N j weaker (weaker)

homoclinic
¹I chc !

2¼

exp(¡ 2¼¸ u
! )¡ 1

exp( ¡ 2¼¸ u
! )+ ¹I chc

» ¡ ! stronger (const.)

IF 0 const. const. (const.)

LIF !
2¼

¹I (e2¼gL =! ¡ 1)(e¡ 2¼gL =! ¡ 1)
gL + ¹I (e2¼gL =! ¡ 1)

» ¡ ! stronger (const.)

Table 3.5: Scaling of deviations in ¯ring rate after stimulus F L a
min ¡ F L b for the

di®erent neuron models.

(3.32)-(3.33) to phasevariablesvia (2.8), we obtain

dµi =
·
! i + z(µi )I (t) +

¾2

2
z(µi )z0(µi )

¸
dt + ¾z(µi )dWi (t) :

(3.34)

The O(¾2) term is the `Ito correction' resulting from changing variables from the
stochastic di®erential equation (3.32) [65]. Following stimulus o®set(so that I (t) =
0), and in the limit of small r.m.s. noisestrength ¾, stochastic averaging([185],[64,
Thm. 3.1]) may be applied to (3.34). As in the averaging theory of determinis-
tic dynamical systems[82], this amounts to replacing the small deterministic term
¾2

2 z(µ)z0(µ) by its average~z!
4
= 1

2¼

R2¼
0

¾2

2 z(µ)z0(µ)dµ; additionally, the coe±cient of

the noiseterm, ¾z(µ), is replacedby the r.m.s. value ¾̂z!
4
=

³
1

2¼

R2¼
0 ¾2z(µ)2dµ

´ 1=2
,

yielding
dµ = [! + ~z! ] dt + ¾̂z! dW(t) ; (3.35)

wherewehavedroppedthe subscript i . To simplify the calculationsbelow, weassume
~z! = 0, asmay be directly computedfrom the formulas in Table 2.1 for the SNIPER,
Hopf, and Bautin bifurcations as well as the IF model.

The correspondingFokker-Planck equationfor the density of phaseoscillatorswith
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baselinefrequency! is

@½(µ; t; ! )
@t

= ¡
@
@µ

[! ½(µ; t; ! )] +
¾2ẑ!

2

2
@2

@µ2
[½(µ; t; ! )] (3.36)

may then be Fourier transformed for each ! , as in [163], to yield

½(µ; t; ! ) =
1X

n= ¡1

an (t; ! ) exp(inµ) ; where _an = ¡ i! nan ¡
¾2ẑ!

2

2
n2an : (3.37)

Solving the latter equationswith `initial' values an (t2; ! ) representing the state at
stimulus end, we get:

F L(t; ! ) = !
1X

n= ¡1

an (t2; ! ) exp
·
¡

µ
i! n +

¾2ẑ!
2n2

2

¶
(t ¡ t2)

¸
: (3.38)

Carrying out the averagein (3.31), we obtain

hF L(t)i =
Z

r (! )!
1X

n= ¡1

an (t2; ! ) exp
·
¡

µ
i! n +

¾2ẑ2
! n2

2

¶
(t ¡ t2)

¸
d! (3.39)
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(a), and average¯ring rate (b) in Hz., as a function of applied current strength for
two di®erent baselinefrequencies:1.3Hz. (dot-dashedline), and the higher frequency
2.9 Hz (dotted). The increasedgain e®ectat lower baselinefrequenciesdiscussedis
evident for maximum/minim um, but not average,¯ring rates (seetext).

so that

hF L(t)i ¡
h! i
2¼

=
Z 1

¡1
r (! ) ! £

1X

n= ¡1 ;n6=0

an (t2; ! ) exp
·
¡

µ
i! n +

¾2ẑ2
! n2

2

¶
(t ¡ t2)

¸
d! ; (3.40)

where h! i denotesthe mean of r (! ). We will now estimate how the averagespike
rate hF L(t)i relaxesto its baselinevalue h! i

2¼ .
Choosinga `maximal' frequency! m beyond the essential support of the integrand,

breaking the integral into pieces,and applying the triangle inequality, (3.40) yields

¯
¯
¯
¯F L(t) ¡

h! i
2¼

¯
¯
¯
¯ ·

¯
¯
¯
¯
¯

Z ! m

0
r (! )!

1X

n= ¡1 ;n6=0

an (t2; ! ) exp
·
¡

µ
i! n +

¾2ẑ2
! n2

2

¶
(t ¡ t2)

¸
d!

¯
¯
¯
¯
¯

+

¯
¯
¯
¯
¯

Z 1

! m

r (! )!
1X

n= ¡1 ;n6=0

an (t2; ! ) exp
·
¡

µ
i! n +

¾2ẑ2
! n2

2

¶
(t ¡ t2)

¸
d!

¯
¯
¯
¯
¯

(3.41)

Noting that the exponential in the secondterm is boundedin modulus by 1, and thatP 1
n= ¡1 ;n6=0 an (t2; ! ) = F L(t2; ! ) ¡ ! =2¼, we can bound the secondterm of (3.41) as
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follows:
¯
¯
¯
¯
¯

Z 1

! m

r (! )!
1X

n= ¡1 ;n6=0

an (t2; ! ) exp
·
¡

µ
i! n +

¾2ẑ2
! n2

2

¶
(t ¡ t2)

¸
d!

¯
¯
¯
¯
¯

·

Z 1

! m

¯
¯
¯
¯
¯
r (! )!

1X

n= ¡1 ;n6=0

an (t2; ! ) exp[¡ (i! n) (t ¡ t2)] d!

¯
¯
¯
¯
¯

=

Z 1

! m

r (! )!

¯
¯
¯
¯~½(µ = 0; t ¡ t2; ! ) ¡

1
2¼

¯
¯
¯
¯ d! ·

Z 1

! m

r (! )! max
µ

¯
¯
¯
¯~½(µ; t2; ! ) ¡

1
2¼

¯
¯
¯
¯ d!

4
= E :

Here, ~½(µ; t ¡ t2; ! ) is the density function that would result from evolution at fre-
quency! with ¾= 0. Becausez! (µ) » 1=! , the e®ective stimulus strength declines
with ! , sothat for su±ciently large ! the perturbation of ½(µ; t2; ! ) from equilibrium
½´ 1=2¼ is negligible. Because,additionally, ! r (! ) decays for su±ciently large !
(sincer is a PDF), ! m may be chosenso that E is arbitrarily small. As for the ¯rst
term in (3.41), noting that ẑ! decays with ! we can replaceẑ! in the exponential
with its least value ẑ! m and also replacen by 1 to obtain an upper bound on the
decaying °ux. This allows us to remove the exponential from the integral, giving

¯
¯
¯
¯F L(t) ¡

h! i
2¼

¯
¯
¯
¯ · exp

·
¡

¾2ẑ2
! m

(t ¡ t2)
2

¸

¯
¯
¯
¯
¯

Z ! m

0
r (! )!

1X

n= ¡1 ;n6=0

an (t2; ! ) exp[¡ i! n(t ¡ t2)] d!

¯
¯
¯
¯
¯
+ E :

(3.42)

Next, we note that
¯
¯
¯
¯
¯

Z ! m

0
r (! )!

1X

n= ¡1 ;n6=0

an (t2; ! ) exp[¡ i! n(t ¡ t2)] d!

¯
¯
¯
¯
¯

=

¯
¯
¯
¯
¯

Z 1

0
r (! )!

1X

n= ¡1 ;n6=0

an (t2; ! ) exp[¡ i! n(t ¡ t2)] d! ¡

Z 1

! m

r (! )!
1X

n= ¡1 ;n6=0

an (t2; ! ) exp[¡ i! n(t ¡ t2)] d!

¯
¯
¯
¯
¯

·

¯
¯
¯
¯
¯

Z 1

0
r (! )!

1X

n= ¡1 ;n6=0

an (t2; ! ) exp[¡ i! n(t ¡ t2)] d!

¯
¯
¯
¯
¯
+ E
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which, together with (3.42), implies
¯
¯
¯
¯F L(t) ¡

h! i
2¼

¯
¯
¯
¯ · exp

·
¡

¾2ẑ2
! m

(t ¡ t2)
2

¸
£

¯
¯
¯
¯
¯

Z 1

0
r (! )!

1X

n= ¡1 ;n6=0

an (t2; ! ) exp[¡ i! n(t ¡ t2)] d!

¯
¯
¯
¯
¯

: (3.43)

up to the arbitrarily small error 2E. For each n, the integral in (3.43) is the Fourier
transform of r (! ) ! an (t2; ! ) evaluated at [n(t ¡ t2)]. This integral decays for su±-
ciently large t ¡ t2 (by the Riemann-LebesgueLemma), giving an additional decay
factor. Thus, (3.43) suppliesour ¯nal main ¯nding: (VI I) Response decays ex-
ponentially or faster with t due to noise and heterogeneous frequencies.

In the specialcasethat r (! ) is Gaussianandvariesrapidly comparedwith ! an (t2; ! ),
for each n contributing signi¯cantly to the sum, we have

r (! ) ! an (t2; ! ) ¼
1

p
2¼°

exp
µ

¡
(! ¡ h! i )2

2°

¶
h! i an (t2; h! i ) ; (3.44)

and the integral in (3.43) may be evaluated to give the following upper bound on
decay rate:

¯
¯
¯
¯hF L(t)i ¡

h! i
2¼

¯
¯
¯
¯ · exp

·
¡

¾2ẑ2
! m

(t ¡ t2)
2

¡
° (t ¡ t2)2

2

¸ ¯
¯
¯
¯
¯

1X

n= ¡1 ;n6=0

h! i an(t2; h! i )

¯
¯
¯
¯
¯

= exp
·
¡

¾2ẑ2
! m

(t ¡ t2)
2

¡
° (t ¡ t2)2

2

¸ ¯
¯
¯
¯hF L(t2; h! i )i ¡

h! i
2¼

¯
¯
¯
¯ :

(3.45)

Here hF L(t2; h! i )i is the value of F L at time t2 under the condition that r (! ) =
±(! ¡ h! i ). In Chapter 5, westudy a speci¯c application involving a (narrow) Gaussian
distribution of frequenciesfor which (3.44) holds; and the corresponding Fig. 5.9
shown there illustrates that (3.45) provides a good decay estimate.

3.6 Applications and exp erimen tal predictions

We now provide further comments on how the mechanismsstudied in this chapter
could be applied and tested. As discussedin Section3.4 and with regard to the locus
coeruleus (LC) in the Introduction, baselinefrequency-dependent variations in the
sensitivity of neural populations to external stimuli could be usedto adjust gain in
information processing.The e®ectcould be to engagethe processingunits relevant
to speci¯c tasks, and, as in [154, 167], to additionally sensitizetheseunits to salient
stimuli. SeeChapter 5 and [24] for details of the LC application.

We recall that Section3.3.2described the di®erent typesof post-stimulus `ringing'
of ¯ring rates F L(t) that occur for the various neuronmodels. This `phase-resetting'
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e®ecthas long beenstudied in theoretical and experimental neuroscience(e.g. [183,
163, 117]). As we show here(Eqn. (3.19), Fig. 3.2), for neuronmodelshaving a phase
responsecurve z(µ) that takesnegative values,the greatestdeviations from baseline
¯ring ratescanoccur signi¯cantly after stimulus end. Subpopulationsof such neurons
could be usedin detecting o®setsof sensorystimuli. Elevated ¯ring rates F L(t) that
remain (or are enhanced)after the stimulus endsare an exampleof persistent neural
activit y, a generalphenomenonimplicated in short-term memory, interval timing, and
other cognitive functions. However, physiologicalevidencesuggeststhat someof the
persistent activit y observed in vivo results from desynchronized,not phase-clustered,
neural groups.

Finally, stimulus-inducedringing of population ¯ring rates (which occurs at the
natural baselinefrequency of the neuron population, seeEqn. (3.6)) could play a
role in generatingthe periodic patterns of coherent activit y that accompany salient
events in psychologicaltests (e.g. `alpha-ringing'); the possiblerelevanceof this e®ect
is well-known and is a topic of current debatein the EEG community [117, 14].

The resultspresented hereare experimentally testable. As noted in the Introduc-
tion, the predictions for average¯ring rate F L(t) are equally valid for multi-channel
recordingsfrom a (weaklycoupled)population and for sequencesof single-unit record-
ings from membersof such a population. Thus, the F L(t) predictions of this chapter
can be comparedwith Peri-Stimulus Time Histograms (PSTHs) formed from both
typesof data. The scalingof responsemagnitudespredicted in Sect. 3.3.3 could be
tested in any experiment in which baselineneural ¯ring ratesare modulated pharma-
cologically while stereotyped stimuli are presented. This is essentially what is done
in many experiments on the e®ectsof di®erent neuromodulators, neurotransmitters,
and other agents. For example,direct application of the neuropeptide corticotropin
releasingfactor (CRF) has beenfound to increaseLC baselineactivit y and simulta-
neouslydecreasesresponsesto sensorystimuli [123] in some,but not all, protocols.
Many other examplesof such `modulatory' e®ectsof neurotransmitters or exogenous
inputs exist for neuronsin other brain areas[8]. However, a generaldi±cult y is that
thesesubstancesmay changemany parametersin neuronsbesidesthe bifurcation (or
frequency)parameter I b that is the focusof this chapter, hencemaking it di±cult to
determinewhat mechanism leadsto changesin averagedresponse.Furthermore, the
presenceof noise tends to diminish the scaling results reported here (cf. [86, 24]),
and while it seemsthat coupling can in somecircumstancesamplify the scaling[24],
we are still working to clarify this e®ect.

We closeby mentioning another experimental test of the predictions presented
here, suggestedby John Rinzel. First, one could determine what pharmacological
manipulations would causea given in vitro neuron to transition from periodic ¯ring
near a SNIPER bifurcation to periodic ¯ring near a Bautin bifurcation. Then, one
could measurehow trial-averagedresponsesto stereotyped stimuli vary as this ma-
nipulation is performed. In particular, this chapter predicts that maximal responses
should occur during the stimulus in SNIPER ¯ring, but after the stimulus switches
o®following a manipulation to Bautin ¯ring.
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Chapter 4

Globally coupled oscillator
net works

4.1 Chapter outline

Chapter 3 was primarily concernedwith the (partial, transient) synchronization of
uncoupledoscillators due to external stimuli. In this chapter we consider the syn-
chronousstates of identical oscillators, with di®eringphaserelationships, that arise
due to coupling.

In particular, we study a classof permutation-symmetric, globally-coupledphase
oscillator networks on N -dimensional tori. Following the introductory material of
Section 4.2, in Section 4.3 we focus on the e®ectsof rotation and re°ection sym-
metries and of the spectral content of coupling functions on the existence(Sec-
tions 4.3.1-4.3.4),stabilit y, and degeneracy(Sections4.3.5-4.3.7)of phase-locked so-
lutions in which subgroupsof oscillators share common phases. We also estimate
domains of attraction for the completely synchronized state. Richer coupling func-
tions, which break someof the symmetry exploited in Section 4.3, are introduced
in Section 4.4. In Section 4.5, the results are applied to coupling functions derived
from the Hodgkin-Huxley conductance-basedneuronmodel (i.e., Eqns. (2.1-2.2)). In
particular, implications for stochastically forcednetworks are illustrated numerically
via cross-correlogramsof spike times, and e®ectsof phase-di®erence-and individual-
phase-dependent coupling on the frequencyof the fully synchronizedstate are brie°y
discussed.Many of the results in this Chapter werepublished in [22].

4.2 In tro duction and background

We consider networks of N rotator oscillators with constant forcing and pairwise
phase-di®erenceand absolute-phasèproduct' coupling, described by:

_µi = ! i +
1
N

NX

j =1

®ij f ij (µj ¡ µi ) + hi (µi )
1

N ¡ 1

NX

j 6= i

¯ ij gj (µj ); (4.1)
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where(µ1; : : : ; µN )T 2 TN , ®ij , ¯ ij and f ij , hi , gj are,respectively, couplingparameters
and 2¼-periodic functions, and ! i are the natural frequenciesof the uncoupledrota-
tors. This chapter focuseson networks with identical frequenciesand global (mean
¯eld) coupling, so that equation (4.1) becomes

_µi = ! +
®
N

NX

j =1

f (µj ¡ µi ) + h(µi )
¯

N ¡ 1

NX

j 6= i

g(µj ) ; (4.2)

although we include someresultswith additive random noise. The denominators(N ,
N ¡ 1) are introducedto normalizecoupling e®ects.

Rotator (phase-only)models of coupledoscillators have beenwidely studied, es-
pecially in the contexts of neuroscienceand coupled Josephsonjunctions. As seen
in Chapter 2, the phase equations o®er, respectively, signi¯cant simpli¯cation of
more realistic neuron modelsof Hodgkin-Huxley or Fitzhugh-Nagumotype (seealso
[126, 102, 94]), and of the Josephsoncircuit equations: e.g. [173, 174, 178]. As also
noted in Chapter 2, in the casethat the N uncoupledoscillators have strongly at-
tracting limit cyclesin their full phasespace,the persistenceof normally hyperbolic
invariant manifolds [59] under small perturbations (weak coupling) may be usedto
reducethe systemto the N -torus by a suitable coordinate transformation. The dis-
tinct `strong attraction' (SA) [53, 94] and `phaseresponse'[50, 111] (PR) techniques
for approximating the reducedsystem(discussedin Section2.2.3 of Chapter 2) will
be applied, to di®eringresults, in Section4.5 of this chapter.

In motivating Eqn. (4.2), weassumean additional separationof scalesbetweenthe
\electrotonic" and \synaptic" types of neural coupling (introduced in Section 4.5).
Wetakeelectrotoniccouplingto beweaker than synaptic, sothat it canbeaveragedto
give the phase-di®erencefunctions ®f ij and assumethat this doesnot a®ectthe ¯ hi gj

terms at leading order. Sections4.3 and 4.4 considerthe dynamicsof equation (4.1)
for various valuesof ® and ¯ , without a priori restricting to the j®j ¿ j¯ j ¿ O(1)
required in this derivation of the phaseequations.

When ¯ = 0 but frequenciesdi®er betweenoscillators, equation (4.2) is referred
to as the Kuramoto model ([110]), on which there is an extensive literature; see
the recent review of [162] and referencestherein (e.g. [42]). Much of this work
has been done in the continuum limit N ! 1 , and [162] adopts this viewpoint;
speci¯cally, stabilit y analysesof somestationary (continuous) states are discussed.
Finite-dimensional results, including a Liapunov function and dimensionreduction,
are found in the context of Josephsonjunction models in [173]. Many earlier studies
take only the leading term in an odd Fourier expansionof f , so that f (¢) = sin(¢);
as we shall seethis is a very degeneratecasefor the mean¯eld coupledsystem(4.2)
(e.g. [128, 75]). Moreover, asshown in [97], relaxation oscillatorsof Hodgkin-Huxley
or Fitzhugh-Nagumotype lead to much richer phasedi®erencefunctions than sin(¢).
Others have recognizedthe importance of higher Fourier harmonics: see [44, 75,
128, 174]. Additional work on ¯nite dimensionaloscillator networks includes [106,
108, 107], which considerdirected coupling, [17], which considersintegrate-and-¯re
models derived from coupled spiking neurons,and [131], which will be discussedin
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Section4.3. Recently, [32] has studied the e®ectsof spike shape on electrotonically
coupledintegrate-and-¯re networks. The authors ¯nd that the existenceand stabilit y
of splay statesdependson the spike shape in a manner that would be interesting to
comparewith the present results.

The present chapter draws on [6], which addressesa classof SN £ T1-equivariant
oscillator networks (of which (4.2) is an examplewhen ¯ = 0). We now summarize
the properties of symmetric dynamical systemsnecessaryto present and apply these
results; for more background, see[76, 77].

Considerthe ODE
dx
dt

= G(x) ; x 2 manifold M ; (4.3)

and let ¡ bea group acting on M . The ODE is saidto be ¡-equivariant if f commutes
with the group action, i.e.

G(° x) = b° G(x) 8° 2 ¡ ; x 2 M ; (4.4)

where the derivative map b° ([4]) acts on the tangent spaceTM ; for linear actions
of ° , b° = ° . The symmetry of a solution x0 2 M is characterizedby the isotropy
subgroup§ x0 = f ° 2 ¡ : ° x0 = x0g, that is, the set of all group elements which leave
the solution x0 unchanged. Associated with an isotropy subgroup is a ¯xed point
subspaceFix[§ x0 ] = f x 2 M : ¾x = x 8¾ 2 § x0 g: the set of points ¯xed by all
elements of § x0 . Two immediate consequencesof ¡-equivarianceare that (1) for any
solution x(t) to equation (4.3), ° x(t) is alsoa solution, and (2) ¯xed-point subspaces
are invariant under the °ow generatedby G. We will refer to this latter property
as dynamical invariance. As in [6], we study special classesof symmetric systems
de¯ned by the following groups: the circle group T 1 = f ± : ± 2 [0; 2¼)g (with action
on TN , µi 7! µi + ±; 8 i ), the cyclic subgroupsZm 2 T1 (with action µi 7! µi + 2¼=m),
the subgroupsof permutations on j -many coordinates, Sj , and the re°ection group
Z r

2 with action µi 7! ¡ µi ; 8 i .
The remainder of the chapter proceedsas follows. In Section4.3 we study (4.2)

with ¯ = 0 (SN £ T1 equivariant), emphasizingthe in°uence of general coupling
functions and obtaining additional results for odd functions f . In Section 4.4 the
T1 symmetry is broken through re-introduction of h(µi )g(µj ) terms. Finally, Section
4.5 applies the results of previous sectionsto two di®erent phasereductions of the
Hodgkin-Huxley equations with electrotonic and synaptic neural coupling. Thus,
Sections4.3 and 4.4 are largely abstract and general,while Section 4.5 concernsa
speci¯c neural application.

4.3 Existence and stabilit y of phase locked solu-
tions for systems with a rotation symmetry

In this sectionwe study dynamical systemsof the generalform

_µ = ! + G(µ) ; µ 2 TN (4.5)
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equivariant under rotation and permutation (actionsof SN £ T1), or equivariant under
rotation, permutation, and re°ection (SN £ T1 _+ Z r

2). In both caseswe immediately
transform to coordinates Áj = µj ¡ ! t rotating with the natural frequency, so that
(4.5) becomes

_Á = G(Á) ; Á 2 TN ; (4.6)

and seekphase locked solutions, in which all phasedi®erencesÁj ¡ Ái ´ Áj i are
constant. In particular, we look for `diagonal°ow' periodic solutions ¹Á such that

_¹Ái ´ c; i = 1; : : : ; N; (4.7)

wherec is a constant, nonzeroin general.Thesesolutionsare alsoperiodic for (4.5),
and, employing a secondrotating frame µi ¡ (! + c)t, they become¯xed points.

Sections4.3.1 and 4.3.3 obtain solutions for general systemsof the form (4.6),
using tools from equivariant dynamics. In Sections4.3.2 and 4.3.4, we considerthe
special caseof (4.6) in which coupling is of a pairwise phase-di®erenceform, so that

_Ái =
®
N

NX

j =1

f (Áj ¡ Ái ) ; i = 1; : : : ; N; (4.8)

and thereby obtain additional resultsaswell assimpli¯ed proofs. As discussedabove,
this type of coupling corresponds to genericweakly-coupledoscillator systems. The
function f (¢) is assumedto be continuously di®erentiable and 2¼-periodic. To state
someof the resultsbelow, it is useful to expressf in a Fourier serieswith coe±cients
bo

l and be
l :

f (Áj i ) =
1X

l=0

(bo
l sin(lÁj i ) + be

l cos(lÁj i )) : (4.9)

While several of the following results appear in the literature as noted below,
no uni¯ed presentation seemsto exist, so we provide a summary here, including
extensionsand new examplesof our own.

4.3.1 Existence of phase locked solutions for general SN £ T1

equiv arian t systems

We now discussisotropy subgroups: subgroupsof the `original' equivariant group
SN £ T1 which ¯x a (group orbit of) linear subspace(s)of T N (by de¯nition, their
¯xed point subspaces).Recall that the importance of this lies in the fact that ¯xed
point subspacesof isotropy subgroupsare dynamically invariant.

Ashwin and Swift [6] found all of the isotropy subgroupsof SN £ T1 acting on TN .
To understand what theseare, it is easiestto study con¯gurations of phaseswhich
comprisetheir ¯xed point subspaces.The ¯rst step is to partition the N phasesÁi

into m blocks, each containing k phases. Then, further partition each of these m
blocks into lB subblocks each containing kj phases(k = (k1 + ¢¢¢+ klB )). SeeFig. 4.1
(a). Let Sk j ½ SN be the subgroupof permutations of phaseswithin each subblock
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m times)
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a) b)
subblocks

Figure 4.1: A generalelement of F ix
h
(Sk1 £ ¢¢¢£ Sk l B

)m _+ Zm (½m )
i
, shown twice to

emphasizedi®erent features. (a) Partition of oscillators among m blocks and klB
subblocks. (b) Labelling of phases. Action of Zm (½m ) is rotation by 2¼

m (shown)
followed by relabelling of phases(seetext).

of kj phases. Then the subgroup (Sk1 £ ¢¢¢£ Sk l B
)m ½ SN leaves our partition of

oscillators invariant, no matter how the blocks and subblocks of phasesare arranged
around the circle.

We now addressspacing among the subblocks. Consider the cyclic subgroups
Zm ½ T1 (with action generatedby Ái 7! Ái + 2¼=m). If the m blocks are regularly
spacedasin Fig. 4.1, the resulting con¯guration will be invariant under the additional
subgroupZm (½m ) ½ SN £ T1, which, following [6], is de¯ned asfollows. Let l = 1; :::;m
index the blocks in order of increasingphase,and ¯x someordering of the k phasesin
the lth of the m blocks as Ál ;1; :::;Ál ;k , whereÁl ;1; :::;Ál ;k1 belong to the 1st subblock
of the lth block, Ál ;k1+1 ; :::;Ál ;k1+ k2 belongto the 2nd, etc. SeeFig. 4.1 (b). Then the
generatorof the m-element subgroupZm (½m ) ½ SN £ T1 acts via the shift Ái 7! Ái +
2¼=m, followed by the permutations (Ám;1; Á(m¡ 1);1; :::;Á1;1), (Ám;2; Á(m¡ 1);2; :::;Á1;2),
..., (Ám;k ; Á(m¡ 1);k ; :::;Á1;k ), which `relabel' the rotated oscillatorsbetweensequentially
orderedblocks.

Taking the (semi) direct products of the two subgroupsdiscussedabove gives
(exactly) the whole family of isotropy subgroups:

Theorem 4.3.1. (Ashwin andSwift [6]) Every isotropysubgroupof a general SN £ T1-
equivariant vector ¯eld is of the form:

§ k ;m ´ (Sk1 £ ¢¢¢£ Sk l B
)m _+ Zm (½m ) ;

where N = m(k1 + ¢¢¢+ klB ).

The permutations all commute, hencethe direct products, while the Zm action does
not commute with the permutations, hencethe semi-direct product denoted by _+.
SeeFig. 4.2 for examples.

Overall, the ¯xed-point subspaceFix[§ k ;m ] is an lB -torus: there are lB ¡ 1 degrees
of freedom setting the spacingsbetween the blocks, plus an additional degreeof
freedomdetermining a `reference'Á1; this represents the T1 group orbit.
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Figure 4.2: Illustrations of equilibria ¯xed under the actions of various isotropy sub-
groups. (a) An element of Fix[(Sk1 £ Sk2 )3 _+ Z3]. Each squarerepresents k1 oscillators
mutually in phase,and successive squaresdenotegroups di®ering in phaseby 2¼=3
(similar for circles). Elements of this ¯xed point subspaceare parameterizedby two
anglesÁi and ±, so it is a 2-torus. (b) (Sk)m _+ Zm (rotating block modes)with m = 6,
(c) Sp £ SN ¡ p (two-block modes),and (d) SN (in-phasemode).

Ashwin and Swift then show that there exist periodic orbits with diagonal °ow
having maximal symmetry given by certain of theseisotropy subgroups:

Theorem 4.3.2. (Ashwin and Swift [6]) SN £ T1 equivariant °ows on the N-torus
generically haveperiodic orbits of diagonal°ow with maximal isotropy(Sk1 £ Sk2 )m _+ Zm ,
for each m, k1 6= k2 suchthat m(k1 + k2) = N .

This theorem is proved by noting that, without lossof generality, the phasesof the
oscillators can be ordered as Á1 · Á2 · ¢¢¢ · ÁN · Á1 + 2¼. The oscillators
retain their ordering under the dynamics,i.e., they can never `pass'each other, since
this would involve crossingan invariant ¯xed-point subspace.Projecting the phases
onto the manifold Á1 = 0 (by subtracting the instantaneousvalue of Á1 from each
phase)givesa simplex called the `canonicalinvariant region' (CIR). The intersection
of Fix[(Sk)m _+ Zm ] with the CIR is a zero-dimensionalinvariant subspace,i.e., an
equilibrium. In the unprojected system, this corresponds to a periodic orbit (or a
circle of equilibria if Á1 = 0 for all time) with isotropy (Sk)m _+ Zm . Furthermore, the
intersectionof Fix[(Sk1 £ Sk2 )m _+ Zm ] with the CIR is a one-dimensionalline segment.
The end points of this segment have isotropy (Sk1+ k2 )m _+ Zm , and are equilibria with
stabilit y in the direction of the line segment determined by the same eigenvalue.
Provided this eigenvaluedoesnot vanish(this is the nondegeneracycondition satis¯ed
for generic functions f ), this can only happen if there is at least one equilibrium
in the interior of the line segment. In the original system, this corresponds to a
periodic orbit (or one-torusof equilibria if _Á1 = 0 for all time) with isotropy (Sk1 £
Sk2 )m _+ Zm . If k1 = k2, the midpoint of the line segment is an equilibrium with isotropy
(Sk1 )2m _+ Z2m ; this can serve as the necessaryequilibrium in the interior of the line
segment. With an additional nondegeneracycondition, Ashwin and Swift's result can
be extendedto show that periodic orbits of diagonal°ow exist with maximal isotropy
(Sk1 £ Sk2 )m _+ Zm with k1 = k2 as well.
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4.3.2 Additional results and simpli¯ed pro ofs for pairwise
phase-di®erence SN £ T1 equiv arian t systems

As discussedin the previoussection,Ashwin and Swift [6] developed their existence
proof for systemscoupled with generalT 1-equivariant functions (4.6). The special
additive,pairwise-coupledform of the couplingin (4.8), which westudy in this section,
allows a much simpler argument to prove (a restricted versionof) Theorem4.3.2.

For a (Sk1 £ Sk2 )m _+ Zm solution with each pair of clustersseparatedby phase±
(seeFigure 4.2(a)) to have diagonal°ow requires _Ái ´ c(±) 8i , for some¯xed ±. This
condition reducesto

c1(±) = c2(±) ; where (4.10)

c1(±) = k1

m¡ 1X

j =0

f
µ

2¼j
m

¶
+ k2

m¡ 1X

j =0

f
µ

2¼j
m

+ ±
¶

(4.11)

c2(±) = k2

m¡ 1X

j =0

f
µ

2¼j
m

¶
+ k1

m¡ 1X

j =0

f
µ

2¼j
m

¡ ±
¶

(4.12)

are the (constant) phasevelocities for oscillators in k1 or k2-clusters,respectively (cf.
[103] for m = 1). A quick sketch showsthat at leastone± 2 (0; 2¼=m) satisfying(4.10)
must exist if c0

1(0)=k2 = ¡ c0
2(0)=k1 is nonzero,sincec0

1;2(0) = c0
1;2(2¼=m). Thus, the

nondegeneracycondition becomes
P m¡ 1

j =0 f 0( 2¼j
m ) 6= 0; for SN ¡ p £ Sp solutions,m = 1,

implying f 0(0) 6= 0. Further, for (Sk)m _+ Zm rotating blocks the equality _Ái ´ ° is
automatic. Finally, we note that if k1 = k2, ± = ¼=m always satis¯es (4.10), so that
the corresponding (Sk1 £ Sk1 )m _+ Zm solutionsmay alsohave symmetry (Sk1 )2m _+ Z2m .

Thesearguments extendin a natural way to show the existenceof weaksolutionsto
the partial di®erential equationsderived from (4.8) asN ! 1 (see[43] for the deriva-
tion of this PDE). Thesearesymmetrically-spacedcombinations of delta distributions
rotating at the frequencyc(±) found above, with the kj -cluster distributions weighted
by kj (N )=m(k1(N ) + k2(N )), j = 1; 2. Here, kj (N ) is the number of oscillators in
a cluster when the total number of oscillators is N , and the N ! 1 limit is taken
over a subsequenceof con¯gurations ([45]) with constant kj (N )=m(k1(N ) + k2(N ))
such that m (¯xed) divides k1(N ) + k2(N ). Under the samenondegeneracycondi-
tions asabove, their existencemay be shown for any valuesof kj =m(k1 + k2) and any
m. Furthermore, if f lacks m-th Fourier harmonicsand their multiples, families of
Zm -symmetric solutions analogousto the ¯xed tori of Section4.3.7alsoexist.

Despite the variety of theseequilibria, we can prove a result on the non-existence
of ¯xed points in a region surrounding the in-phasesolution. De¯ne the open N -
cylinder CR1

4
= f µjd(µ; µd(Ã)) · R1 for someÃ 2 [0; 2¼]g. Here,d(¢; ¢) is the Euclidian

metric on R N (and henceon TN ) and µd(Ã) is the N -vector with all coordinatesequal

to Ã (so that the axis of CR1 is the diagonalD
4
= f µjµi = µj 8 i; j g; seeFigure 4.3).

Prop osition 4.3.1. Let R1 > 0 be such that either f restricted to (0; 2R1) or f
restricted to (¡ 2R1; 0) is of one sign (i.e., f is strictly negative or positive in the
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Figure 4.3: The diagonalD and cylinder C of Proposition 4.3.1. The cube represents
the N -torus.

region). Then there are no ¯xed points of (4.8) in CR1 n D.

Proof. First wenote that for Á 2 CR1 , thereexistsa Ã s.t. Á 2 BR1 (Ã)
4
= f Ájd(Á;µd(Ã)) <

R1)g. Thus in particular jÁj ¡ Ãj < R1 8j ; summing two of these inequalities and
applying the triangle inequality gives jÁj i j < 2R1 8 i; j . Next, consideran arbitrary
N -vector Á 2 CR1 n D, where without lossof generality Á1 · Á2 · ¢¢¢· ÁN . If the
choseninterval in the hypothesisis (0; 2R1), note that 2R1 > Áj ¡ Á1 ¸ 0 8 j and
Áj ¡ Á1 > 0 for at least one j (since Á =2 D). Thus, _Á1 = ®

N

P N
j =1 f (Áj ¡ Á1) 6= 0,

becauseeach term in the sum is either zero or of the samesign (the continuity of
f implies that f (0) is either 0 or of the samesign as f (Á) for Á 2 (0; 2R1)) and at
least one term is nonzero. If the choseninterval is (¡ 2R1; 0), we usethe facts that
0 ¸ Áj ¡ ÁN > ¡ 2R1 8 j and Áj ¡ ÁN < 0 for at least one j . Similarly, then,
_ÁN = ®

N

P N
i=1 f (Áj ¡ ÁN ) 6= 0. HenceÁ is not a ¯xed point.

This result doesnot excludeorbits with nonzerodiagonal°ow, which may exist within
CR1 n D, but only if f is not odd (seebelow).

4.3.3 Existence of phase locked solutions for general SN £
T1 _+ Z r

2 equiv arian t systems

We now considersystemswith an additional re°ection symmetry, e.g. in the case
that f is an odd function, so that the complete symmetry group is SN £ T1 _+ Z r

2;
recall that the nontrivial action of the two-element group Z r

2 on TN is the re°ection
µi 7! ¡ µi 8 i . For the generalsystem(4.6), Z r

2 equivarianceimplies G(¡ µ) = ¡ G(µ).
We now de¯ne the isotropy subgroupsof SN £ T1 _+ Z r

2. The set of thesesubgroups
obviously contains thoseidenti¯ed in Thm. 4.3.1. We ask if more isotropy subgroups
may be found in the presenceof the additional Z r

2 symmetry. Our strategy is to
construct con¯gurations invariant under various subgroupsof SN £ T1 _+ Z r

2.
We begin with the sameinitial partition as in the previous section: break the

N phasesinto m blocks, each containing k phases.We then partition each of these
m blocks into 2lB + 1 subblocks, where subblocks j ; j + 1 each contain kj phases,
j = 1; :::; lB , and the ¯nal subblock (j = 2lB + 1) hasklB +1 phases(k = 2k1+ ¢¢¢+ 2klB +
klB +1 ). SeeFig. 4.4(a). The subgroup(Sk1 £ Sk1 £ ¢¢¢£ Sk l B

£ Sk l B
£ Sk l B +1 )m ½ SN
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Figure 4.4: (a) A general element Á of F ix
£
(Sk1 £ Sk1 £ Sk2 )m _+ Zm (½m ) _+ Z r

2(½r
2)

¤

for m = 3, shown twice to highlight di®erent features. Left, partition and spacingof
phases.Right, phaselabelling and action of the Z r

2 °ip Áj ! ¡ Áj , which is undoneby
the permutation ½r

2 2 SN . This ¯xed point subspaceis 2 dimensionalin the original
coordinates, the degreesof freedombeing ±1 and a rigid rotation. (b) The special
\left" endpoint element of ÁL of F ix

£
(Sk1 £ Sk1 £ Sk2 )m _+ Zm (½m ) _+ Z r

2(½r
2)

¤
obtained

by setting ±1 = 0. (c) The other endpoint ÁR , with ±1 = ¼=m.

leavesour partition of oscillators invariant. Additionally , if the m blocks are evenly
distributed as in Fig. 4.4(a), the con¯guration will be invariant under

§ k ;m ´ (Sk1 £ Sk1 £ ¢¢¢£ Sk l B
£ Sk l B

£ Sk l B +1 )m _+ Zm (½m ) ;

exactly as in Section4.3.1.
If wemakean additional restriction on the con¯guration sothat pairs of subblocks

are arrangedon either side of a `central point' (to be explained), the con¯guration
will be ¯xed under an additional subgroupof SN £ T1 _+ Z r

2. Without lossof generality
(i.e., up to rigid rotation due to T 1 symmetry), we de¯ne our con¯guration asfollows.
Let 2¼l

m be the center for the lth block, meaningthat the (lB + 1)th subblock of the lth
block will have phase2¼l

m and that the (j + 1)st subblocks will have phase2¼l
m ¡ ±j and

2¼l
m + ±j , respectively, j = 1; 3; 5; :::; 2lB ¡ 1. SeeFig. 4.4(a) for the examplelB = 1,

m = 3. In what follows, we refer to a generalcon¯guration of this type simply as Á.
Next, motivated by [5], de¯ne the two-element subgroupZ r

2(½r
2) ½ SN £ T1 _+ Z r

2 as
follows. Fix someordering of the k phasesin the lth of the m blocks as Ál ;1; :::;Ál ;k ,
where,asin Section4.3.1,Ál ;1; :::;Ál ;k1 belongto the 1st subblock of the lth block, etc.
Then (the nontrivial element of) Z r

2(½r
2) actsvia the °ip Ái 7! ¡ Ái 8i , followed by the
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permutations (Ál ;j ; Á(m¡ l );(j +1) ), for all combinations of subblock indicesj = 1; :::; lB

and block indicesl = 1; :::; bm=2; c; (Ál ;j ; Á(m¡ l );j ) for subblock index j = lB + 1 and
block indices l = 1; :::; bm=2; c; and (Ál ;j ; Ál ;( j +1) ) for subblock indices j = 1; :::; lB

and block index l = m.
Now, note that generalcon¯gurations of the form of \ Á" introducedin the previous

con¯gurations are ¯xed by

Tk ;m ´ (Sk1 £ Sk1 £ ¢¢¢£ Sk l B
£ Sk l B

£ Sk l B +1 )m _+ Zm (½m ) _+ Z r
2(½r

2) ;

so that the Tk ;m are isotropy subgroupsof SN £ T1 _+ Z r
2. Thereforewe have identi¯ed

new isotropy subgroups:

Prop osition 4.3.1. Isotropy subgroupsof SN £ T1 _+ Z r
2 include thoseof the form:

§ k ;m ´ (Sk1 £ ¢¢¢£ Sk l B
)m _+ Zm (½m ) ;

where N = m(k1 + ¢¢¢+ klB )
and of the form

Tk ;m ´ (Sk1 £ Sk1 £ ¢¢¢£ Sk l B
£ Sk l B

£ Sk l B +1 )m _+ Zm (½m ) _+ Z r
2(½r

2)

where N = m(2k1 + ¢¢¢+ 2klB + klB +1 ).

We conjecturethat Proposition 4.3.1actually lists all of the isotropy subgroups(up
to conjugacy)of SN £ T1 _+ Z r

2.
In analogy with Theorem 4.3.2, we now identify particular isotropy subgroups

which give the maximal symmetry of diagonal°ow-periodic solutions. In this casean
inequality will distinguish the open setsof oscillator systemswhich are guaranteed to
have periodic solutions with the desiredmaximal isotropy; this is a di®erencefrom
Theorem4.3.2, in which the solutions of interest existed for genericsystems.

Prop osition 4.3.2. If the eigenvalues¸ L and ¸ R de¯ned in the proof below are
nonzero and of the samesign, then the SN £ T1 _+ Z r

2 equivariant °ow (4.8) on the
N-torus has a periodic orbit of diagonal °ow with maximal isotropy (Sk1 £ Sk1 £
Sk2 )m _+ Zm (½m ) _+ Z r

2(½r
2), where m, k1, and k2 are suchthat m(2k1 + k2) = N .

An element of the ¯xed point subspaceF ix
£
(Sk1 £ Sk1 £ Sk2 )m _+ Zm (½m ) _+ Z r

2(½r
2)

¤
is

shown in Fig. 4.4.

Proof. The proof follows the pattern of that given by Ashwin and Swift [6] for The-
orem 4.3.2above. The two dimensionaldynamically invariant space
F ix

£
(Sk1 £ Sk1 £ Sk2 )m _+ Zm (½m ) _+ Z r

2(½r
2)

¤
has a one dimensional intersection with

the spacede¯ned by Á1 = 0. Therefore, transforming to coordinates rotating with
Á1 and w.l.o.g. setting Á1 = 0 we obtain in thesenew coordinatesa onedimensional
invariant spaceof con¯gurations of the form shown in Fig. 4.4 and parameterizedby
±1.

This one dimensionalspaceis itself split into invariant line segments de¯ned by
orderingof the subblocks; the canonicalinvariant regionin which phasesarearranged
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in increasingorder (discussedabove in the context of Theorem4.3.2) correspondsto
a segment with endpoint valuesof ±L = 0, ±R = ¼

m at which certain subblocks coincide
(the subscriptsherestand for left and right). SeeFig. 4.4. The con¯gurations ÁL and
ÁR at these left and right endpoints have isotropy (S2k1+ k2 )m _+ Zm (½m ) _+ Z r

2(½r
2) and

(S2k1 £ Sk2 )m _+ Zm _+ Z r
2, respectively. Note that, since they have di®erent isotropy,

the the stabilit y of thesetwo phaselocked statesin the direction of the invariant line
segment (parameterizedby ±1) connecting them is not identical, unlike the caseof
Theorem4.3.2.

In particular let ¸ L be the eigenvaluecorresponding to the eigenvector of the Jaco-
bian of (4.6) at ÁL pointing toward ÁR and ¸ R be the eigenvalue for sameeigenvector
of the Jacobianat ÁR . If ¸ L and ¸ R arenonzeroand of the samesign then there must
be least one¯xed point in the interior of the line segment. In the original coordinate
system,this point correspondsto a periodic orbit (or one-torusof equilibria if _Á1 = 0
for all time) with maximal isotropy (Sk1 £ Sk1 £ Sk2 )m _+ Zm (½m ) _+ Z r

2(½r
2).

4.3.4 Additional results and simpli¯ed pro ofs for pairwise
phase-di®erence SN £ T1 _+ Z r

2 equiv arian t systems

For the caseof pairwisephase-di®erencecoupling(4.8), Z r
2 equivarianceimplies f (µj ¡

µi ) = ¡ f (µi ¡ µj ); in other words, coupling functions f (¢) must be odd.

Existence of phase-lo cked solutions

We may usethe phase-di®erenceform of (4.8) to explicitly calculate the eigenvalues
¸ L and ¸ R of Proposition 4.3.2,yielding the companionresult:

Prop osition 4.3.3. If

¸ L ´ ¡ (2k1 + k2)
m¡ 1X

j =0

f 0

µ
2¼j
m

¶
= ¡ (2k1 + k2)m

X

l2M (m)

lbo
l (4.13)

and

¸ R ´ ¡ 2k1

m¡ 1X

j =0

f 0

µ
2¼j
m

¶
¡ k2

m¡ 1X

j =0

f 0

µ
2¼j
m

+
¼
m

¶
(4.14)

= ¡ 2k1m
X

l2M (m)

lbo
l ¡ k2m

X

l2M (m)

lbo
l cos(

l¼
m

) (4.15)

are nonzero andof the samesign, then the system(4.8) hasa periodic orbit of diagonal
°ow with maximal isotropy (Sk1 £ Sk1 £ Sk2 )m _+ Zm (½m ) _+ Z r

2(½r
2), where m, k1, and

k2 suchthat m(2k1 + k2) = N . A su±cient condition for this to occur is

k1 >
1
2

k2

¯
¯
¯
¯
¯

P m¡ 1
l=0 f 0

¡
2¼l
m + ¼

m

¢

P m¡ 1
l=0 f 0

¡
2¼l
m

¢

¯
¯
¯
¯
¯

: (4.16)
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…

Figure 4.5: Phasevelocities (i.e. valuesof _Áj ) for the di®erent subblocks; labeling as
usedin Remark 4.3.1.
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Figure 4.6: The phasevelocity c1(±1) of Remark 4.3.1 Examples 1 and 2. (a) for
m = 3 and f (¢) = sin(3¢) + sin(2¢), a (Sk1 £ Sk1 £ Sk2 )m _+ Zm _+ Z r

2 solution exists
for k1 = 2, k2 = 3. (b) However, no such solution exists for k1 = 1, k2 = 5. (c)
For m = 3 again but f (¢) = sin(6¢) + sin(2¢), all combinations of k1 and k2 give
(Sk1 £ Sk1 £ Sk2 )m _+ Zm _+ Z r

2 phaselocked solutions;plotted, k1 = 1, k2 = 5.

Proof. This result follows from direct calculation. The relevant eigenvector is

v± = (¡ 1; :::; ¡ 1| {z }
k1

; 1; :::; 1| {z }
k1

; 0; :::; 0| {z }
k2| {z }

; :::|{z} ; ¡ 1; :::; ¡ 1| {z }
k1

; 1; :::; 1| {z }
k1

; 0; :::; 0| {z }
k2| {z }

(rep eated m times)

) (4.17)

which re°ects variations in ±1: the central blocks of k2 oscillators remain unchanged,
while the distance ±1 separating them from the °anking blocks of k1 oscillators is
contracted or expanded.Multiplying by the Jacobianmatrix J (ÁL ) givesJ (ÁL )v± =
¸ L v±, with ¸ L as given in the Proposition; likewise,J (ÁR)v± = ¸ Rv± (seeFig. 4.4 for
illustrations of ÁL and ÁR).

Remark 4.3.1. In direct analogy to Section 4.3.2 above,wecan write downthe phase
velocities c1(±1) and c2(±1) of the ¯rst (i.e., with least-positive phase)and second k1
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sublocksand the phasevelocity c3(±1) of the k2 subblocks. See Fig. 4.5. Our objective,
as above, is to check under what conditions there exists a value of ¹±1 2 (0; ¼=m) for
which all three of thesephasevelocities are identical: c1(¹±1) = c2(¹±1) = c3(¹±1). This
¹±1 would correspond to a phaselocked solution with maximal isotropy (Sk1 £ Sk1 £
Sk2 )m _+ Zm _+ Z r

2. A calculation showsthat

c1(¹±1) = k1

m¡ 1X

j =0

f
µ

2¼j
m

+ 2¹±1

¶
+ k2

m¡ 1X

j =0

f
µ

2¼j
m

+ ¹±1

¶
(4.18)

c2(¹±1) = 0 (4.19)

c3(¹±1) = ¡ c1(¹±1) : (4.20)

Therefore, the desired solution exists if and only if c1(¹±1) = 0 for some ¹±1 2 (0; ¼
m ).

Sucha ¹±1 is guaranteed to exist if c0
1(0) and c0

1( ¼
m ) havethe samesign. This condition

on the derivatives of c1(¢) reduces to precisely the samerequirement as that for ¸ L

and ¸ R to take samesign in Proposition 4.3.3.

Example 1. For a ¯xed number m of blocks, let f (¢) = sin(m¢)+sin( q¢), whereq is
not a multiple of m (in other words, q 6= M (m). Then,

¸ L = ¡ m2(2k1 + k2) (4.21)

¸ R = ¡ m2(2k1 ¡ k2) : (4.22)

Therefore, if k1 > k2=2, there exists a solution of maximal isotropy (Sk1 £ Sk1 £
Sk2 )m _+ Zm (½m ) _+ Z r

2(½r
2). We verify this by choosing m = 3, q = 2, k2 = 3, and

k1 = 2 > k2=2 and plotting the quantit y c1(±1) discussedin Remark 4.3.1. See
Figure 4.6(a); note that c1(¹±1) = 0 for some¹±1 2 (0; ¼=m), as expected.

Now, if we redistribute the phasesamong subblocks so that k2 = 5, and k1 =
1 < k2=2, such a solution is no longerguaranteed; indeed,plotting c1(±1) in this case
(Figure 4.6(b)), we seethat c1(±1) 6= 0 for ±1 2 (0; ¼=m), so there is no solution with
the desiredmaximal isotropy.

Example 2. For a ¯xed number m of blocks, let f (¢) = sin(2m¢) + sin(q¢), whereq
is not a multiple of m. Then,

¸ L = ¡ 2m2(2k1 + k2) (4.23)

¸ R = ¡ 2m2(2k1 + k2) : (4.24)

Since ¸ L and ¸ R have the samesign for any k1 and k2, there will always exist a
solution of maximal isotropy (Sk1 £ Sk1 £ Sk2 )m _+ Zm (½m ) _+ Z r

2(½r
2). We verify this

via the plot of Figure 4.6(c) for m = 3, q = 2, k2 = 5, and k1 = 1: there exists a
¹±1 2 (0; ¼=m) such that c1(¹±1) = 0, giving the expectedphaselocked solution.
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Gradien t dynamics and consequences

We observe as in Theorem9.15of [94] that:

Prop osition 4.3.2. Equation (4.8) is a gradient dynamical systemon T N with po-
tential

V =
®
N

N ¡ 1X

i =1

NX

j = i +1

F (Áj ¡ Ái ); where f (µ) = F 0(µ): (4.25)

Proof. Note that

¡
@V
@Ái

=
®
N

X

j <i

f (Áj ¡ Ái ) ¡
®
N

X

j >i

f (Ái ¡ Áj ); (4.26)

the oddnessof f implies that _Ái = ¡ @V=@Ái .

Proposition 4.3.2 implies that

_V =
NX

i =1

@V
@Ái

_Ái = ¡
NX

i =1

_Á2
i · 0 ; (4.27)

with equality only at equilibria. Thus, equation(4.8) with odd f (¢) hasno periodic or
homoclinic orbits or heteroclinic cycles:all solutionsapproach equilibria, and almost
all approach stable equilibria. In particular,

Corollary 4.3.3. For f odd, equation (4.7) hasno solutions unlessc = 0.

This immediately implies a corollary to Proposition 4.3.1, which shows that, for
odd f , all phaselockedsolutions(not just ¯xed points) canberuled out in the cylinder
of phasespaceintroducedthere:

Corollary 4.3.4. Let R1 > 0 be suchthat either f restricted to (0; 2R1) or f restricted
to (¡ 2R1; 0) is of one sign (i.e., f is strictly negative or positive in the region). If f
is odd then there are no phaselocked solutions of (4.8) in CR1 n D.

4.3.5 Linear stabilit y of perio dic orbits for pairwise phase-
di®erence coupling

Rotating blo cks

We study solutions with isotropy (Sk)m _+ Zm (½m ) (rotating block modes),Sp £ SN ¡ p

(two-block modes), and SN (in-phase mode) for pairwise phase-di®erencesystems
(4.8); seeFig. 4.2. Sincethe Jacobianof (4.8) is constant along theseperiodic orbits
with diagonal°ow, this problemreducesto computation of eigenvalues([6]). Stabilit y
will be discussedin terms of orbital stabilit y, which implies asymptotic stabilit y with
respect to all perturbations transverse to the (continuous) T 1 group orbit of the
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solution (henceexcluding the corresponding zero eigenvalue). Note that if c 6= 0 in
equation (4.7), the group orbit and periodic orbit coincide.

For (Sk)m _+ Zm symmetric solutions we have, as in [131] and (for m = 1) [174]:

Prop osition 4.3.5. Let N = mk and let ¹Á be an (Sk)m _+ Zm (½m )-invariant ¯xed
point or periodic orbit with diagonal°ow. Then the eigenvaluesof the Jacobian J ( ¹Á)
obtained by linearization of Equation (4.8) are

¸ = ¸ 0 = 0; with multiplicit y 1
¸ = ¸ j

r ; j = 1; :::;m ¡ 1 : `rotation eigenvalues'
¸ = ¸ p; with multiplicit y m(k ¡ 1) : `permutation eigenvalues'

9
=

;
;

¸ j
r =

®
m

m¡ 1X

k=1

f 0

µ
2¼k
m

¶ µ
exp

µ
2¼kj i

m

¶
¡ 1

¶

=
®
2

0

@
X

l2M (m) j
1

l (bo
l + ibe

l ) +
X

l2M (m) j
2

l (bo
l ¡ ibe

l ) ¡ 2
X

l2M (m)

lbo
l

1

A (4.28)

¸ p = ¡
®
m

m¡ 1X

k=0

f 0

µ
2¼k
m

¶
= ¡ ®

X

l2M (m)

bo
l l ; (4.29)

where

M (m) j
1 = f mh ¡ j jh = 1; 2; :::g ; M (m) j

2 = f mh + j jh = 0; 1; 2; :::g ;

M (m) = f mhjh = 1; 2; :::g :

Remark 4.3.6. A fact useful in interpreting Eqn. (4.28) is that unlessm is even
and j = m=2, conditions (ii) and (iii) above are not simultaneously violated by any
l. Thus, unlessj = m=2 the sets M j

1; M j
2, and M are mutually disjoint; for j =

m=2; M j
1

T
M j

2 = f m=2 + mhjh = 0; 1; 2; :::g.

Remark 4.3.7. As required since J ( ¹Á) is real, and as noted in [174], the rotational
eigenvalueş r

j (excepting ¸ r
N =2 if N is even) come in complexconjugate pairs. The

relationship ¸ r
j = ¸ r

m¡ j follows from the facts that l 2 M j
2 implies l 2 M m¡ j

1 and
l 2 M j

1 implies l 2 M m¡ j
2 .

The `rotation' and `permutation' terminology is dueto [6], wheregeneralformulaefor
eigenvaluesand eigenvectorsarepresented. The proof of Proposition 4.3.5repeatedly
usesthe following simple fact. De¯ne the set M = f l jl = qm for someq 2 Zg and let
° = exp(2¼i=m); then for ¹l 2 Z nM ,

P m¡ 1
r =1 ° ¹l r = ¡ 1: From here,the m £ m-blocked

structure of the Jacobianalong with results on the eigenvectorsof Toeplitz matrices
leadsto the desiredconclusion.For details, seethe appendix to this chapter.
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If m = 1, then the proposition addressesthe SN -invariant (in-phase) solutions.
Here there are no rotation eigenvalues,and the permutation eigenvaluesare simply

¸ p = ¡ ®f 0(0) ; (4.30)

with multiplicit y N ¡ 1. Nonlinear stabilit y of thesesolutions is discussedin Section
4.4.2(Proposition 4.4.2with ¯ = 0). At the other extreme,if m = N , the proposition
addressesthe ZN -invariant solutionsin which the phasesof the oscillatorsare equally
spaced;theseare called `rotating wave' solutionsby [6], and correspond to the `splay
state' in the Josephsonjunction literature. In this case,there are no permutation
eigenvalues,and (4.28) reducesto equation (63) of [174].

We now give examplesto illustrate several interesting stabilit y behaviors implied
by Proposition 4.3.5. Including only the ¯rst harmonic in the coupling function
(f (¢) = bo

1 sin(¢) + be
1 cos(¢)), we have for m > 1:

¸ p = 0; with multiplicit y m(k ¡ 1)

¸ j
r =

(
®
2 (bo

1 ¡ ibe
1) and ®

2 (bo
1 + ibe

1) for j = 1 and m ¡ 1

0 otherwise(multiplicit y m ¡ 3),

in addition to ¸ 0. In this casethe (Sk)m _+ Zm solutions are highly degenerate and,
for ®bo

1 > 0, unstable. For m = N (k = 0), there are N ¡ 2 zero eigenvalues. This
result is well-known from the Josephsonjunction literature; in [173], it is shown to
be related to the integrability of the equationsfor this choiceof f .

On the other hand, we note that inclusion of higher harmonicsin f (¢) generically
unfolds the degeneracyin the sensethat all but one (¸ 0) of the eigenvaluesbecome
nonzero,implying instabilit y or orbital stabilit y. For example,adding the mth har-
monic (f (¢) = bo

1 sin(¢) + be
1 cos(¢) + bo

m sin(m¢) + be
m cos(m¢); m 6= 1), we obtain

¸ p = ¡ ®bo
mm; with multiplicit y m(k ¡ 1)

¸ j
r =

(
®[1

2(bo
1 ¡ ibe

1) ¡ bo
mm]; c:c: if j = 1; m ¡ 1

¡ ®bo
mm otherwise(multiplicit y m ¡ 3);

so that any (Sk)m _+ Zm solution is orbitally stable if ®bo
m > ® bo

1
2m and ®bo

m > 0. As
a third example,considerthe casewhere only odd Fourier modesare included in f
(bl = 0 for evenl) and m is even. Then M (m) and M (m) j

1;2 contain only evenintegers
for j even, and so the corresponding terms in (4.28)-(4.29) make no contribution.
Thus, Proposition 4.3.5shows that at least m=2¡ 1 of the rotational eigenvaluesare
zero, and all m(k ¡ 1) of the permutation eigenvaluesare zero. With ¸ 0 = 0, this
givesat least N ¡ m=2 zeroeigenvalues,so this is another degeneratecase.

Remark 4.3.8. For coupling functions whoseharmonic indices belong entirely to
M (l), any oscillator may be individually translated from a (Sk)m _+ Zm solution by a
multiple of 2¼

l to give another equilibrium. Thesetranslationsgive a total of l N ¯xed
points, eachwith identical stability (due to the 2¼

l periodicity of f ). Using calculations
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similar to thoseabove, the eigenvaluesare:

¸ p = 0; with multiplicity m(k ¡ 1)

¸ j
r =

½
®l
2 (bo

l ¡ ibe
l ); c:c: if j = 1; m ¡ 1

0 otherwise(multiplicity m ¡ 3)

¾
:

We alsonote that the calculationswhich yield Proposition 4.3.5alsoshow which
eigenvectors correspond to zero eigenvaluesand hencealong which directions there
may be continuous families of equilibria. For example,with k = 1; m = N = 4 and
f (¢) = sin(¢), the nondiagonalzero eigenvector is (1; ¡ 1; 1; ¡ 1)T , which re°ects the
fact that equilibrium is preserved if `diametrically-opposite' pairs of oscillators are
rotated independently.

Tw o-blo ck perio dic orbits

For f 0(0) 6= 0, equation (4.30) guarantees that the SN -invariant solutions satisfy
the nondegeneracyassumption of Theorem 4.3.2. Then, the Theorem (with m =
1) implies that for some ±(p) > 0, equation (4.8) has periodic orbits with Áj i 2
f 0; ±(p); 2¼¡ ±(p)g for all i; j . This occurs when two blocks of p and N ¡ p
identical-phaseoscillators are mutually out of phaseby ±; to avoid redundancy, we
restrict 0 · p · bN=2c. The Jacobianfrom linearizing around a SN ¡ p £ Sp solution
hasa four-blocked structure which yields (seeAppendix for details):

Prop osition 4.3.9. ([103]) Let ¹Á be an (Sp £ SN ¡ p)-invariant solution and 0 · p ·
bN=2c. Then for p ¸ 1 the eigenvaluesof the Jacobian from equation (4.8) are:

¸ 1 = ®(b¡ p
N (a + b)); with multiplicit y p ¡ 1

¸ 2 = ®( p
N (a + c) ¡ a); with multiplicit y N ¡ p ¡ 1

¸ 3 = 0; with multiplicit y 1
¸ 4 = ®( N ¡ p

N b+ p
N c); with multiplicit y 1

9
>>=

>>;
: (4.31)

Here, a = f 0(0), b = ¡ f 0(±(p)), c = ¡ f 0(¡ ±(p)) We remark that the result for p = 0
also follows from Proposition 4.3.5.

If f (¢) is odd, two-block stateswith ± = ¼exist for any p sincef (0) = f (¼) = 0;
we write ± 6= ±(p) to indicate this p-independenceof ±. Oddnessof f also implies
b = c. This casewas studied in [131], whereexpressionscorresponding to (4.31) are
presented.

Corollary 4.3.10. Assumethat b = c, ± 6= ±(p), and that a;b > 0. If ® > 0, the
two-block equilibria of equation (4.8) are orbitally stableif and only if p = 0. If ® < 0,
the equilibria are stableif and only if p 6= 0 and a < bp=(N ¡ p), if the equilibria are
stablefor p = k for somek · bN=2c, then they are stablefor p > k.

Proof. The results for ® > 0 are immediate from ¸ 4 of equation (4.31) and (4.30).
For ® < 0, we note that ¸ 1;2 · 0 implies N a · p(a + b) · N b. Upon rearranging,
this yields a · b(N ¡ p)=p and a · bp=(N ¡ p); for p in the given range, the latter
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inequality implies the ¯rst, and for ¯xed a and bit is clearthat if the secondinequality
is satis¯ed for p = k, then it continuesto be satis¯ed as p increases.In this case¸ 1,
¸ 2 and ¸ 4 are all strictly negative, leading to the Corollary.

We remark that if a;b < 0, the sign of ® may be switched and the Corollary
applied, and that the result that stabilit y of equilibria for p = k implies stabilit y for
p = N=2 is stated in [131].

The corollary indicates that for ® < 0 and under certain conditions on a;b; and
N , orbital stabilit y of two-block ¯xed points can changeas p is varied. For example,
if a = 1, b = 2, and N = 5, the equilibria are unstable for p = 0; 1 but are stable for
p = 2. In the special casea = b= c (which occurs,for example,if f (¢) = sin(¢)), note
that ¸ 1 = ¡ ¸ 2 = ®(a ¡ 2p=N ), ¸ 4 = ®a; thus the ¯xed points are unstable unless
®a < 0, N is even and p = N=2, in which casethey are neutrally stable with N ¡ 1
zeroeigenvalues. As above, inclusionof higher harmonicsin the Fourier seriesfor f (¢)
genericallyunfolds this degeneracy.

We close this subsectionby remarking that techniques used to prove Proposi-
tions 4.3.5and 4.3.9could in principle beextendedto calculatethe stabilit y of general
(Sk1 £ Sk2 )m _+ Zm solutions for m > 1, wherem(k1 + k2) = N . We refer the reader
to [6] for the speci¯c example(S2 £ S1)3 _+ Z3.

4.3.6 Nonlinear stabilit y of perio dic orbits { domains of at-
traction

Global stabilit y for sin coupling

In the special casethat f (¢) = sin(¢), it is possibleto characterize the global dy-
namics of the system (4.8). In particular, Watanabe and Strogatz [173] de¯ne the
(codimension2) incoherent manifold as the set where the centroid of the phasesis
zero:

r ´
X

j

exp(iÁj ) = 0 (4.32)

(i =
p

¡ 1) and the (codimensionN ¡ 1) coherent manifold asthe setwhereÁj ´ c, 8j ,
for somec. We will also refer to the coherent manifold as the perfectly synchronized
state (i.e., the diagonalD in Fig. 4.3). Watanabe and Strogatz show, using a change
of coordinates, that almost every initial condition asymptotically approachesthe in-
coherent manifold when ® < 0 (i.e., the incoherent manifold is globally attracting in
this case),and that the coherent manifold is globally attracting when® > 0. Here,we
obtain theseresults via an elementary proof independent of the Watanabe-Strogatz
coordinate change. The present method of proof, basedon the gradient function of
Prop. 4.3.2 (valid sincesin(¢) is odd), is a special caseof that independently usedin
[98] to obtain more generalresults. We show

Prop osition 4.3.4. The incoherent manifold is globally attracting when® < 0.

Prop osition 4.3.5. The coherent manifold D (i.e. perfectly synchronized state) is
globally attracting when® > 0.
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Proposition 4.3.4will ¯nd application in Section5.4.2below.
First, we classifythe equilibria of

_Ák =
®
N

NX

j =1

sin(Áj ¡ Ák) : (4.33)

Note that the condition _Ák = 0 8 k implies
"

X

j

ei (Áj ¡ Ák ) ¡
X

j

ei (Ák ¡ Áj )

#

= 0 (4.34)

X

j

ei (Áj ¡ Ák ) =
X

j

ei (Ák ¡ Áj ) (4.35)

e¡ iÁk
X

j

eiÁ j = eiÁk
X

j

e¡ iÁ j (4.36)

This ¯nal equation is clearly satis¯ed for all states on the incoherent manifold (in
which case

P
j exp(iÁj ) = 0 which immediately implies

P
j exp(¡ iÁj ) = 0). That is,

the incoherent N ¡ 2 dimensionalincoherent manifold consistsentirely of ¯xed points.
For equilibria not on the incoherent manifold, i.e.

P
j exp(iÁj ) 6= 0, (4.36) gives

e¡ 2iÁk =

P
j e¡ iÁ j

P
j eiÁ j

8k : (4.37)

Note that the right hand side is independent of k. This implies that Ák = c + nk¼
8 k, for someintegersnk . In other words, all phasesdi®er by 0 or ¼. Hence, the
only equilibria not on the incoherent manifold are \t wo-block" states or are on the
synchronizedmanifold (when all phasesdi®erby 0).

In summary, we have shown

Lemma 4.3.1. For ® 6= 0, all equilibria of Eqn. (4.33) are either (i) on the incoherent
manifold, or (ii) are \two-block states" with Á1; :::;Áp ´ c and Áp+1 ; :::;ÁN ´ c+ ¼for
somec 2 [0; 2¼) and somevalueof p 2 f 1; :::; dN=2e¡ 1g, or (iii) are on the coherent
manifold.

Note that the incoherent manifold contains states with no permutation or cyclic
symmetries; i.e., solutions other than the rotating-block or two-block types (for ex-
ample, N = 5 and µ1 = 0; µ2 = µ3 = ±; µ4 = µ5 = ¡ ±, where ± = cos¡ 1

¡
1
4

¢
and

± < ¼).

Proof of Proposition 4.3.4. A direct calculation (seeCorollary 4.3.10 above) shows
that, for the system(4.33), the coherent manifold and all two block statesareunstable
unlessN is evenandeach of the two blocks (separatedby ¼) contains the samenumber
N=2 of phases. These latter states are on the incoherent manifold. Together with
Lemma 4.3.1, this shows that all equilibria of (4.33) not on the incoherent manifold
are unstable, so that all stable equilibria lie in the incoherent manifold.
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Thus, sincealmost every initial condition °owing under the gradient dynamicsof
(4.33)must a approach a stableequilibrium, wehaveour desiredresult: the incoherent
manifold is globally attracting.

Proof of Proposition 4.3.5. To obtain this result we must show that all two-block
states (p > 0) and all states on the incoherent manifold are unstable. Therefore
almost all initial conditions must °ow to the only possiblestable equilibria, the co-
herent manifold. As above, direct calculation [22] shows that the two-block statesare
unstablewith ® > 0. We now show the instabilit y of all incoherent states.

It su±cesto show that the potential V obtains its global maximum value only on
the incoherent manifold. Then, if a tra jectory initially on the incoherent manifold
is perturbed o®of this manifold, the potential will decrease,and, due to (4.27), the
tra jectory will never return to the incoherent manifold, demonstrating its instabilit y.

This property of V is easyto show. Sinceit is de¯ned over the torus, the extreme
valuesof V occur (only) wherer V = 0, i.e., at equilibria of (4.33). We now calculate
V at theseequilibria.

V = ¡
®
N

NX

j =1

X

k¸ j

cos(Áj ¡ Ák) (4.38)

= ¡
®
N

NX

j =1

NX

k=1

cos(Áj ¡ Ák) +
®
N

NX

j =1

X

k<j

cos(Áj ¡ Ák) (4.39)

= ¡
®
N

NX

j =1

NX

k=1

cos(Áj ¡ Ák) +
®
N

NX

j =1

X

k· j

cos(Áj ¡ Ák) ¡ ® (4.40)

= ¡
®
N

NX

j =1

NX

k=1

cos(Áj ¡ Ák) +
®
N

NX

j =1

X

k¸ j

cos(Áj ¡ Ák) ¡ ® (4.41)

so that

V = ¡
®

2N

NX

j =1

NX

k=1

cos(Áj ¡ Ák) ¡
®
2

(4.42)

Wenow computeV at oneof the two-block equilibria (groupsof p and N ¡ p anglesout
of phaseby ¼) described in Lemma4.3.1. To directly calculatethe sumin Eqn. (4.42)
we note that, each of the p times that Áj lies in the block of p phases,the argument
of the sum over k takesthe value 1, p times, and it takesthe value ¡ 1, N ¡ p times,
(and similarly whenÁj lies in the block of N ¡ p phases).Thus, at a two-block state,

V = ¡
®

2N
[p(p ¡ (N ¡ p)) + (N ¡ p)(( N ¡ p) ¡ p)] ¡

®
2

(4.43)

= ¡
®

2N
[p ¡ (N ¡ p)]2 ¡

®N
2N

· ¡
®
2

; (4.44)

with equality only if N is even and p = N=2 (in which casethe two-block state lies
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on the incoherent manifold). Note that plugging p = 0 into (4.44) givesthe potential
on the coherent manifold.

On the incoherent manifold, we expandthe costerms in (4.42), giving

V = ¡
®

2N

NX

j =1

cos(Áj )
NX

k=1

cos(Ák) +
®

2N

NX

j =1

sin(Áj )
NX

k=1

sin(Ák) ¡
®
2

(4.45)

= 0 + 0 ¡
®
2

: (4.46)

Thus, comparing (4.44) and (4.46), which give all of the (local and global) extrema
of V, we see,as desired,that the potential reachesits maximum, ¡ ®=2, only on the
incoherent manifold and everywhereon this manifold, so the proposition follows.

Estimate for the domain of attraction of D for arbitrary phase-di®erence
coupling functions f

Wenow givea nonlinearstabilit y result for the globally synchronizedstate that allows
for more generalcoupling. The following is valid for systemsof the form (4.8):

Prop osition 4.3.11. (Nonlinear stability of D.) For somes > 1, assumef 0(0) >
0 and let R > 0 be the smallest value for which either f 0(2R) = f 0(0)=s > 0 or
f 0(¡ 2R) = f 0(0)=s > 0 (implying minµ2 [¡ 2R;2R] f 0(µ) = f 0(0)=s). Then, if

® > 0

the domain of attraction for D includesCR
4
= f µjd(µ; µd(Ã)) · R for someÃ 2 [0; 2¼]g

(cf. Figure 4.3).

Proposition 4.3.11follows from setting ¯ = 0 in the more generalProposition 4.4.2,
the proof of which is given below.

4.3.7 Existence of ¯xed lB -tori

Prop osition 4.3.12. For Á contained in an invariant lB -torus Fix[(Sk1 £ ¢¢¢£
Sk l B

)m _+ Zm ] with N = m(k1 + ¢¢¢+ klB ), equation (4.8) reduces to:

_Ái =
®
N

X

l2M (m)

(

be
l m

lBX

q=1

kq(i ) cos[lxq(i )] + bo
l m

lBX

q=1

kq(i ) sin[lxq(i )]

)

; (4.47)

where the numbers kq(i ) and the angles xq(i ) are as explained in Figure 4.7. In
particular (as found in [6]), if be;o

l = 0 for all l 2 M (m), then the lB -torus is a
continuum of ¯xed points.

Proof. Consider _Ái = ®
P N

j =1 f (Áj i ) for arbitrary i . First we calculate the contribu-
tions to _Ái from odd (sine) modesof the coupling function. Computing the vector¯eld
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k1(i)

f i

x2(i)

k2(i)
...

xlB(i)

klB(i)

..
.

...

Figure 4.7: The labeling schemeusedin Proposition 4.3.12.Given the referenceindex
i corresponding to the _Ái being computed,blocks of oscillators are numberedby the
index q in a counterclockwise fashion,starting with q = 1 for the block containing Ái

itself. Each block contains kq(i ) oscillatorsand is separatedfrom its neighbor by the
anglexq(i ) (by de¯nition x1(i ) ´ 0).

in Eqn. (4.8) separatelyfor each cluster of m blocks of kq(i ) oscillators,the l th Fourier
mode adds to _Ái =[®kq(i )]:

bo
l

m¡ 1X

j =0

sin
µ

lxq(i ) + l
2¼j
m

¶
= bo

l sin(lxq(i ))
m¡ 1X

j =0

cos
µ

l
2¼j
m

¶

+ bo
l cos(lxq(i ))

m¡ 1X

j =0

sin
µ

l
2¼j
m

¶

=
bo

l

2
sin(lxq(i ))

m¡ 1X

j =0

¡
° l j + ° ¡ l j

¢
+

bo
l

2i
cos(lxq(i ))

m¡ 1X

j =0

¡
° l j ¡ ° ¡ l j

¢
; (4.48)

where ° = e2¼i=m . But, from Lemma 4.5.1,
P m¡ 1

j =0 ° l j = 0 if l =2 N (m) and = m
otherwise. Summingover the lb clusters,this givesthe contribution of the odd Fourier
modesin Eqn. (4.47).

Repeating this analysisfor the even modes,we obtain

be
l

m¡ 1X

j =0

cos
µ

lxq(i ) + l
2¼j
m

¶
= be

l cos(lxq(i ))
m¡ 1X

j =0

cos
µ

l
2¼j
m

¶

¡ be
l sin(lxq(i ))

m¡ 1X

j =0

sin
µ

l
2¼j
m

¶

=
be

l

2
cos(lxq(i ))

m¡ 1X

j =0

¡
° l j + ° ¡ l j

¢
+

be
l

2i
cos(lxq(i ))

m¡ 1X

j =0

¡
° l j ¡ ° ¡ l j

¢
: (4.49)
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By the sameremarks following Eqn. (4.48), only the ¯rst term in Eqn. (4.49) con-
tributes to the °ow, andonly whenl 2 N (m). This yieldsthe remainderof Eqn. (4.47).

Becausethe xq arearbitrary spacingsbetweenlB blocks, the family of ¯xed points
consideredin the proof is at least lB ¡ 1-dimensional.But the `initial' Ái in Fix[§ k ;m ]
may also take arbitrary valuesin Fix[§ k ;m ], so the entire set is a lB -torus.

For odd f , the ¯xed tori may also be found by showing that the potential (4.25) is
always constant under this samecondition on the Fourier coe±cients of f given in
Proposition 4.3.12.

If m = N and be;o
l = 0 for all l = 0 (mod N ), lB = 1 and Proposition 4.3.12

simply gives the circle of equilibria that is the T 1 group orbit of the ZN -symmetric
equilibrium of Proposition 4.3.5(with k = 1). If m = 1 then Proposition 4.3.12gives
no new information about ¯xed subspaces:be;o

l = 0 for all l 2 M (m) implies that the
oscillatorsare uncoupled.

It is a general fact that if G1 µ G2 for isotropy subgroupsG1 and G2, then
Fix(G2) µ Fix(G1). Therefore,sinceS1 £ S1 £ ¢¢¢£ S1 µ Sk1 £ ¢¢¢£ Sk l B

, the lB -tori
of ¯xed points guaranteed by the theoremare actually contained in the (N=m)-torus
Fix[(S1 £ S1 £ ¢¢¢£ S1)m _+ Zm ] = Fix[Zm ].

The following examplesillustrate implications of Proposition 4.3.12.

Example1. ConsiderN = 4 and supposebe;o
l = 0 for even l. For m = 4 the torus of

¯xed points guaranteed by the proposition is just the one-torusFix[Z4]. For m = 2,
we get the two-torus of ¯xed points Fix[Z2]. This describes the set of points for
which two oscillators are out of phaseby ¼, and the other two are also out of phase
by ¼, corresponding to (Á1; Á2; Á3; Á4) = (»1; »2; »1 + ¼; »2 + ¼). Fix[Z2] contains both
Fix[Z4] = f (»; » + ¼=2; » + ¼; » + 3¼=2)g and Fix[(S2)2 _+ Z2] = f (»; »; » + ¼; » + ¼)g.

Fix[Z2] also coincideswith the (N ¡ 2 = 2)-dimensional incoherent manifold
described in Section 4.3.6. BecauseFix[Z2] is a ¯xed point subspace,the two-
dimensional incoherent manifold is dynamically invariant as found in [174]; Propo-
sition 4.3.12givesconditions under which it is also dynamically ¯xed as well as the
expressionfor drift along this manifold. [174] alsoshow that the (N ¡ 2) dimensional
incoherent manifold is not dynamically invariant when N ¸ 5.

However, this manifold contains dynamically invariant (and perhapsdynamically
¯xed) submanifolds: for Á in ¯xed point subspacesof isotropy subgroupswhich have
Zm as a subgroup (where m ¸ 2), the relevant centroid is zero. Thus, these ¯xed
point subspacesare contained in the incoherent manifold. Note that the invariant (or
¯xed) tori have dimensionlB · N=m; which is lessthan N ¡ 2 for N ¸ 5, m ¸ 2.

Example2. SupposeN = 6 and f (¢) = sin(¢), and considerthe ((S3)2 _+ Z2)-invariant
equilibria (e.g., (Á1; Á2; Á3; Á4; Á5; Á6) = (0; 0; 0; ¼; ¼; ¼) ´ ¹Á). From Proposition 4.3.5,
the eigenvalues for such equilibria are 0 with multiplicit y ¯v e, and 6® with mul-
tiplicit y one. The null eigenvectors may be taken to be e1 = (1; 1; 1; 1; 1; 1), e2 =
(2; ¡ 1; ¡ 1; 0; 0; 0); e3=(1; 1; ¡ 2; 0; 0; 0), e4 = (2; ¡ 1; ¡ 1; 2; ¡ 1; ¡ 1); e5 = (1; 1; ¡ 2; 1; 1; ¡ 2):
Figure 4.8showsthe potential V corresponding to perturbations to ¹Á in the directions
of thesenull eigenvectors. V is °at for perturbations in the e1; e4, and e5 directions
(each with a corresponding one-dimensionalcontinuum of ¯xed points, overall giving

72



2.98

2.99

3

3.01

3.02

0 1 2 3 4 5 6
-12

-8

-4

0

4

0 1 2 3 4 5 6

� �

�����
�	�

��
���
����������������

�����
�	�

��
���
������! ��#"

Figure 4.8: Potential V for perturbations to ¹Á in the directionsof the null eigenvectors,
as de¯ned in the text.

a three-torus of equilibria), but not for perturbations in the e2 and e3 directions.
Proposition 4.3.12 guarantees the existenceof the three-torus of equilibria Fix[Z2]
given by (Á1; Á2; Á3; Á4; Á5; Á6) = (»1; »2; »3; »1 + ¼; »2 + ¼; »3 + ¼); note that perturba-
tions to ¹Á in the e1; e4, and e5 directionskeepthe systemin the Fix[Z2] subspace.The
e2 and e3 perturbations illustrate that every zeroeigenvalue of Propositions 4.3.5or
4.3.9doesnot necessarilyimply a corresponding one-dimensionalcontinuum of ¯xed
points.

Example3. Intersection of ¯xed tori. SupposeN = 6 and be;o
l = 0 for even l and also

for l = 0 (mod 3) (for example,onecould take f (¢) = b1 sin(¢) + b5 sin(5¢) + b7 sin(7¢)).
For m = 2, the proposition implies that there is a three-torus of ¯xed points Fix[Z2]
asgiven in Example2. For m = 3, the proposition implies that there is a two-torus of
¯xed points Fix[Z3] given by (Á1; Á2; Á3; Á4; Á5; Á6) = (»4; »5; »4 + 2¼=3; »5 + 2¼=3; »4 +
4¼=3; »5 + 4¼=3) and permutations. The intersection of Fix[Z2] and Fix[Z3] must at
least include Fix[Z6] sinceZ2 ½ Z6, Z3 ½ Z6 ) Fix[Z6] µ Fix[Z2], Fix[Z6] µ Fix[Z3].

4.4 Breaking the T1 Symmetry: Pro duct Coupling

Reintroducing the h and g terms and going back to µ coordinates, we return to the
SN -equivariant Eqn. (4.2), which we reproducehere for easyreference:

_µi = ! +
®
N

NX

j =1

f (µj ¡ µi ) + h(µi )
¯

N ¡ 1

NX

j 6= i

g(µj ) : (4.50)

The results of this section are valid for arbitrary C1 2¼-periodic functions g and h;
without lossof generality, we assumethat g takesvaluesin [0; 1]. Additional assump-

tions on the product function G(µ)
4
= h(µ)g(µ) simplify the discussionof bifurcations

in Section4.4.1.
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4.4.1 Bifurcations of ¯xed poin ts on the diagonal Fix[SN ]

This section concernsanalysis local to the (perfectly synchronized) diagonal of T N ,

de¯ned by D
4
= f µjµi = µj 8 i; j g, which is dynamically invariant (see Fig. 4.3).

Restricted to D and with µi ´ µ, Eqn. (4.50) becomes

_µ = ! + ®f (0) + ¯ G(µ): (4.51)

This equationhas¯xed points givenby ¹µ = G¡ 1
³

¡ ! + ®f (0)
¯

´
. To simplify the analysis

in this section,we assumethat G has a singleminimum µmin with G00(µmin ) 6= 0, as
it doesfor the `neurobiological'coupling functions to be consideredin Section4.5.

Theseconditionson G and ! > 0 imply that there areno, one,or two on-diagonal
¯xed points, in the latter casedenotedby ¹µ1 < ¹µ2. Linearizedabout these¯xed points
(when they exist) ¹µk , Eqn. (4.50) is

_»i = (N ¡ 1)
·
¡

®
N

f 0(0) +
¯

N ¡ 1
g(µk)h0(µk)

¸
»i +

·
®
N

f 0(0) +
¯

N ¡ 1
h(µk)g0(µk)

¸ X

j 6= i

»j

4
= [Ad»]i ; (4.52)

where

Ad =

2

6
6
4

ak ck ck ¢¢¢ ck

ck ak ck ¢¢¢ ck

¢¢¢
ck ck ck ¢¢¢ ak

3

7
7
5 ; (4.53)

and

ak = (N ¡ 1)
·
¡

®
N

f 0(0) +
¯

N ¡ 1
g(µk)h0(µk)

¸
; ck =

¯
N ¡ 1

h(µk)g0(µk) +
®
N

f 0(0) :

(4.54)
Using the sameargument as in the proof of Proposition 4.3.9, the eigenvaluesof Ad

are

¸ k
1 = ¡ ®f 0(0) + ¯

¡
h0( ¹µk)g( ¹µk) ¡ 1

N ¡ 1h( ¹µk)g0( ¹µk)
¢

; multiplicit y N ¡ 1, (4.55)

¸ k
2 = ¯ G0( ¹µk); multiplicit y 1. (4.56)

Stabilit y in the transversedirections (with respect to the diagonal) is determined
by ¸ 1, and in the axial direction by ¸ 2; note that our hypothesison G implies that
¸ 2( ¹µ1) < 0, and ¸ 2( ¹µ2) > 0. As ¯ is decreasedthrough ¯ = (! + ®f (0))=jG(µmin )j, the
two ¯xed points coalesceand disappear in a saddlenode bifurcation (the appearance
of these ¯xed points as ¯ increasesrepresents the phenomenonof oscillator death:
[53, 164]). For the remaining valuesof ¯ , the orbit along D is the (SN symmetric)
periodic orbit µD (t). We will investigatethe period and stabilit y of this orbit in the
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following sections.

4.4.2 Frequency and stabilit y of the in-phase perio dic orbit

If ¯ < (! + ®f (0))=jG(µmin )j, the period of the orbit on D is given by

¿ =
Z 2¼

0

µ
dµ
dt

¶ ¡ 1

dµ =
Z 2¼

0

dµ
! + ®f (0) + ¯ h(µ)g(µ)

: (4.57)

Moreover, we have

Prop osition 4.4.1. (Local stability of D.) The SN -symmetric periodic solution
µi (t) ´ µD (t) along D is asymptotically stableif

® >
¯ N

(N ¡ 1)¿f 0(0)

Z 2¼

0

g(µ)h0(µ)
! + ®f (0) + ¯ g(µ)h(µ)

dµ; (4.58)

where ¿ is the (generally ®-dependent) period of µD (t) given in equation (4.57) and
we assumef 0(0) > 0.

Closely related results are found in [166, 75].

Proof. Linearized around µD (t), equation (4.50) becomes_»i = [Ad(t)»]i . The proof
usesthe fact that the (t-dependent) symmetric matrix Ad(t) hasa particularly simple
structure, and that it can be diagonalizedby a t-independent similarit y transforma-
tion. Speci¯cally, the eigenvaluesof Ad(t), where t is viewed as a (¯xed) parameter,
are:

¸ 1(t)= ¡ ®f 0(0) + ¯
µ

g(t)h0(t) ¡
1

N ¡ 1
h(t)g0(t)

¶
; multiplicit y N ¡ 1;

¸ 2(t)= ¯ G0(t); multiplicit y 1;

whereg(t) is written for g(µD (t)) ; etc. The orthogonal eigenvectorsof ¸ 1(t) (denoted
by Â1; : : : ; ÂN ¡ 1) may be chosenconstant and orthogonal to the eigenspaceof ¸ 2(t),
which is spannedby the eigenvector (1; : : : ; 1)T . Thus, Â1; : : : ; ÂN ¡ 1 span the space
normal to µD (t). In theseeigencoordinates the linearizedsystemdecouplesas

_»i = ¸ 1(t)»i ; i = 1; : : : ; N ¡ 1; _»N = ¸ 2(t)»N :

De¯ne the (N ¡ 1)-dimensionalplane
P

= f ÂjÂN = 0g and considerthe Poincar¶e
map P : U ! U for someneighborhood U ½

P
of 0. The orbit µD (t) intersects

P

at 0, which is a ¯xed point for P. For i = 1; : : : ; N ¡ 1, P : »i 7! (exp
R¿

0 ¸ 1(t)dt)»i so
that 0 is a stable ¯xed point for P if

R¿
0 ¸ 1(t)dt < 0. (Due to the periodicity of G(t),R¿

0 ¸ 2(t)dt ´ 0, as it must, being the Floquet exponent along the periodic orbit). We
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have
Z ¿

0
¸ 1(t)dt

=
Z ¿

0

µ
¡ ®f 0(0) + ¯

·
g(t)h0(t) ¡

1
N ¡ 1

h(t)g0(t)
¸ ¶

dt

= ¡ ®f 0(0)¿ +
Z 2¼

0
¯

µ
¡

[h(µ)g0(µ) + h0(µ)g(µ)]
N ¡ 1

+
N g(µ)h0(µ)

N ¡ 1

¶
_µ¡ 1dµ

= ¡ ®f 0(0)¿ ¡
1

N ¡ 1
ln[! + ®f (0) + ¯ h(µ)g(µ)]2¼

0

+
Z 2¼

0

¯ N g(µ)h0(µ)
(N ¡ 1)(! + ®f (0) + ¯ h(µ)g(µ))

dµ (4.59)

= ¡ ®f 0(0)¿ +
Z 2¼

0

¯ N g(µ)h0(µ)
(N ¡ 1)(! + ®f (0) + ¯ h(µ)g(µ))

dµ; (4.60)

wherethe secondterm in equation (4.59) vanishesdue to the 2¼-periodicity of h and
g. Thus,

R¿
0 ¸ 1(t)dt < 0 when the inequality of Proposition 4.4.1 is satis¯ed. Since

stabilit y of the ¯xed point 0 under P implies stabilit y of µD (t) for equation (4.8), the
Proposition is proven.

A simple calculation using integration by parts and the 2¼-periodicity of g and
h shows that for ® = 0 and asymptotically small ¯ , the right-hand side of (4.60)
becomes ¯ N

N ¡ 1 f 0
s(0), which (cf. (4.30)) determinesthe stabilit y of the in-phasesolution

if synaptic coupling ¯
N ¡ 1h(µi )

P
j 6= i g(µj ) is taken to be weak and then averagedto

yield ¯
N ¡ 1

P
j 6= i f s(µj ¡ µi ). This agreement betweenthe averagedand original versions

of (4.50) for su±ciently small ¯ is expected from the averaging theorem ([82]), and
revealshow (4.58) generalizesthe stabilit y result found in [171, 85] for N = 2 and
averagedsynaptic coupling.

Equation (4.58) may be used to estimate a critical value ®loc such that µD (t) is
asymptotically stable for ® > ®loc. Letting bh be a Lipschitz constant for h, we note
that

Z 2¼

0

g(µ)h0(µ)
! + ®f (0) + ¯ h(µ)g(µ)

dµ ·
Z 2¼

0

bh
! + ®f (0) + ¯ h(µ)g(µ)

dµ = bh¿; (4.61)

wherethe inequality follows from the bound on g and the de¯nition of the Lipschitz
constant. Thus, from (4.58) we have stabilit y if ® > N ¯ bh

(N ¡ 1)f 0(0)
4
= ®loc. With f (0) = 0

(e.g. if f is odd), this estimatecan be re¯ned: the right-hand sideof equation (4.58)
is independent of ®, so that the (smallest) critical value ~®loc is

~®loc =
¯ N

(N ¡ 1)¿f 0(0)

Z 2¼

0

g(µ)h0(µ)
! + ¯ g(µ)h(µ)

dµ: (4.62)

We now turn to the nonlinear stabilit y properties of D.
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Estimate for the domain of attraction of D

Prop osition 4.4.2. (Nonlinear stability of D.) For somes > 1, assumef 0(0) > 0
and let R > 0 be the smallest value for which either f 0(2R) = f 0(0)=s > 0 or
f 0(¡ 2R) = f 0(0)=s > 0 (implying minµ2 [¡ 2R;2R] f 0(µ) = f 0(0)=s). Let bG be the Lips-
chitz constant for G(¢) = g(¢)h(¢), and de¯ne bh1(µi ) = maxµfj h0(µi )g(µ)j : jµi ¡ µj <
2Rg and bh1 = maxµi f bh1(µi )g. Then, for

® > ®glob
4
=

s¯ (N bh1 + bG)
(N ¡ 1)f 0(0)

; (4.63)

the domain of attraction for D includesCR
4
= f µjd(µ; µd(Ã)) · R for someÃ 2 [0; 2¼]g

(cf. Figure 4.3).

Proof. Fix an arbitrary Ã 2 [0; 2¼). Considerthe (non-orthogonal) basisb ´ f x i ji =
1; : : : ; N ¡ 1g, where x i ´ µi ¡ µi +1 . We de¯ne X Ã , the N ¡ 1 dimensional space
perpendicular to the axis of CR at µd(Ã), as the copy of span b containing µd(Ã). In
other words, X Ã is the normal spaceN (µd(Ã)).

Now, de¯ne the squared̀ radius'R =
P N ¡ 1

i=0 x2
i . Wewill show that _R = 2

P N ¡ 1
i=0 x i _x i ·

0 for all x 2 CR . The cylindrical surfacesf xjR (x) = cg will thereforebe crossed̀ in-
ward' toward the axis of CR .

Take an arbitrary µ 2 CR \ X Ã . For such a µ, we also have µ 2 BR(Ã) =
f µjd(µ; µd(Ã)) < Rg. Thus jµj ¡ µi j < 2R 8 i; j (and, in particular, jx i j < 2R 8 i ).
Theseinequalitiesallow us to ¯nd a bound on each _x i :

_x i = _µi ¡ µi +1

=
®
N

NX

j =1

f (µj ¡ µi ) ¡
®
N

NX

j =1

f (µj ¡ µi +1 )

+
¯

N ¡ 1
h(µi )

NX

j 6= i

g(µj ) ¡
¯

N ¡ 1
h(µi +1 )

NX

j 6= i+1

g(µj )

=
®
N

NX

j =1

[f (µj ¡ µi ) ¡ f (µj ¡ µi + x i )] +
¯ [h(µi ) ¡ h(µi +1 )]

N ¡ 1

NX

j =1

g(µj )

+
¯ [h(µi +1 )g(µi +1 ) ¡ h(µi )g(µi )]

N ¡ 1
: (4.64)

_x i
< ¡ ®[f 0(0)=s]x i + ¯ N

N ¡ 1
bh1x i + ¯

N ¡ 1
bGx i

4
= kx i if x i > 0

> ¡ ®[f 0(0)=s]x i + ¯ N
N ¡ 1

bh1x i + ¯
N ¡ 1

bGx i
4
= kx i if x i < 0

)

: (4.65)

The inequalities (4.65) use the hypothesison f 0, the bound g(µ) · 1, and the de¯-
nitions of bh and bG. Thus, for k < 0 (i.e. ® > ®glob), _R = 2

P N ¡ 1
i=0 x i _x i < 0 unless

x i = 0; 8i . This argument may be repeatedfor any Ã and thereforefor any arbitrary
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µ 2 CR , so the Proposition follows.

Since nonlinear stabilit y implies local stabilit y, it must follow from ® > ®glob that
inequality (4.58) is satis¯ed. This may be seenfrom the fact that ® > ®glob implies
® > ®loc and comparingequation (4.63) with (4.61).

Finally, wenote that Proposition 4.4.2may besharpenedby re¯ning the estimates
in (4.65) in any manner that also implies sign( _x i ) = ¡ sign(x i ). For example,a lower
valuebh2 canreplacebh1 above, wherebh2 = maxµi

bh2(µi ) and bh2(µi ) = maxµf h0(µi )g(µ) :
jµi ¡ µj < 2Rg (note that although we have dropped the absolutevalue in the maxµ,
bh2 ¸ 0 sinceh is periodic). The bound bh2 arisesas follows. If the secondterm in
(4.64) is of opposite sign to x i , it favors the conclusionsign( _x i ) = ¡ sign(x i ) and
hencemay be ignored for the purposesof bounding ® such that k < 0. Thus the
natural question is: assumingthat it is of the samesign as x i , can we ¯nd a smaller
upper bound than ¯ N

N ¡ 1
bh1x i on the magnitude of this secondterm? The answer is

yes: since[h(µi ) ¡ h(µi +1 )] = [h(x i + µi +1 ) ¡ h(µi +1 )], this di®erencecannot exceedthe
upper bound ¯ N

N ¡ 1
bh2x i , as desired.

4.5 Application to the Ho dgkin-Huxley equations

Herewe apply the analysisabove to study electrotonicand (neurotransmitter driven)
synaptic coupling betweenHodgkin-Huxley neurons. Existenceand stabilit y of clus-
tered statesfor the Hodgkin-Huxley equationswith synaptic coupling hasbeenstud-
ied before ([103, 84]), but we contribute results for electrotonic coupling and the
strong attraction phasereduction method, as well as a discussionof the stabilit y re-
sults in terms of spike time cross-correlograms.First, we introducethe corresponding
coupling functions f , g, and h.

4.5.1 Coupling functions

The functions f and g; h, corresponding to electrotonic and synaptic coupling, were
computed using both the strong attraction (SA) and phase response curve (PR)
methods discussedin Chapter 2. The Hodgkin-Huxley (HH) equationswith input
current 10 ¹A=cm 2 were used([89]). In their original form theseequationswere de-
rived from the giant axon of a squid; reduction of mammalian neuron models which
include calcium-dependent potassiumchannelsand whoseaction potential spikesoc-
cupy a much smallerfraction of the period than in the HH equationsleadsto coupling
functions somewhatdi®erent from thoseconsideredhereand will be explored in the
following chapter.

The e®ectof electrotonic coupling on the time derivative _Vi of neuron i 's voltage
was taken to be ®

N

P N
j =1 (Vj ¡ Vi ) (cf. [101]), and the inhibitory synaptic e®ectto

be (EK ¡ Vi )
¯

N ¡ 1

P
j 6= i A(Vj ; t), whereEK is the reversalpotential for potassiumand

A(Vj ; t) is an `alpha function' which takesvaluesin [0; ~A], ~A < 1, and represents the
in°uenceof neuronj on post-synapticcells. Speci¯cally, A(Vj ; t) = ((t ¡ t j

s ¡ td)=¿A ) ¢
exp(¡ (t ¡ t j

s ¡ td)=¿A ); where t j
s is the time at which the voltage of neuron j spikes
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Figure 4.9: Coupling functions derived from the Hodgkin-Huxley equations.The sub-
script e (s) refersto electrotonic (synaptic) coupling, while the superscript PR (SA)
indicates that the function wasderived using the phasereduction (strong attraction)
method. The h's and g are calculatedfor the synaptic coupling described in the text:
f P R

s is obtained by averagingthe product of g and hP R , and f P R
e is obtained by av-

eragingthe electrotonic coupling using a phaseresponsemethod (cf. [103]). f SA
e and

f SA
s areobtainedby ¯rst assumingthat the limit cycleis in¯nitely strongly attracting,

followed by averaging (cf. [53, 94]). The `spikes' in hSA (µ) are associated with the
projection of coupling functions near turning points in the original phasevariables;
the tips extend to approximately § 30 (there is also an O(1) spike near µ = 0, not
visible here).

(seebelow), td is the synaptic delay, and ¿A is the synaptic time constant (e.g. [103]).
We take I b = 10 ¹A=cm 2 in the HH equation so that their period is T = 2¼

! is 14.64
msec, and take ¿A = 1:1 msecand td = 6:6 msec. Theseneuronand coupling models
and parameterslead to the reductions of the coupling functions to T N displayed in
Figure 4.9.

4.5.2 Phase-di®erence coupling

In this section we assumethat synaptic coupling ¯
N ¡ 1h(µi )

P
j 6= i g(µj ) is su±ciently

weak that it can be averagedto yield ¯
N ¡ 1

P
j 6= i f s(µj ¡ µi ), and we take ¯ = ·® ,

so that (4.50) becomes _µi = ! + ®
N

P
j f (µj i ), where the phasedi®erencefunction

f (¢) = f e(¢) + ·f s(¢). We use the methods of Section 4.3 to determine stabilit y of
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PR PR PR PR SA
· = 0 · = 10 · = 50 · = 100 · = 0

(Sk )m _+ Zm

S, m = 1,2,4 1,2,4 1,4 1 1,3,4
U, m = 3,6,8,12 3,6,8,12 2,3,6,8,12 2,3,4,6,8,12 2,6,8,12

SN ¡ p £ Sp

S, p = 11,12 12 1,2 1-4 1-6
U, p = 1-12 1-12 1-12 3-12 7-12

Table 4.1: The linear stabilit y of various `clustered' periodic orbits of diagonal °ow
for di®erent phasedi®erencecouplingsf e(µj i ) + ·f s(µj i ), computed using the PR or
SA methods. (Sk)m _+ Zm stabilit y is given for allowable m (N = 24), and SN ¡ p £ Sp

stabilit y for N = 24 and p = 1; :::; 12; a value of p being listed twice indicates the
correspondenceof multiple ±'s. S and U indicate asymptotic stabilit y and instabilit y,
respectively, for the m or p valuesgiven in the subsequent columns.

periodic orbits. The resultsareshown in Table4.1for variousvaluesof · and coupling
functions derived with the PR and SA methods. The SA coupling functions give rise
to a larger set of distinct stable periodic orbits, the consequencesof which will be
discussedbelow.

To check the validit y of the SA and PR phasereductions,wecompareda few cases
of our stabilit y predictions with numerical simulations of the full HH equations(cf.
[103]); for · = 0, stabilit y wasconsistent with the full equationsfor the PR reductions
but not for SA. However, to illustrate properties of (4.8) we will continue to refer to
the SA functions when their generalform givesadditional (e.g. contrasting) results.

4.5.3 Phase-dep endent coupling

We now return to considerequation (4.50) with unaveragedsynaptic (product) cou-
pling. Sincef (0) = 0 for electrotoniccoupling, we may useequation (4.62) to explic-
itly calculate a lower bound on ® for this orbit to be stable. The resulting ~®loc < 0
(Figure 4.11), so that the in-phasestate is stable for synaptic coupling and any posi-
tiv e ® (sincef 0(0) > 0). In addition, the domain of attraction may be estimated: for
example, taking s = 2:14 in Proposition 4.4.2 gives R = 1=4 and bh2 = 0:64 for PR
coupling functions with · = 0. Thus, the domain of attraction of the in-phaseorbit
includesCR if ® > ®glob = 7:11̄ (equation (4.63) for N ! 1 ). Figure 4.10(d)demon-
strates the collapseof the crosscorrelogram(b) upon addition of the synchronizing
(cf. Section4.5.3) product coupling.

For the SA couplingfunctions, the following observation is useful: sincethe denom-
inator in the integrand of (4.58) is always positive, if h0(µ) < 0 for µ in the (essential)
support of the positive function g then the integrand itself will always be negative,
giving stabilit y for any ® > 0. The plots in Figure 4.9 show that for delays td (which
correspond to translations of g) taken in a wide range around 6:6 msec, stabilit y
holds for arbitrary g of reasonablycompact essential support and any ®; ¯ > 0 such
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that the in-phaseperiodic orbit exists. We note herethat related stabilit y conditions
are derived in [171, 50, 69], in which the time courseof g is also important.

4.5.4 Cross correlograms

This sectiondiscussesthe qualitativ ely distinct crosscorrelogramspatterns that can
ariseunderdi®erent couplingfunctions. Crosscorrelogramsarederivedfrom solutions
of (4.50) as follows. A spike is deemedto occur when a rotator µi crossesthrough
a threshold value µs: the solution of f V(µs) = Vs; V 0(µs) > 0g, where Vs = ¡ 30mV
is a depolarized voltage characteristic of a neuron ¯ring an action potential and the
function V(µ) is de¯ned by V(t) = V(µ=! ) over the period of one neuron action
potential. The set of all pairwise di®erencesbetween times at which distinct spike
events occur is computed according to this de¯nition, and the crosscorrelogramis
the histogram of this set.

To produce illustrativ e correlograms,we considerequation (4.8) in the presence
of noiserepresented as additive Brownian forcing on the torus, so that:

dµi =

"

! +
®
N

nX

j 6= i

f (µj ¡ µi )

#

dt + ¾dW i
t : (4.66)

The inclusionof randomnoiserepresents additional input currents, a commonstratagem
in accounting for the in°uenceof neural subgroupsneglectedin the model. Stochastic
averaging leadsto the approximation above, as discussedin Chapter 3, Section3.5.
Simulations of equation (4.66) to be discussedbelow were performedusing a second
order stochastic Runge-Kutta method ([90]).

For phase-di®erencecoupling, the stabilit y results of Table 4.1 will persist for ®
su±ciently larger than ¾, but solutionsapproach a constant-drift Brownian motion on
TN asthe coupling-to-noiseratio ®=¾decreases.Figure 4.10(a)showsa representativ e
°at cross-correlogramin this small coupling-to-noiseregime: there is no preferred
¯ring time di®erencebetween neurons. However, for the PR coupling functions in
which there are relatively few stable periodic orbits signi¯cantly di®erent from the
in-phasemode (in particular, ± < 1 for the stable Sp £ SN ¡ p modesfor all · values
in Table 4.1), as the coupling strength ® is increased,a broad central peak (with
intermediate `shoulders')emerges(Figure 4.10(b)).

If a variety of diagonal °ow solutions are simultaneously stable (as for the SA
coupling functions) the following mechanismcanproducebroad `peak-shoulder'cross
correlogrampatterns for much lower valuesof noise. For every revolution (of diagonal
°ow), (Sk1 £ Sk2 )m _+ Zm stateswith ± 6= 0; ¼producecrosscorrelogramswith m(k2

1 +
k2

2 ¡ k1 ¡ k2) counts at t = 0, m(k2
1 + k2

2) counts at times proportional to § 2¼j =m,
j = 1; :::;m ¡ 1, and mk1k2 counts at times proportional to § (2¼j =m) § ±, j =
0; :::;m ¡ 1. If N ¸ 5, this leadsto a dominant central peak in the crosscorrelogram
for (two-cluster) stateswith m = 1. Moreover, all peaksexcept for the central peak
at 0 will be di®erently spacedfor each distinct (Sk1 £ Sk2 )m _+ Zm orbit. Thus, if the
individual crosscorrelogramsfrom many of thesestates are combined (e.g. due to
stochastic switching due to random noisein (4.66)), the commoncentral maxima can
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Figure 4.10: Crosscorrelogramsfor simulations of the phase-di®erencemodel (a-c).
To facilitate comparison, parameters ¹®P R and ¹®SA were ¯rst chosenso that both
¹®P R maxµfj f P R

e (µ)jg = 2:25 and ¹®SA maxµfj f SA
e (µ)jg = 2:25. (a) PR functions with

low coupling-to-noise® = 1
5 ¹®P R , ¾= 0:8, and · = 0; (b) sameexcepthighercoupling-

to-noisevia ® = ¹®P R . (c) SA coupling functions with ® = ¹®SA and the lower noise
value ¾ = 0:2 (again with · = 0). (d) as in (b), but with the addition of phase-
dependent (synaptic) coupling of strength ¯ = 0:23. The range of all histograms
is [¡ :7T; :7T], where T = 14:64 msec is the period of the HH equations; all his-
togramsareaveragedover ¯v e simulated recordingswith uniformly distributed initial
conditions with N = 24.

conspireto produce a central peak in the crosscorrelogramwhile the combination
of many secondarymaxima could give rise to the relatively °at shoulder. This is
demonstratedin Figure 4.10(c).

4.5.5 Frequency e®ects

In this section we study how the neural coupling functions a®ectfrequencyof the
in-phasestate.

Phase-di®erence coupling

The period of the in-phase state of (4.66) with phase-di®erencecoupling only is
2¼

! + ®f (0) , and Figure 4.9 shows that f (0) > 0 for any · > 0, so that the period will
always decreaseas ® increases.

Phase-dep endent coupling

For small ¯ , where averaging is valid, the period of the SN symmetric orbit must
decreasewith ¯ . However, Figure 4.11 also shows that for ¯ su±ciently large, the
period increases with ¯ (the term G(µ) in (4.51) slows the °ow). Since the SN

symmetric orbit is attracting, its increasingperiod indicates a mechanism for lower
¯ring rates with su±ciently increasedcoupling. This shows the importance in this
caseof consideringthe explicit product couplingof (4.50) for the HH neuron;however,
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Figure 4.11: The ¯ -dependenceof (left) boundsfor stabilit y and (right) the period of
the SN symmetric orbit with PR coupling functions, from equations(4.62) and (4.57)
in the large-N limit.

for other parametervaluesand neuronmodelsphase-di®erencecouplingdoescorrectly
capture trends in ¯ring rates (cf. [24] and Chapter 5).
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App endix: eigenvalue calculations

Eigen values for rotating blo ck solutions

Lemma 4.5.1. De¯ne thesetM = f l jl = qm for someq 2 Zg and let ° = exp(2¼i=m).
Then for ¹l 2 Z n M ,

P m¡ 1
r =1 ° ¹l r = ¡ 1:

Proof. Let

A =
m¡ 1X

r =0

°
¹l r and B =

m¡ 1X

r =1

°
¹l r ;

then
B = A ¡ 1 : (4.67)

Also, using ° m¹l = 1, note that

°
¹lB = ° 2¹l + ::: + ° m¹l = A ¡ °

¹l ; (4.68)

Upon subtracting Eqns. (4.67) and (4.68), we have

B
³

1 ¡ °
¹l
´

= ¡ 1 + °
¹l ) B = ¡ 1 ; (4.69)

provided ° ¹l 6= 1, which is guaranteed if ¹l 62M .

Proof of Proposition 4.3.5. Linearizedabout ¹Á, Eqns. (4.8) become

_»i = ¡
®
N

NX

j =1

f 0( ¹Áj i )»i +
®
N

NX

j =1

f 0( ¹Áj i )»j
4
=

£
J ( ¹Á)»

¤
i

: (4.70)

The Jacobianhas m2 blocks of size(k £ k) [6]; the 2¼periodicity of f 0 ensuresthat
there are only m + 1 distinct entries. The Jacobiantakesthe form

J( ¹Á) =
®
N

2

6
6
4

D M 1 ¢¢¢ M m¡ 1

Mm¡ 1 D ¢¢¢ M m¡ 2

¢¢¢
M 1 M 2 ¢¢¢ D

3

7
7
5 ; (4.71)

where

D
4
=

2

6
6
4

c¡ 1 c0 ¢¢¢ c0

c0 c¡ 1 ¢¢¢ c0

¢¢¢
c0 c0 ¢¢¢ c¡ 1

3

7
7
5 ; M j

4
=

2

6
6
4

cj cj ¢¢¢ cj

cj cj ¢¢¢ cj

¢¢¢
cj cj ¢¢¢ cj

3

7
7
5 ;
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are (k £ k) blocks, and

cj = f 0

µ
2¼j
m

¶
; j = 0; ¢¢¢; m ¡ 1; (4.72)

c¡ 1 = ¡

"

(k ¡ 1)c0 + k
m¡ 1X

r =1

cr

#

: (4.73)

Rotation eigenvalues. The shifted row structure of J ( ¹Á) classi¯esit as a (block)
circulant or Toeplitz matrix. Such matrices have the eigenvectors(e.g. [6]):

vj = (° 0j ; ° 0j ; :::; ° 0j ; :::; :::; ° (m¡ 1)j ; ° (m¡ 1)j ; :::; ° (m¡ 1)j )T j = 0; :::;m ¡ 1 ; (4.74)

where ° = exp(2¼i=m) and each element in vj is repeated k times. For the special
form of J ( ¹Á) in Eqn. (4.71), substitution of (4.74) into the eigenvalue problem gives
the eigenvaluescorresponding to the (real or imaginary parts of the) vj :

¸ j
N
®k

=
m¡ 1X

r =1

cr (° j r ¡ 1) : (4.75)

Clearly ¸ 0 = 0 with v0 = (1; 1; : : : ; 1), corresponding to the T 1 invariance. The
eigenvaluesfor j > 0 are the `rotation eigenvalues,'and may be found in terms of the
series(4.9) using

cr =
1X

l=1

l
µ

bo
l cos

µ
2¼r l
m

¶
¡ be

l sin
µ

2¼r l
m

¶¶
; r = 1; : : : ; m ¡ 1 : (4.76)

Eqns. (4.75), (4.76) then give

¸ j
N
®k

=
m¡ 1X

r =1

1X

l=1

l
µ

bo
l cos

µ
2¼r l
m

¶
¡ be

l sin
µ

2¼r l
m

¶¶
¡
° j r ¡ 1

¢
: (4.77)

Upon switching the order of the summation, the term corresponding to each l in the
sum of Eqn. (4.77) may be written as

l
2

m¡ 1X

r =1

¡
bo

l

¡
° r l + ° ¡ r l

¢
+ ibe

l

¡
° r l ¡ ° ¡ r l

¢¢¡
° j r ¡ 1

¢
=

bo
l l
2

Ã
m¡ 1X

r =1

¡
° r (j + l ) + ° r (j ¡ l )

¢
¡

m¡ 1X

r =1

¡
° r l + ° ¡ r l

¢
!

+
ibe

l l
2

Ã
m¡ 1X

r =1

¡
° r (j + l ) ¡ ° r (j ¡ l )

¢
¡

m¡ 1X

r =1

¡
° r l ¡ ° ¡ r l

¢
!

´

bo
l l
2

(I ¡ I I ) +
ibe

l l
2

(I I I ¡ I V) : (4.78)
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Wewill considerseparatelythe realand imaginary termsin Eqn. (4.78). By Lemma4.5.1,
for l satisfying (i) l 2 Z+ n M ; I I = ¡ 2. Similarly, for l meeting (ii) j + l 2 Z n M
and (iii) j ¡ l 2 Z n M , I = ¡ 2. Thus, for valuesof l satisfying all three conditions
(i-iii), I ¡ I I = 0 and the corresponding term in the Fourier expansionfor f makes
no contribution to the real part of ¸ j .

Now we determinethe valuesof l for which the conditions do not hold and hence
which terms contribute to the real part of the sum in Eqn. (4.77). Obviously, (i) does
not hold wherel 2 M . Conditions (ii) and (iii) are violated for valuesof l such that,
resp.,

l = mh1 ¡ j or l = mh2 + j for someh1; h2 2 Z : (4.79)

Recalling that l 2 Z+ and j 2 f 1; :::;m ¡ 1g, the conditions (ii) and (iii) are only
met when h1 2 f 1; 2; :::g and h2 2 f 0; 1; 2; :::g, resp. Thus, from the de¯nition of
the sets M j

1; M j
2, and M , we may conclude that the only nonzero real terms in

the expressionfor ¸ j comefrom valuesof l in thesesets. Furthermore, the fact that
j 2 f 1; :::;m ¡ 1g also implies the that (i) may not be violated simultaneously with
(ii) and/or (iii) (wheresimultaneouslyimplies for a singlepair (l ; j )). In other words,©

M j
1

S
M j

2

ª T
M = ; .

The nonzero real terms may therefore be calculated as follows. For l 2 M ,
° r l = 1 so I I = 2(m ¡ 1). Sincel 2 M implies l 62M j

1;2, in this caseI = ¡ 2 so that
I ¡ I I = ¡ 2m. For l 2 fM j

1

S
M j

2g n fM j
1

T
M j

2g, by the lemma and disjointness
of M and M k

1;2 we have I I = ¡ 2, I = m ¡ 2, so that I ¡ I I = m. Similarly,
l 2 fM j

1

T
M j

2g gives I I = ¡ 2 and I = 2(m ¡ 1), or I ¡ I I = 2m. Recalling
that N = mk, this proves the real part of Eqn. (4.28) and in particular indicates
that the conditions l 2 fM j

1

S
M j

2g n fM j
1

T
M j

2g and l 2 fM j
1

T
M j

2g neednot be
distinguishedin the sum.

For the imaginary terms, we ¯rst note that Lemma 4.5.1 implies I V = 0 for any
l. Similarly, when l =2 fM j

1

S
M j

2g n fM j
1

T
M j

2g,
P m¡ 1

r =1 ° r (j + l ) =
P m¡ 1

r =1 ° r (j ¡ l ) so
that I I I = 0. For l 2 fM j

2 n M j
1g,

P m¡ 1
r =1

¡
° r (j + l ) ¡ ° r (j ¡ l )

¢
= ¡ 1 ¡ (m ¡ 1) = ¡ m,

and for l 2 fM j
1 n M j

2g,
P m¡ 1

r =1

¡
° r (j + l ) ¡ ° r (j ¡ l )

¢
= (m ¡ 1) + 1 = m. Again using

N = mk, this givesthe imaginary term of Eqn. (4.28).

Perm utation eigenvalues. Inserting ¸ p = ®(c¡ 1 ¡ c0) into the eigenvalue equation
(J ( ¹Á) ¡ ¸I )v gives a linear system with m blocks of identical elements c0 on the
diagonal. Thus any vector of the form

(0; : : : ; 0; a1; : : : ; ak ; 0; : : : ; 0)T ;

where a1 is in the (nk + 1)st place, n 2 Z and
P k

p=1 ap = 0, is an eigenvector with
eigenvalue ¸ p. The latter equation has k ¡ 1 solutions for each of the m possible
positions of a1, so that ¸ p has multiplicit y m(k ¡ 1). To compute ¸ p in terms of the
Fourier coe±cients of f , note that

¸ p
N
®

= c¡ 1 ¡ c0 = ¡ k
m¡ 1X

r =0

cr : (4.80)
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Switching the order of the summation over Fourier modesand using Eqn. (4.76) we
¯nd

¸ p
N
®

=
1X

l=1

Ã
¡ kbo

l l
2

m¡ 1X

r =0

¡
° l r + ° ¡ l r

¢
¡

ik be
l l

2

m¡ 1X

r =0

¡
° l r ¡ ° ¡ l r

¢
!

: (4.81)

Lemma4.5.1,the fact that ° 0 = 1, and the above remark that I V = 0 now imply the
proposition.

Eigen values for two-blo ck solutions

Ordering the oscillators so that Áj i = 0 for the groupshaving f i; j g 2 f 1; :::; pg and
f i; j g 2 f p + 1; :::;N g, the linearization (4.70) becomes

_» = A2» ; (4.82)

wherefor 1 · p · N ¡ 1

A2 ´
®
N

2

6
6
6
6
6
6
6
6
4

N1 a ¢¢¢ a ¡ b ¡ b ¢¢¢ ¡ b
a N1 ¢¢¢ a ¡ b ¡ b ¢¢¢ ¡ b

¢¢¢
a a ¢¢¢ N1 ¡ b ¡ b ¢¢¢ ¡ b

¡ c ¡ c ¢¢¢ ¡ c N2 a ¢¢¢ a
¢¢¢

¡ c ¡ c ¢¢¢ ¡ c a a ¢¢¢ N2

3

7
7
7
7
7
7
7
7
5

: (4.83)

Here,N1 = (N ¡ p)b¡ (p ¡ 1)a, N2 = pc¡ (N ¡ p¡ 1)a, and the diagonalsubblocks
are of dimensionp £ p and (N ¡ p) £ (N ¡ p).

Inserting ¸ 1 = ®
N (N1 ¡ a) into the eigenvalue equation (A2 ¡ ¸ 1I )v = 0 gives

(A2 ¡ ¸ 1I )v =
®
N

2

6
6
6
6
6
6
6
6
4

a a ¢¢¢ a ¡ b ¡ b ¢¢¢ ¡ b
a a ¢¢¢ a ¡ b ¡ b ¢¢¢ ¡ b

¢¢¢
a a ¢¢¢ a ¡ b ¡ b ¢¢¢ ¡ b

¡ c ¡ c ¢¢¢ ¡ b d a ¢¢¢ a
¢¢¢
¡ c ¡ c ¢¢¢ ¡ b a a ¢¢¢ d

3

7
7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
6
6
4

v1

v2
...

vp

0
...
0

3

7
7
7
7
7
7
7
7
7
5

= 0 ; (4.84)

whered = N2¡ N1+ a. Eqn. (4.84) is solvedby p¡ 1 linearly independent eigenvectors
asshown and such that v1+ v2+ :::+ vp = 0. The proof of the ¸ 2 results is similar, and
thosefor ¸ 3 follow from the fact that each row of (4.84) sumsto 0. Adding ¸ 1 through
¸ 3 with multiplicities and comparing the result with Tr(A2) = ®(pN1 + (N ¡ p)N2)
yields the formula for ¸ 4. The casep = 0 is treated similarly.
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Chapter 5

Firing rates and synchron y in the
locus coeruleus

5.1 Chapter outline

In this chapter we apply the results of Chapters 2-4 to spiking neurons in locus
coeruleus (LC), a brain nucleusinvolved in modulating cognitive performance,and
comparewith recent experimental data. Extracellular recordingsfrom LC of monkeys
performing target detection and selective attention tasks show varying responsesde-
pendent on stimuli and performanceaccuracy. From membranevoltageand ion chan-
nel equations,we derive a phaseoscillator model for LC neuronsusingthe asymptotic
phasereduction method discussedin Chapter 2. Averagespiking probabilities of a
pool of cellsover many trials arethen computedvia a probability density formulation,
and applying the analysisof Chapter 3 then showsthat: 1) Post-stimulus LC response
is elevated in populations with lower spike rates; 2) Responsesdecay exponentially
due to noiseand variable pre-stimulus spike rates; and 3) Shorter stimuli preferen-
tially causedepressedpost-activation spiking. We also derive coupling functions for
the (presumedweak) synaptic and electrotonicconnectionsbetweenLC neurons,and
usethesewith the methods of Chapter 4 to model and explain empirical ¯ndings on
synchrony in the LC. Theseresults allow us to proposemechanismsfor the di®erent
LC responsesobserved acrossbehavioral and task conditions, and to make explicit
the role of baseline¯ring ratesand the duration of task-relatedinputs in determining
LC response.The paper [24] is an elaborated versionof this Chapter.

5.2 In tro duction and background

The locus coeruleus (LC) is a brainstem nucleus containing approximately 15,000
neurons in monkeys (35,000 in humans), each of which can make 100,000or more
synapseswith its widespreadtarget regions, including the cerebral cortex [123, 62].
LC neuronsreleasenorepinephrine,which is known to modulate brain processesin-
cluding the sleep/wake cycle and arousal [62, 8]. Recent data indicate that the LC
regulatesattention and behavioral °exibilit y [10, 167, 9]. Speci¯cally, increasedtran-
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sient LC activit y may increasethe responsivity of decisionnetworks following salient
stimuli, henceimproving accuracyand responsetime. (Thesee®ectsare investigated
computationally in Part I I of this dissertation.) Conversely, lower baselineLC activit y
would reduceresponsivenessto distractors [167, 154].

Neuronsin the alert monkey LC exhibit two distinct modes: phasicand tonic [78,
10, 167]. In the latter, associated with labile behavior and poor performanceon tasks
requiring focusedattention, cells ¯re at relatively high rates with little synchrony;
in the former, associated with good performance,¯ring rates are lower but display
greater synchrony. The phasic mode also producesgreater responseto stimuli, as
detailed below. We emphasizethat the phasicand tonic modesare de¯ned basedon
good vs. poor task performancealone,but that this performancecorrelatesstrongly
with baselineLC ¯ring rates, as detailed below (also seeFig. 1A of [167]).

Two previousmodeling studieshave proposedmechanismsfor the di®erent ¯ring
properties of the phasicand tonic modes. The computational model of [167] useda
pool of coupledintegrate-and-¯re neuronsand found, via numerical simulation, that
increasedelectronic coupling promotes synchrony and enhancedresponsesto task
stimuli. More recently, experimental and computational studies of paired in vitro
LC cells have shown that decreasedbaselineactivit y can enhancethe synchronizing
e®ectsof ¯xed-strength electrotonic coupling [1], cf. [32]; however, the di®erent pat-
terns of LC responseto stimuli in the phasicvs. tonic modeswere not addressedin
thesestudies. Here,we show how decreasedbaselinespiking can, via di®erent mech-
anisms,causenot only the partial synchronization but alsothe ampli¯ed responseto
exogenousinputs observed in the phasic mode. Hencewe proposedecreasedbase-
line spiking rates in the phasicmode, resulting from altered exogenousinput to the
LC, as a new mechanism contributing to the phasic/tonic transition (as elaborated
in the Discussion,this doesnot excludeother e®ectssuch as coupling). We suggest
that these lower rates may result from decreasedexcitatory or enhancedinhibitory
input from brain areasa®erent to the LC (including the anterior cingulate cortex
(ACC), a regionpreviously implicated in cognitive control) or from neuromodulators
such ascorticotropin releasingfactor (CRF). Neural evidencefor thesepossibilitiesis
elaborated upon in the Discussion.

Recent data indicatesthat LC responsesdi®ernot only betweenLC modes,asjust
discussed,but also among di®erent psychological tasks. In Section 5.3, we present
data demonstrating this di®erencefor the target identi¯cation vs. Eriksen °anker
tasks. This data also indicates di®erent LC responsesin trials in which correct vs.
incorrect behavioral responsesto task stimuli wereobtained. In this chapter, we show
how di®erencesin LC responsesamongtask typesand behavioral conditions can be
accounted for by assumingdi®erent time-coursesof inputs to the LC in the two tasks,
as well as greater variation of input arrival times in incorrect vs. correct conditions,
in accordwith behavioral data. Indeed, thesedi®erent LC inputs are a prediction of
our model.

Below we develop a mathematical model for a pool of LC neurons,reduceit to
di®erential equationsfor individual neuronphases,thereby retaining spike timing in-
formation, and analyzespiking probabilities in responseto stimuli. This elucidates
the dependenceof spike histogramson model parametersand revealshow timescales
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in the neural substrateinteract with thosein the stimuli. Section5.3 reviewsrelevant
experimental data and provides an overview of its relationship with the modelling
results that follow. We describe the neural model and probabilistic analysis in Sec-
tions 5.4 and 5.5, ¯t parametersand comparemodel results with data in Section5.6,
and discussthe work in Section5.7.

5.3 Exp erimen tal data and mo delling overview

5.3.1 Exp erimen tal results and metho ds

This sectionsummarizesexperiments carried out in the laboratory of G. Aston-Jones
(Dept. of Psychiatry, Univ. of Pennsylvania), who kindly madehis data available to
us.

Activities of individual neuronswere obtained from behaving monkeysusing ex-
tracellular recording techniques,as described previously [10]. Animals were trained
to continuouslydepressa pedaland visually ¯xate a centrally locatedspot on a video
monitor. In the target detection task, after successful̄xation, target (20% of trials)
or non-target cues(80%of trials) weredisplayed singly in random order acrosstrials,
with random inter-trial intervals (1.65 secon average). Releaseof the pedal within
650 msecafter target cue onsetwas rewarded by juice. Four responsecategoriesare
possible: correct detection (hit), correct rejection, incorrect detection (false alarm),
and incorrect omission(miss).

The secondtask, the Eriksen °anker paradigm [47], requiresgreater attentional
focus. The display comprises̄ v e icons,with two `°ankers' on each sideof the central
cue, each selectedat random with 50% probability from two possiblecues(`left' or
`right') . The subject wastrained to respond by releasingthe left or right of two pedals
accordingonly to the central icon. The distracting °ankerswereeither all identical to
the central cue (congruent stimulus) or identical to the opposite, non-displayed cue
(incongruent stimulus).

Extracellular recordingsfrom LC neuronswereobtainedfrom microwire electrodes
positioned within the brain via a stereotaxically implanted guide cannula. LC neu-
rons were identi¯ed during recording sessionsby electrophysiological criteria, and
continuous monitoring of eye position and pupil diameter was performed, as previ-
ously described [10]. Baselineactivit y was calculated as an averagespike rate dur-
ing 500 msecepochs immediately precedingstimuli. Peri-stimulus time histograms
(PSTHs) wereproducedand population PSTHsgeneratedby aligning visual stimulus
onsetsandaveragingacrossmultiple sessions,or selectedportions thereof. Histograms
were smoothed via averagesof spike counts in neighboring bins (using the program
SigmaPlot) to facilitate superposition of cumulative PSTHs in a single ¯gure while
preservingresponsepattern and timing.

Fig. 5.1 shows examplesof the resulting PSTH data. These histograms reveal
LC responsesto stimuli for both tasks. As previously reported [167], in the target
detection task, responserelative to baselineis greaterduring good (phasicLC mode)
comparedto poor (tonic LC mode) performance,and a period of depressedspiking
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Figure 5.1: Peri-stimulus time histograms of LC activit y for poor (left) and good
(right) performanceperiods during the target identi¯cation task (top) and for incor-
rect (left) and correct (right) responsesin the Eriksen task (bottom). Former are
from single neurons,averagedover » 100 trials; latter are cumulative PSTHs from
multiple neuronsaveragedover » 600 and 6000trials respectively. Histograms are
aligned at visual stimulus onset,marked by dashedline.

follows the responsebefore activit y returns to baselinein both cases. The phasic
mode also displays greater synchrony; cf. Fig. 5.8 below. Reducedspiking following
the LC responseis not observed for the Eriksen task; instead, near-monotonicdecay
occurs following phasicactivation, and the magnitude is much reducedfor incorrect
responses.Furthermore, in this latter task pre-stimulusspikeratesaresimilar for both
correct and incorrect responses[33]; the animal seemsnot to undergo phasic/tonic
transitions, although baselinefrequenciesdo show slow variations.

5.3.2 Assumptions and mo delling overview

Fig. 5.1 shows three ways in which LC responsedi®ersamong task and behavioral
conditions: betweenthe phasicand tonic modesin the target detection task, between
the target detection and the Eriksen °anker tasks,and betweencorrect and incorrect
trials in the Eriksen task. In this chapter we develop a model of LC responseto
stimuli and use it to proposemechanismsfor thesedi®erences.Our model is based
on the following assumptions: (A1) Di®erent levels of baselinecurrent input to LC
neuronsdeterminethe di®erent distributions of baseline¯ring rates reported in [167]
(p. 550, col. 1) for the phasic (slower, more tightly distributed rates: 2 § 1:1 Hz,
(mean § st. dev.)) vs. tonic (faster, more broadly distributed: 3 § 1:6 Hz) modes.
(Note that thesevaluesare reported in [167] as mean § SEM.) (A2) In contrast to
[167] and to clearly separatethe e®ectsof baseline¯ring rate, coupling strengthsare
chosento be identical in the phasicvs. tonic modes. (A3) The strength and duration
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of stimulus-related input to the LC may di®er between the target detection and
Eriksen tasks,asdescribed in Section5.4.3. (A4) Re°ecting the greatervariabilit y in
reaction times on incorrect vs. correct trials, onsetsof stimulus-evoked inputs to the
LC may alsobe more variable for incorrect trials. This latter assumptionis justi¯ed
under the hypothesis that pulsed inputs to the LC are driven by the (stochastic)
decisionprocess[167]; more-variable timing of responses(reaction times) then implies
increasedvariabilit y of \triggering times" for LC inputs.

Analysis of our model yields three main mathematical results, presented in bold-
face in the text of Section 5.5. Theseare (1) Maximum LC responseis elevated in
populations with slower baseline¯ring rates, (2) responsedecays exponentially or
faster with t due to noise and heterogeneousfrequencies,and (3) in systemswith
narrow frequencydistributions, short inputs necessarilylead to intervals of depressed
¯ring following enhancedspiking and stimulus o®set.

The ¯rst of these¯ndings explainsthe in°uenceof baselinespike rate on response
of LC neuronsto exogenousstimuli, and suggeststhat any factor leadingto decreased
baselinerate contributes to stronger responsesin the phasic vs. tonic mode; see
Fig. 5.5 (top right panel vs. bottom left) and Fig. 5.9 (top). The second¯nding tells
us that, in order to produce the protracted LC responsesseenin the Eriksen data,
Eriksen task stimuli must elicit protracted inputs to the LC (sincethe impact of brief
inputs decays quickly). The third ¯nding implies that, in contrast to the Eriksen
task, inputs to the LC elicited by target detection task stimuli must be punctate,
becausethe interval of depressed̄ring observed in the data (Fig. 5.1, top) can occur
only following the o®setof brief (pulsed) inputs to the LC. Thereforethe secondand
third ¯ndings addressin°uence of stimulus duration on responseof LC neurons. We
alsoshow via additional simulations that varying onset times of stimulus-evoked LC
inputs in incorrect vs. correctEriksentrials (in proportion to reactiontime variabilit y
under theseconditions) reproducesthe trend in Fig. 5.1 (bottom).

5.4 A mathematical mo del for LC neurons

5.4.1 A conductance-based mo del and phase reduction

LC neurons possesscalcium- and voltage-dependent potassium currents (e.g., `A-
currents'), which are largely responsible for their slow (. 8 Hz) ¯ring rate [179] and
their resulting classi¯cation as`Type I' cells[50]. We baseour model of individual LC
neuronson the original model by [41] (cf. [149]) for a multi-ion-channel`TypeI' neuron
including the A-current. This is a genericchoice,intendedto capture the essencebut
not necessarilythe biophysical detail of LC dynamics. For easeof computation, we
exploit a further simpli¯cation by Rose and Hindmarsh [146], who used di®ering
timescalesand approximate relationshipsamongstate variablesto reducethe Connor
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et al. systemto two variables:

_Vi = [I b
i ¡ gN am1 (Vi )3(¡ 3(qi ¡ Bb1 (Vi )) + 0:85)(Vi ¡ VN a) ;

¡ gK qi (Vi ¡ VK ) ¡ gL (Vi ¡ VL ) + I ext
i ]=C (5.1)

_qi = (q1 (Vi ) ¡ qi )=¿q(Vi ) :

Roseand Hindmarsh show that this reduction comparesfavorably with the original
system. Here Vi is the voltage of neuron i (i = 1; : : : ; N for an N -cell model), qi is
a collective gating variable, C is cell membrane conductance,gN a, gK , and gL are
maximum conductancesfor sodium, potassium,and leak currents, and I b

i is the base-
line inward current, which e®ectively setsspike frequency. I ext

i denotesextracellular
currents described below, and the other terms are channel gating variables,m1 (V)
and b1 (V) denotingequilibrium levelsfor fast sodium and potassiumchannels.Func-
tional forms and parameter values for this Rose-Hindmarshmodel are given in the
appendix to Part I of this dissertation.

LC neuronsarecoupledby: 1) voltagedi®erencesbetweencellsin electricalcontact
at electrotonic or gap junctions; 2) neurotransmitter releaseacrosssynaptic clefts
following presynaptic spikes. These e®ects,along with currents I (t) representing
inputs due to external stimuli, enter I ext

i :

I ext
i =

¯ e

N

NX

j =1

(Vj ¡ Vi ) +
¯ s

N

NX

j =1

X

k

A(t ¡ t j k)(VK ¡ Vi ) + I (t) + ¾́ i (t) : (5.2)

Hereuniform all-to-all couplingis assumed,̄ e and ¯ s denoteelectrotonicandsynaptic
coupling strengths,and the `alpha function' describesthe post-synapticexcitation at
neuron i after neuron j ¯res at time(s) t j k < t: A(t ¡ t j k) = [(t ¡ t j k ¡ td)=¿A ] ¢
exp(¡ (t ¡ t j k ¡ td)=¿A ), where¿A = 30 msecis the synaptic time constant and td = 25
msecis an estimateof the alpha 2 NE receptor-mediatedsynaptic delay [180, Fig. 1].
The white noiseterm ¾́ i (t) represents unmodeled`fast' synaptic inputs.

Fig. 5.2 shows the orbit in (Vi ; qi )-spaceof an isolated Rose-Hindmarshneuron
with I b

i set to produce periodic spiking, and subject to a tonic stimulus I (t) of
greater strength than those employed below, superposed on the unperturbed tra-
jectory (I ext

i ´ 0). Like most conductance-basedneural models in repetitiv e ¯ring
modes, (5.1) possessesa strongly attracting, normally hyperbolic limit cycle [82],
implying that in the presenceof moderate perturbations due to coupling and input
currents, solutionsremaincon¯ned to a small neighborhood of the original orbit. This
permits reduction of (5.1) to phasevariables,as in Chapter 2, by de¯ning nonlinear
polar coordinatesand projecting along isochrons [81, 183] onto the unperturbed limit
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Figure 5.2: (Left) Phasespacestructure for a repetitiv ely spiking Rose-Hindmarsh
neuron (5.1), I b

i = 5¹ A=cm2. Attracting limit cycle for I ext
i = 0 shown solid. Initial

conditions on a given isochron (shown dashed) asymptotically approach the same
point on the limit cycle as t ! 1 ; isochrons are equally spacedin phaseby 2¼=10,
with µ = 0 at action potential peak. The thick dashedand dash-dotted lines are
nullclines for _Vi = 0 and _qi = 0, respectively, and squaresshow points on perturbed
limit cycle,equally spacedin time, under tonic stimulus of I ext

i = 1 ¹ A=cm2. (Right)
Reproducedfrom Fig. 5.3. PRCs for the Rose-Hindmarshmodel (5.1) at frequencies
! =2¼ ¼ 5 Hz (dotted), ! =2¼ ¼ 3:2 Hz (dashed), ! =2¼ ¼ 1:6 Hz (dot-dashed).
PRCs plotted as ! £ z(µ) vs. µ to illustrate that z(µ) = c

! [1 ¡ cosµ] with c =
0:0036(mV ¢msec)¡ 1 (solid) provides an acceptable¯t, improving as ! decreases.

cycle (Fig. 5.2):

dµi =

"

! i + z(µi )

Ã

I (t) +
¯ e

N

NX

j =1

(V(µj ) ¡ V(µi )) +

¯ s

N

NX

j =1

X

k

A(t ¡ t j k) (VK ¡ V(µi ))

!

+
¾2

2
z(µi )z0(µi )

#

dt + ¾z(µi )dWi (t) :

(5.3)

Here the ¾Wi (t) are independent Wiener processeswith variance¾2t, and ! i is the
frequencyof the i th LC neuron, which may vary slowly, e.g. via I b

i , but is assumed
constant over each experimental trial (seebelow). The phaseµ is de¯ned to increase
at a constant rate ! i in the absenceof couplingand external inputs, with voltagepeak
(spike) at µ = 0. As in Chapter 2, the phaseresponsecurve(PRC) z(µi ) [183, 163, 50],
encoding the phaseshift due to instantaneousperturbations, multiplies the stimulus
and the external noiseterm; as in Section3.5 the O(¾2) term is the `Ito correction'
resulting from changing variablesfrom the stochastic di®erential equation (5.2) [65].
The functions V(µi ) in (5.4) are computed from the unperturbed voltage pro¯le as
V(µi ) = V(! i t).

As I b
i increases,Type I neurons undergo a transition from excitabilit y, with a
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stable hyperpolarised rest point, to repetitiv e spiking via a saddle-node bifurcation
on a limit cycle[82] (i.e., the SNIPER bifurcation of Chapter 2). Normal form theory
was used in Chapter 2 to derive the PRC approximation z(µ) = C(! )[1 ¡ cos(µ)]
near the bifurcation point [50, 23]. This approximation is reasonablein the frequency
range of interest (1-5 Hz); moreover, C(! ) = c=! where c = 0:0036(mV ¢msec)¡ 1:
seeFig. 5.2. (As described in Chapter 2, other neuron models yield di®erent PRC
forms and ! -scaling,cf. [50].) In particular, the two-compartment LC neuron of [1]
yields PRCs similar to thoseof Fig. 5.2, although the lack of an explicit form for z(µ)
precludesanalysisof the type donebelow.

5.4.2 Coupling e®ects and synchron y

Wenow askhow the baselinesynchrony in LC neurons,asdemonstratedin the exper-
imental data of Fig.5.8 (left), can arise from the synaptic and electrotonic coupling
terms in Eqns. (5.2) and (5.4). We use the results of Chapter 4 to determine the
¯ring patterns that the coupling terms will evoke; sincewe are addressingcoherence
resulting from coupling (as opposedto phaseresetting connectedwith stimulus on-
set), we consider(5.4) with I (t) ´ 0. After and applying (stochastic) averagingas in
Chapter 3, (5.4) becomes

dµi =

"

! i +
1
N

NX

j =1

(®ef e(µj ¡ µi ) + ®sf s(µj ¡ µi )) + z(µi )I (t)

#

dt + ¾̂zdWi (t) ; (5.4)

where¾̂z! =
³

1
2¼

R2¼
0 ¾2z(µ)2dµ

´ 1=2
=

q
3
2

¾c
! (recall Chapter 3, Section3.5). Here f e

and f s are the averagedelectrotonic and synaptic coupling terms, shown in Fig. 5.3
Note that both coupling functions f e(µ) ¼ sin(µ), and f s(µ) ¼ sin(µ) + ks, where

ks ¼ ¡ 0:2. When ! i ´ ! , it follows from Proposition 4.3.5 that among all of the
rotating block and two-block solutions,only the in-phase(i.e., perfectly synchronized)
periodic orbit is asymptotically stable for any combination of (weak) electrotonicand
synaptic coupling and alsothat, if the coe±cients of theseterms are positive (as they
must be), that the in-phasestate is globally attracting in the absenceof noise.

The correlation data of [167, Fig. 4A] indicates only partial synchrony, even in
the phasicmode. We ¯nd below that (as for the HH equations,Fig. 4.10(b)) this can
be captured by coupling terms that are weak comparedwith the stimulus, frequency
heterogeneity, and noise: cf. Fig. 5.8. Neglectingsuch weak coupling, any given cell
is approximately governedby:

dµ =
·
! + z(µ)I (t) +

¾2

2
z(µ)z0(µ)

¸
dt + ¾z(µ)dW(t)

4
= v(µ; t)dt + ¾z(µ)dW(t) : (5.5)

Hereand henceforthwe drop the subscriptsi and let µ and ! represent the phaseand
frequencyof a typical neuron. Via comparisonwith simulations of the fully coupled
biophysical model (5.1-5.2),we demonstratebelow that this greatly reducedequation

95



0 1 2 3 4 5 6 7
�0.5

�0.4

�0.3

�0.2

�0.1

0

0.1

0.2

f
e
 

f
s
 

Figure 5.3: Coupling functions for RH neurons,computed for frequency! =2¼¼ 3:5
Hz, synaptic delay td = 25 msecand time constant ¿A = 30 msec;f e varieslittle with
frequency, f s exhibits stronger dependenceon ! due to time-dependencein synaptic
transmission.

provides an adequatemodel (cf. Fig. 5.9).

5.4.3 Mo deling LC mo des, frequency variabilit y, and stim uli

To further developour model, we review the data analysisleadingto Fig. 5.1. Target
detection PSTHs were obtained by averaging single-cellrecordingsover one session
(¼ 100 trials), after separating epochs of good and poor behavioral performance
accordingto error rates. Theseepochs correspond to phasicvs. tonic LC modes,re-
spectively [167, Fig. 1A]. Eriksen PSTHs derive from single-or multi-unit recordings,
and multiple sessions.No clear tonic episodes were identi¯ed in the Eriksen data,
although signi¯cant frequencyvariations wereseenin individual cellsover time, and
among multiple cells at any given time; seeFig. 5.4. To reproduce the experimen-
tal data, frequencies! will be drawn from appropriate narrow (for target detection)
and broad (for Eriksen) distributions, noisevariances¯tted to match interspike in-
terval distributions, and coupling strengths chosento approximately reproduce cor-
relograms.

Sincedecisionstake longer in more complextasks,we assumethat LC inputs due
to stimuli arebriefer and moreintensein target identi¯cation than in the Eriksentask.
We take a simple squarewave input of intensity ¹I T D , onset time t1, and o®settime
t2 = t1+ dT D (i.e., of duration dT D ) in the formercase,and in the latter, a function that
risesexponentially towards ¹I E for a period dE and decays exponentially thereafter.
Moreover, the Eriksen data does not indicate performance-dependent variations in
baselineLC activit y, and incorrect PSTHs keyed on response(rather than stimulus,
asin Fig. 5.1) have peakactivities similar to corrects,but it doesdisplay signi¯cantly
broader reaction time distributions [33]. We therefore ascribe di®erencesbetween
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the correct and incorrect PSTHs of Fig. 5.1 to variable input latenciesin this more
complex task. Theseand all other parameter choicesare speci¯ed in Section 5.6.1,
below.

5.5 Probabilistic analysis

We now apply the results of Chapter 3 on responsedynamics of neural oscillator
populations to characterizehow LC ¯ring patterns dependon both baselineratesand
on the duration of LC inputs associated with task stimuli.

As discussedabove, to describe the LC we adopt the HR reduction of the classical
Connor model; hence, neglecting noise for now, the results of Chapter 3 for the
SNIPER bifurcation (for which the HR model is our archetype) are applicableto the
LC model. The right hand panelsof Fig. 5.5 show F L(t) for two di®erent inputs.
The short, strong (target detection) inputs yield post-peak intervals of depressed
¯ring and substantial `ringing,' while the protracted input giveslessringing. We also
show histogramscomputed via direct numerical simulations of the Rose-Hindmarsh
Eqns. (5.1), indicating that (as in Chapter 3), apart from a slight time stretch due to
the PRC approximation, the reduction to a phaseequation is remarkably accurate.
We now collect thoseresults which will yield insights into theseimportant aspectsof
LC dynamics.

First, under the sameassumptionthat PSTHs are averagedover uniform phase
probabilities for individual LC neurons,LC ¯ring rates are described by

F L(t) = ! ½(0; t) =
!
2¼

"
! + ¹I

¡
1 ¡ c

! cos(£0;t (t1))
¢

! + ¹I
¡
1 ¡ c

! cos(£0;t (~t2))
¢

#

: (5.6)

This follows from inserting the PRC for the SNIPER bifurcation z(µ) = c
! (1¡ cos(µ))

(Eqn. (2.36)) into Eqn. (3.8) and taking the limit Ã ! µs in that equation (see
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Section3.3.2). After performing an integral, we have the explicit formulas

£ µ;t ( ~t2) = µ ¡ ! (t ¡ ~t2) ; (5.7)

£ µ;t (t1) = 2arctan

( r
!
b

tan

"

arctan

Ãr
b
!

tan
·

£ µ;t ( ~t2)
2

¸ !

¡
1
2

( ~t2 ¡ t1)
p

! b

#)

;

(5.8)
whereb = ! + 2c¹I =! . (Recall that the stimulus switcheson at time t1 and o®at t2;
for t < t1, we assumethe uniform distribution ½(0; t) ´ 1=2¼.) This expressionshows
that the critical stimulus duration yielding no post-stimulus responseis P = 2¼p

2c¹I + ! 2

for our model LC neurons; additionally equipped with (3.10) from Chapter 3, we
concludethat µmax = µmin = ¼and hencethat the stimulus durations giving maximal
and minimal post-stimulus responseare dmax = dmin = nP + P=2.

To compareresponsesfor di®erent valuesof ! , ¹I and d, we de¯ne the peak and
refractory indicesRp(d) and Rr (d) (dependent on stimulus duration d = t2 ¡ t1) as

Rp(d) =
F Lmax (d) ¡ F L base

F Lbase
; Rr (d) =

F Lbase ¡ F Lmin (d)
F Lbase

; (5.9)

wherethe baselinevalueis F L base = ! =2¼. Fig. 5.6(right) illustrates the d-dependence
of Rp and Rr ; in particular, from the calculationssummarizedin Tables3.2 and 3.5
we have:

Rmax
p = Rp(nP + P=2) =

2c¹I
! 2

; Rmax
r = Rr (nP + P=2) =

2c¹I
2c¹I + ! 2

; (5.10)

as shown in Fig. 5.6 (left and center). Note that Rmax
p is proportional to stimulus

strength over frequencysquared,which quanti¯es our ¯rst main result: Maxim um
LC response is elevated in populations with baseline slower ¯ring rates.
This e®ect,which in our model primarily derives from the c=! factor in the PRC,
is clear in the bottom left and top right panelsof Fig. 5.5; note that (5.10) implies
F Lmax ¡ F L base » 1=! .

As Fig. 5.6 (right) demonstrates,if inputs due to stimuli are su±ciently short
comparedwith the (! -dependent) responseperiod:

d < P(! ) =
2¼

p
2c¹I + ! 2

; (5.11)

then ½(µ; t2; ! ) necessarilyexhibits a peak and a trough, so that successive episodes
of enhancedand depressedspiking ensuefollowing stimulus o®set. Longer inputs
may or may not have this e®ect:they can end near `integer points' d ¼ nP, leaving
½(µ; t2; ! ) ¼ 1=2¼, or at d ¼ nP + P=2, leaving stronger post-stimulus e®ects;cf.
Fig. 5.5. Furthermore, during the stimulus itself, ¯ring rates do not dip below their
baseline,asper point (V) and Table3.3of Chapter 3 and asdemonstratedin Fig. 5.5
(d).

Equation (3.45) of Section 3.5 expressesthe fact that noise and frequency
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Figure 5.5: (Top and bottom left) Phasedensity ½(µ; t) and °ux F L(t) computed
from Eqns. (3.6) and (3.8) with ! =2¼= 2 Hz, ¹I = 0:1 ¹ A=cm2, d = 100 msec. (Top
and bottom right) Fluxes F L(t) for ! =2¼= 3 Hz, ¹I = 0:1 ¹ A=cm2, d = 100 msec
(top) and ¹I = 0:0333¹ A=cm2, d = 300 msec(bottom). Stimuli indicated by black
bars. The `charge' ¹I d = 10 ¹ A ¢msec=cm2 in both cases.Gray bars show spike rates
computeddirectly from Rose-HindmarshEqns. (5.1).

heterogeneit y cause exp onential or faster decay of ¯ring rates to baseline
levels. For example,typical variations in P(! ) for the broad distribution of Fig. 5.4
rangefrom 145to 205msec,leadingto signi¯cantly di®ering½(µ; t2; ! )'s, and di®ering
propagation speeds. However, for tight distributions r (! ), P(! ) varies little and
½(µ; t2; ! ) travel at approximately the samespeed,sothe leadingpeakand depression
can be expected to survive averaging over mild oscillator heterogeneity. This leads
to the ¯nding: In systems with narro w frequency distributions, short inputs
necessarily lead to in terv als of depressed ¯ring follo wing enhanced spiking
and stim ulus o®set.

This e®ectis further magni¯ed if we normaliseto maintain ¯xed `synapticcharge'
¹I d = S. Now ¹I / 1=d and (5.10) (Fig. 5.6) shows that brief inputs are yet further
enhancedover longer,moredi®useones.In this case,eliminating ¹I from (5.11) yields
an explicit input duration for maximal e®ect:

d ¼
P
2

=
1
! 2

³ p
c2S2 + ¼2! 2 ¡ cS

´
: (5.12)

5.6 Comparison with exp erimen tal data

5.6.1 Parameter ¯tting

To comparemodel predictions with data, we ¯rst determine appropriate frequency
distributions r (! ) for single neuronsrecordedover long durations, characterizedby
mean¹ ! and variance° ! , and r.m.s. noisestrength ¾, by seekingparametervaluesfor
which model realizationsmatch both an empirical interspike interval (ISI) histogram
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Figure 5.6: (Left, center) Rmax
p and Rmax

r as functions of ! for values of ¹I evenly
spacedbetween 0.01 and 0.30 ¹ A=cm2. (Right) Rp(d) (stars) and Rr (d) (dots) for
! =2¼ = 3:2 Hz, ¹I = 0:1 ¹ A=cm2 and d ranging between 0 and P. The greatest
post-stimulus ringing of the ¯ring rate will occur for valuesof d around P=2 (where
Rp;r (d) are largest).

and correlationsbetweenneighboring ISIs:

r1
4
=

E f (yj ¡ m)(yj +1 ¡ m)g
E f (yj ¡ m)2g

: (5.13)

Here subsequent ISIs are labeled yj and E denotesexpectation, m = Ef yj g. The
processf yj g is assumedstationary so r 1 and m are independent of j . Variabilit y
is assumeddue to: 1) slow drift in baselinefrequency! , and 2) rapid input current
°uctuations modeledthrough the ¾z(µ)dW(t) term in (5.4). Thusyj = y!

j + ´ j , where
y!

j are the noise-freedrift values,and ´ j causesadditional variance(° ¾)2 due to rapid

noise. If the drift is su±ciently slow then Ef (yj ¡ m)(yj +1 ¡ m)g ¼ Ef (y!
j ¡ m)2g

4
=

(° ! )2, and (5.13) becomes

r1 ¼
(° ! )2

(° ¾)2 + (° ! )2
= 0:1 ; (5.14)

where we appeal to independenceof the ´ j and insert the numerical value derived
from the data of Fig. 5.7, recordedfrom a singleLC neuron in an Eriksen session.

Eqn. (5.14) constrainsthe ratio of slow ((° ! )2) to fast ((° ¾)2) ISI variances,the
breadth of the ISI histogram constrains the magnitude of these variances,and the
mean frequency ¹ ! may be estimated directly from the ISI mean m. Guided by
this and by analytical expressionsfor, e.g., barrier hitting times relating ¾ and ° ¾,
Monte-Carlo simulations suggesta Gaussiandistribution r (! ) with mean 1.69 Hz
and standard deviation 0.47Hz, and r.m.s. noisestrength ¾= 0:45. This yields the
model ISI distribution of Fig. 5.7. To match the baselinedata for the singleneuron
PSTHs of the target detection task, we rescalethe center frequenciesto 2 and 3
Hz respectively for the phasic and tonic modes,while keepingthe ratio of mean to
standard deviation constant. For the multi-neuron Eriksen data, we usethe broader
Gamma distribution of Fig. 5.4. (Recall that thesedi®erent frequencydistributions

100



0 500 1000 1500 2000 2500 3000
0

0.5

1

1.5

2

2.5

x 10
-3

P(ISI)

ISI (ms)

Figure 5.7: Empirical (gray bars) and model (solid line) histogramsof baselineISIs
for a singleneuron during the Eriksen task. For empirical data, windows of 1.5 sec.
following each stimulus are removed to isolate baselinefrequencies.Histogram bins
are 10 ms wide.

are realized by di®erent distributions of baselinecurrents I b
i , seeSection 5.7.) We

maintain ¾= 0:45 throughout.
Synaptic and electrotoniccoupling strengthswerechosento qualitativ ely capture

the experimental cross-correlogramsfor phasicand tonic episodesgiven in [167]; see
Fig. 5.8. As described in Section5.3.2,[167] reports that baseline¯ring rates (among
the entire LC population) arenot only slower than in the tonic modebut arealsomore
tightly distributed. Thus, in the phasic(tonic) mode, we draw spike frequenciesfrom
a Gammadistribution with ¯ = 3; Á = 0:667(¯ = 3; Á = 1), giving mean2 Hz (3 Hz)
and standard deviation 1.16Hz (1.73 Hz); cf. Fig. 5.4. (However, asdescribed in the
previous paragraph, only someof these frequenciescontribute to the single-neuron
PSTHs of the target detection task.) We then require that a central subgroup of
oscillatorsare largely synchronous(asynchronous). This yields ¯ s = 0:01; ¯ e = 0:05.
Note that, unlike [167], we take the same coupling strengths for phasic and tonic
modes,showing that increasedsynchrony can result solelyfrom a tighter distribution
of phasicfrequencies.

Finally, we found via interactive simulations the following appropriate inputs I (t).
For the target detectiontask we found that a squarewaveof height ¹I = 0:125¹ A/cm 2

and duration d = 110msecwas satisfactory. Sincethe Eriksen data is averagedover
all conditions (congruent and incongruent stimuli) and presumably involves more
complex cognitive processing,a more di®useinput is appropriate. We adopted an
exponentially rising and falling function, with rise duration d = 180 msecand rise
and fall time constants 75 and 90 msecrespectively and maximum height ¹I = 0:22
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Figure 5.8: Normalizedcrosscorrelogramsfor phasicLC mode (¯lled histogram) and
tonic mode (solid line). (Left) from [167, Fig. 4] for two simultaneously recorded
LC neurons. (Right) model results derived from mean§ 1 standard deviation of 100
oscillator population. In both cases,central peak indicates increasedsynchrony in
phasicmode.

¹ A/cm 2. Moreover, reaction time (RT) distributions have signi¯cantly greater stan-
dard deviation than for target detection: 114and 241msecfor correct and incorrect
respectively [33], comparedto ¼ 34 and 53 msecfor phasicand tonic modesrespec-
tiv ely [167]. We therefore averagedover Gaussiandistributions of onset times with
standarddeviationsof 38and 80msecin the Eriksentask, assumingthat variabilit y in
input arrival times at LC contributes about onethird of total RT variabilit y. Because
our simulations indicate that the much smallerRT variabilit y in the target detection
task producesonly minor e®ects(seebelow), we used¯xed latenciesin modeling this
task. In all cases,sinceLC input lags visual stimulus, we include a time delay of 90
msec[10]. Thus, as noted in Section5.3.2, the results of Section5.5 predict that the
target detection and Eriksen inputs must di®erqualitativ ely.

5.6.2 Comparison of mo del and empirical PSTH data

Fig. 5.9 shows model PSTH data for the target detectionand Eriksen tasks,obtained
in three ways: 1) by numerical solution of (3.1) in the presenceof noise (¾ 6= 0),
followed by averaging over the frequencydistributions derived above; 2) via direct
simulations of a set of N = 100 globally-coupledRose-Hindmarshequations (5.1)
representativ e of the samedistributions, excited by independent Brownian noisecur-
rents of appropriate strength; and 3) directly from the noise-freeexpression(5.6)
averagedover the samefrequencydistributions. The probabilistic e®ectsconsidered
aboveareclear: population averagingand noisecombine to damp the periodic ringing
of the noise-freesingle-frequencydata of Fig. 5.5 (cf. the decay rate bound (3.45)).

These results con¯rm that reduction to a single phaseequation (5.5) and the

102



�500 0 500 1000 1500
0

2

4

6

8

time (msec)

co
un

ts
/s

ec

�1000 �500 0 500 1000
0

5

10

15

time (msec)

co
un

ts
/s

ec

�1000 �500 0 500 1000
0

5

10

15

time (msec)

co
un

ts
/s

ec

�500 0 500 1000 1500
0

2

4

6

8

time (msec)

co
un

ts
/s

ec

Figure 5.9: Model PSTHs computed from solution of Eqn (3.1) (solid) and from
Eqn. (5.6) (dashed), averagedover neuron frequencydistributions and with stimuli
(shown as ¯lled black; arrows above stimuli for Eriksen task indicate variabilit y in
stimulus onset) and all other parametersas described in text. Gray bars show re-
sults of simulating 100 Rose-Hindmarshneurons for multiple trials. Decay bound
of (3.45) shown dotted. Top row: target detection task for poor performance/tonic
mode (left) and good performance/phasicmode (right); bottom row: Eriksen task for
incorrect (left) and correct (right) responses.Comparewith the experimental PSTHs
of Figure 5.1 above.

probabilistic theory developed above provide good descriptionsof the coupledRose-
Hindmarsh system, and that the decay rate bounds of Section 3.5 are reasonable.
The noise-freelimit (5.6) is a usefulqualitativ e estimator of PSTHs, although target
detection phasic/tonic response ratios are signi¯cantly less than 9=4 predicted by
(5.10), due to the high noise level that selectively damps the sharply peaked phase
densitiesarising at low frequencies.

The model results of Fig. 5.9 qualitativ ely reproducethe PSTHs of Fig. 5.1, with
the major quantitativ e discrepancythat enhancement of responsemagnitudefor pha-
sic relative to tonic states in target detection capturesonly a part of that reported
in [167]. In terms of the measureRmag that characterizesenhancedspiking following
stimulus [10], our model predicts a ratio Rmag(phasic)=Rmag(tonic) ¼ 1:3, compared
to the value 3.4 of [167]. Hence,additional mechanisms,beyond the frequencye®ects
studied here, must be operative in the phasic/tonic transition. For example, noise
levels ¾may be elevated in the tonic mode (in addition to mean current valuesI b).
Our simulations (not reported here) con¯rm that this increasesthe relative magni-
tude of phasicmode responses,aspredicted in [86]. Averagingover a slightly broader
distribution of input onsetsin the tonic mode than in the phasicmode, assuggested
by reaction time distributions in the two tasks, further enhancesphasic vs. tonic
responses,although the small RT varianceshows that this is a minor e®ectin target
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detection. Electrotonic coupling changesmay also play a role as in [167]. We note
that recent additional analysesof target detection data, in which recordingswere
grouped by baselinerate without referenceto tonic and phasic behavioral modes,
revealedsmall di®erencesin Rmag similar to thosereported here.

Our model reveals that the tonic/phasic frequencydi®erencecontributes to the
variation betweenPSTHs for poor and good target identi¯cation performance,while
in the Eriksen data, for which baseline frequenciesare similar, PSTH di®erences
can be accounted for by variations in stimulus arrival times originating in earlier
processing.Moreover, di®usestimuli in the latter caseeliminate the depressedpost-
activation spiking seenin target identi¯cation.

5.7 Discussion

We have shown that a biophysical model of coupledLC neuronscan be reducedto a
stochastic di®erential equation for the phaseof a given cell, and that a probabilistic
formulation and averagingover suitable frequencydistributions allows one to model
and analyze peri-stimulus time histograms derived from single and multi-cell LC
recordings. Our model supplements that of [167], and our analysis reveals explicit
parameterdependencies,including the e®ectsof stimuli appropriate to two di®erent
cognitive tasks.

In [167], electrotoniccouplingvariations wereproposedasthe causefor transitions
betweentonic and phasicLC modes,and hencefor di®erencesin PSTHs associated
with poor and good target detection performance. In the model presented here,
while coupling clearly a®ectssynchrony, the key factor in°uencing PSTHs averaged
over many trials is the LC spike rate, governed by the baselinecurrents I b

i . In any
case,our baselinerate explanation di®ersfrom the electrotonic coupling mechanism
of [167]; also, in that paper the I b

i were set in the excitable range,so that noiseand
other external inputs were necessary for spiking. From simulations of subthreshold
networks of coupledRose-Hindmarshneuronswith noise-driven ¯ring at 2 ¡ 3 Hz.,
we found that reproducing post-stimulus periods of depressedactivit y requiresstrong
collateral coupling amongLC neuronsin both phasicand tonic LC modes. The same
conclusionheld for solutions of the corresponding (coupled) phasedensity equations
derived from the full `theta model' [50] (not reported here). In this high noise,high
couplingregime,di®erent mechanismsfor the phasicto tonic transition may dominate.

Sincewe assumehere that frequenciesare distributed more tightly in the slower
phasicmode, we obtain enhancedphasicmode synchrony without changingcoupling
strength: Fig. 5.8; this di®ersfrom the subtler mechanism of [1]. In sum, we see
synchrony as a correlate of elevated LC response, rather than its primary cause.
For the LC in vivo, the synchronizing e®ectsidenti¯ed here and in [167, 1] may all
be relevant. Additional e®ectsof stronger coupling terms, noise, and subthreshold
neuronsmay alsobe important and are under investigation.

Possibleexplanationsfor decreasedI b
i include reducedinputs from other neurons

a®erent to the LC. The anterior cingulate cortex (ACC), a prefrontal area involved
in cognitive control, has recently beenshown to have excitatory (presumably gluta-
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matergic) projections to the LC [138, 99, 100]. Our ¯ndings suggestthat the ACC
may senddecreasedexcitation to the LC in the phasicvs. tonic mode. Intriguingly,
small inhibitory (GABA-ergic) neuronshave beenfound among in a peri-LC region
and are known to project to LC neuronsand dendrites [11]. Several areas,including
the prefrontal cortex, innervate this region, suggestinga pathway by which input
currents I b, and hencebaseline¯ring, may be regulatedby increasedinhibition in the
phasicmode.

Decreased̄ ring rates in the phasic vs. tonic mode could also result from neu-
romodulators. For example, in some casesdirect application of the neuropeptide
corticotropin releasingfactor (CRF) increasesLC baselineactivit y and simultane-
ously decreasesresponsesto sensorystimuli [170]. It has also beenfound that that
the alpha2 adrenoceptor agonist clonidine (or ST-91) can decreasebaselineactivit y
and increaseresponse[7]; the neuromodulator corresponding to this drug is nore-
pinephrine,which presumablycould besent to the LC from other noradrenergicbrain
areas.Many other examplesof such `modulatory' e®ectsof neurotransmitters or ex-
ogenousinputs exist for neuronsin other brain areas[8]. Finally, we note that since
synaptic coupling among LC neuronsis inhibitory , it transiently reducesnet input
currents, thus e®ectively decreasingI b

i if LC neuronsare su±ciently decorrelated.
The present analysisthereforeprovidesa simpleexplanation for how mechanisms

which set baseline¯ring rate, such as background levels of exogenousinput, neuro-
modulators, or pharmacologicalagents will in°uence the responseof a neural pop-
ulation to pulsed stimuli (cf. [86, 60]): indeed, it shows that this dual e®ecton
baselinerates and evoked responseis intrinsic to the dynamicsof neural groups. The
LC phasic and tonic modesare an example,but the dual e®ectoccurs in numerous
other brain areasand neurons [8]. This intrinsic baselinerate mechanism joins a
list of others: in addition to altered electrotonic coupling [167], other mechanisms
for simultaneouse®ectson baselineand stimulus-evoked ¯ring have beenproposed,
including simultaneous transmitter actions at multiple receptors[10], alterations in
speci¯c secondmessengerpathways and ion conductances[123, 62].

In addition to the predictions regardingin vivo baselineLC inputs just described,
our analysisalso provides a prediction about inputs evoked by task-related stimuli.
That is, neuronsthat project to the LC and evoke responsesshould remain active
longer following stimuli in complex tasks such as the Eriksen paradigm than in sim-
pler oneslike target detection. This is consistent with the notion introduced above
(assumptions(A3) and (A4) of Sect.5.3.2) that the LC is driven by accumulating ac-
tivit y in decisionareas,asthis activit y may beexpectedto accumulate moregradually
in complexdecisiontasks.

In recent related work [168, 70] abstractedmodelsof LC population activit y that
modify gainsin connectionistnetworks have beenshown to capture neuromodulatory
e®ectson cognitive performance. Before turning to investigate thesegain e®ectsin
detail in Part I I of this dissertation, we remark that the present LC model, derived
from the neural substrate, o®erssimpli¯cation comparable to [168, 70] as well as
suggesting,in the coupled multi-unit phasemodel of Eqn. (5.4), a middle ground
betweenthoseabstractionsand the full Rose-Hindmarshsystemof (5.1-5.2).
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App endix to Part I

Equations for the neural mo dels

The Rose-Hindmarsh equations:

_V = [I b ¡ gN am1 (V)3(¡ 3(q ¡ Bb1 (V)) + 0:85)(V ¡ VN a)

¡ gK q(V ¡ VK ) ¡ gL (V ¡ VL )]=C

_q = (q1 (V) ¡ q)=¿q(V)

q1 (V) = n1 (V)4 + Bb1 (V) ; b1 (V) = (1=(1 + exp(° b(V + 53:3)))) 4 ;

m1 (V) = ®m (V)=(®m (V) + ¯ m (V)) ; n1 (V) = ®n (V)=(®n (V) + ¯ n (V)) ;

¿q(V) = (¿b(V) + ¿n (V))=2 ; ¿n (V) = Tn=(®n (V) + ¯ n (V)) ;

¿b(V) = Tb(1:24+ 2:678=(1 + exp((V + 50)=16:027))) ;

®n (V) = 0:01(V + 45:7)=(1 ¡ exp(¡ (V + 45:7)=10)) ;

®m (V) = 0:1(V + 29:7)=(1 ¡ exp(¡ (V + 29:7)=10)) ;

¯ n (V) = 0:125exp(¡ (V + 55:7)=80) ; ¯ m (V) = 4exp(¡ (V + 54:7)=18) :

VN a = 55 mV ; VK = ¡ 72 mV ; VL = ¡ 17 mV ; gN a = 120mS=cm2 ;

gK = 20 mS=cm2 ; gL = 0:3 mS=cm2 ; gA = 47:7 mS=cm2 ;

C = 1 ¹ F=cm2 ; I b
i = 5 ¹ A=cm2 ; °b = 0:069mV¡ 1 ;

Tb = 1 msec; Tn = 0:52 msec; B = 0:21gA =gK :

The Fitzh ugh-Nagumo equations:

_V = [¡ w ¡ V(V ¡ 1)(V ¡ a) + I b]=C

_w = ²(V ¡ gaw)

ga = 1 ; ² = 0:05 ; a = 0:1 mV ; C = 1 ¹ F=cm2:
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The Ho dgkin-Huxley equations:

dV=dt = 1=C(I ¡ gN ah(V ¡ VN a)m3 ¡ gK (V ¡ VK )n4 ¡ gL (V ¡ VL ))

dm=dt = am (V)(1 ¡ m) ¡ bm (V)m

dh=dt = ah(V)(1 ¡ h) ¡ bh(V)h

dn=dt = an (V)(1 ¡ n) ¡ bn (V)n

am (V) = 0:1(V + 40)=(1 ¡ exp(¡ (V + 40)=10))

bm (V) = 4exp(¡ (V + 65)=18)

ah(V) = 0:07exp(¡ (V + 65)=20)

bh(V) = 1=(1 + exp(¡ (V + 35)=10))

an (V) = 0:01(V + 55)=(1 ¡ exp(¡ (V + 55)=10))

bn (V) = 0:125exp(¡ (V + 65)=80)

VN a = 50 mV ; Vk = ¡ 77 mV ; VL = ¡ 54:4 mV ; gN a = 120mS=cm2

gK = 36 mS=cm2 ; gL = :3 mS=cm2 ; C = 1 ¹ F=cm2

The Morris-Lecar equations:

_V = [gCam1 (V)(VCa ¡ V) + gK w(VK ¡ V) + gL (VL ¡ V) + I b]=C

_w = Á(w1 (V) ¡ w)=¿w(V)

m1 (V) = 0:5(1+ tanh((V ¡ V1)=V2))

w1 (V) = 0:5(1+ tanh((V ¡ V3)=V4))

¿w(V) = 1=cosh((V ¡ V3)=(2V4))

Á = 0:23 ; gL = 2 mS=cm2 ; gCa = 4 mS=cm2 ; gK = 8 mS=cm2 ; C = 20 ¹ F=cm2

VK = ¡ 84 mV ; VL = ¡ 60 mV ; VCa = 120mV

V1 = ¡ 1:2 mV ; V2 = 18 mV ; V3 = 12 mV ; V4 = 17:4 mV
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Chapter 6

Optimal gain for simple decision
mo dels with known input schedules

6.1 Chapter outline

We review simple connectionistand ¯ring rate models for mutually inhibiting pools
of neurons that discriminate between pairs of stimuli. Both are two-dimensional
nonlinearstochasticordinary di®erential equations,di®eringin how inputs andstimuli
enter. A key parameter is gain: the maximum slope of the sigmoidal activation
function. We develop piecewise-linearand purely linear models,and one-dimensional
reductions to Orstein-Uhlenbeck processesthat can be viewed as linear ¯lters. We
then poseand solve the optimal gain problem for the reducedmodels,¯nding explicit
gain schedulesthat minimize error rates for time-varying stimuli. We relate these
to time coursesof norepinephrinereleasein cortical areas,and argue that transient
¯ring rate changesin the brainstem nucleuslocus coeruleusmay be responsible for
approximate gain optimization. The material of this chapter forms a part of [20].

6.2 In tro duction

The psychological and neural basesof decisionmaking are active areasof inquiry in
cognitive science[152, 73, 151, 72, 156, 122, 152, 161, 113, 139, 140, 169, 145, 184].
There is a wealth of data on simpledecisiontaskswhich requirediscrimination among
alternative stimuli as quickly and accurately as possible. Typically, this discrimina-
tory processhasbeenmodelledasa competition amongdi®erent neural populations,
each representing alternate interpretations of the current stimulus [38, 169]. Recent
direct recordingsin visual and motor areasof monkeysperforming sensorydiscrimi-
nation tasks support this interpretation by revealing that, following training, certain
`decision'neuronsbecomeselective for di®erent stimulus alternatives,and upon pre-
sentation of the relevant stimulus their ¯ring rates gradually increaseaccordingly;
when theserates crossthresholds,the corresponding behavioral responseis initiated
(e.g. [152, 73, 151, 145, 72]). This neural evidenceadds to behavioral evidence
noted below, suggestingthat decisionsare madeby comparingintegrated `weights of
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evidence,'encoded by the ¯ring rates of neural groups. Here,we explorethe compu-
tational mechanismsrequired to optimize such a process.

The stimuli relevant to making a decision are often not static: their saliences
may changeover time. In the simplest case,a changeoccurs only at the moment
when the stimulus itself appears. This is typically modelled in simulations of de-
cision tasks (e.g., in [36, 21, 31], cf. [113]) by dividing the task into two distinct
periods: a preparatory period, in which no stimulus is present, and a trial period,
in which a stimulus of constant discriminabilit y is presented. Alternativ ely, stimulus
discriminabilit y may change in a stepwise manner or vary continuously during the
trial period.

The following speci¯c example motivates our analysis of two speci¯c casesin
Section 6.3.4. In the `moving dots' paradigm of the two alternative forced choice
task [18, 156, 72]a display of moving dots is presented, and the subject must indicate
whether a majorit y of dots is moving to the right or the left. In the simplest case,
the subject focuseson a neutral ¯xation point during the preparatory period, after
which the dots appear, with a certain `coherent' fraction moving either left or right,
and the rest moving randomly. A variant is obtained by showing a zero coherence
display of dots during the preparatory period, and suddenly increasingcoherenceto
a ¯xed value.

Even if external stimuli have constant strengths, their representations in neural
populationsthat decidebetweenalternative hypothesesmay gradually rise,dueto ac-
cumulating activit y in input layers,°uctuations in attention, or both [125, 39, 167, 70].
Another possiblesourceof time varying salienceis the increasingnoiselevelsthat may
accompany higher ¯ring rates. A richer situation, in which the stimulus saliencein-
creasesand decreasesover time, is explored in [95]. A focus of the present chapter
is how stimuli with time dependent saliencecan be optimally processedin simple
neurally-basedmodelsof decisionnetworks. We study the reduction of such networks
to linearized, one-dimensionalapproximations (cf. [169, 21, 13]) for which optimal-
it y conditions can be fully characterized,and identify two distinct mechanisms,one
involving intrinsic properties of decisionnetworks and the other involving external
modulation, that can implement optimal processingof time-varying stimuli.

Optimalit y principleshave found wide application in psychologyand neuroscience
(e.g.[12, 3, 56]). In particular, Stoneappliedthe optimal Sequential Probability Ratio
Test (SPRT) to model behavioral data in a two-alternative forced choice task [161].
This was followed by the extensive work of Laming [113]. The SPRT computestime-
dependent likelihood ratios between the probabilities of two competing hypotheses,
a procedure equivalent to the signal processingstrategy that maximizes signal-to-
noiseratio in the di®erencebetweentwo incoming stimuli. For stimuli with constant
signal-to-noiseratios, the SPRT is equivalent, in an appropriate continuum limit,
to the constant-drift di®usionmodel, which has beenshown by Ratcli® and others
to ¯t a wide variety of behavioral data (see[139, 140] and referencestherein) and
alsoto describe the dynamicsof neural ¯ring rates in sensori-motorbrain areas[151,
72], cf. [159]. Speci¯cally, in [72], the notion of reward rate is introduced for the
constant-drift di®usion model, and [13] shows that higher performing subjects do
optimize this quantit y in a speci¯c behavioral task. However, although [113] does
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allow for accumulation of noise to have occurred before stimulus presentation (see
Laming's appendix A7), in all these studies the decision processis modelled only
after presentation of a stimulus having constant signal-to-noiseratio; furthermore, the
parametersdescribingprocessingof incoming information are not explicitly allowed
to vary in time.

In this chapter we show how models of mutually inhibiting neural populations
can make nearly optimal decisionsabout the identit y of time-varying stimuli. This
is accomplishedvia dynamical adjustments in an e®ective gain parameter for the
linearizedpopulation dynamics. The gain determinesthe sensitivity of (equilibrium)
population ¯ring rates to changesin averagedinput currents to the population, and
the word `e®ective' is usedherebecausethesechangescanresult either from transient
variations in the gain parameterdescribingthis sensitivity or directly from the nonlin-
earities of neural input-output functions. There is much current research into neural
mechanismsfor the modulation of gain in neural populations, identifying such factors
aslevelsof norepinephrine[167] and the strength of °uctuations in individual neurons
comprising the population (e.g. [30, 2, 26]). In particular, [158] proposesa mecha-
nism in which frequency-current curvesof individual neuronsadapt to match oper-
ating rangesto neural inputs, via intracellular calcium signals. This may be viewed
as a biophysical implementation of the earlier `automatic gain control' (seeEqn. (9)
of [80] and referencestherein), which is implemented via multiplicativ e `shunting'
terms in neural network models and also keepsneural units in the sensitive regimes
of their input-output functions. Gain plays a di®erent role in the present chapter:
we identify , for three di®erent models, the distinct time-dependent (e®ective) gain
scheduleswhich implement optimal processingstrategiesfor time-dependent signals.
Theseprovide predictionsfor gain manipulations that diverseneuralmechanismsmay
implement to improve task performance.

The balanceof the chapter proceedsas follows. In Section6.3 we introduce the
forcedand freeresponsedecisiontasks,and three typesof stochastic di®erential equa-
tion (SDE) modelsfor thesetasks. We discusslinearizedand one-dimensionalreduc-
tions of them in two rather generalcases.In the following Section6.4, we compute
time dependent valuesof gain that optimize signal processingin the one-dimensional
models. This involvescalculating gain functions that enablethem to implement the
classicalsignal processingnotion of matched ¯lters. Section6.5 interprets thesere-
sults in terms of cortical norepinephrine (NE) releasemediated by the brainstem
nucleuslocus coeruleus(LC), showing that LC and NE dynamics indeed appear to
approximate optimal time courses.Section6.6 concludeswith a brief discussion.

6.3 Mo dels of decision tasks

6.3.1 Decision tasks: the forced and free response proto cols

We considertwo distinct tasks, both widely used in cognitive neuroscience,in each
of which a decision maker must discriminate between two alternatives, henceforth
denoted`1' and `2'. The sensoryinformation itself, aswell asits neural representation,
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is assumedto be noisy, so that discrimination errors occur. The ¯rst task is the
forced-response paradigm, in which subjects must respond with their best estimate
of which alternative (1 or 2) was presented at a ¯xed time T following stimulus
onset. We will also refer to this as the `interrogation protocol.' Performanceon this
task is measuredby the error rate, or one minus the fraction of correct responses.
We note that the interrogation protocol is distinct from the deadlining paradigm
(not consideredfurther here), in which the subject is apprisedin advanceof a ¯xed,
maximal time before which all responsesmust be made.

In the second,free-response paradigm, decisionsare not demandedat a preset
time, but are given when the subject feels that su±cient evidencein favor of one
alternative hasaccumulated. Sincethe sensoryevidenceis noisy, responsetimes vary
from trial to trial and performanceunder the free-responsecondition is characterised
by both reaction times and error rates. Here, optimalit y requires an appropriate
balanceof speedand accuracy[177, 72, 13].

Following [169] and others,we shall model both thesetasksby a pair of competing
(mutually inhibitory) neural populations, each of which is selectively responsive to
sensoryinput corresponding to one of the two alternatives. In the forced-response
protocol, the neural population with the highest ¯ring rate at time T determinesthe
decision. For free responses,the ¯rst of the two populations to crossa ¯ring rate
threshold establishesthe choice. We do not addressthe (interesting) questionof how
thresholdsare set or threshold crossingsare detected.

6.3.2 Tw o dimensional nonlinear mo dels and the neural gain
parameter

In this section we considerthe dynamics of two mutually inhibiting neural popula-
tions, each of which receives noisy sensoryinput from components of the stimulus
representing one of the alternatives. We describe two models, both in wide use, for
such populations.

The ¯rst of these,the leaky integrator connectionist model [120, 169], is:

¿c
dx1

dt
= ¡ x1 ¡ ¯ f g(t )(x2) + a1(t) +

c(t)
p

2
´ 1

t ; (6.1)

¿c
dx2

dt
= ¡ x2 ¡ ¯ f g(t )(x1) + a2(t) +

c(t)
p

2
´ 2

t ; (6.2)

where the state variablesx j (t) denote the mean input currents to cell bodies of the
j th neural population, the integration implicit in the di®erential equationsmodelling
temporal summation of dendritic synaptic inputs [80]. Additionally , the parameter
¯ setsthe strength of mutual inhibition via population ¯ring rates f g(t )(x j (t)), where
f g(t )(¢) is the sigmoidal `activation' (or `frequency-current' or neural `input-output')
function to be described shortly. The stimulus signal received by each population is
aj (t), and the noiseterms polluting this signal are c(t)´ j

t , wherec(t) setsr.m.s. noise
strength and the ´ j

t are (independent) white noise processeswith variance E(´ j
t ¡

´ j
t0)2 = ±(t ¡ t0). The time constant ¿c re°ects the rate at which neural activities
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decay in the absenceof inputs and respond to input changes.Under the free-response
paradigm a decisionis madeand the responseinitiated when the ¯ring rate f g(t )(x j )
of either population ¯rst exceedsa preset threshold µj ; it is normally assumedthat
µ1 = µ2 = µ. For the interrogation protocol, the population with greatestactivit y (and
also ¯ring rate) at time T determinesthe decision. We also assumethat activities
decay to zeroafter responseand prior to the next trial, so that the initial conditions
for (6.1-6.2)are x j (0) = 0.

The subscript in f g(t )(¢) indicates dependenceon the time-varying gain, or sensi-
tivit y, g(t) of the neural populations: gain sets the slope of the activation function.
For example,the logistic function

f g(t )(x) =
1

1 + exp(¡ 4g(t) (x ¡ b))
=

1
2

[1 + tanh (2g(t)(x ¡ b))] (6.3)

hasmaximal slope g(t) (seeFig. 6.1, left). While this speci¯c form is not required for
the results derived below, we do assumethat f g takes its time-dependent maximal
slope g(t) at sometime-independent point, as for (6.3).

As already mentioned, the connectionist model describes the time evolution of
current inputs. We now introduce another model in which the ¯ring rates of neural
populations are themselvesintegrated over time. First we give the linearizedversion
of this ¯ring rate model:

¿c
dy1

dt
= ¡ y1 + f l

g(t )

µ
¡ ¯ y2 + a1(t) +

c(t)
p

2
´ 1

t

¶
; (6.4)

¿c
dy2

dt
= ¡ y2 + f l

g(t )

µ
¡ ¯ y1 + a2(t) +

c(t)
p

2
´ 2

t

¶
: (6.5)

Here, the yj are the ¯ring rates of population j and other terms are as above. The
linear function

f l
g(t )(x) =

1
2

+ g(t) (x ¡ b) ; (6.6)

derivesfrom replacing the logistic (or any similar monotonic) function by the linear
approximation f l

g(t )(¢) around its point of maximal slope. Note that the ¯ring rate
yj of the j th population approaches an equilibrium set by the input currents to
this population, passedthrough the (linearized) frequency-current function. This
model must be reformulated to allow for nonlinear functions f g(t ) , becausewhite
noisedoesnot make senseas an argument in such a function, cf. [65]. In particular,
we assumethat, as in (6.4-6.5), the strength of ¯ring rate °uctuations in responseto
noise in inputs scaleswith g(t) (i.e., with the maximal sensitivity of ¯ring rates to
the deterministic component of the input). This yields

¿c
dy1

dt
= ¡ y1 + f g(t ) (¡ ¯ y2 + a1(t)) + g(t)

c(t)
p

2
´ 1

t ; (6.7)

¿c
dy2

dt
= ¡ y2 + f g(t ) (¡ ¯ y1 + a2(t)) + g(t)

c(t)
p

2
´ 2

t ; (6.8)
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Figure 6.1: (left) Comparison of logistic and piecewiselinear activation functions;
g = 1, b = 0:5. (right) Comparison of logistic and piecewiselinear vector¯elds
F (y1; y2) and F pw(y1; y2) for the piecewise-linear̄ ring rate model (6.10-6.11): the
di®erenceF (y1; y2) ¡ Fpw(y1; y2) is plotted. Also shown for referenceare the nine
phasespacetiles described in Figure 6.2. Here additionally ¿c = 1, ¯ = 1, a1 = 1:03,
a2 = 0:97.

which is valid for all f (¢) and reducesto the form (6.4-6.5) for linear f (¢). Note that
the ¯ring rate model (6.7-6.8) is a standard two-unit recurrent neural network with
additive noise [87]. As above, we take initial conditions yj (0) = 0, and note that
threshold-crossingin the free-responsecaseis detecteddirectly via yj = µj .

For the questionsof optimal stimulus processingaddressedhere,the most impor-
tant distinction betweenthe connectionist(6.1-6.2)and ¯ring rate (6.4-6.5)-(6.7-6.8)
models is whether the inputs aj (t) + c(t)=

p
2´ j

t enter as separateadditive terms, as
in the former, or as arguments to the activation function f g(t), as in the latter. As
explainedat the end of Section6.4, this determineswhether changesin gain directly
adjust the sensitivity of neural units to all inputs or just to feedback from the compet-
ing unit, and it results in qualitativ ely di®erent predictionsfor optimal gain schedules
in the two models. While we expect that future work on low-dimensionaldescriptions
of the population dynamicsof spiking neurons(extending, e.g.,[26, 184, 132, 157, 49]
to include neurotransmitter e®ects)will result in more re¯ned models,herewe study
the `simple' connectionistand ¯ring rate descriptions. Throughout, we usevariables
x j in referring to the former and yj to the latter.
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6.3.3 Piecewise linear appro ximations

As in [169, 21], Eqn. (6.3) may approximated by a piecewiselinear function:

f g(t )(») ¼ f pw
g(t)(») =

8
<

:

0 for » 2 (¡1 ; b¡ 1
2g ]

1
2 + g(t)(» ¡ b) for » 2 [b¡ 1

2g ; b+ 1
2g ]

1 for » 2 [b+ 1
2g ; 1 )

; (6.9)

as illustrated in Fig. 6.1.
For easeof reference,we rewrite Eqns. (6.7-6.8) following piecewiselinearization:

¿c
dy1

dt
= ¡ y1 + f pw

g(t) (¡ ¯ y2 + a1(t)) + g(t)
c(t)
p

2
´ 1

t ; (6.10)

¿c
dy2

dt
= ¡ y2 + f pw

g(t) (¡ ¯ y1 + a2(t)) + g(t)
c(t)
p

2
´ 2

t : (6.11)

The di®erencebetweenthe vector¯eld of the fully nonlinear model (6.7-6.8)and that
of (6.10-6.11)is illustrated in Fig. 6.1 (right) for a speci¯c choiceof parameters.

The (y1; y2) phase spaceof the piecewiselinear ¯ring rate model (and of the
analogousconnectionistmodel) is tiled by nine regionsdivided by pairs of horizontal
and vertical lines at the break points of f pw

g , each having a distinct linear vector¯eld:
seeFig. 6.2. In the following section, we will describe two casesin which this tiled
structure can be usedto reduceEqns. (6.7-6.8) to a one-dimensionalsystem.

6.3.4 Represen ting decision dynamics in one dimension

As discussedabove and in [169], in the forcedresponseprotocol, the choicej = 1 or 2
is madeaccordingto which of the two neural populations hasthe greatestactivit y or
¯ring rate at interrogation time T. Therefore,knowledgeof the di®erence

x(T)
4
= x1(T) ¡ x2(T) or y(T)

4
= y1(T) ¡ y2(T) (6.12)

determinesthe outcomeand reduction of the original two-dimensionalproblem to a
single variable does not inherently imply any loss in accuracy. For example, if the
di®erencein ¯ring rates is described by a time-dependent probability density p(y; t)
(whosedistribution represents variabilit y acrossbehavioral trials), then the error rate
at interrogation time T is

ER =
Z 1

0
p(y; T)dy (6.13)

if alternative 2 was presented (that is, if a2 > a1 for t > ts), and

ER =
Z 0

¡1
p(y; T)dy (6.14)

if alternative 1 was presented. Similar conclusionshold for the connectionistmodel.
For the freechoiceprotocol the situation is moresubtle. The singlevariable x or y
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Figure 6.2: The piecewiselinear vector¯eld of the ¯ring rate model (6.10-6.11).The
central tile is surroundedby a solid box.

is su±cient to characterizethe decisiononly if the probability density of solutions to
(6.1-6.2) or (6.7-6.8) has approximately collapsedalong a one-dimensional̀ decision
manifold' M by the time the thresholdis crossed;seeFig. 6.3. In this sketch, the deci-
sionmanifold, parameterizedby y, is the unstable,center or weakstablemanifold [82]
of the indicated ¯xed point. For collapseto M to occur, the eigenvalue character-
izing dynamicsnormal to the manifold must be su±ciently negative comparedwith
the other eigenvalue and noisestrength c, so that the majorit y of samplepaths cross
the thresholdsx j = µ (or yj = µ) near their intersectionswith M [169, 21, 13]. These
requirements are met by two distinct parametersetsto be introducedbelow.

Dimension reduction and transien t gain in two simple cases

In two cases,a simpleequationfor the evolution of x(t) or y(t) may be derived. These
casesare characterizedby a dominant proportion of solutions to (6.10-6.11)(i.e., for
`most' realizations of the noiseprocesseś j (t)) (i) being con¯ned to a single tile for
the duration of the decisionprocessor (ii) `jumping' together betweentiles. The ¯rst
of thesesituations occursfor `case1' parametersets,in which, for example,the onset
of salience(i.e., a1 6= a2) in input currents is accompaniedby large transients in the
magnitude of theseinputs. The second`case2' occurs for stimuli in which salience
appearswithout such transients in magnitude. We now considerthesecasesin detail
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Figure 6.3: Reduction to one dimension. The coordinate y (or x) of Eqn. (6.12)
parameterizesthe decisionmanifold M (seetext): the invariant manifold containing
the ¯xed point indicated by the square. In the free response(but not the forced
response/interrogation) protocol, collapseof noisy solution tra jectories along M is
required for accurate description in one dimension (cf. Figs. 6.4 and 6.5 (right))
so that tra jectories (dotted line and point) crossthresholdsarbitrarily closeto the
intersectionsof M with the thresholdsyj = µ.

for the ¯ring rate model.

Case 1: Tra jectories con¯ned to the central tile, gain parameter directly
mo dulated

The central tile of the ¯ring rate phaseplane,whereboth functions f pw
g(t)(¢) appearing

in Eqns. (6.10-6.11)are linearly increasing,is de¯ned by

¯ y1 2
h
a2(t) ¡ b¡ 1

2g(t ) ; a2(t) ¡ b+ 1
2g(t )

i
and¯ y2 2

h
a1(t) ¡ b¡ 1

2g(t ) ; a1(t) ¡ b+ 1
2g(t )

i
.

If
b¡

1
2g(t)

< a1(t); a2(t) < b+
1

2g(t)
; (6.15)

then the central tile always contains the origin and somepart of the ¯rst quadrant
(note that this quadrant is invariant under the deterministic part of Eqns. (6.7-6.8)if
f is non-negative) so that decisiondynamicsstarting at the origin may (for suitable
choicesof other parameters)take placeentirely within the central tile. For example,
if b = 0:5 and 0 < g(t) · 1, then a1(t), a2(t) may take valuesbetween0 and 1 while
still satisfying (6.15).

Fig. 6.4 shows a sampleof solutions of the piecewise-linearized̄ring rate model
for the piecewiseconstant parametersg(t) = f 0:3; t < ts; 1; t ¸ tsg, a1(t) = f 1; t ·
ts; 1:03; t > tsg, a2(t) = f 1; t · ts; 0:97; t > tsg, c(t) ´ 0:09

p
2, b = 0:5, ¿c = 1,

µ = 0:725, ts = 10 and ¯ = 1. Note that stimuli aj (t) 6= 0 are present throughout,
but that coherence(a1(t) 6= a2(t)) appears in the inputs aj only at t = ts, so that
times t < ts make up the preparatory phasementioned in the introduction and the
situation corresponds to the introduction of coherenceinto an entirely random pat-
tern. Assumingthat decisionthresholdsare set within the boundariesof the central
tile or that the interrogation time T is su±ciently small sothat only a negligiblepro-
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Figure 6.4: Case1: Solutionscon¯ned to central tile. Scatter plot of tra jectoriesboth
at the end of the preparatory period and henceat the moment of stimulus onset t s

(left) and during the stimulus (t = ts + 2, right). The tiling of the planeis shown with
dot-dashedlines; cf. Fig. 6.2; the central tile is outlined in solid and extendsoutside
the plotted domain in the left panel. Parametervaluesare given in text. Also shown
are nullclines for Eqns. (6.10-6.11)as thin solid lines. The lower panelsshow stimuli
aj (t) and gain g(t) as functions of time.

portion of solutionshave left this tile, solutionsare e®ectively con¯ned to the central
tile for all times of interest. This behavior characterizes`case1' parameter sets, for
which subtraction of Eqns. (6.10-6.11)yields the one-dimensionalSDE

¿c
dy
dt

= ¡ y + g(t) (¯ y + a(t)) + g(t)c(t)´ t (¯ring rate model) ; (6.16)

wherewe de¯ne the net rate of incoming evidenceas

a(t) = a1(t) ¡ a2(t) : (6.17)

We note that transient gain valuesin this caseresult from modi¯cations to the ¯ring
rate function itself, as solutions explore only the central region of this function in
which it is practically linear. This is the `external' mechanismof dynamic gain change
discussedin the Introduction.
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We also note that an analytical expressionfor the density of reaction times may
be derived if the parameters in (6.16) are constant (i.e., a(t) ´ a, c(t) ´ c) and
the gain `balances'the decay: e.g., g(t) ´ g = 1 in (6.16) (see,e.g., [140]). In this
case,(6.16) simpli¯es to a constant drift di®ustion processand the probability that
a tra jectory ¯rst escapesthe interval [¡ ¹µ; ¹µ] at a time RT = inf f t : jy(t)j > ¹µg from
initial condition y(0) = 0 hasdensity

p(RT) =
¼c2

¹µ2
e¡ a2 R T

2c2

³
e¡

¹µa
c2 + e

¹µa
c2

´ 1X

k=1

k sin
µ

k¼
2

¶
exp

µ
¡ k2¼2c2RT

8¹µ2

¶
: (6.18)

Here§ ¹µ correspond to the intersectionsof the decisionmanifold M with the thresh-
olds yj = µ of the two-dimensionalprocess(Fig. 6.3). Eqn. (6.18) may be extended
to account for distributed initial conditions y(0) 6= 0 and other generalizations[140],
but we do not usesuch extensionshere.

Similar considerationsyield the reduction of the connectionistmodel restricted to
its respective central tile:

¿c
dx
dt

= ¡ x + ¯ g(t)x + a(t) + c(t)´ t (connectionist model) : (6.19)

Note that gain multiplies the last three terms in (6.16), but only the secondin (6.19).

Case 2: Tra jectories switc h tiles, changing e®ectiv e gain

We now considerthe caseof stimuli aj (t) that `suddenly' turn on from zero at time
ts while the gain parameterg(t) ´ g remainsconstant, and show how stimulus onset
itself can give rise to a time-dependent one-dimensionalreduction that resemblesthe
reduction to (6.16) obtained above. This corresponds to appearanceof a partially
coherent stimulus replacing a ¯xation spot. Sincea1(t) = a2(t) = 0 for t · ts, in
this period there is a stable ¯xed point at (0; 0) if b ¸ 1

2g . If b = 1
2g , the situation

simpli¯es: while t · ts, (0; 0) liesexactly at the cornerof tile 9 (seeFig. 6.2), to which
tile solutionsarecon¯ned (modulo noisee®ects).At stimulus onsett s, tile boundaries
shift, so that, for appropriate choicesof a1(t); a2(t) > 1

2g(t ) ¡ b for t > ts, the origin
and the cluster of solutions in its neighborhood at time t = t+

s , suddenly ¯nds itself
in the central tile 5. For concreteness,we ¯x parametersmeeting the requirements
b = 1

2g and a1(t) = a2(t) = 0 for t · ts as follows: a1(t) = f 0; t · ts; 1:03; t > tsg,
a2(t) = f 0; t · ts; 0:97; t > tsg, g = 1 and all other parametersas for the examplein
case1. SeeFig. 6.5.

To determine the appropriate linear (two- and one-dimensional)reductions for
these parameters,we use Eqns. (6.10-6.11)restricted to tile 9 for the preparatory
phaset · ts, and restricted to tile 5 for times t > ts during stimulus presentation (we
make the sameassumptionsabout the interrogation time or thresholdsas for case1,
so that solutions remain in the central tile 5 for all times t > t s of relevanceto the
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decision). This yields the one-dimensionalequation

¿c
dy
dt

= ¡ y +
½

gc(t)´ t for t · ts

g[¯ y + a(t)] + gc(t)´ t for t > ts
; (6.20)

(and an analogousreduction to a linear two-dimensionalmodel).
Equation (6.20) is similar to the reduction (6.16), if the stimulusandgain functions

in the latter are piecewiseconstant, as for the exampleparametersof case1. The
major di®erenceis that the noisecoe±cient remainsconstant for (6.20). As we see
in the next section, the statistics produced by the one-dimensionalmodels (6.16)
and (6.20) can neverthelessagreerather well. Thus, transient gain strategiesto be
derived for the more general(6.16) in Section6.4 can be approximately implemented
for stimuli undergoing large steps, with no changesin the gain of the activation
functions per se.

Similar considerationshold for `case1' and `case2' reductionsof the connectionist
model, but we do not pursuethis here.

Finally, we note that [20] contains an explicit comparisonof error rates and reac-
tion times predicted by the two-dimensional̄ ring rate model with logistic activation
functions f g(t ) , the two-dimensionalmodel with piecewise-linearactivation functions
f pw

g(t) (6.10-6.11),and the one-dimensionalreduction (6.16). This comparisonveri¯es
the expectedagreement betweenone-and two-dimensionalmodelsfor the parameters
chosenin Case1 and Case2 above, adding to the evidencein [21, 169, 13] that one-
dimensionallinearizedmodelscancapture the essential decisionmaking dynamicsfor
a reasonablybroad rangeof model parameters.

6.3.5 Drift-di®usion and the one dimensional mo dels as lin-
ear ¯lters

We introducea third one-dimensionalSDE, an extensionof the drift-di®usion model
of [113, 139] in which both drift and di®usionterms are multiplied by a commongain
factor g(t):

¿c
dz
dt

= g(t)[a(t) + c(t)´ t ] ((pure) drift-di®usion model) : (6.21)

Eqn. (6.21) and the one-dimensionalreductions of the ¯ring rate and connectionist
equations(6.16) and (6.19) are Ornstein-Uhlenbeck processes,(a±ne-) linear in the
activities x, y, and z and in the input

I (t)
|{z}
input

= a(t)
|{z}
signal

+ c(t)´ t| {z }
noise

: (6.22)
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Figure 6.5: Case2: Trajectoriesswitch tiles. Scatter plot of tra jectoriesboth at the
end of the preparatory period and henceat the moment of stimulus onset t s (left)
and during the stimulus (t = ts + 2, right). The tiling of the plane is shown with
dot-dashedlines; cf. Fig. 6.2; the central tile is outlined in solid. Parameter values
are given in text. Also shown are nullclines for Eqns. (6.10-6.11)as thin solid lines.
The lower panelsshow stimuli aj (t) and gain g(t) as functions of time.

We may explicitly solve all these SDEs, for a given realization of the white noise
procesś s; s 2 [0; t], to obtain respectively

z(t) =
Z t

0

g(s)a(s)
¿c

ds+
Z t

0

g(s)c(s)
¿c

dWs (6.23)

for the drift di®usionmodel,

x(t) =
Z t

0

a(s)
¿c

exp
µ

1
¿c

Z t

s
[¯ g(s0) ¡ 1]ds0

¶
ds+

Z t

0

c(s)
¿c

exp
µ

1
¿c

Z t

s
[¯ g(s0) ¡ 1]ds0

¶
dWs

(6.24)
for the connectionistmodel, and

y(t) =
Z t

0

a(s)g(s)
¿c

exp
µ

1
¿c

Z t

s
[¯ g(s0) ¡ 1]ds0

¶
ds+

Z t

0

c(s)g(s)
¿c

exp
µ

1
¿c

Z t

s
[¯ g(s0) ¡ 1]ds0

¶
dWs

(6.25)
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for the ¯ring rate model. Here,dWs is an increment of a Wiener process,of which the
white noiseprocess´ s is the formal time derivative, and we have assumedunbiased
initial data x(0) = y(0) = z(0) = 0. Theseexpressionsall take the form

w(t) =
Z t

0
K (t; s)a(s)ds+

Z t

0
K (t; s)c(s)dWs ; (6.26)

and so we concludethat (6.23-6.25)all compute linear ¯lters of their inputs.
At any ¯xed time t, w(t) is a gaussian-distributedrandom variable with meanRt

0 K (t; s)a(s) and variance
Rt

0 K 2(t; s)c2(s)ds. Using this fact, after a changeof vari-
ablesthe error rate expression(6.14) becomes

ER =
1
2

2

41 ¡ erf

0

@

¯
¯
¯
Rt

0 K (t; s)a(s)
¯
¯
¯

Rt
0 K 2(t; s)c2(s)ds

1

A

3

5 : (6.27)

6.4 Optimal signal discrimination in the one- di-
mensional mo dels

We now ask what functional form of g(t) optimizes performance for Eqns (6.23-
6.25), thereby computing optimal gain tra jectories for the (reduced) drift-di®usion,
connectionist,and ¯ring rate models.

6.4.1 Optimal statistical tests

Given only the noisy input function (6.22), considerthe task of decidingwhether I (t)
was generatedby time-dependent signals a0(t) or a1(t): hypotheses0 and 1, resp.
This can be accomplishedin two distinct ways, mirroring the interrogation and free
responseprotocolsof Section6.3. In the ¯rst, the decisionis madeat a ¯xed time T;
in the second,it is made when somepreset level of con¯denceis reached. Optimal
performancein the ¯rst version of the task implies that as few errors as possible
are made; in the secondit implies that the decision must be made as quickly as
possiblefor a ¯xed error tolerance,timed from stimulus onsetat time t = 0. The best
strategy in the ¯rst version is the (continuum limit of the) Neyman-Pearsontest; in
the secondversionit is the sequential probability ratio test (SPRT) [172, 114]. Both
tests computean evolving estimate of the log likelihood ratio:

l(t) = log
·

p(f I (s)ja0(s); s 2 [0; t]g)
p(f I (s)ja1(s); s 2 [0; t]g)

¸
4
= log

·
p0 (f I (s); s 2 [0; t]g)
p1 (f I (s); s 2 [0; t]g)

¸
: (6.28)

(the baseof the logarithm is arbitrary). In the Neyman-Pearsontest, hypothesis0
is chosenif l(T) > 0 and hypothesis1 if l (T) < 0; in the SPRT, hypothesis0 (resp.
1) is chosenwhen l(t) ¯rst crossesthreshold µ (resp. ¡ µ), µ being determinedby the
error tolerance.
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Writing the input I (t) (6.22) as a sum of its increments for an appropriate dis-
cretization of time f t j g:

I (t) =
X

j

dI j =
X

j

a(t j )dt + c(t j )dW j
t ; (6.29)

we obtain

l(t) =
X

j

log
·

p0 (dI j )
p1 (dI j )

¸
: (6.30)

Now restrict to the special casein which a0(t) = ¡ a1(t) = a(t) and consider the
likelihood distributions (now themselves time-dependent) that correspond to an in-
crement dI (t) = a(t)dt + c(t)dWt . Sincethe dWt are normally distributed with mean
0, variancedt, we have

p0(t)(dI (t)) =
1

p
2¼c2(t)dt

e¡ (dI (t )+ a(t )dt)) 2=(2c2 (t )dt) ; (6.31)

p1(t)(dI (t)) =
1

p
2¼c2(t)dt

e¡ (dI (t )¡ a(t )dt)) 2=(2c2 (t )dt) : (6.32)

The corresponding increment of likelihood evidenceto (6.28) is

dlt = log
µ

p1(dI t )
p0(dI t )

¶
= k

a(t)
c2(t)

dI t ; (6.33)

where k = 2log(e) dependson the baseof the logarithm. Substituting for dI t , we
obtain a di®erential equation for the total evidencel t accumulated at time t,

dlt = k
·

a2(t)
c2(t)

dt +
a(t)
c(t)

dWt

¸
; (6.34)

which may be integrated to yield:

l(t) =
Z t

0
k

a2(s)
c2(s)

ds+
Z t

0
k

a(s)
c(s)

dWs : (6.35)

Comparing with Eqn. (6.26) shows that the optimal ¯lter is

K (t; s) = k
a(s)
c2(s)

: (6.36)

this is the matched ¯lter for white noise which is fundamental in signal process-
ing [136]. Note that, in (6.34-6.35)only the signal-to-noiseratio (a=c) appears.
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6.4.2 A direct pro of that the kernel K (t; s) = k a(s)
c2(s) is optimal

in the in terrogation paradigm

As follows from its matched ¯lter property, the linear ¯lter K (t; s) = k a(s)
c2 (s) which

computeslog likelihood l(t) for inputs with white noisealso produces,for all times
t, a ¯ltered (and gaussian)version w(t) of the input (Eqn. (6.26)) with a maximal
integrated signal-to-noiseratio

F [K ; a;c](t) =

¯
¯
¯
Rt

0 K (t; s)a(s)ds
¯
¯
¯

r

E
³ Rt

0 K (t; s)c(s)dWs

´ 2
=

¯
¯
¯
Rt

0 K (t; s)a(s)ds
¯
¯
¯

q Rt
0 K 2(t; s)c2(s)ds

: (6.37)

For completeness,we now demonstratethis directly.
Minimization of the error rate (6.13) or (6.14) for (¯xed) interrogation at time

t = T is achieved by maximizing F over all possiblekernelsK (s). This problem in
the calculusof variations is solved by computing the ¯rst and secondvariations, with
respect to K , of the functional F , setting the ¯rst to zero to determine a candidate
¹K for the optimal K , and evaluating the secondat ¹K to check that D 2

K F is nega-
tiv e (semi-) de¯nite. Henceforth we drop explicit referenceto the (¯xed, arbitrary)
interrogation time t = T in the function K and write K (T; s) = K (s). We compute:

±F
±K

= lim
² ! 0

d
d²

F [K + ²° ; a;c](T)

= lim
² ! 0

d
d²

8
><

>:

RT
0 a(s)[K (s) + ²° (s)] ds

h
2

RT
0 c2(s)[K 2(s) + 2²g(s)° (s) + ²2° 2(s)] ds

i 1
2

9
>=

>;

= lim
² ! 0

1
p

2

( RT
0 a(s)° (s) ds

[H (T; ²)]
1
2

¡

RT
0 a(s)[K (s) + ²° (s)] ds

RT
0 c2(s)[K (s)° (s) + ²° 2(s)] ds

[H (T; ²)]
3
2

)

=

RT
0 a(s)° (s) ds

RT
0 c2(s)K 2(s) ds ¡

RT
0 a(s)K (s) ds

RT
0 c2(s)K (s)° (s) ds

p
2

hRT
0 c2(s)K 2(s) ds

i 3
2

; (6.38)

where H (T; ²) =
RT

0 c2(s)[K 2(s) + 2²K (s)° (s) + ²2° 2(s)] ds. Setting (6.38) equal to
zero and using the fact that the variation ° (s) is arbitrary, we conclude that the
critical point indeedoccursat ¹K (s) = k a(s)

c2 (s) , as given by (6.36).
To computethe secondderivative we di®erentiate the expressionwithin bracesin

the penultimate step of (6.38) with respect to ² oncemore, set ² = 0, and evaluate
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the resulting expressionat the critical point (6.36), obtaining:

±2F
±K 2

¯
¯
¯
¯
K = ¹K

= ¡

RT
0 c2(s) ¹K 2(s) ds

RT
0 c2(s)° 2(s) ds ¡

³ RT
0 c2(s) ¹K (s)° (s) ds

´ 2

p
2

hRT
0 c2(s) ¹K 2(s) ds

i 3
2

· 0:

(6.39)
In the last step we appeal to Schwarz's inequality. This proves that the second
variation is negative semide¯nite, and vanishesidentically only for variations ° (s) =
· ¹K (s) in the direction of ¹K (as expected from (6.36), which contains the arbitrary
`scaling'parameterk).

Substituting (6.36) into (6.37) we obtain

F [¹g; a;c](T) =

s
1
2

Z T

0

a2(s)
c2(s)

ds; (6.40)

and using (6.27), we obtain the minimum possibleerror rate for interrogation at time
t:

ER =
1
2

2

41 ¡ erf

0

@

s
1
2

Z T

0

a2(s)
c2(s)

ds

1

A

3

5 : (6.41)

Sincethe integrand (a=c)2 is non-negative, the error rate continuesto decreaseor at
worst remainsconstant as T increases.

6.4.3 Optimal gains for the three mo dels

We may now extract explicit expressionsfor optimal gains by setting K (s) = ¹K (s)
in (6.26) and comparing the resulting integrands with those in the SDE solutions
(6.23-6.25).

Pure drift-di®usion mo del

Comparing (6.26) with (6.23), we seethat the optimal gain is simply ¹K :

¹gdd(s) = ¿c
¹K (s) = ¿ck

a(s)
c2(s)

; (6.42)

thus, there is a continuum of optimal schedulesdi®eringonly by a multiplicativ e scale
factor.

Connectionist mo del

Equations (6.26) and (6.24) give

¿c
¹K (s) = ¿ck

a(s)
c2(s)

= exp
µ

1
¿c

Z T

s
[¯ ¹gc(s0) ¡ 1]ds0

¶
; (6.43)
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where ¹gc is the optimal gain for the connectionist model. Taking the log of this
expression,di®erentiating with respect to s, and solving for ¹gc(s), we obtain:

¹gc(s) =
1
¯

·
1 ¡ ¿c

d
ds

log
µ

a(s)
c2(s)

¶¸
: (6.44)

Note that ¹gc is unique and in particular, independent of k and of the interrogation
time T. However, ¹gc is not required to be positive, so may not always be physically
admissable.The form of ¹gc may be interpreted asfollows. When

³
a(s)
c2 (s)

´
is decreasing,

¹gc(s) > 1=¯ and the O-U process(6.19) is unstable;hencesolutions`run away,' in the
direction x(s), emphasizinghigher-¯delit y information that waspreviously collected.

When
³

a(s)
c2 (s)

´
is increasing, ¹gc(s) < 1=¯ , the O-U processis stable, and the linear

term in (6.19) is attractiv e, thereby discounting previously integrated information in
favor of the higher-¯delit y input currently arriving.

We note that, becausethe `output' neural activit y is determined by a gain-
dependent function of the dynamical variable x in the connectionistmodel (seetext
following Eqns. (6.1-6.2)), transient gain schedulesalso adjust the position of free-
responsethresholdswith respect to x. We leave an exploration of this e®ect,which
does not enter the interrogation protocol or a®ectthe ¯ring rate model, for future
studies.

Firing rate mo del

Equations (6.26) and (6.25) give

¿c
¹K (s) = ¿ck

a(s)
c2(s)

= ¹gf (s) exp
µ

1
¿c

Z T

s
[¯ ¹gf (s0) ¡ 1]ds0

¶
: (6.45)

De¯ning f (s) = ¿ck
a(s)
c2 (s) e

1
¿c

(T ¡ s) , di®erentiating with respect to s, and restricting to
positive functions ¹gf , a and c2 (which we justify below), (6.45) yields

f 0(s) =
d
ds

·
¹gf (s) exp

µ
1
¿c

Z T

s
¯ ¹gf (s0)ds0

¶¸

= ¹g0
f (s) exp

µ
1
¿c

Z T

s
¯ ¹gf (s0)ds0

¶
¡

¯
¿c

¹g2
f (s) exp

µ
1
¿c

Z T

s
¯ ¹gf (s0)ds0

¶

= ¹g0
f (s)

f (s)
¹gf (s)

¡
¯
¿c

¹gf (s)f (s) : (6.46)

Rewriting (6.46), we obtain

d¹gf (s)
ds

=
¯
¿c

¹g2
f (s) + ¹gf (s)

f 0(s)
f (s)

=
¯
¿c

¹g2
f (s) + ¹gf (s)

d
ds

log(f (s))

=
¯
¿c

¹g2
f (s) + ¹gf (s)

·
d
ds

log
µ

a(s)
c2(s)

¶
¡

1
¿c

¸
: (6.47)
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Thus, the condition for optimal gain in the linearized ¯ring rate model is a dif-
ferential equation, unlike the algebraic relationships for the drift-di®usion and con-
nectionist cases. Note that solutions to (6.47) initialized at positive values remain
positive for all time, sincethe equationhasan equilibrium at ¹gf = 0, preventing pas-
sagethrough this point. This justi¯es our assumptionof positive ¹gf aboveand ensures
that the optimum gain is `physical' this sense.In fact, (6.47) may be solved explicitly

using the integrating factor I (s) = exp
¡Rs

0 l (s0)ds0
¢
, wherel(s0)

4
= d

ds0 log
³

a(s0)
c2 (s0)

´
¡ 1

¿c
,

yielding

¹gf (s) =
exp

¡Rs
0 l (s0)ds0

¢

¯
¿c

Rs
0

h
exp

³ Rs0

0 l (s00)ds00
´ i

ds0+ 1
g(0)

: (6.48)

The integral equation (6.45) speci¯es only an arbitrary, positive ¯nal condition
¹gf (T) = k a(T )

c2 (T ) for (6.47), since k is itself arbitrary. Any solution of (6.47) with
positive initial condition (as long as it is de¯ned) thereforedelivers a member of the
continuum of optimal gain functions for the linearized ¯ring rate model. This is in
striking contrast to the unique optimal gain (6.44) in the connectionistmodel, and,
sincethe di®erent ¹gf generallyhave di®erent forms (seebelow), it alsocontrasts with
the multiplicit y of `scaled'optimal drift-di®usion gain functions (6.42).

Numerical examples

Example 1: We ¯rst take constant signal a(s) ´ a = 0:06 and constant noise
strength c(s) ´ 0:09 with ¿c = ¯ = 1. Then, Eqn. (6.42) givesthe family of optimal
constant gain functions for the pure drift-di®usion model,

¹gdd(s) ´ ¿cka ; (6.49)

and Eqn. (6.44) gives the unique optimal gain for the connectionist model, again a
constant:

¹gc(s) ´
1
¯

: (6.50)

For the sameparametervalues,the ¯ring rate model gain ODE (6.47) becomes

d
ds

¹gf (s) =
¯
¿c

¹g2
f (s) ¡

1
¿c

¹gf (s) : (6.51)

Initial conditions ¹gf (0) 2 [0; 1=¯ ] decay to the ¯xed point at ¹gf = 0, while for ¹gf (0) >
1=¯ , gain functions increaseto 1 in ¯nite time. The initial condition ¹gf (0) = 1=¯
yields the constant gain function ¹gf (s) ´ 1=¯ , for which the linearized ¯ring rate
model again becomesconstant drift Brownian motion: seeFig. 6.6. As expected,all
gain pro¯les produced optimal performance(with 82:7% correct responsesreturned
at interrogation time T = 2).

Example 2: Wenow assumethat signalamplitude is zeroup to stimuluspresentation
at time ts and risesexponentially toward ¹a thereafter: a(s) = ¹a[1¡ e¡ r (s¡ ts ) ] for s > ts.
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Figure 6.6: Optimal gains for constant signal strength a(s) ´ 0:09 (solid line in
bottom panel) and constant noiseamplitude c(s) ´ 0:09 (dotted line). Top panel:
three optimal gain schedules¹gf solving (6.47); note that theseinclude, but are not
limited to, ¹gf (s) ´ 1=¯ (here¯ = 1). Central panel: the uniqueoptimal gain function
¹gc(s) ´ 1=¯ for the connectionistmodel, given by Eqn. (6.44).

This form is motivated by the saturating dynamicsof input layerswhich feedforward
to decisionunits in simple connectionist models. We set ¹a = 0:06, r = 10, t s = 1
and take constant noise strength c(s) ´ 0:09 and ¿c = ¯ = 1 as previously: see
Fig. 6.7 (bottom). As r ! 1 , a(s) approaches the piecewiseconstant functions of
Section 6.3.4, for which the one-dimensionalreduction is shown to be an adequate
model in [20].

For the pure drift-di®usion model, Eqn. (6.42) gives

¹gdd(s) = ¿cka(s) ; (6.52)

so that, as above, optimal gain tra jectoriesare scaledversionsof the signal strength
and, in particular, ¹g(s) = 0 for s · ts. For the connectionistand ¯ring rate models,
however, the formulae (6.44) and (6.47) are valid only while a(s) > 0, and additional
reasoningis neededto determineoptimal gain valuesin the pre-stimulus period s <
ts. For the connectionist model, the integral equation (6.43) is clearly satis¯ed for
a(s) = 0 if gc(s) = ¡1 , so we set ¹gc(s) = ¡1 , s · ts. Sincefor a `physical' neural
network, activation functions f g(t )(¢) are nondecreasing,such negative gain valuesare
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Figure 6.7: Optimal gains for exponentially asymptoting signal strength a(s) (solid
line in bottom panel) and constant noiseamplitude c(s) ´ 0:09 (dotted line). Top
panel: three optimal gain schedules¹gf for the ¯ring rate model solving (6.47) (solid
curves); the non-optimal constant gain g ´ 1=¯ is shown asdot-dashedfor reference.
The lowest of the solid ¹gf 's displays the rise-decay form discussedin the text. Cen-
tral panel: the unique optimal gain function for the connectionist model, given by
Eqn. (6.44); ¹gc(s) = ¡1 for s · ts.

not directly relevant to biologicalapplications,but illustrate the demandthat relative
activation x be clampedat zerobeforethe stimulus arrives. As before,we de¯ne ¹gc(s)
via (6.44) for s > ts. That is, for t > ts,

¹gc(s) =
1
¯

[1 ¡ ¿cl (s)] ; (6.53)

wherel(s) = d
ds log

³
a(s)
c2 (s)

´
= r

er ( s¡ t s ) ¡ 1 decays from 1 to 0 as time s increases.

For the ¯ring rate model, we also appeal directly to the integral equation (6.45)
to de¯ne gf (s) when a(s) = 0. Since(6.45) is satis¯ed by ¹gf (s) = 0, we assumethis
for s · ts. We then determine¹gf (s) for s > ts from (6.47), allowing a discontinuity at
ts and taking arbitrary `initial' conditions ¹gf (ts). Fig. 6.7 illustrates several optimal
functions arising from di®erent choicesof ¹gf (ts). The following fact is helpful in
understanding positive solutions of (6.47): orbits lying below 1

¯ [1 ¡ ¿c l (s)] at any

129



0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

2

4

g f(s
)

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

5

0

5

10

g c(s
)

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.05

0.1

s

c(s) 

a(s) 

time

Figure 6.8: Optimal gainsfor pulsedsignal strength a(s) (solid line in bottom panel)
and constant noiseamplitude c(s) ´ 0:06(dotted line). Top panel: three optimal gain
schedules¹gf for the ¯ring rate model solving (6.47) (solid curves); the non-optimal
constant gain function g ´ 1=¯ is shown dot-dashedfor reference.Central panel: the
unique optimal gain function for the connectionistmodel, given by Eqn. (6.44).

time s decreasetoward 0; thoseabove this value increase.Since 1
¯ [1¡ ¿c l (s)] ! 1

¯ as
s ! 1 , 1

¯ asymptotically forms a separatrix betweenoptimal gain tra jectories that
decay and those that diverge to 1 . Also, note that the Case2 parametersfor the
two-dimensional¯ring rate model of Section6.3.4 implement a step in e®ective gain
values up to 1=¯ = 1, so that in this casenearly optimal signal processingoccurs
with no explicit adjustment of the gain parameter. The performanceresulting from
optimal gain tra jectories in all models is 73:1% correct responsesat interrogation at
time T = 2; for comparison,the (non-optimal) constant gain ¹gf (s) ´ 1=¯ produces
only 66:4% correct.

Gains must remain bounded for all time to be of practical interest. A family of
optimal gain schedulesof this form, determined by their (su±ciently small) initial
conditions, will always exist for monotonically rising and boundedstimuli a(s) such
as that chosenhere. As we elaborate in Section6.5, their `rise-decay' pattern resem-
bles the gain produced by dissipating pulsesof the neuromodulator norepinephrine
delivered to cortical decisionareasvia the locus coeruleus, henceproviding a clue
that this brainstem organ may be assistingnear-optimal decisionmaking.
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Example 3: We ¯nally assumethat a(s) smoothly increasesfrom a low to a higher
level and then returns to its original level, corresponding to a transient increase
in stimulus salience. We model this as a di®erenceof two sigmoids: a(s) = a0 +

¹a
1+exp( ¡ 4r (ts; 1 ¡ s)) ¡ ¹a

1+exp(4 r (ts; 2 ¡ s)) , with parametersa0 = ¡ :04, ¹a = :045, ts;1 = 0:75,
ts;2 = 1:25, and r = 20: seeFigure 6.8. Additionally , we take constant noisestrength
c(s) ´ 0:06 and ¿c = ¯ = 1.

For the pure drift-di®usion model, Eqn. (6.42) again gives ¹gdd(s) = ¿cka(s), and
for the connectionist and ¯ring rate models, we may use (6.44) and (6.47) for the
entire time interval of interest sincea(s) is strictly positive. The resulting optimal
gain tra jectories, shown in Fig. 6.8, yield 70:8% correct responsesat interrogation
time T = 2, comparedwith 64:9% correct obtained for constant gain gf (s) ´ 1=¯ in
the ¯ring rate model. Note that the form of the optimal ¹gc(s) illustrates the intuitiv e
explanation given in Section 6.4.3: when the signal-to-noiseratio increases,¹gc(s)
decreases, suppressingpreviously integrated information, and vice-versa.

In summary, wehaveshown in this sectionthat the gain schedulesyielding optimal
performancein (reduced)neural modelsof decisiontasksdependstrongly on the time
courseof task stimuli aswell asthe structure (i.e., ¯ring rate vs. connectionist)of the
underlying model. Theseoptimal gain schedulesimplement matched¯lters, maximiz-
ing the signal-to-noiseratio in the di®erencebetweenactivities of neural populations
representing competing task alternatives. For systemswell described by the connec-
tionist model, neural mechanismsmay be expectedto depressthe gain (i.e., strength
of inhibitory feedback) below the `balanced' level of 1=¯ when stimulus salienceis
increasingand enhancegain above this level when salienceis decreasing.However,
for the ¯ring rate model an optimal decisionnetwork may `choose' amonga variety
of gain schedulesof qualitativ ely di®erent forms. One neurobiologicalimplication of
this °exibilit y is exploredin the following section.

6.5 The locus coeruleus brainstem area and opti-
mal gain tra jectories

Neuronscomprisingthe brainstem nucleuslocuscoeruleus(LC) emit the neurotrans-
mitter norepinephrine(NE) to targets widely distributed throughout the brain, in-
cluding cortical areasinvolved in decisiontasks. While NE hasdisparateand complex
e®ectson di®erent brain regions,a dominant cortical role is believedto bemodulation
of neuronal gain at both the singlecell and population levels [167, 154]. Recordings
of cortical neuron responsesto stereotyped inputs at various latenciesfollowing acti-
vation of LC reveal thesegain e®ects:responsesto a ¯xed input are larger (in certain
experimental ranges)following LC activation than in control recordingswithout LC,
and this elevated sensitivity decays with a time constant ¿N E ¼ 0:2 sec[175].

Sincethe ¯ring rate of LC neuronsgoverns NE releaserate, we proposethe fol-
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Figure 6.9: Comparisonof optimal gain theory with empirical data for two psycho-
logical tasks. (a) Optimal gain schedulesfor the ¯ring rate model, for rapid (left)
and gradual (right) onsetof stimulus a(t) to neural units (with a processingtime lag
of 0.1 sec following sensorycue), as shown in (b). (c) The corresponding optimal
time coursesof LC ¯ring rate. (d) Histogramsof LC ¯ring rates recordedin the two
tasks: (left), the target detection task [167] and (right), the Eriksen°anker task, with
data kindly provided by the authors of [34]. Vertical dashedlines indicate onset of
sensorystimuli, and vertical grey (solid) lines indicate meanbehavioral reaction time
(standard deviations are ¼ 34 and 114 msec. for the target detection and Eriksen
tasks, respectively).

lowing simple model for cortical gain g(t):

¿N E _g(t) = kLC LC (t) ¡ g(t) : (6.54)

Here, LC (t) denotes the time-dependent rate of LC ¯ring and kLC is a constant
relating this rate to equilibrium valuesof cortical gain. This model's limitations in
describing the underlying biology include the fact that g(t) decays to zero in the
absenceof LC ¯ring (this could be recti¯ed by adding a constant `gain °oor' gbase).
Nevertheless,it allows us to make an interesting qualitativ e point in relating recent
data on LC ¯ring ratesto optimal strategiesfor the processingof noisysensorystimuli.
Inverting (6.54) and inserting an optimal gain tra jectory yields a prediction for the
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optimal time courseof LC activit y:

LC (t) =
1

kLC
(¿N E _¹g(t) + ¹g(t)) : (6.55)

Fig. 6.9(d) showshistogramsof LC ¯ring ratesrecordedfrom monkeysperforming
two di®erent psychological tasks: target identi¯cation, in which a horizontal or verti-
cal bar must be detected,and the Eriksen °anker task, in which a central cue must
be identi¯ed while an array of distractors is ignored. Sincethe secondtask involves
more complex stimulus processing,we assumeas in [24] that the onset of stimulus
representation in cortical decisionareasis more gradual in this than in the target
identi¯cation task. Speci¯cally, for t greater than the time t s of stimulus arrival we
take a(t) = ¹a(1 ¡ e¡ r (t ¡ ts )) with r = 50 (time constant 0.02sec)for target identi¯ca-
tion and r = 10(time constant 0.1sec)for the Eriksentask; also,weset ¹a = 0:06;and
¿c = 0:5 sec: seeFig. 6.9(b). Additionally , we assumethat ts follows presentation of
sensorycueby a processingtime lag of 0.1 sec(cf. [10]). Optimal gain schedules¹gf (t)
for the ¯ring rate model with thesestimuli, computedasin the precedingsection,are
shown in Fig. 6.9(a). To produce panel (c), thesegain functions were inserted into
Eqn. (6.55) to yield corresponding optimal LC ¯ring rates, the discontinuity in ¹gf (t)
at stimulus onsethaving negligiblee®ect.(Also note that assuminga smoother pro-
¯le for a(t) would eliminate the jump in LC (t).) The similarit y betweenoverall form
and decay ratesof optimal gain functions LC (t) and the empirical data of Fig. 6.9(d)
supports the hypothesis that the LC may a®ectnear-optimal processingof sensory
stimuli. This is true even though LC ¯ring rates are not sustainedat the initial high
valuesthat follow stimulus onset;in fact, both LC ¯ring rate relaxation and NE time
constants are compatible with optimal gain schedules.

We note that the optimal gains, and henceLC (t) time courses,are computed
assumingprior knowledgeof the stimulusa(t) andsignalto noiseratio a(t )

c(t ) . If this were
the case,LC ¯ring patterns should be well-correlatedwith stimulus onset. However,
experimental data of [34], which involved variable stimulus onset times, indicates
tighter correlations with behavioral responses. Here, the function a(t) is perhaps
better interpreted as input to motor neurons, the onsetsof sensorystimuli having
beendetectedearlier in decisionlayers. Thus, the most appropriate LC data for use
in Fig. 6.9 would be alignedwith transients in ¯ring rates in intermediate processing
layers; here we provide data aligned with sensorystimuli as the closest available
surrogate. Explicit models of two-layer decision/response dynamics with variable
gain are studied in the following chapter.

6.6 Discussion and conclusions

In this chapter we explicitly compute optimal gain tra jectories for one-dimensional,
linearized reductions of simpli¯ed models for competing neural groups involved in
decisionsbetween two alternatives. We ¯rst develop a piecewiselinear approxima-
tion to the canonicalsigmoidal activation or ¯ring rate function. The resulting two-
dimensional piecewiselinear SDEs (6.10-6.11) introduced in Section 6.3.3 form a

133



midpoint in our simpli¯cation process. This systemcan be easily solved on each of
nine `tiles' forming its phaseplane, but solutions must be assembled by matching
constants of integration. To illustrate this, we focus on two speci¯c casesin Sec-
tion 6.3.4,motivated by the moving dots' paradigm [18, 156, 72], that correspond to
distinct stimulus presentation conditions and rely on di®erent neural mechanismsto
implement transient e®ective gain values.

In case1, the development of salience(i.e., a1 6= a2), in sensorystimuli at time ts

is not accompaniedby large changesin the stimulus magnitudes;in fact the summed
magnitude is unchanged. This mild stimulus onset is insu±cient to move solutions
betweentiles, sovariations in gain must result from modulation of the neural activa-
tion function itself, presumablyvia in°uence of other brain areas. However, in case
2, the appearanceof salienceis accompaniedby largechangesin stimulus magnitude,
either due to properties of the stimulus itself or due to additive biasesthat shift the
activation function to the left, as has been proposedby connectionist models that
addressthe e®ectsof attention [125, 39]. In this case,no external modulation is
required, since the decisiondynamics themselves move the system between regions
of the activation function wheredesiredsensitivities (and hencegains) are achieved.
The possibility that neural systemsare tuned so that the presenceof target stimuli
causessolutions to move into sensitive regionsof their activation functions has been
previously suggestedin behavioral neuroscience[154]; here we reformulate this idea
in terms of optimal signal processing.

We end by showing that the (non-unique) optimal gain schedulesfor the ¯ring
rate model include time coursesthat are consistent with releaseof norepinephrine
due to transient increasesin the activit y of neuronsin locuscoeruleus.

The external modi¯cation of gain consideredin case1 assumesprior knowledge
of the time courseof the absolute values of sensoryinputs aj (t), the task of the
decisionmaker beingmerely to identify their signs. In the following chapter the more
generalcaseis treated in which this information is not available, and strategiesmust
additionally include a mechanism for detecting increasesin the signal to noiseratio
of sensoryinputs.
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Chapter 7

Adaptiv e optimization of decision
tasks via the locus coeruleus

7.1 Chapter outline

In this chapter, we assessthe extent to which simpli¯ed time-dependent gain sched-
ules,subject to the constraints that are likely to a®ectthe locus-coeruleusin certain
decisiontasks, can optimize performance.In particular, we abandonthe assumption
of the previous chapter that the gain regulation systemhas knowledgeof the onset
times of sensorystimuli. Rather, we assume,as in [167, 70], that accumulation of
¯ring ratesin decisionunits drivesthe LC. In this sense,the gain schedulesconsidered
hereare adaptive and vary from trial to trial.

First, we reviewwork on modeling decisiontaskswith LC-mediatedadaptive gain
and state the unresolved questionsthat are the focus of the present chapter. Then,
Section7.3.1de¯nes the linearizeddecisionmodel usedhere,which is an extensionof
the `case1' ¯ring rate model of Chapter 6. Section7.3.2then introducesreward rate,
the ¯gure of merit for the di®erent decisionmodelswe study, and discussesthe e®ect
of `premature' responseson this quantit y. Thusequipped, in Section7.3.3wedescribe
the method, central to the present analysis,of comparingoptimal task performance
of a model with LC-mediated adaptive gain against optimal task performanceof
a model restricted to have constant gain. Next, in Section 7.3.4, we simplify the
model by eliminating redundant parameters.Having thus re¯ned our problem, in the
following Section 7.4 we present the results of numerical reward rate optimization.
Next, Section 7.5 considerstwo modi¯cations to the model de¯ned in Section 7.3.1
which are motivated by the underlying neurobiology, and Section 7.6 investigates
how the number of layers in a decision model a®ectsthe performancethat it can
achieve when optimized. We discussthe results in Section 7.7. This chapter forms
the theoretical basisof a paper in progress[25].
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7.2 In tro duction and background

The previous chapter showed that, given knowledgeof the time courseof signal to
noiseratios of stimuli and assumingthat ¯ring rates of competing neural pools are
con¯ned to the maximally sloped region of their activation functions (about which
they may be linearized, i.e., `Case1' of Chapter 6), LC-mediated gain signalscan
optimize decision tasks. However, if such a strategy were being implemented, one
would expect the time courseof LC responsesto be perfectly correlatedwith stimulus
onsetsfrom trial to trial. Figure 7.1 indicates that this is not necessarilythe case:
transients in LC ¯ring rate for the two-alternative choice task data presented there
are more tightly correlatedwith behavioral responsesthan stimulus presentations.

In this chapter we assessthe extent to which the LC canoptimize decisiontasksin
the absenceof explicit knowledgeabout stimulus schedules.That is, we require that
all LC-mediated gain transients are adaptively determined by the incoming signal
on a trial-to-trial basis. The most general solution to this problem would involve
richer signal processingstrategiesthan are possiblewith the simpleneural integrator
models we consider;however, as detailed below, we assumea more limited capacity
for adaptive gain scheduling that is basedon the detection of salient sensoryevents.
we also relate the results of this adaptive optimization study to the response-locked
data of Figure 7.1.

Two previousmodelling studieshaveaddressedthe e®ectsof adaptiveLC-mediated
dynamic gain on decisiontasks,o®eringintriguing results and suggestingseveral im-
portant questions[167, 70]. Foremostamongtheseis the questionof optimalit y. The
work of [167, 70] showed that, by allowing greater transients in gain schedules,error
rates in a simulated target detection task could be reducedwhile reaction times held
relatively constant or also decreased.This characterizesimproved cognitive perfor-
manceand bypassesthe classicalspeedaccuracytradeo®.However, to concludethat
this improvedperformancestemsfrom the °exibilit y a®ordedby dynamicvs. constant
gain schedules,rather than being a confoundof speci¯c valuesof decisionthresholds
(held ¯xed asgain schedulesvaried in [167, 70]) or the speci¯c gain scheduleschosen
for comparison, it is necessaryto compare the best-possible levels of performance
acrossthe whole classof dynamic vs. constant gain schedulesand over the whole
rangeof free parameters.This approach is taken below.

Although an optimized decisionmodel equipped with LC-mediateddynamic gain
tra jectories clearly will perform no worse than an equivalent optimized model for
which gain valuesare restricted to be constant, it is not obvious that it will perform
signi¯cantly better. One reasonfor this is that realistic gain schedulesimplemented
in this adaptive fashion are subject to latencies: experiments by Waterhouseand
collaboratorshaveshown that increasesin the sensitivity of cortical neuronsto sensory
inputs follow LC activation by more than 100 ms and reach a plateau at maximum
e®ect200-300ms following this activation [175]. Here we model this via a delay
of ¼150 ms; seebelow for details. Coupled with the latency from stimulus onset
to triggering of the LC, gain changestherefore take e®ectsigni¯cantly after stimuli
are presented, which may minimize the bene¯ts of thesechanges. Additionally , we
consideronly piecewise-constant gain tra jectorieshere,which require only relatively
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simplethreshold-basedmechanismsto implement. Further, aswith any adaptivegain
scheduler but with particular relevance to the classof `jumped' gain and stimulus
tra jectoriesconsideredhere,gain transients triggered at the wrong moments can lead
to erroneousresponses,possibly obviating bene¯ts derived on correct trials. This
points to an overarching `circularity' problem that is revisited in the Discussionof
Section7.7: due to the undesirablee®ectsof prematurely changinggain, will somuch
information about stimulus presencebe neededin order to bene¯cially increasegain
that the stimulus could be reliably identi¯ed (as alternative 1 or alternative 2) before
gain changestypically take e®ect?

Another unresolvedquestionsurroundingtransient gain schedulesand simplecog-
nitiv e tasks surroundsthe designof thesetasks. In [167, 70], a target detection task
was studied, in which only one of two possiblestimuli (the target) demandsa be-
havioral response. For models in which transient gain changesare driven by partial
evidenceof the behaviorally relevant cues,this target detection task (comparedwith
the two-alternative choicetask studied here,in which both stimuli require responses)
requiresfewer thresholdsfor the triggering of gain transients and hencepresents fewer
opportunities for systemgain to be turned up too early and evoke an erroneousre-
sponse. The results below addresswhether performancebene¯ts are still seenin
two-alternative choicetasks.

Additionally , the role of the neural architecture with which decision tasks are
solved remains to be investigated. Schall ([150] and referencestherein), and Reddi
[141] have presented neural evidencethat at least two stagesof neural processing
contribute signi¯cantly to variabilit y in behavioral response times. Motivated by
thesestudies,by the structure of the decisionmodelsof [167, 70], and by the intuitiv e
conclusionthat a °exible systemmapping sensoryinputs to varied motor responses
(cf. [150]) must involve separatecenters of sensoryintegration and motor processing,
the present chapter extendsthe previous to considertwo-layered decisionnetworks.
However, we alsoconsiderthe e®ectsof adaptive gain scheduleson a onelayer system
for comparison. We also study the e®ectsof assumingthat a certain ¯xed level of
¯ring in the second(`motor') layer must be achieved in order to evoke behavioral
responses.

A ¯nal open question has already been introduced via Figure 7.1: at optimal
performance,will transients in gain tra jectories (and hencetransients in LC ¯ring
rates) be more tightly locked to stimulus presentations or (simulated) behavioral
responses?To the extent to which the modelscapture the dynamicsof neuraldecision
processes,an answer in favor of locking to responseswould support the hypothesis
that the LC servesto optimize decisiontasks.

7.3 The RR optimization problem

7.3.1 The two layer mo del

Our decisionmodel, asshown in Figure 7.2,consistsof two layers,each containing two
mutually inhibitory neural subpopulations whosespike rates evolve under the `¯ring

137



S
p

ik
es

/s
ec

o
n

d

9.0
8.5
8.0
7.5
7.0
6.5
6.0
5.5
5.0
4.5
4.0
3.5
3.0
2.5
2.0
1.5
1.0
0.5
0.0

-0.5 -0.4 -0.3 -0.2 -0.1 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4

Lever Release

Time (sec)Stimulus

9.0
8.5
8.0
7.5
7.0
6.5
6.0
5.5
5.0
4.5
4.0
3.5
3.0
2.5
2.0
1.5
1.0
0.5
0.0

Time (sec)

Sp
ik

es
/s

ec
on

d

Response

-0.7 -0.6 -0.5 -0.4 -0.3 -0.2 -0.1 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2

Lever Release

a) Stimulus-locked

b)  Response-locked

Figure 7.1: Transients in LC ¯ring rates, here shown as peri-event time histograms
(PETHs) compiled acrossmany experimental trials of the Eriksen °anker sensory
discrimination task, are more tightly correlated with behavioral responses(b) than
stimulus presentations (a). Data kindly provided by the authors of [33].

rate model' of Eqns. (6.7)-(6.8). The ¯rst `decision'layer receivessensoryinputs and
noiseexactly as in Chapter 6:

¿dy1 =
£
¡ y1 + f ~gy (t ) (¡ ¯ y2 + ka1(t))

¤
dt + ~gy(t)

kc
p

¿
p

2
dW10

t ; (7.1)

¿dy2 =
£
¡ y2 + f ~gy (t ) (¡ ¯ y1 + ka2(t))

¤
dt + ~gy(t)

kc
p

¿
p

2
dW20

t : (7.2)

The second`response' layer receivesinputs from the ¯rst (weighted by w) as well as
independent noisy inputs (presumably from a®erents not related to the decisiontask
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Figure 7.2: The architecture of the decisionmodel, which consistsof two layers of
mutually inhibitory neural populations. The schematic to the right indicatesthe °ow
of stimulus information through the network, and the fact that, as in Chapter 6, we
collapseeach layer to a singlevariable (y or z) characterizing the di®erencebetween
¯ring rates in the layer. When the di®erencejyj exceedsthreshold value hg, gain
levels are adjusted (following the delay ¿N E ); when jzj exceedsh, task responsesare
made.

being modeled):

¿dz1 =
£
¡ z1 + f ~gy (t ) (¡ ¯ z2 + wy1(t))

¤
dt + ~gz(t)

kc
p

¿
p

2
dW100

t ; (7.3)

¿dz2 =
£
¡ z2 + f ~gy (t ) (¡ ¯ z1 + wy2(t))

¤
dt + ~gz(t)

kc
p

¿
p

2
dW200

t (7.4)

(the ¯nal terms in (7.1)-(7.4)areindependent Wiener increments, and likewisebelow).
As in Section6.3.4(seetext there for details), we de¯ne the ¯ring rate di®erences

~z = z1 ¡ z2, ~y = y1 ¡ y2 aswell asa = a1 ¡ a2 and study the (approximate) linearized
model involving only their di®erences:

¿d~z =
h
¡ ~z + ~gz

~̄~z + ~w ~gz ~y
i

dt + ~gzkc
p

¿dW1
t (7.5)

¿d~y =
h
¡ ~y + ~gy

~̄~y + ~gyka
i

dt + ~gykc
p

¿dW2
t : (7.6)

As already mentioned, the validit y of this reduction depends on the ¯ring rates of
all populations staying in the linear regimeof their activation functions; we assume
that this holds throughout this Chapter, as for the `Case1' dynamics of Chapter 6
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Figure 7.3: The type of stimuli consideredhere. Salience(i.e., the di®erencebetween
strengths of inputs favoring one of the two alternatives) develops at a randomly
distributed time td. The task of the decisionmaker is to determinewhich of the two
alternative stimuli hasoccurred, balancingspeedvs. accuracyin this discrimination
in order to maximize reward rate (seetext).

([20] checks the validit y explicitly). Here, ~gz and ~gy, respectively, are the gains of
neural groups in these layers. We considertime-dependent stimuli a(t) of the type
illustrated in Figure 7.3: a(t) = 0; t < td and a(t) = § ¹a; t ¸ td, where td is the
randomly distributed time of stimulus onset (seebelow).

Furthermore, we take initial conditions y(0) = z(0) = 0 at the beginning of the
preparatory phase,at which time we assumē ring rates are reset (e.g. by inhibitory
a®erents originating in the prefrontal cortex). Additionally , ~w is the weight associated
with inputs to the responselayer from the decisionlayer. k a is the rate of incoming
currents associated with sensory`evidence'of task stimuli, and k c setsthe strength
of noisein a®erent currents to the two populations; k > 0 is an arbitrary scalefactor
setting the magnitude of inputs to the neural populations. ¿ sets the timescaleof
neural integration, and ¯ setsthe strength of inhibition betweenthe pair of competing
neural subpopulations at each layer. The reasonfor the tilde notation will become
clear below.

We assumethat the gain values ~gz; ~gy undergo transient changesin both layers
at a (physiologically determined) delay tN E following the ¯rst passagetime Ty =
inf f t : jy(t)j > ~hgg of ~y from the interval [¡ ~hg; ~hg]. Speci¯cally, we assumethat
the gain values jump from values ~gpr e

z ; ~gpr e
y to ~gpost

z ; ~gpost
y at this time, and we refer

to ~hg as the `gain threshold.' This mechanism for adjusting gain generalizesthe
approach of [167, 70] from the target identi¯cation task (in which gain transients
are driven only by ¯ring rates in the population responsive to target stimuli) to the
two-alternative forced choice task (in which gain transients may be driven by the
population responsive to either of the two possibletask stimuli). We assumethat NE
levelshave decayed to their baselinelevels ~gpr e

z ; ~gpr e
y by the time each subsequent trial

begins.
A responsecorresponding to alternative 2 (i.e., that \ a < 0") is made at the

passagetime Tz = inf f t : j~z(t)j > ~hg if ~z ¯rst exits the interval [¡ ~h; ~h] by crossing
the barrier ¡ ~h (i.e., ~z(Tz) = ¡ ~h), and vice-versa for alternative 1 (a > 0) and the
barrier at ~h; we call ~h the responsethreshold. To determineoptimal performanceof
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Figure 7.4: Schematicof the timing of the model decisiontask. Following a behavioral
responseon the `previous' trial, model time t is reset to t = 0, initial conditions
y1(0) = y2(0) = 0 applied, and ¯ring rates begin evolving under Eqns. (7.5)-(7.6).
The sensorystimulus is presented following a (randomly distributed) delay td. At
a delay tN E following the ¯rst passagetime Ty of the ¯ring rate di®erencey across
thresholds§ hg, model gainsundergoa step change. Finally, the behavioral response
on the `current' trial is made at time Tz. Although the ordering of td, Ty, and Tz

displayedhereis typical, it is not enforced:for example,on sometrials gain threshold
crossingsat Ty could occur beforestimulus presentations at td.

the modelsunder di®erent architectures and assumptionsabout the time dependence
of gain, we shall allow gains ~gy and ~gz and thresholds ~h and ~hg to vary freely, as
speci¯ed in greater detail below.

7.3.2 Task setup and rew ard rate

We model a task in which the objective is to correctly identify which of two alterna-
tiv e stimuli have beenpresented on each trial soasto maximizethe reward rate (RR)
[72], or the rate at which correct responsesare made. Trials occur in a long sequence,
with randomizeddelays betweeneach behavioral responseand the presentation of the
subsequent stimulus. We assumethat thesestimulus presentations are accompanied
by a step in signal coherencea entering the ¯rst layer, as in Section6.3.4 (cf. Fig-
ure 7.3) but with variable onsettimes td. We assumethat no other changesin signal
coherencea occur. To make contact with typical behavioral experiments, we take td

to be uniformly distributed between1 and 3 secondsfor all of the results reported
below.

In de¯ning RR, we must specify how `premature' responsesmade in the period
[0; td] (that is, between the previous responseand the presentation of the current
sensorycue) are scoredas correct vs. incorrect. Furthermore, we must determine
what e®ect,if any, theseresponseswill have on the delay beforepresentation of the
next sensorycue. We adopt the following protocol, basedon task designsin common
use(including in [33]): all premature responsesare counted as errors, and the next
trials are started immediately. In this case,we relate the reward rate RR to random
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variablescharacterizing the decisionprocessas follows:

RR =
EC(~z(Tz))

E(Tz)
; (7.7)

wherethe function C(~z(Tz)) measuresthe correctnessof the ¯ring rate di®erence~z(Tz)
at the responsetime Tz by taking value1 (resp. 0) if, on a trial, a > 0, ~z(Tz) = ~h, and
Tz ¸ td (resp. a < 0, ~z(Tz) = ¡ ~h, and Tz ¸ td). See7.4 for a schematic of the various
timesand delays that contribute to the RR. Thusde¯ned, RR is the expectedfraction
of correct responsesdivided by the expected time elapsedfor each response. RR is
thereforethe rate at which correct responsesare madeand hasthe units 1/time. We
note that RR cannot be written as an expectation of a singlefunction of ¯ring rates
at the hitting time Tz (unlike other objective functions typically used in sequential
analysis,such as Bayesrisk [114]), but rather takesquotient form. The RR measure
adoptedhereis, however, directly related to the cognitive taskswe consider,in which
participants are typically instructed to make asmany correct responsesaspossiblein
a ¯xed interval.

Finally, we note that simulations werealsoperformedwith rangesof td other than
uniform distribution from 1 to 3 secondsdescribed above (including ¯xing td to take
only a singlevalue, nonethelessassumedunknown to the decisionmaker) and other
protocols for treating premature responses(such as simply ignoring any threshold
crossingprior to stimulus presentation time td at which responsesare immediately
recordedif the ¯ring rate di®erencejzj remainsabove threshold). In thesecases,the
qualitativ e relationship between optimal performanceof the constant vs. adaptive
gain models that we next describe is preserved.

7.3.3 Optimizing decision mo dels under adaptiv e vs. con-
stan t gain schedules

We now state the optimization problem of tuning model parametersto achieve max-
imal reward rate using LC-mediated adaptive gain:

RRd = max RR(~gpr e
y ; ~gpr e

z ; ~gpost
y ; ~gpost

z ; ~h; ~hg) under Eqns. (7.5)-(7.6) : (7.8)

The subscript d indicates that gain is `dynamic:' allowed to adaptively change as
described above.

Next, we determinethe extent to which LC-mediatedadaptive gain contributes to
reward ratesfound by solving (7.8). As mentioned in the Introduction, weaccomplish
this by simply askingwhat the best performancewould be in the absenceof such an
adaptive gain mechanism (but allowing freedom in choosing all other parameters).
That is, we determine the optimal reward rate RRc for constant gain schedulesby
restricting ¢ g = 0:

RRc = max RR(gpr e
y ; gpr e

z ; h; hg) under Eqns. (7.5)-(7.6) with ¢ g = 0 : (7.9)

In Sections7.4-7.6below, we directly compare(re¯ned versionsof) RRd and RRc
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under various assumptionson task protocolsand model architecture.

7.3.4 Eliminating redundan t parameters

We now eliminate redundant parametersin the model to clarify the assumptionsim-
plicit in the model and hencethe generality of the results that derive from optimizing
it. First we show that the scalefactor k (which setsthe absolutemagnitude of stim-
ulus and noiseinputs but not their ratio) may be eliminated by rescalingthresholds
~h and ~hg. Dividing (7.5)-(7.6) through by k and rede¯ning ~~z = ~z=k and ~~y = ~y=k we
obtain

¿d~~z =
h
¡ ~~z + ~gz

~̄~~z + ~w ~gz ~~y
i

dt + ~gzc
p

¿dW1
t (7.10)

¿d~~y =
h
¡ ~~y + ~gy

~̄~~y + ~gya
i

dt + ~gyc
p

¿dW2
t : (7.11)

After scaling thresholds~h and ~hg by the (positive) factor 1=k (matching the scaling
of variables ~z; ~y), we obtain exactly the samestatistics for (7.10)-(7.11) as for the
original system(7.5)-(7.6); furthermore, sincethresholdsare free parametersin the
optimization problem (7.8), we have lost no generality in eliminating the parameter
k, and seethat only the signal to noiseratio a=ca®ectsoptimal reward rates.

The rate a hasunits of 1=t, and c hasunits of 1=
p

t. We chooseunits of time to be
seconds,and ¯x the ratio (¹a=c)2 = 8 sec:¡ 1, a valuederived from maximum likelihood
¯ts of reaction time distributions from two-alternativechoicetask experiments in [13].
Furthermore, we ¯x ¿ = 1, noting that the results we derive from the model with
¿ = 1 correspond to results from ¿ 6= 1 and a suitably rescaledsignal to noise
ratio (following division of (7.10)-(7.11) by ¿ and another rescalingof the ¯ring rate
variables).

Additionally making the de¯nitions gy = ~̄~gy, gz = ~̄~gz, y = ~̄~~y, z = ~̄~~z=w, and
w = ~w=~̄, (7.10)-(7.11) become

dz = [¡ z + gzz + gzy] dt + gz
c
w

dW1
t (7.12)

dy = [¡ y + gyy + gya] dt + gycdW2
t : (7.13)

Recall that the variables ~gy and ~gz can take arbitrary (positive) values in the opti-
mization scheme,sothat rescalingthem by the constant ~̄ to form gz; gy hasno e®ect
on the optimization problem. Furthermore, since the thresholds ~h, ~hg are also free
variables, the rescalingof variables y, z is again without consequencefor the opti-
mization problem: the rescaledsystem (7.12)-(7.13) with free parametersgz, gy as
well as thresholdshg and h producesthe sameoptimal error rates and reaction times
(and hencereward rates) as the original system(7.5)-(7.6) with free parameters~gz,
~gy, ~hg and ~h.

The only parameter in (7.12)-(7.13) that remains to be de¯ned is the weight
w, which we set as follows. Recall that the variable z represents ¯ring rates in the
`response'cortical populationswhich drive the motor neuronsenactingtask decisions.
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In any °exible neural architecture thesecortical populations receive inputs not only
from the decision layer populations responsive in the speci¯c two-alternative task
modelled here, but also from a diverse set of other neurons and brain areas. It
is °uctuations in these inputs that are modelled by the input noise c

w dW1
t . The

magnitude of (mean valuesof) y, which is the `signal' component of the input to the
responselayer, are determined by a: thus, the signal to noiseratio for this layer is
¼ aw=c. For simplicity, we set w = 1 so that signal to noiseratios in both layersare
the same.Therefore,the ¯nal systemof equationsis

dz = [¡ z + gzz + gzy] dt + gzcdW1
t (7.14)

dy = [¡ y + gyy + gya] dt + gycdW2
t ; (7.15)

and we study the optimization problemsequivalent to (7.8), (7.9):

RRd = max RR(gpr e
y ; gpr e

z ; gpost
y ; gpost

z ; h; hg) under Eqns. (7.14)-(7.15) ; (7.16)

RRc = max RR(gpr e
y ; gpr e

z ; h; hg) under Eqns. (7.14)-(7.15) with ¢ g = 0 : (7.17)

The extent to which norepinephrineadjusts the gain of a particular cortical popu-
lation dependson the density and typeof norepinephrinereceptorsin that population
(as well as, e.g., connectivity within and a®erent inputs to that population) [175].
However, for simplicity we assumehereand below that the phasicLC impulseresults
in gain changesof the samemagnitude in both the ¯rst and secondlayers. That is,
a delay tN E following the time Ty at which thresholdsare crossedin the ¯rst layer,
gpr e

y ! gpr e
y + ¢ g and gpr e

z ! gpr e
z + ¢ g. This reducesby one the number of free

parametersin the optimization problem (but doesnot otherwisea®ectthe generality
of the results with regard to redundant parameters), giving the modi¯ed dynamic
gain optimization problem:

RRd = max RR(gpr e
y ; gpr e

z ; ¢ g; h; hg) under Eqns. (7.14)-(7.15) : (7.18)

Here, RRd denotes the best possible reward rate that can be achieved with this
adaptive gain scheme. Simulations indicate that the problems(7.18) and the slightly
more general(7.16) give the sameoptimal RR's within » 2%.

7.4 Numerical optimization

7.4.1 Algorithm

We usethe SUBPLEX optimization algorithm [147], a generalizationof the Nelder-
Mead Simplex method well suited for noisy objective functions, to solve the problem
of optimizing RR under various conditions. The evaluation of RR (7.7) for at each
set of parameterssampledby the algorithm is done by Monte-Carlo simulation of
200,000`trials' of the SDEs (7.14)-(7.15), each with simulated inter-trial interval t d

(i.e. `prepcycle'duration) drawn from a uniform distribution between1 and 3 seconds.
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Figure 7.5: Typical convergenceof the SUBPLEX algorithm on parametersyielding
an (approximately) optimal RR.

The standard deviation in RR for a typical evaluation (at ¯xed parameter values)
with this number of trials is 0:0003sec¡ 1. Convergenceof the SUBPLEX algorithm
for a randomly chosenset of initial conditions is shown in Figure 7.5.

7.4.2 The standard parameter set

We now collect the valuesof model parametersthat we hold ¯xed in the evaluation of
RR via (7.14)-(7.15). Thesevalues,motivated in the text above,are: ¹a = 2 sec¡ 1, c =
1=

p
2 sec¡ 1=2, and delays td betweenbehavioral responsesand presentation of the next

sensorycuesare uniformly distributed between1 and 3 sec. All of thesequantities
may be derived from task designand behavioral data under certain assumptions(see
above).

7.4.3 Range of rew ard rate values

It will be instructive to study how the reward rates achieved by the (linearized) two-
layer model (7.14)-(7.15), with or without dynamic gain, comparewith the reward
rate achievable by an optimal decision maker. As discussedin Section 6.4.1, this
optimal decisionmaker performsthe sequential probability ratio test, which assumes
knowledgeof the time courseof signal-to-noiseratios. From the results in Chapter 6,
a one-layer linearized network can perform the SPRT if it is provided with perfect
apriori knowledgeof stimulus onsettimes and the capacity to instantaneouslyadjust
gain to exploit this knowledge. Again drawing on Chapter 6, the optimal gain for
the ¯ring rate model of (6.16) for the piecewise-constant stimuli consideredhere is:
g(t) = 0; t < td, g(t) = 1; t ¸ td. In this caseerror rate and reaction time depend on
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the model parametersas follows ([58, 13]):

ER =
1

1 + exp(2h¹a=c2)
(7.19)

RT =
h
¹a

tanh
µ

h¹a
c2

¶
: (7.20)

As shown in [13], the unique optimal value of h optimizing

RR =
1 ¡ ER

RT + E(td)
(7.21)

is given by the solution to

exp(2h¹a=c2) ¡ 1 = 2¯ (E(td) ¡ h=¹a) : (7.22)

Solving (7.22) using Newton's method (for the standard parameter set, that is, for
E(td) = 2, ¹a = 2, c = 1=

p
2), we obtain h = 0:212. Using this to ¯nd ER and RT and

then inserting theseinto (7.21) givesthe `ceiling' value RRceil = 0:440sec¡ 1 achieved
by the SPRT with optimal thresholds.

We next compute a complementary °oor value for RR so that we can de¯ne a
suitable `range' of RR as [RRf loor ; RRceil ]. We let the °oor value be achieved by
chance guessing,assumingthat a decision maker employing this strategy chooses
hypothesis0 or 1 without paying any attention to task stimuli, at times separated
from the previous responseby a uniform distribution between0 and 3 seconds(i.e.,
up to the maximum possiblevalue of td. Sincetd > 1 sec.,a third of theseresponses
will occur beforethe stimulus hasbeenpresented, and henceare guaranteed to result
in errors. The rest of the responseswill be correct 50%of the time. Thus, 1 ¡ ER =
1
3 ¤ 0 + 2

3 ¤ 1
2 = 1

3 . The meanelapsedtime betweenresponsesusing this strategy is 3
2

sec. Thus the °oor value produced is RRf loor = 1
3 ¤ 2

3 ¼ 0:222 sec¡ 1. In conclusion,
the rangeof RR is [RRf loor ; RRceil ] = [:222; :440] for the standard parameterset.

7.4.4 Optimal rew ard rates for the `standard' parameter set

The resultsof the optimization problems(7.18)- (7.9) for the standard parameterset
are shown in Figure 7.6. The best reward for the dynamic gain problem (7.18) is
RRd=0.299 sec:¡ 1 while RRc=0.267 sec:¡ 1 is achieved for the constant gain version
(7.9). Thus, transient modulation of the decisionprocessenabledby the LC allows
the decisionmaker to enhancerewardsby 12 percent (on average)during the interval
over which the task is performed.

We now view theseresults in terms of the range of RR valuesderived above in
Section 7.4.3. Letting RR = RRf loor be 0% through the range and RR = RRceil

be 100%through the range, the optimized two-layer constant gain model achievesa
RR 20:6% of the way through the range;this improvesto 35:3% with the addition of
dynamic gain.

As Figure 7.6 indicates, the SUBPLEX algorithm convergedto slightly di®erent
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Figure 7.6: Filled bars{histogram of reward rates found using the SUBPLEX opti-
mization algorithm; the vertical axis measuresthe number of runs of the SUBPLEX
algorithm (each with a di®erent, randomly chosensetof initial parametervalues)that
convergedto particular RR values. (top) for the dynamic, adaptive gain optimization
problem (7.16); (bottom) for the constant gain optimization problem (7.17). Insets
give zoomedview with smaller histogram bin size. As reported in Section7.4.4, the
maximal reward rate obtained via SUBPLEX optimization for the adaptive gain case
wasRRd=0.299 sec:¡ 1 (rightmost ¯lled bar, top insert) and the maximal reward rate
for the constant gain casewas RRc=0.267 sec:¡ 1 (rightmost ¯lled bar, bottom in-
sert). Outlined bars{for comparison,histogram of reward rates for randomly chosen,
non-optimizedparametervalues. As expected,reward rates are much lower for these
parameters.

RR values each time it was run (with randomly sampled initial values for all free
parameters). Figure 7.7 shows the values of two of the free parameters following
optimization for the dynamic gain optimization problem (7.18). There is a family
of di®erent gpr e

y and hg pairs (for example) that give similar RR values (the RR's
reported in this paper are the highestproducedby any parametervaluesbelongingto
this family). Valuesof hg dependmonotonicallyon gpr e

y in this `nearlyoptimal' regime,
preservingthe extent of evidencein favor of one or the other hypothesisnecessary
to trigger an increasein gain. Figure 7.8 demonstratesthe analogousrelationship
betweenhg and gpr e

z for the constant gain problem (7.9).
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Figure 7.7: Values of two of the parameters to which the optimization algorithm
convergeswhen solving the dynamic gain optimization problem (7.18). Initial values
of the parametersfor each randomly initialized run of the algorithm lie at oneend of
the dotted lines, with ¯nal valuesindicated by the dots at the other end. The black
squareindicates the parametervaluesfor the best-obtainedRR.

7.4.5 Predicted behavioral data for the standard parameter
set

We now describe the behavioral statistics that characterizeoptimized performance
for two layer models with dynamic gain. These statistics were produced for the
parameterset giving the best RR amongall parametersetsto which the SUBPLEX
algorithm converged(corresponding to the black squarein Figure 7.7): gpr e

y = 0:873,
gpr e

z = 0:474,¢ g = 3:33, hg = 1:43, and h = 1:86.
Typical tra jectoriesfor the ¯ring rate equations(7.14) -(7.15) with theseoptimal

parametersare shown in Fig. 7.9. Note that, due to the relatively large value of ¢ g,
(7.14)-(7.15) becomestrongly unstable Ornstein-Uhlenbeck processesfollowing the
jump in gain (i.e., a delay tN E after the thresholds § hg are crossed). Figure 7.10
displays the reaction time distribution (stimulus-locked times Tz ¡ td) resulting from
an ensemble of such trials, 16:8% of which resulted in premature responsesand 2:0%
of which were errors made following stimulus presentation. Recall that the decision
model assumesno explicit or implicit cue indicating stimulus onset, leading to the
high level of premature responsesat optimal performance.

Finally, Figure 7.11demonstratesthat the times Ty at which the thresholds§ hg

werecrossedare more tightly correlatedwith behavioral responsethan with stimulus
onsettimes. According to the model of LC-mediatedadaptive gain adoptedhere,the
LC commencesa period of increased¯ring at thesethreshold crossingtimes (which
are followed tN E later by the gain increase¢ g). Thus, the resultsof Figure 7.11may
be interpreted ashistogramsof predictedonsettimes for bursts of LC activit y. These
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Figure 7.8: Values of two of the parameters to which the optimization algorithm
convergeswhen solving the constant gain optimization problem (7.9). Initial values
of the parametersfor each randomly initialized run of the algorithm lie at oneend of
the dotted lines, with ¯nal valuesindicated by the dots at the other end. The black
squareindicates the parametervaluesfor the best-obtainedRR.

histograms,whenlocked to simulated behavioral responsetimes Tz vs. stimulus onset
times td, display the samequalitativ e narrow vs. broad trend as the experimental
histogramsof trial-averagedLC ¯ring rates displayed in Fig. 7.1.

7.5 Tw o biologically motiv ated constrain ts to the
standard parameter set

7.5.1 Fixed motor thresholds

Next we de¯ne a related optimization problem motivated by a plausibleneurobiologi-
cal constraint and suggestedby JoshGold (University of Pennsylvania [74]). We take
a more conservative view of optimization in neural decisionnetworks by assuming
that the motor threshold h is not available for adjustment from task-to-task, but is
rather ¯xed at somesu±ciently high value so as to avoid being prematurely crossed
in any of a variety of di®erent taskswith a varying signal-to-noiseratios and stimulus
magnitudes. Here, we ¯x h = 5, roughly 2-3 times typical gain values for nearly-
optimized solutions for the problem (7.18) in which h was allowed to vary freely.
That is, we numerically solve the constrainedoptimization problem

RRd = max RR(gpr e
y ; gpr e

z ; ¢ g; hg) under Eqns. (7.14)-(7.15) with h = 5 : (7.23)
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Figure 7.9: Typical tra jectories for the optimized two-layer decisionmodel (7.14)-
(7.15) with dynamic gain.

for dynamic gain and

RRc = max RR(gpr e
y ; gpr e

z ; hg) under Eqns. (7.14)-(7.15) with ¢ g = 0 and h = 5 :
(7.24)

for the constant gain case.
The results of the optimization problems (7.23)-(7.24) in this caseare as fol-

lows: the best RR for the dynamic gain problem (7.23) is RRd=0.299 sec:¡ 1 while
RRc=0.247 sec:¡ 1 is achieved for the constant gain version (7.24). Thus, transient
modulation of the decisionprocessenabledby the LC allows the decisionmaker to
enhanceexpected rewards by 21 percent over any ¯xed task interval. Furthermore,
note that the RR value0.299sec:¡ 1 obtained for (7.23) matchesthat obtained for the
problem (7.18), which allowed h to vary freely. The conclusionis that ¯xed motor
thresholdshave an insigni¯cant e®ecton the reward rate that a systemwith dynamic
gain can achieve, but are detrimental when gain is constant.

In terms of their position in the dynamic range [RRf loor ; RRceil ], the optimized
two-layer constant gain model achieves a RR level 11:3% of the way through the
range;this improvesto 35:3% with the addition of dynamic gain.

7.5.2 Stim ulus-dep endent noise

Next we allow for depressednoise in inputs to the ¯rst layer before the stimulus
coherenceemergesat time td, presumingthat additional °uctuations in a®erent inputs
accompany the appearanceof this coherence.Speci¯cally, we set c = 1

4 ¤ 1p
2

for t < td

and c = 1p
2

for t ¸ td. The 1
4 is an arbitrary value chosento illustrate the present

situation.
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Figure 7.10: Distribution of reaction times for the optimized two-layer decisionmodel
with dynamic gain, relative to stimulus presentation; negative valuescorrespond to
premature responses.

The optimal reward for the dynamicgain problem(7.18) in this caseis RRd=0.361
sec:¡ 1. For comparison,RRc=0.311 sec:¡ 1 was obtained achieved for the constant
gain problem (7.9). Here, then, the LC enablesreward rate improvements of 16
percent over any ¯xed task interval. Measuredrelative to the dynamic range, the
optimized two-layer constant gain model achieves a RR level 40:1%, improving to
63:7% under dynamic gain.

7.6 One layer decision mo dels

In this section we investigate the role that the two-layer architecture of the model
has in determining the processingbene¯ts of LC-mediated transient gain over the
`control' hypothesis of constant gain. We collapsethe two-layer model of Fig. 7.2
to an e®ectively single-layer decisionmodel by assumingthat both gain e®ectsand
behavioral responsesaredrivenby thresholdcrossingin the ¯rst layer. In other words,
gain changescontinue to be triggered exactly as above, but responsesare made at
the passagetime T = inf f t : j~y(t)j > ~hg. SeeFig. 7.12.

The optimization problem for the one layer model is

RRd = max RR(gpr e
y ; ¢ g; hg; h) under Eqn. (7.15) : (7.25)

for dynamic gain and

RRc = max RR(gpr e
y ; h) under Eqn. (7.15) : (7.26)

for the constant gain case.Solving (7.25)-(7.26) via numerical optimization, we ¯nd

151



�1 0 1 2 3 4
0

500

1000

1500

2000

�3 �2 �1 0 1 2 3
0

1000

2000

3000

4000

time 

time 

counts

counts 
response locked 

stimulus locked 

stim. onset

response
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the LC ¯res its phasicburst in the model{ and (top) stimulus onsettimes td vs. (bot-
tom) responsetimes Tz, all for the optimized two-layer decisionmodel with dynamic
gain.

that the best reward for the dynamic gain version (7.25) is RRd=0.339 sec:¡ 1 while
RRc=0.337 sec:¡ 1 is achieved for the constant gain version(7.9): a negligibledi®er-
ence.Thereforethe model of LC-mediatedadaptivegain hasno e®ecton performance
for a one-layer decisionmaker. The reward values thus obtained by the one-layer
model are approximately 53% of the way through the RR range, a signi¯cant im-
provement over all two-layer models. We will revisit this fact in the Discussionof
Section7.7.

We alsostudied versionsof (7.25)-(7.26) with ¯xed motor threshold h = 5 (as in
Section7.5.1above), with the samethreshold crossinge®ectsas in Fig. 7.12. In this
casethe optimal performancefor the adaptive-gainmodel is RRd=0.306 sec:¡ 1, while
RRc=0.281 sec:¡ 1 for constant gain. Thus, whenmotor thresholdsare¯xed, adaptive
gain scheduling yields advantage for the one-layer model. Furthermore, unlike for the
two-layer model, optimal RR valuesare reducedby ¯xing the motor threshold.

7.7 Discussion

This chapter shows that adaptive gain changes,potentially mediated by the locus
coeruleus(LC), can help optimize performanceon simulated sensorydiscrimination
tasks, even when no knowledgeof stimulus timing is assumed.This type of task is
complementary to that studied in Chapter 6, where the time courseof stimuli was
either assumedto beknown explicitly (`case1' of Section6.3.4)or to beexpressedim-
plicitly via strong onsete®ects,which evokestimulus-lockedchangesin the processing
of inputs (`case2' of Section6.3.4).

The primary model consideredin this Chapter hastwo layers: the ¯rst integrates
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Figure 7.12: The architecture of the one-layer decisionmodel. Thresholds for both
gain adjustments and behavioral responsesare collapsedto a single layer. The ques-
tion mark indicatesthat the gain thresholdshg are not apriori restricted to lie within
the responsethresholdsh, and may take valuesoutside thesethresholds(henceen-
suring that gain will be constant) for optimal performance.

sensoryinput directly and the secondaccumulates this ¯ltered input (as well asnoise
from other brain areas)and translates it into motor responsesvia threshold crossing
events. Gain transients occur after a physiologically motivated delay tN E following
threshold crossingsin the ¯rst layer ¡ in this sense,gain schedulesadapt `online' ac-
cording to accumulated sensoryinformation. The linearization that weadopt allowsa
clearunderstandingof parametere®ects,which we useto obtain a simpler set of opti-
mization problemswithout sacri¯cing the generality of their solutions. By comparing
optimal model reward rates in the presenceof simulated LC mediated gain changes
with the (separately) optimized reward rates in the absenceof such gain changes,
we determine the extent to which these gain changescontribute to enhancedtask
performance,all for a `standardparameterset' derived from ¯ts to experiments. The
results, summarizedin the bottom rows of Figures 7.13-7.14,indicate that a modest
but signi¯cant improvement in reward is attributable to the LC mediatedgain mech-
anism. Additionally , the statistical variations in the optimal model gain transients
from trial-to-trial agreewith trends reported in recent experimental studiesinvolving
direct recordingsfrom the LC [33] (seeFigure 7.1). This providesconvergingevidence
for the hypothesisof [167] that the LC plays a part in optimizing the dynamics of
simple decisiontasks.

The improvement in reward rate that LC-mediated gain transients lend to two-
layer models does not carry over to one-layer models (Figure 7.12), for which the
adaptive gain transients consideredheredo not always yield reward rateshigher than
those attainable with constant valuesof gain (top row of Figure 7.13). Intuitiv ely,
this is becausethe ¯rst layer directly integrates incoming sensoryinputs, and once
su±cient evidencehasaccumulated in it to determinethe presenceof a stimulus and
hencethe advantage of a concurrent increasein gain, there is alsosu±cient evidence
to identify which of the two possiblestimuli was actually presented. Thus, optimal
strategiesdirectly producea behavioral responseat this point, instead of relying on
a gain transient.
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Figure 7.13: Summaryof resultsfor the reward rate (RR) optimization problemswith
motor threshold h allowed to vary freely. For the two-layer models, the optimization
problem with adaptive, dynamic gain (7.16) giveshigher reward rate (bottom right)
than its constant gain counterpart (7.17) (bottom left). However, the optimization
problems for the one-layer model yield similar reward rates for both the constant
gain ((7.26), top left) and variable gain ((7.25), top right) versions.Reward rates are
presented aspercentageswithin the RR `dynamicrange'[RRf loor ; RRceil ] (Sect.7.4.3).
All results are for the standard parameterset of Sect.7.4.2.

This strategy of allowing integrated sensoryinputs to trigger responsesdirectly is
not available for two-layer decisionmodels, in which a secondlevel of (noisy) integra-
tion to thresholdprecedesresponses.In this two-layer case,the ¯ring rate tra jectories
of Figure 7.9 illustrate how transients in gain can streamlinethe transmissionof sen-
sory evidencethrough the network. The mechanismexploited hereis to increasegain
in the secondlayer to a su±ciently high level so as to cause,via positive `unsta-
ble' feedback, a rapid readout of the evidencethat has accumulated in the second
layer. This gain increaseoccursat a delay tN E following crossingof optimally tuned
thresholds§ hg in the ¯rst layer (note that evidence,typically in favor of the `correct'
alternative, continuesto accumulate in both layers during this delay period).

Despite their optimal useof transient gain schedules,reward rates for two-layer
models can still be signi¯cantly worse than those achievable by one-layer models
(righthand column of Figure 7.13), which achieve an e®ective `short-circuit' from
sensoryinput to response. However, this is only the caseif motor thresholds are
allowed to vary freely. The righthand column of Figure 7.14 illustrates that, when
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Figure 7.14: As for Figure 7.13,but with ¯xed motor threshold h = 5. In this case,
dynamic, adaptive gain provides a signi¯cant increasein optimal RR for both one-
and two-layer models. Further, the di®erencein RR for one- and two- layer models
with dynamic gain is slight. RR reported as percentageswithin [RRf loor ; RRceil ], as
in Figure 7.13.

thresholds§ h for evoking motor responsesare¯xed, a two-layer model canaccomplish
a reward rate comparableto that of its one- layer counterpart. In other words, for
models with ¯xed responsethresholds, most of the performanceapparently lost by
adopting a (noisy) two- vs. one-layer architecture can be recoveredvia LC mediated
adaptive gain schedules.
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Chapter 8

Conclusion

8.1 Summary of dissertation

This dissertation studies mathematical models for cognitive control, or the neural
mechanisms by which processingof sensoryinformation is optimized to meet the
needsof changing cognitive tasks. The goal is to understand the dynamics of the
underlying networksof neuronsand the meansby which thesenetworkscanreproduce
and predict featuresmeasuredin brain recordingsand simple behavioral tasks.

First, generalresultson the individual and population dynamicsof neural oscilla-
tors are developed. Theseare applied in later sections,but should be useful in other
contexts. In Chapter 2, phasereductions are derived for neural ODEs which show
how the four codimension-onebifurcations to periodic ¯ring in single oscillators af-
fect sensitivity to inputs asa function of bifurcation parameters.In Chapter 3, these
single-neuronresults are extendedto study the responseof oscillator populations to
external stimuli. New resultshereinclude generalscalingrelationshipsbetweenbase-
line and stimulated population-averagedfrequencies,and the counterintuitiv e result
that certain oscillator populations near bifurcations respond to stimulus o®setwith
greater increasesin ¯ring rates than they respond to onsetand during stimulus.

In Chapter 4, the dynamicsof a ¯nite set of identically (mean¯eld) coupledoscil-
lators are analyzedin generalcasesof phase-di®erencecoupling and in speci¯c cases
of combined phase-di®erenceand phase-dependent `product' coupling. This chapter
adds to existing results basedon equivariant dynamicswhich describe how coupling
functions determine the existenceand stabilit y of phase-locked states in which sub-
groupsof oscillatorsare synchronized. New results include domainsof attraction for
the synchronized solution and new states for systemswith a re°ection symmetry.
Emphasisis placedon the dependenceof the stabilit y and degeneracyof phaselocked
states on the Fourier content of the coupling functions. In particular, while single
harmonic sine and cosinefunctions are degeneratein that they give rise to steady
states with multiple zero eigenvalues, the inclusion of higher harmonics generically
producesstructurally stableequilibria (modulo an overall symmetry) with only a sin-
gle zero eigenvalue in the relative phasedirection. Illustrativ e examplesof coupling
functions are derived from Hodgkin-Huxley equationsfor a singlecompartment neu-
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ron, and their implications for the cross-correlogramsoften usedto assesssynchrony
in experimental contexts are discussed.

The general results of Chapters 2-4 are applied in Chapter 5, in which a bio-
physical model for LC neuronsis developed and usedto explore the role of baseline
frequencyand stimulus duration on the ¯ring of LC neurons,and henceon neuro-
modulator releaserates. Performing a phasereduction basedon the normal form for
an individual LC neuron and then taking the continuum (in¯nite population) limit
revealshow timescalesinherent to the LC interact with those in the stimuli associ-
ated with behavioral tasks. By demonstrating how levels of LC ¯ring in responseto
stimuli of ¯xed strength areelevated whenthe LC hasa lower pre-stimulus \baseline"
spike rate, theseresults suggesta new mechanism, supported by recent anatomical
discoveries, via which the LC may switch between ¯ring patterns associated with
di®erent levels of cognitive performance. The analysis also shows how to \in vert"
the time courseof observed LC ¯ring rates to predict the duration of neural currents
representing sensorystimuli in di®erent cognitive tasks. The modelsof Chapter 5 are
comparedin detail with the motivating neurophysiologicaldata.

Chapters 6 and 7 move to a more abstracted form of modeling involving neural
integrators, in which each variable represents the averageactivit y or ¯ring rate of a
pool of neuronsselective for a particular stimulus or motor action. I determinehow
transient parameteradjustments can optimize decisiontasks for speedand accuracy
in the presenceof noise. Chapter 6 shows how either explicit apriori knowledgeof
the time-courseof sensoryinputs or information implicit in salient stimulus onset
events may be exploited to optimally vary the e®ective gain on neural units, possi-
bly via transient releaseof norepinephrinefrom the LC. In Chapter 7, I investigate
how LC mediated gain changescan improve task performancewhen, by contrast,
no knowledgeof stimulus timing is available. This requiresan adaptive mechanism
for driving gain transients basedon trial-to-trial information about variable sensory
stimuli; this is implemented by increasinggain after a physiologically-imposeddelay
that follows accumulation of su±cient information to indicate the presenceof a stim-
ulus. The results show that, for simple neural integrator networks with two layers
representing accumulation of sensoryinputs and production of motor responses,LC-
mediated adaptive gain changescan signi¯cantly improve reward rates achieved in
model decisiontasks.

8.2 Future directions

This dissertation takesthe view that a ¯ring rate description of the averaged`e®ec-
tiv e' dynamicsof neural subpopulations is su±cient to describe decisions(expressed
via motor responses)in certain sensorydiscrimination tasks(seethe Introduction for
a summary of someof the relevant experimental data). As also mentioned in the
Introduction, interesting questionssurround the issueof whenadditional levelsof de-
scription are required to capture decisiondynamics,and ongoingresearch (e.g. [135])
herewill suggestimprovements to decisionmodels for various tasks.

Nevertheless,to the extent that networks whose¯ring rates integrate sensoryevi-
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denceover time form adequatebuilding blocks for decisionmodels,westill needa bet-
ter understandingof how thesedynamicsemergefrom modelscomprisedof large,but
¯nite, numbersof interacting neuronsdescribed by setsof nonlinear Hodgkin-Huxley
type ODEs having both excitable and oscillatory behavior. The approach required
to make this link will signi¯cantly extend the probabilistic models of Chapters 3-5,
which focussedon the responseof uncoupledand weakly coupledneural oscillatorsto
pulsatile inputs. In order to comparethe likelihood of alternative hypothesesabout
sensoryinputs, strong inhibitory coupling among subpopulations is required, as for
the formal neural integrator models of Chapters 6-7 (cf. [169]). Furthermore, as in
the spiking neuronmodel of [184], a high density of slow excitatory (NMDA) synapses
may be required in order for neural populations to integrate noisy inputs over the
hundreds-of-millisecondtimescalesimportant in sensorydiscrimination tasks. Ana-
lyzing such couplinge®ectswill requireextendingstudiesof the existenceand stabilit y
of partially synchronized ¯ring patterns of Chapter 4 in several ways. The analysis
there computedFloquet multipliers characterizing the deterministic multistabilit y of
various partially synchronized states. A stochastic stabilit y analysis,performed for
Poisson-like °uctuations characteristic of synaptic transmission, would give re¯ned
estimatesof which amongmultiple equilibria typically occur in generalglobally cou-
pled oscillator systems. Moreover, richer coupling architectures and heterogeneous
neural populations must alsobe considered(cf. [63]).

Following these advances, which will lead to population models derived from
single-neuronnormal forms valid in both excitable and oscillatory regimes(cf. [94])
and containing the synaptic coupling terms necessaryto accurately model cortical
decision dynamics, there is another, more fundamental, development that will be
required in order to bridge betweensingle-neuronand averagedmodelsof simple de-
cisions. This is to develop tractable low dimensionaldescriptionsof the dynamicsof
couplednormal form populations. A hypothesiswhich emergesfrom Chapter 6 and
[21, 169, 20] is that the dominant temporal dynamics of neural network equations
can be represented asdrift-di®usion processescrossing¯ring rate thresholdson lower
dimensionalattracting surfaces(slow manifolds). Identifying the corresponding low
dimensional,stochastic descriptionsof the density equationsdescribed above will be
a greaterchallenge.For weakly interacting populations { and henceweakly nonlinear
density equations{ eigenfunctionmethods will help to identify a family (likely to be
small [165, 104]) of slowly evolving modes that alone determine, to high accuracy,
the evolution of the entire population (transients in the other modesdecay rapidly).
For fully nonlinear and nonequilibrium systems,one could determine the e®ective
dynamicsnumerically via multiscale \coarse computation" techniques[66], in which
the dynamicsof the full systemare regularly sampledand projected onto a proposed
set of slow modes. The result will be a reduction of the population equationsto a
¯nite set of stochastic ODEs or maps with numerically de¯ned coe±cients. These
could in turn be usedto study the dynamicsof decisiontasks.

Once low dimensional decision models more closely connectedto the underly-
ing neurobiologyhave beenestablished,the questionsabout optimalit y addressedin
Chapters 6-7 can be addressedin greater detail. Two issuesare of primary impor-
tance here. The ¯rst is the robustnessof optimal decision strategies to imprecise
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tuning of parameters.The importanceof robustnesshas long beenrecognizedin the
closelyrelated context of neural integrators in motor control (see[155] and references
therein), and work in progressby CarlosBrody [19] extendsthe mechanismof [109] to
robustly produce `line attractors' (of the type required for the optimal decisionpro-
cessingstrategiesof Chapter 6) in singlepopulations to pairs of mutually inhibitory
populations. A logicalnext stepis assessingthe extent to which suitablemodi¯cations
of the networks of [109, 19] can producerobust threshold crossingbehavior in timed
decisiontasks. The secondissuedirectly relevant to this dissertation is that of re¯n-
ing the population level description of norepinephrine(NE) e®ects.In Chapters6-7,
LC-mediated NE was modelled as causinga simple enhancement of gain in neural
populations. While this interpretation is consistent with physiologicaldata, it is not
uniquely so. What is required to form an improved model of NE e®ectson decisions
are experiments involving simultaneousrecordingsfrom LC and sensorimotorareas
(i.e., LIP and superior colliculus), as well as modelling e®ortsinvolving populations
of spiking cortical neuronsequipped with di®erent densitiesof NE receptors(perhaps
following [124]).

Studiesof NE and other neuromodulator e®ectson neural dynamicsat this level
of detail will alsoallow an assessment of how neuromodulators in°uence transmission
of information coded via spike times insteadof via population or time-averaged¯ring
rates. I concludethis dissertation by noting that, due to the widespreadprojection
of LC neuronsto most other brain areas,this fascinating question is almost sure to
be relevant to neural computation, and may play a role in unravelling the role of
neuromodulator de¯cits in psychiatric disease.
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