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Abstract

In this dissertation| dewelop both generalresults on the dynamicsof neural oscil-
lators and integrators and speci ¢ applications of theseresultsto brain areasinvolved
in simple cognitive tasks. The scierti ¢ motivation is broad: neural networks inside
our brainsareableto adapt to changinginformation processingdemandsby exercising
cognitive cortrol, for examplefocussingon saliert componerts of noisy sensoryinputs
when making speci ¢ decisionsbasedon theseinputs, but relaxing this focus when
other needsbhecomeprominernt. But what freevariablesor parameterscanaccour for
the obsened adaptability? And doesthis adaptation occur optimally, with respect to
simple economicmetrics and physiologicallimitations? Herel addresshesequestions
via reducedmodels of neuronsand populations near bifurcations, which characterize
the dynamics of a brainstem nucleusinvolved in adaptive cognitive cortrol, and via
variational problems arising from neural signal processing,which clarify the role of
this nucleus,and other dynamical medanismsin decisiontasks.

First, | study and apply nonlinearoscillator dynamics. | dewvelopand extend phase
reductionsfor singlecompartmert ordinary di®ererial equation neuron modelsthat
shov how both type of, and distance from, the four codimension-onebifurcations
to periodic ring a®ectresponsesof neural populations to stimuli. | also extend
results from equivariant dynamicswhich descrite how coupling functions determine
the existenceand stability of phase-laked statesin which subgroupsof oscillatorsare
synchronized. Theseresults are then applied to the ring rate dynamicsof the locus
coeruleus (LC) brainstem nucleus, thereby characterizing the inputs that drive the
LC and suggestinga new biophysical medanismfor transitions amongLC-mediated
states of cognitive performance.

LC-driven neuromaulation transiertly adjusts the sensitivity (\gain") of inte-



grator units believed to determine simple cognitive decisionsin responseto sensory
stimuli, and thesegain e®ectsare the focus of the secondpart of this dissertation. |
study how transient parameteradjustmerts canoptimize decisiontasksfor speedand
accuracyin the presenceof noise. The results indicate a surprising match between
empirical data on the time courseof LC ring rates and optimal gain trajectories
found via variational methods, providing an explicit hypothesisfor the role of the LC

in decisiontasks.
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Chapter 1

Intro duction

Recen experimenrtal dewelopmerts, suc as multineuron in vivo recording (e.g. [129
33) and functional magnetic resonancemaging (e.g. [28, 105), are providing high
resolution data on neural activity during simple cognitive tasks. One result is an
unprecedeted set of opportunities to ground theoretical work on the dynamics of
neural decisionsin the underlying biophysics.

For example,a nding from cortical neural recordings made during behavioral
experimerts is that certain simple visual discrimination processesxan be descriked
by ring rates of neural subpopulations, ead of which is responsive to alternative
sensorystimuli [18, 83, 156 72, 145. These subpopulations appear to accunulate
incoming sensoryevidenceby ele\ating their ring rates,in addition to receivingboth
recurrert inputs and excitatory andinhibitory connectionsrom other subpopulations.
When the ring rate of the rst subpopulation crossesa threshold, a motor response
indicating the correspnding decisionis made; seeFigure 1.1. This makes conact
with connectionisttheories of cognitive processing,which descrike the dynamics of
abstracted neural units in cognitive tasks ([148 134, cf. foundationsin [121], 91, 87,
4Q)), and alsowith the classicaldrift-di®usion decisionmodelsof Laming, Ratcli® and
others (e.g. [113 139 140 159), sincetheselatter models have recerlly beenshavn
to be special limits of connectionistnetworks [169 21, 13]. Furthermore, Wang[184
hasdemonstratedhow an accunulation of decision-related ring rates can arisefrom
a detailed model of spiking cortical neurons,drawing on prior work on the population
dynamicsof incoherertly ring neural groups(e.g. [165 63)).

While the cortical recordingsjust descriked are striking, they by no meansimply
that averaged ring rates are the only currency of neural information. In particular,
the timing of individual spikeshasbeenshown to play a direct role in encaling certain
neural information [12] and has beenimplemerted in novel and powerful computa-
tional strategies[92, 93. This said, | will assumea ring rate descriptionin Part ||
of this thesis, in which | dewelop neural integrator models of sensorydiscrimination
tasks of the typesfor which the experimertal data descrilted above was collected. In
Part I, I considerbiophysically-basedneural modelsthat are intrinsic oscillators,and
hencepresene spike timing information and allow studiesof syndironousoscillations.

A certral issuein neurosciencas the cortrol of cognitive processesthe modula-
tion of information processingto enact strategiesthat accomplishever-shifting goals
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Figure 1.1: Firing rates of area FEF increaseto a xed threshold, at which the
decisionis made. Note random walk type accunulation of ring rates. From [151]].

[137, 153. A classicalexampleof the needfor cognitive cortrol is the tensionbetween
“exploration' and “exploitation' in which the bene ts of °exibly processinga broad

variety of sensoryand internal signalsare balancedagainst commitmert to signals
relevant to a particular predeterminedtask. Recert studiessuggesthat the forebrain

areaanterior cingulate cortex (ACC) may be responsiblefor dynamically assessinghe

appropriate level of this balanceby monitoring the coactivation of neural represema-

tions for competing task alternativesand hencethe degreeof neural con®ict [27, 15].

High valuesof this con’ict on short timescalesindicate the needfor additional allo-

cation of cognitive resourcedo a task in order to, for example,enablemore excient

discrimination betweenalternatives. If this allocation provesunsuccessfulevidenced
by maintenanceof high con®ict levelsover longertimescales,n the simplestscenarios
the more favorable strategy may be to decrease&commitmert to the task at hand and

explorefor more rewarding pursuits.

The locuscoeruleus(LC) brainstemnucleushasbeenproposedasa medanismfor
implemerting changesn information processingstrategy suggestedy the time course
of con’ict (or other meansof assessingurrent attentional needs).Neural recordings
show that this nucleus possesseswo distinct modes of operation, characterized as
phasic and tonic [10, 167. In the phasic mode, cortical areasare committed to
respond selectiwely to the limited set of sensorystimuli directly relevant to a given
cognitive task: when sud stimuli are preserted, the LC emits the neuromadulator
norepinephrineto widely dispersedbrain areas,resulting in a transient increasein
the sensitivity (or "gain' [154) of cortical units that selecti\ely follows presenation of
task-relevant information ([175), cf. [70]). Howewer, baselinelevels of norepinephrine
release(and hence sensitivity) in the phasic mode are low. The tonic mode, by
cortrast, is exploratory: there are higher levels of baselinenorepinephrinereleasebut
smaller stimulus-ewoked impulses,allowing responsesto a variety of inputs from the
ervironment with lesscommitmert to a speci ¢ task.

Se\eral interesting questionsremain. For example,how do the changesbetween
tonic and phasic LC modesthemseles comeabout? One possibility, proposedand
demonstratedvia computationsin [167, is that changesin coupling strength between
LC neuronsresult in the di®eren modes. In Chapter 5 of this dissertation | suggest
another, simpler medanism, by which synaptic cortacts to LC from the ACC or
other brain areascan directly cortribute to this change by setting baselinelevels
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of LC ring. | alsoaddresshow the varied LC ring patterns obsened in di®erert
cognitive tasks might arise.

Another key questionis: How do we know that transient norepinephrinerelease
can truly be asseiated with enhancingtask-speci ¢ processingand throughput of
decisions?Answering this questionrequiresmodelling cognitive tasksin the presence
of dynamic gain manipulations (as in [167, 70]) and assessinghe bene ts of these
manipulations, subjects pursuedin Chapters 6 and 7. The results support the hy-
pothesisof [10, 167 that the LC can play a role in optimizing cognitive processing.
This hypothesisrepresems a shift in interpretation of the broader role of the brain-
stem, which is not typically assaiated with the details of cognition: in particular,
the classicalview of norepinephrineis that it setsoverall levels of arousal over long
timescalesnot the timescaleof tens and hundredsof millisecondsrelevant to cortical
decisionmaking.

The dynamics and role of norepinephrineand other neuromadulators in neuro-
scienceis a compelling eld of study for additional reasonsworth mertioning here.
First, sud researt seeksto iderntify generalprinciples that may be operative in a
wide variety of cognitive tasks. As a consequencethe e®ectsof mehanisms that
implemert cognitive cortrol must be broadly distributed throughout the brain, im-
plying that a wealth of existing neural data may evertually be applicableand possibly
making cognitive cortrol e®ectsasierto identify in future imagingor recordingstud-
ies. Second,de cits in neuromaulator systems,assaiated with depleted capacity
for, e.g., selectiwe attention and switching betweencompeting task demands,are sig-
natures of most neuropsydiatric diseaseqd37, 57], adding impetus to the task of
understandingthe dynamicsof thesesystemsand their e®ectson neural information
processing.

Progresson thesetopics requires understanding the dynamics of the underlying
neuronsand neural groups on di®eren scales. A rst step is to establish general-
ized (and simpli ed) neuron models for the dynamics of an isolated spiking neuron,
starting with biophysically grounded conductance-baseanodels of Hodgkin-Huxley
type [89, 41]. This needfor reducedmodels of this type has beenwidely recognized
and is a broad area of researth in mathematical neuroscience.The piecewise-linear
‘integrateand re' formalism, in which voltageincreasedo a xed threshold at which
a spike is ewked, is perhapsthe simplest reduction (e.g. [68]). Another approac
taken in deweloping the Fitzhugh-Nagumoand related relaxation oscillator models
[61, 107 is to exploit separationsof timescalesamonggating variablesto reducethe
dimensionof a broad classof conductancebasedneural modelsand to developgeneral
approximations that capture the essetial componerts of their dynamicswith simple
polynomial vector elds (seealso[97]). A third, related approad relieson simpli ed
normal form equationsthat appraximate the full conductance-base@quationsnear
bifurcations to periodic ring: this is the "canonicalmodel' methodology of [94. A
bifurcation-basedanalysisis alsousedin, for example,[142 and referencegherein to
explain how broad classeof neuron model can begin ring at either zeroor nonzero
rates, can undergo bursting behavior, and can be reducedto phasedescriptions by
projecting their dynamicsonto the attracting invariant manifolds on which periodic
trajectorieslie (seealso,e.g.,[52 84, 171, 85, 50, 111)).
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In Part | of this dissertation | adopt and extend this latter phasereduction ap-
proad, thereby conributing to a generalanalysis of reduced neuron models with
applications to the cognitive cortrol applications introduced above. In particular, |
addresshow “cortrolling’ a®ereh inputs can adjust the sensitivity of spiking neurons
to other stereolyped external (e.g. sensory)inputs, henceallocating di®eren levels of
commitmert or importance to those stimuli. This is donein Chapter 2 by assessing
how the sensitivity of phasemodels of neural oscillatorsto transient external inputs
scaleswith their baseline ring rates (which may be determinedby the value of the
corntrolling a®erets). This requires extensionsand additions to the existing liter-
ature on phasereductions for the generic codimension-onebifurcations to periodic
‘ring. In Chapter 3, | dewlop a probabilistic model which explains how the sensi-
tivit y of individual phase-reducedeuronsscalesup to determinethe sensitivity of a
population of suc neurons,and also determinetemporal patterns in this population
responsethat are signaturesof the di®eren bifurcations. Chapter 4 then focusseson
syndirony induced by coupling among menbers of a neural population rather than
external inputs, thereby completingthe generaldescription of the dynamicsof neural
oscillatorsthat is appliedto LC neurons,as already mertioned, in Chapter 5.

Part 11 of this dissertation addressegdhe impacts that norepinephrine-mediated
gain changes(driven by the LC dynamics studied in in Part 1) have on the neural
integrators whose ring rates are assumedto determine cortical decisionprocesses.
Chapter 6 begins by projecting the stochastic network dynamics correspnding to
a simple two-alternative choice task onto suitable one-dimensionalslov manifolds,
and using this reducedrepresemation to solwe for the (qualitativ ely di®eremn) gain
sthedulesthat optimize decisionprocessingor three commonlyusedneuralintegrator
models. Next, in Chapter 7, the capacily of the LC to adaptively implemert gain
sthedulesthat are suzciently closeto these optima in order to improve decision
performanceis tested numerically by (approximately) solving a seriesof optimization
problemsconstrainedby the neurobiologyof the LC. The metric of performanceused
hereis the rate of correct responses(or ‘reward rate' [72]) achieved by the simulated
decisionnetwork. Signi cant improvemeris in reward rate are found to accompary
LC-mediated gain changes,supporting the hypothesisthat the LC plays a role in
optimizing the dynamics of neural decisions. | concludewith a brief summary and
note someopen problemsand future directionsin Chapter 8. Each chapter is prefaced
by a brief summary of its contents and major results.
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Chapter 2

Phase reduction of limit cycle
oscillators

2.1 Chapter outline

In this chapter, we computesimplifying reductionsto phasevariablesvalid near bifur-
cations to periodic ring for Hindmarsh-Rose,Hodgkin-Huxley, FitzHugh-Nagumo,
and Morris-Lecar single compartmert models of neurons, encompassingthe four
generic(codimension one) bifurcations. Section 2.2 discusseghasereduction tech-
niquesfor ordinary di®erenial equationswith attracting limit cycles. In the following
Section2.3, we recall and compute phaseresponsecurves(PRCs) for familiar neuron
models near the four codimension-onebifurcations to periodic ring, using normal
forms and numerical calculations [51]. Thus, we review part of the broad literature
on the topic aswell as providing new results: PRCs valid near degenerateHopf and
homaclinic bifurcations, and the scaling of PRCs with the frequencyof the neurons
from which they are derived. Theseresults will enable much of the analysisin the
chaptersto follow. Most of the results given here appear in the rst part of [23)].

2.2 Phase equations for nonlinear oscillators with
attracting limit cycles { general considerations

2.2.1 Reduction to phase coordinates

Phase reduction methods have a rich history, including numerous applications in
neuroscienceThe fundamertal coordinate changeto phasevariablesdescrited below
originated at least by 1949[118, with the complememary asymptotic phaseideas
expandedin, e.g.,[35, 182 81, 183 and appliedin, e.g.,[52 53, 54, 84, 171, 85, 50,
94, 111, 103 16, 97, 51, 22, 115; seealsothe related \spik e responsemethod" [69, 68|
and referencegherein.

Our starting point is a general,conductance-basedingle compartmernt model of



a neuron:

C\L = £|9(v;n)+ 1P+ I(V;t)u; (2.1)
n = N(V;n):; (V;n)T 2 RY: (2.2)

HereV is the voltage di®erenceacrossthe menbrane, the (dj 1)-dimensionalvector
n comprisesgating variablesand 19(V; n) the assaiated menbrane currents, and C
is the cell menbrane conductance. The baselineinward currert | e®ectiely sets
oscillator frequency and will correspnd below to a bifurcation parameter. | (V;t)
represems synaptic currents from other brain areasdue to stimulus presetation;
below, we neglectreversal potertials sothat | (V;t) = I (t). We write this equation
in the generalform

x=F(X)+G(x;t) ;  x=(V;n)T 2R, (2.3)

whereF (x) is the “baseline'vector eld, G(x;t) is the stimulus e®ect,and T denotes
transpose. In our simplication, G(x;t) = (I1(t);0)"; in a more general setting,
perturbations in the gating equations(2.2) could also be included.

We assumethat the baseline(G ~ 0) neural oscillator has a normally hyper-
bolic [82), attracting limit cycle®. This limit cyclepersistsunder small perturbations
[59], and hereafterwe assumethat sud a limit cycle always existsfor ead neuron.

The objective is to simplify Eqn. (2.3) by de ning a scalar phasevariable p(x) 2
[0; 2%) for all x in someneighborhood U of © (within its domain of attraction), sud
that the phaseewlution hasthe simple form %) = 1 for all x 2 U whenG ~ 0.
Here! = 2¥&T, whereT is the period of (2.3) with G~ 0. From the chain rule, this
requires

du(x) _ @

dt @ G 0

Eqn. (2.4) de nesa rst order PDE that the scalar eld p(9 must satisfy. Here, we

describe the “asymptotic phase' method of constructing (9 indirectly, i.e., without

solving the PDE itself. We construct this solution in two stages: rst, we de ne p(x)
for x 2 ° %2 U, and then we extendto generalx 2 U.

Let x5 be the point on the limit cycle ° with the maximum value of V (i.e.,
the tip of the voltage spike), and let u(xs) = 0. To de ne p for the rest of °, we
let u(xo(t)) = !'t, wherex,(t) 2 ° is the trajectory of the baseline system with
xZ,(O) = Xs. This givesa simple parameterizationof ° by . To extend (9 to general
X 2 U, we de ne the isochron [183 corresmnding to a point x (0) 2 ° to be the
set of all initial conditions x(0) 2 U sud that the distance betweenx’ (t) and x(t)
approadeszerounder the vector eld F ast! 1 . Sud points x" (0) and x(0) are
said to have the sameasymptotic phasep(x’ (0)). SeeFig. 2.1. Thus, isochrons are
level setsof the asymptotic phase.We note that [81], cf. [88, 82], shawvs that there is
a neighborhood of ° foliated by the (unique) family of isochrons, and we restrict our
U to lie within this neighborhood.

In fact, isochronsgive an invariant foliation of U, i.e., the °ow map takesisochrons

(x) ¢%(x) = g(x) CF(x)=" : (2.4)
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Figure 2.1: The limit cycle °, annular neighborhood U (betweendot-dashedlines),
and isochrons (dotted lines) for a planar system. The two trajectoriesx” (t) and x(t)
discussedin Sect. 2.2.1, here with initial asymptotic phasepu(x" (0)) = u(x(0)) =
2Y¥#10, are shown.

to isochrons. Imagine, for example,two trajectories(asin Fig. 2.1) starting at time
t = 0 at the points x"(0) 2 ° and x(0) 2 U on the isochron with the asymptotic
phasep(x’ (0)) = u(x(0)). For all t, the points x°(t) and x(t) must also share an
isochron (becausethe distance betweenthese points also approadeszero under the
dynamicsast! 1 ), and hencethey alsohave the sameasymptotic phase,i.e.,

MO (D) © p(x(D) (2.5)

. . . . . . —_— . dp(x (t)) _
Di®erertiating (2.5) with respectto time, andrecallingthat by de nition === =1,

we concludethat w = ! for arbitrary x(t) in the neighborhood U of °, asdesired.

Finally, we demonstratethat, asin [81], the isochrons must be the level setsof any
scalar eld u(9 in U that solves(2.4). To seethis, let L* bethe level setof sud a eld
with (arbitrary) phasey, and denoteby x° (L) the intersectionof ° and L*. L* must be
mapped into itself after *owing for time T under F, sinceby assumption A= = 21/“
(i.e., it is an invariant foliation). Repeating this time-T mapping, we seethat aII
points on L* evertually tend to the samepoint x” (1) 2 ° (sinceL" is in the domain
of attraction of °). Thus, all points on L* have the sameasymptotic phasep, and L*
can be noneother than an isochron. The solution to (2.4) is thereforedeterminedby
the family of isochrons, and is hence(up to an additive constart determinedby the
choice of origin wherep = 0) unique as claimed.



2.2.2 Incorp orating inputs G(x;t)

We now re-introduce the stimulus term G(x;t) and determineits e®ectson the dy-
namicsof . Using the chain rule, asin (2.4) but with G 6 0, we have

) ., @

dt @&

The vector eld on right-hand side of (2.6) dependson x 2 U, sothis equationis not
a phase-only(i.e., self-coained) description of the oscillator dynamics. Howeer,

evaluating the vector "eld at x' (M) (as above, the intersection of ° and the p(x)
isochron), we have

(x) ¢G(x;t) : (2.6)

dux) _ |, @
dt NG ¢
whereE is an error term to be discussedbelon. Dropping this error term, we may
rewrite (2.7) asthe one-dimensionaphaseequation
dp_ |

w_,, @

dt @&

which is valid (up to the error term) in the whole neighborhood U of °.
Next, we show that the error E in Eqn. (2.7) is of order

(X (W) ¢G(x" (K1) + E ; (2.7)

(WG(K) ; (2.8)

i ¢
E=0'jGjP=, ;

wherejGj measureghe magnitude of inputs and, measureghe strength of attraction
to the limit cycle® in a mannerto be madeprecisebelon. Thus, the phasereduction
(2.8) is accuratefor suxciently weak stimuli or suzciently attracting limit cycles(cf.
[183).

De ne, > Osudithat j , isanupperboundon exponerts characterizingthe °ow
normal to ° of the vector eld F, linearized around any point on °; thus,, bounds
the (linear) strength of attraction to the limit cycle. In other words, , is de ned
suc that v¢DF (x-)v < j , kvk? for any v normal to ° at x-. (Here and below, k ¢k
measureghe (Euclidean) distancein RY.) Also, let the scalarjGj be an upper bound
on G(x;t) over all componerts aswell asover x and t.

We now show that

kx(t) i x-k- ki ¢jGj=, + O(1=,)? ; (2.9)

wherex- is the intersectionof °© and the u(x) isochron and k; is a positive constan
depending on the geometryof the isochrons.

For any x in the neighborhood of °, let x, be the point on ° closestto x and
de ne x, = X j Xp; seeFig. 2.2. Then we rewrite Eqn. (2.3) as

%4- d()j(—: = Fk(Xp+ X2) + Fo(Xp+ X2) + G(Xp+ X2) + G2 (Xp+ X2) ; (2.10)



wherethe vector eld hasbeen(locally) split into componerts parallel (%; Fr; Gk)
and orthogonal (%z; F,; G,) to ° at x,. We study the dynamicsof the orthogonal

dt
componert:

dX?
dt
Anticipating small displacemets from °, we linearizethe rst term around Xy

= Fo(Xp+ X2)+ G (Xp+ X»o) (2.11)

dX?

5= DF> (Xp)X2 + G (Xp+ X2 ) + O(kx»k?) (2.12)

We de ne the matrix A(xy,) = j tDF(x-), which, recalling our de nition of ,, ex-
pandsany vector normal to ° at X, by a factor greaterthan 1. Introducing the small
parameter2 = 1=, and the fast time ¢ = t=2 we have

5

dX?
d¢

Next we expandin powers of 2:

= | A(Xp)X2 + 2G5 (Xp+ X7) + 20(kx, k%) : (2.13)

X2 = X900t ZX?;]_ + 2C)(kX'_) kz) ; (214)
and substitute (2.14) into (2.13) to obtain at order 2°:

dX’) 0 _
d¢

Due to the fact that A expandsthe x, .o by a factor greaterthan 1 (by de nition),
kx, .ok < kel ¢ = kel ¥ for somepositive k. Thus, kx, ok = 0 to all powersin 2,
Using this result, at order 2! we have

=i A(Xb)X') 0 - (215)

d)é?jl = | A(Xg)X2 1+ Go (Xp) (2.16)
&

Using the sameproperty of A, we have
kx-.1(¢)k = O(Gj): (2.17)

From here,we plug our order2° and 2! resultsinto (2.14). After recallingthat 2 = 1=,
and scalingkx, k by k; to accoun for the fact that x, and x- may not coincide,we
have the desiredresult (2.9).

Next, we Taylor expandthe secondterm on the right-hand side of (2.6) around
X

dL(l:I(tX) = 1+ %(XH D@(x )(X i x)+0 (i X)2¢ ¢ (218

G(x";t) + DG(x’ t)(x| x)+ O (x. X )2 ; (2.19)

10



Figure 2.2: Variablesusedin deriving the bound (2.9).

Comparing with (2.7), we have

@ @
@ @
Thus, (2.9) yields E = O(jGj?=,) asdesired.

E= =(x)MDG(x ;t)(xj x )+ D —=(x")(Xi x°)<lG(x°;t)+Oi(xi x°)2¢ : (2.20)

2.2.3 Computing the phase response curve

In the caseof Eqns. (2.1-2.2),the only partial derivative we must computeto fully de-
“ne (2.8) iswith respectto voltage,andwede ne the phaseresmpnsecurve (PRC) [183
as %(p) " z(Ww. Then, Egn. (2.8) becomes

Btz vy (2.21)

the population dynamics of which is the subject of Chapter 3 and is applied to the

locuscoeruleusin Chapter 5. Note that Eqn. (2.21) neglectsreversalpotential e®ects
for the various synapseghat cortribute to the net I (t): if thesewereincluded, I (t)

would be replacedby | (i t). Furthermore, if G had nonzerocomponerts in more

than just the voltage direction, we would needto computea vector-valued PRC; eadh

componert of this could be computedin a similar mannerto that below.

Direct metho d

We now descrike a straightforward way to computez() that is usefulin experimertal,
numerical, and analytical studies. By de nition
I T
2(W = ¢|\I/r!noW ’ (2.22)
£ o

where¢ pu= p(x" + (¢ V;0)7) i wx") isthe changein u(x) resulting from a per-
turbation V ! V + ¢V from the basepoint x* on °; seeFig. 2.3. Sincep.= !
everywherein the neighborhood of °, the di®erencet [ is presened under the base-
line (G = 0) phase®ow; thus, it may be measuredin the limit ast ! 1, when
the perturbed trajectory has collapsedbad to the limit cycle °. That is, z(l) can

11



limit cycleg

level setsof g(x)

Figure 2.3: The direct method for computing g;_ at the point indicated by * is to
take the limit of ¢ p=¢ V for vanishingly small perturbations ¢ V. One can calculate
¢ pinthelimit t! 1 , asdiscussedn the text.

be found by comparingthe phasesof solutionsin the in nite-time limit starting on
and in nitesimally shifted from basepoints on ° [183 71]. This method will be used
in Section 2.3 to compute PRCs for the normal forms commonly arising in neural
models.

The adjoin t metho d

Another technique for nding g/i(u) involves solving the adjoint problem asseiated
with Eqns. (2.1-2.2) [94, 54]; this procedureis automated in the program XPP [5]]
andis equivalert to the direct method discussedabove. We note that this equivalence,
described below, is implicit in the calculation of coupling functions preseried in [94]
and [51]].

Consider an in"nitesimal perturbation ¢ x to the trajectory x (t) 2 ° at time
t = 0. Let x(t) be the trajectory ewlving from this perturbed initial condition.
De ning ¢ x(t) via x(t) = x"(t) + ¢ x(t),

d¢(;<t(t) = DF (X" ()¢ x(t) + O(k¢ xk?) ;  ¢x(0)= ¢x : (2.23)

For the phaseshift de ned as¢ p= p(x(t)) i H(x’(t)), we have

¢ = hr i ¢ x(t)i + O(ke xk?) ; (2.24)

where h¢¢i de nes the standard inner product (written as a dot product above),

12



and r - M is the gradiert of p evaluated at x” (t). We recall from above that ¢ p
is independent of time (after the perturbation at t = 0) so that taking the time
derivative of (2.24) yields, to lowest order in k¢ xKk,

¢ A é A
dr  mH. _ de x(t)
%,(tx(t) = 0 e ok T
ihr @k DF (X" (1)) ¢ x(b)i
= thDFT(X (1)1 x ¢ x(t)i : (2.25)

Here the matrix DFT(x"(t)) is the transpose (i.e., adjoint) of the (real) matrix
DF(x(t)). Sincethe above equalities hold for arbitrary perturbations ¢ x(t), we
have

dr 4 o

S OB = DETXC @) o (2.26)
Finally, recall that from (2.4) that

du dx

— = = =1 -

ot rx“¢dt r«ueF(x)=1; (2.27)

which in particular must hold at t = 0. Thus, asin [94, 51, 54], we must solwe (2.26)
subject to the condition
rxoHCF(x (0)=1": (2.28)

Sincer - M ewlvesin RY, (2.28) suppliesonly oneof d requiredinitial conditions;the
rest arisefrom requiring that the solutionr -yl to (2.26) be T-periodic [94, 51, 54].

Note that equations(2.26) and (2.28) correspnd to equations(9.16) and (9.17)
of [94], with the identi cation of r \yu! Q and a slightly di®eren parametrization.
Indeed, this is the adjoint problem that XPP solvesto numerically nd the PRC
Qxpp - The relationship is

r xh="!Qxpp : (2.29)

The strong attraction metho d

Sinceonly partial derivatives% ewvaluatedon ° erter Eqgn. (2.21), and not the value of
the phasefunction pitself, it is tempting to computethesepartial derivativesdirectly
from Egn. (2.4). However, when viewed as an algebraicequation for the vector eld
g‘;, (2.4) yieldsin nitely many solutions, being only one equationfor the d unknown
functions gje; ] = 1;::5;,d. Someof thesesolutionsare much easierto construct than
the phaseresponsecurve computedvia the direct or the adjoint method. Howeer, for
sud a solution, which we write as% (6 g(i) to distinguish it from partial derivatives
of the asymptotic phasey, there is not necessarilya correspnding phasevariable |,
suc that 2% =1 x 2 U (in the absenceof stimulus): recall the uniquenessf the
solution u(x) to Egn. (2.4).

For example, the “strong attraction limit' of a coordinate changeto the phase

13



variable |, discussedn, e.g.,[53, 94] e®ectiely sets

@,

@
which clearly satis es (2.4) but implicitly imposesd j 1 additional constraints: in
particular, level sets of |, are always orthogonal to °, which is not generally the
casefor isochrons. Furthermore, Eqn. (2.30) requiresthat %! is the gradient
of the scalar function L, which is only possibleif it is curl-free in a neighborhood
of °. Sinceit is proportional to the unit-normalized vector eld which exhibits the
attracting limit cycle,%! will never meetthis requiremer, sothe phasevariable
b cannot be extendedto a neighborhood of °. More practically, g‘;(x") and %(x")
can also give qualitatively di®erem phasedynamics, with p dynamics represeting
more accurately the original “full' equations: seeChapter 4 for an exampleinvolving
the stability of phase-laked statesin coupledHodgkin-Huxley systems.

FO)_, (2.30)

% kEpoR

2.2.4 Validit y of the phase reduction

We shall always assumehat the phase®ow pLis nonnegatiwe at the spike point ps ~ 0;
otherwise(2.21) doesnot make senseasa neuronmodel (neuronscannot cross badk-
wards' through the spike and regain a state from which they can immediately re
again). For oscillatorsgiving PRCs z(l) with z(ls) 6 0, this assumptionrestricts ad-
missibleperturbing functions | (t) (or, in the more generalcaseof Eqn. (2.8), G(x; 1))
to those satisfying

l()z(k) > i ! (2.31)

Thus, for z(s) > 0, excitatory input (I (t) > 0) is always admissible,but there is a
lower bound on the strength of inhibitory input for which phasereductionshold. In
particular, if | (t) contains a noisecomponert, it must be boundedbelow; this requires
‘trimming' the white (di®usiwe) or Ornstein-Uhlerbed noiseprocessesommonlyused
to model variability in synaptic inputs. Theseproblemsdo not arise for cortinuous
PRCs having z(ls) = 0.

We note that z(lk) = 0 approximately holds for the Hodgkin-Huxley (HH) and
Hindmarsh-Rose(HR) neuronsto be consideredbelow, and indeed holds for any
neuron model with a “fast' vector eld surrounding the spike tip xs on the limit
cycle. In this case,asymptotic phasechangesvery little in a small neighborhood
near Xs, sincep = !'t and only a short time is spert in the neighborhood. A small
perturbation in the V direction thereforetakestrajectoriesto isochrons with similar
valuesof |, and so has little e®ecton asymptotic phase. For the integrate and re
systemsinvestigated below, spikes are not explicitly modeled. While this may be
viewed asan arti cial omissionleadingto z(us) 6 0, the population dynamicsof such
systemsare of interest becausethey are in rather commonuse.

14



2.3 Phase equations for nonlinear oscillators with
attracting limit cycles { application to neural
mo dels

In this section we derive or recall analytical approximations to PRCs for multi-

dimensionalsystemswith limit cyclesthat arisein the four (local and global) codi-

mensionone bifurcations [82]: theseare appropriate to conductance-baseanodels of
the form (2.1-2.2). We then give PRCs for one-dimensional(linear) “integrate-and-
‘re' models. Of these PRC calculations, results for the homaclinic and degenerate
Hopf bifurcation are new, while the resultsfor other models, previously derived asref-

erencedn the text, are summarizedand recastto display their frequencydependence
and for application to population modelsin what follows.

2.3.1 Phase response curv es near codimension one bifurca-
tions to periodic ring

Bifurcation theory [82] identi es four codimension one bifurcations which can give
birth to a stablelimit cyclefor genericfamilies of vector elds: a SNIPER bifurcation
(saddle-nale bifurcation of xed points on a periodic orbit), a supercritical Hopf
bifurcation, a saddle-nale bifurcation of limit cycles,and a homaoclinic bifurcation:
seeFig. 2.4. All four bifurcation typeshave beenidenti ed in speci ¢ neuronmodels
as a parameter, here the baselineinward currert |°, varies: for example, SNIPER
bifurcations are found for "Type I' neurons[5(] like the Connor model and its two-
dimensional Hindmarsh-Rose(HR) reduction [1464, supercritical Hopf bifurcations
may occur for the abstracted FitzHugh-Nagumo (FN) model [102, a saddle-nale
bifurcation of limit cyclesis found for the Hodgkin-Huxley (HH) model [89, 143, and
a homaclinic bifurcation can occur for the Morris-Lecar (ML) model [147.

In this section, we calculate or summarizePRCs for limit cyclesarising from all
four bifurcations. This is accomplished,where possible, through use of one- and
two-dimensionalnormal form equations. Normal forms are obtained through cen-
ter manifold reduction of Eqns. (2.1-2.2) at the bifurcation, followed by a similarity
transformation to put the linear part of the equation into Jordan normal form, and
‘nally by successig ‘nearidentity' nonlinear coordinate transformations to remove
as mary terms as possible,a processwhich presenes the qualitative dynamics of
the system [82]. To obtain the PRC in terms of the original variables, i.e., g}
rather than in terms of the normal form variables(which we henceforthdenote(x; y))
with assaiated PRCs % and & it is necessaryto ‘undo' these coordinate trans-
formations. Howewer, sincethe normal form coordinate transformations only a®ect
nonlinear terms, we obtain the simple relationship

% — oxgl + Oy@ + O(X; y), (232)
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where

(o]

= @ - 0 = Q -
" @/ x=y=0 , g @/ x=y=0

The remainderterm in (2.32) is assumedo be small nearthe bifurcations of relevance
andis neglectedbelow. This introducesvanishingerror in the Hopf case,in which the
bifurcating periodic orbits have arbitrarily small radii; the sameis true near SNIPER
and homaclinic bifurcations, where periodic orbits spend arbitrarily large fractions
of their period near the origin. When using the Bautin normal form, howewer, we
must tacitly assumethat the nonzero onset' radius of stable bifurcating orbits is
small; failure of this assumption for the Hodgkin-Huxley model may cortribute to
the discrepancybetween PRCs derived via analytical and numerical methods; see
Sect.2.3.3.

Before proceeding,a few notesregarding the normal form equationsthat we will
considerare in order. For the SNIPER bifurcation, we considerthe normal form for
a saddle-nale bifurcation of xed points, which must be properly embeddedglobally
in order to capture the presenceof the periodic orbit (the unstable branch of the
certer manifold must closeup and limit on the saddlenode, cf. Fig. 2.4(a)). For the
saddle-nale bifurcation of periodic orbits, we appeal to the sequenceof bifurcations
for "Typell' neuronssud asthe Hodgkin-Huxley (HH) model [89], namely a subcrit-
ical Hopf bifurcation in which an unstable periodic orbit branch bifurcates from the
rest state, turns around, and gains stability in a saddle-nale bifurcation of periodic
orbits [143. This sequencas captured by the normal form of the Bautin (degenerate
Hopf) bifurcation [113, cf. [82 x7.1]. Finally, for the homaclinic bifurcation we con-
sider only the linearized °ow near the xed point involved in the bifurcation; this is
not strictly a normal form, and asfor the SNIPER bifurcation, a proper global return
interpretation is necessaryto producethe periodic orbit.

Near the SNIPER, Hopf, and Bautin local bifurcations, there is a separation of
timescalesbetweendynamicsalong versusdynamicsnormal to the one-or-wo dimen-
sional attracting certer manifold cortaining (or, in the SNIPER case,consisting of)
the periodic orbit. In particular, sutciently closeto the bifurcation point, the time
requiredfor perturbed solutionsto collapsebad onto the manifold is negligible com-
paredwith the period of the orbit. This impliesthat, asthe bifurcation is approaded,
(the tangernt spaceof) any dj 1 dimensionalisochron (computed at its intersection
with the periodic orbit) becomesormal to the (correspnding tangert spaceof the)
certer manifold. Thus, suzciently nearthesethree bifurcations the only relevant con-
tributions that perturbations make to asymptotic tra jectoriesis via their componerts
along the certer manifold, as captured by the above terms °, and (additionally for
the Hopf and Bautin bifurcations) °,. HenceEqn. (2.32) capturesthe phaseresponse
curve for the full d-dimensionalsystem. For the homaclinic glokal bifurcation, the
sameconclusionholds, although for a di®eren reason: in this case,there is no low
dimensionalcerter (i.e. locally slov) manifold. Howewer, becausehe dynamicswhich
asymptotically determine the PRC are linear for the homaoclinic bifurcation (unlike
the SNIPER, Hopf, and Bautin cases),a PRC valid for full d-dimensionalsystems
canstill be computed analytically, as descrited below.
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We use the direct method of Section 2.2.3to compute PRCs from the normal
form equations. This involves linearizing about the stable periodic orbit, which is
appropriate becausethe perturbations ¢ V to be consideredare vanishingly small.
The explicit solution of the normal form equationsyields ¢ p, and taking limits, we
obtain the PRC, cf. (2.22). Without lossof generality, the voltage peak (spike) phase
is setat ks = 0 and coordinates are de ned so that phaseincreasesat a constart
rate ! in the absenceof external inputs, asin Section2.2.1. Analoguesof someof
the following results have beenpreviously derived by alternative methods, as noted
in the text, and we alsonote that PRCs for relaxation oscillatorshave beendiscussed
in [97]. Howewer, unlike the previouswork, herewe explicitly compute how the PRCs
scalewith oscillator frequency

Saddle-no de in a periodic orbit (SNIPER)

A SNIPER bifurcation occurs when a saddle-nale bifurcation of xed points takes
placeon a periodic orbit: seeFig. 2.4(a). Following the method of [50], we ignorethe
direction(s) transverseto the periodic orbit, and considerthe one-dimensionahormal
form for a saddle-nale bifurcation of xed points:

X="+x%; (2.33)

wherex may be thought of aslocal arclength alongthe periodic orbit. For~ > 0, the

solution of (2.33) traversesany interval in nite time; asin [50], the period T of the

orbit may be approximated by calculating the total time necessaryor the solution to

(2.33)to gofromx = j1 to x = +1 and making the solution periodic by resetting

x to j1 ewerytimeit “res' at x = 1 . This givesT = ¢, hence! = 2" =,
Since(2.33) is one-dimensional [50] immediately computes

@_, @ _!
— === —; 2.34
@ '@ = (239

Where‘(’,—ﬁ is evaluated on the solution trajectory to (2.33). This gives

2

g‘ = [[Li cosy (2.35)

as rst derivedin [50], but with explicit ! -dependencedisplayed here.

Consideringa voltage perturbation ¢ V, we have
Cs

& =z = Tl cosd (2.36)

where ¢, = 2°, is a model-dependent constart (see(2.32) above). Note that g}
is nonnegatiwe or nonpositive accordingto the sign of cs,. Sincein "Type I' neuron
models [50] a positive voltage perturbation advancesphase (and hence causesthe

neuronto re sooner), in the following we will generallyassumecg, to be positive.
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Figure 2.4: (a) SNIPER bifurcation: two xed points die in a saddle-nale bifurcation
at ~ = 0, giving a periodic orbit for © > 0, assumedto be stable. (b) Supercritical
Hopf bifurcation: a xed point losesstability as ® increasesthrough zero, giving a
stable periodic orbit (closedcurve). (c) Bautin bifurcation: seetext for details. At
® = % there is a saddle-nale bifurcation of periodic orbits. Both a stable (solid

closedcurve) and unstable (dashedclosedcurve) periodic orbit exist for % < ®< 0;
the unstable periodic orbit diesin a subcritical Hopf bifurcation at ® = 0. The xed
point is stable (resp., unstable) for ® < 0 (resp.,®> 0). (d) Homoclinic bifurcation:
a homaclinic orbit existsat * = 0, giving rise to a stable periodic orbit for * > 0.
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Generalized and supercritical Hopf bifurcations

The normal form for the (generalized)Hopf bifurcation [82, 117 is:
z= (®+ i )z+ (c+ id)jzj’z+ (f +ig)jzj*z ; (2.37)

in polar coordinates, this is

r

A

® +cri+ fro; (2.38)
T4 dr2+ gri: (2.39)

We study two casesalways treating ® asthe bifurcation parameter. In the rst case,
we assumec < 0, yielding a supercritical Hopf bifurcation: for ® < 0 there is a stable
‘xed point at the origin that losesstability as ®pincrease3hrough zero, giving birth
to a stable periodic orbit with radius r,on = = | ®c seeFig. 2.4(b). Crucially,
rooon = Owhen®= 0, sothat only terms of cubic orderin (2.38-2.39)are required to
capture (unfold) the supercritical Hopf dynamics. Hencewe may setg=f = 0 for a
local analysis.

In the secondcase,we assumec > 0, sothat Eqns. (2.38-2.39)have a subcritical
Hopf bifurcation at ® = 0 and there is no stable periodic orbit for any value of ® when
g= f = 0: hencewe must reintroducethesetermsto capture the relevant dynamics.
Assuming additionally that f < 0, for ® < 0 there is a stable xed point at the
origin that losesstability in a subcritical Hopf bifurcation at ® = 0, giving rise to an
unstableperiodic orbit as® decreasesthrough zero. The branch of unstable periodic
orbits turns around at a saddle-nale bifurcation of perLodig orbits at ® = %i for
®> % stable periodic solutionsexist with radiusrpee = 5 i Ci P 2 ARS =
seeFig. 2.4(c). This is the generalizedHopf or Bautin bifurcation (identi ed by the
subscript B).

In either case,the angular speedis constart on the stable periodic orbit; hence,
we set the asymptotic phasep equalto the polar angle A on the periodic orbit itself.
(However, (radial) level setsof A extendingo®of the periodic orbit are not isochrons,
sinceA varieswith r.)

We calculate the PRC by linearizing about the attracting periodic orbit r .
Letting r = rp, + r% we obtain r°= r °+ O(r®), where, is the transverse Flo-
guet exponert (eigervalue) for the stable periodic orbit. In the supercritical Hop
bifurcation, , = 4 = 20 < 0 and rp, = rpen; in the Bauting | = g =

fl i 48f +c ¢?j 48F < Oandrp, = rpee. Here and belov we drop terms

of O(r®) becausewe are concernedwith arbitrarily small perturbations, cf. (2.22).
Solving the linearizedradial equation with initial condition r(0) = ro, we obtain

r(t) = rpo+ (froi rpo)e!’’; (2.40)
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with j = H or B. Next, integrating (2.39) yields
Z t Z t
At)= dA= [ +d(r(s)?+ g(r(s)lds; (2.41)
0 0
and taking A(0) = Ay, substituting (2.40) in (2.41), letting t ! 1 , and dropping
terms of O(r®), we obtain the phasep ass@iated with the initial condition (ro; Ay):

¢ 2rpo(d+ 29r2)(foi Tpo) |

Mt) = Ag+ T+ drZ+ grd t (2.42)

> B

Here we have again usedthe fact that the polar angle A and the phasep are idertical
on the periodic orbit.

Supposethat we start with an initial condition (x;;y;) on the periodic orbit, with
polar coordinates (rpo; A). Ast! 1, the trajectory with this initial condition has
asymptotic phaseA + (— + drg0 + grgo)t. Now cpnsidera perturbation ¢ x in the
x-direction to (Xs;Y¥s) = (rpoCosA + ¢ X;rp,SinA). To lowest order in ¢ X, this

correspnds, in polar coordinates, to
M -
. . . SINA

(re;A) = Tpo+ COSAC X, A j

I'po

¢tx

Setting (ro;A)) = (rs;A) in (2.42) and subtracting the analogousexpressionwith
(ro;Ag) = (" poj :A), j = H or B, we computethe changein asymptotic phasedue to
this perturbation:
2dr o + 4gr3,. 1 .
@ _ j — 49" o COSH j sinp; (2.43)
@ Ny [ poj
wherewe have substituted p for the polar angle A, again using the fact that the two
variablestake idertical valueson the periodic orbit. Similarly, we nd
2dr,o; + 4gr,.
@ . | — RUES sinp+ 1 COSW: (2.44)
@ s I po;j
We now expressr,q; and , ; in terms of the frequenciesof the periodic orbits. In
the supercritical Hopf case(recall that we setg = f = 0 here), at the bifurcation

point the phasefrequency! is Az y = ,andfrom (2.39)wehave! j Iy = drgo;H,
yielding
FpoH = —p—JFJ : (2.45)
Substituting for ryon, wehave! j 'y = j ®=¢ which together with the expression
for , 4 gives "
c
JH = H(! i 'wh) (2.46)
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In the Bautin case,we nd that

d_ gc’'Po—+ i ¢
i !sn = i§+% 02i4®f+%02i4®f : (2.47)

where! sy is the frequencyof the periodic orbit at the saddle-nale bifurcation (® =

57)- Thus, from (2.47),
P 2 = ki N e
i 4BF = kil Lsnj+ Ol tenj” s (2.48)

—2f2 —

wherek = faige

and we may usethe expressiondor rp,g and , g to compute:

r

o

+O(! i 'sn) s (2.49)

rpo;B

s B

ck. . i ¢
i tenit Ot lsnj? (2.50)

Next, we substitute these Eqns. (2.45-2.46)and (2.49-2.50)for rp, and , into
(2.43-2.44).For the supercritical Hopf case,this gives

P —
@ 1 jdj :
— = p—————[dcogp) + csin ; 2.51
& P T 19 [d cogL) (W] (2.51)
Q 1 jdj
— = p———=—"[dsin() j ccosfy] ; 2.52
@ P 19 [dsin(W) i ] (2.52)
In the Bautin case,we get
’ r— TR P
@ _ 1 - ic. ic I :
@& = T Teni II| 2d of i 49 of ok cospu+ O(1) ; (2.53)
r— T P
Q@ _ 1 ic. ic T :
@ = T i 2d of i 49 of ok sinp+ O(1) ; (2.54)
where we have explicitly written terms of O(j! j ! snj)i * which dominate near the

saddle-nale of periodic orbits. Note that the only term involving the bifurcation
parameter ® is the prefactor, sothat, asthis parameteris varied, all other terms in
(2.53-2.54)remain constart.

Equipped with (2.51-2.52),the PRC for a perturbation in the V-direction near a
supercritical Hopf bifurcation is found from (2.32) to be

2= o p M i A (2.55)
@ Vi Ta]

p Gp
icj

wherethe constan ¢y = (°xc+ °yd)2+ (°¢d °,0)2 and the phaseshift Ay =
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tani 1 igyg . The form of this PRC was originally presened as Eqn. (2.11) of
[52]. Seethat paper, aswell asSect.4 of [50] and [94], for earlier, alternative methods
and computations for the PRC near supercritical Hopf bifurcation.

For the Bautin bifurcation, we similarly arrive at

Cs . <
zg (M) = % = T Veni sin(i Ag): (2.56)
. q— : s t P so—5s
Herecg = j2d L£j 49 iF -

& C2+°Zis aacor]start (which can be positive
or negative dependingon d and g), and Ag = tani ! —; is an ! -independen phase

shift.

Homo clinic bifurcation

Finally, supposethat the neuron model has a parameter® sud that a homaclinic
orbit to a hyperbolic saddle point p with real eigervaluesexistsat 1 = 0. Then
there will be a periodic orbit ° for, say, * > 0, but not for * < 0. Speci cally,
we assumea single unstable eigervalue , , smallerin magnitude than that of the all
stable eigervalues,, , < |, s;jj, sothat the bifurcating periodic orbit is stable [87]: see
Fig. 2.4(d).

If parametersare chosencloseto the homaclinic bifurcation, solutions near the
periodic orbit spend most of their time near p, where the vector eld is dominated
by its linearization. This may genericallybe written in the diagonal form:

X = L, uX; (2.57)

5

Yo = LspYiad=Lundi 1 (2.58)

where the x and y; axesare tangert to the unstable and a stable manifold of p,
respectively, and , s < 0< ,, arethe corresmnding eigervalues. For simplicity, we
assumeherethat the segmets of the axesshawvn in Fig. 2.5 are actually cortained in
the respective manifolds; this can always be achieved locally by a smaooth coordinate
change[87.

We de ne the box B = [0; ¢] £ ¢¢¢E [0; ¢] that encloses for the dominart part
of its period, but within which (2.57-2.58)is still a good approximation; ¢ is model-
dependen but xed for di®eren periodic orbits occurring asa bifurcation parameter
varieswithin the model. We do not explicitly model ° outside of B, but note that the
trajectory is ‘re-injected’ after negligibletime (comparedwith that spert in B) at a
distance? from the stable manifold, where? varieswith the bifurcation parameter? :
seeFig. 2.5. Thus, periodic orbits occurring closerto the bifurcation point correspnd
to lower valuesof 2 and have larger periods.

We approximate the period T(2) asthe time that the x coordinate of ° takesto
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re-injection

Figure 2.5: The setup for deriving the PRC for oscillations near a homaclinic bifur-
cation, shown (for simplicity) with d = 2.

travel from 2 to ¢ under Eqgn. (2.57):
po
1 ¢
T =—In - (2.59)
s u
Notice that the x-coordinate of ° alone determinesT (2), and hencemay be thought
of asindependertly measuringthe phaseof ° through its cycle. Wesetp= Oat x = 2

and, assuminginstantaneousre-injection, p= 2%at x = ¢. Then! = 2¥&T(?), and
asin (2.34)
. e D (2.60)
— = —= ——— = —exp(j , =) : :
@ & x( L2

In the nal equality we used the solution to (2.57), x(t) = 2exp(, ,t), with the
substitution t = p=!. Since, as remarked above, motion in the y;-directions does
not a®ectthe phaseof °, only componerts of a perturbation ¢ V along the x-axis
cortribute to the phaseresponsecurve; thus, the PRC zyc = g/i = OX%, where®,
is asde ned following (2.32). Using (2.59), 2 = ¢ exp(j 2% y=!), which allows us to
eliminate 2 from (2.60).

it T ¢ ll

2Y.
Znc(Y) = @ Gol exp 2 exp i Lub (2.61)
@ ! !
where ¢y = °X¢ is a model-dependent constart. This is an exponertially decaing

,u
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function of p with maximum

uzl/‘l uﬂ

Zmax = Che! €xp (2.62)

and minimum u ||

— . 24y
Zmin = Zmax eXp | I

= Gl (2.63)

Here and below we assumec,. > 0. zy¢ is discortinuousat the spike point ps = 2%
which forcesusto take a limit in de ning population-averaged ring rates below, but
doesnot otherwisea®ectthe following analysis.

2.3.2 One-dimensional neur