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ABSTRACT. We study the low temperature (2 4 1)D Solid-On-Solid model on [1, L]? with zero
boundary conditions and non-negative heights (a floor at height 0). Caputo et al. (2016) established
that this random surface typically admits either h or h+ 1 many nested macroscopic level line loops
{L;:}i>0 for an explicit h =< log L, and its top loop Lo has cube-root fluctuations: e.g., if p(x) is
the vertical displacement of Lo from the bottom boundary point (x,0), then max p(z) = L/3+°()
over z € Iy := L/2+4 [~L*3,L??]. Tt is believed that rescaling p by L3 and I, by L*? would
yield a limit law of a diffusion on [—1,1]. However, no nontrivial lower bound was known on p(z)
for a fixed z € Iy (e.g., z = £), let alone on min p(x) in Io, to complement the bound on max p(z).
Here we show a lower bound of the predicted order L'/3: for every e > 0 there exists 6 > 0 such
that minger, p(x) > SLY? with probability at least 1 —e. The proof relies on the Ornstein-Zernike
machinery due to Campanino—loffe—Velenik, and a result of Ioffe, Shlosman and Toninelli (2015)
that rules out pinning in Ising polymers with modified interactions along the boundary. En route,
we refine the latter result into a Brownian excursion limit law, which may be of independent interest.
We further show that in a KL?® x KL*? box with boundary conditions h — 1,b,h,h (ie., h—1
on the bottom side and h elsewhere), the limit of p(z) as K, L — oo is a Ferrari-Spohn diffusion.

1. INTRODUCTION

We consider the Solid-On-Solid (SOS) model on Ay, = [1,L]?, an L x L square in Z?, at large
inverse-temperature 5 > 0, with zero boundary conditions and a floor at height 0: denoting by
x ~ y a pair of adjacent sites x,y € Z?, and setting p, = 0 for all x ¢ Ay, the model assigns a
height function ¢ : A, — Z>¢ (taking nonnegative integer heights) the probability

(@) cexp (=B lex— ). (1.1)
Xy
The model was introduced in the early 1950’s (see [5, 39]) to approximate the formation of crystals
and the interface separating the plus and minus phases in the low temperature 3D Ising model.

While of interest in any dimension d, the study of the model on Z? has special importance, as it
is the only dimension associated with the roughening phase transition. For the low temperature 3D
Ising model, which the (2 + 1)D SOS model approximates for large 3, rigorously establishing the
roughening phase transition is a tantalizing open problem which has seen very little progress since
being observed some 50 years ago (numerical experiments suggest it takes place at [z ~ 0.408,
compared to the critical 3D Ising temperature (. ~ 0.221). The corresponding phase transition for
the (24 1)D SOS with no floor @ (where ¢ can be negative) was rigorously confirmed as follows:
(i) (localization) for B large enough, the surface is rigid, in that Var(px) = O(1) at x in the bulk, and
furthermore |py| has an exponential tail [3]; (ii) (delocalization) for § small enough, Frohlich and
Spencer [26, 27| famously showed that Var(¢x) =< log L, just as in the case where ¢ takes values
in R. (ili) Very recently, Lammers [37] showed the phase transition in Var(py) is sharp: there
exists fr > 0 such that Var(yx) — oo for all § < B whereas it is O(1) for all 8 > (g; numerical
experiments suggest that Sz ~ 0.806. (See [37] for additional details on the recent developments in
the SOS model with no floor and related models of integer-valued height functions.)

Our setting is the low-temperature regime (/3 large), yet with the restriction that the surface
must lie above above a hard wall (the assumption ¢ > 0). Bricmont, El-Mellouki and Frohlich [4]
showed that this induces entropic repulsion, regarded as a key feature of the physics of random
surfaces: the restriction ¢ > 0 propels the surface (despite the energy cost) so as to gain entropy.
Namely, it was shown in [4] that §log L < E[py | ¢ > 0] < %logL for absolute constants ¢, C' > 0.
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F1GURE 1. Fluctuations of the SOS level lines about the flat portions of their scaling limits.
Maximal fluctuation is known to be at most L'/3+€ w.h.p., and it is believed that the distance
of the top level line from a given boundary point (e.g., the center-side) is of order L'/3,

(

The gap between these bounds was closed in [13], where it was established that Efpy | ¢ > 0] is
ﬁ log L 4+ O(1), and moreover, (1 — ez)L? sites are at such a height with high probability (w.h.p.).
The following intuition explains the height asymptotics: if the surface lies rigid about height h,
then the cost of raising every site by 1 is 45L (incurred at the sites along the boundary); the benefit
in doing so would be to gain the ability to feature spikes of depth h+ 1 (forbidden at level h due to
the restriction ¢ > 0), and as such a spike has an energetic cost of about e=*%", the entropy gain is
about H(e™%#")L? where H(:) is the Shannon entropy; the two terms are equated at h ~ ﬁ log L.

Significant progress in the understanding of the shape of the SOS surface above a hard wall was
obtained in the sequel by the same authors [14]. The height-h level lines of the surface are the loops
formed by placing dual-bonds between every pair x ~ y such that ¢, < h and ¢, > h. To account
for local thermal fluctuations, call a loop macroscopic if its length is at least (log L)?. With this
notation, (a more detailed version of) the following theorem was given in [14] (see also [12]):

Theorem ([14, Thms. 1,2,3 and Rem. 1.3]). For 8 large enough, the (24 1)D SOS model with zero
boundary conditions on a square A, = [1, L]? above the wall o > 0, satisfies the following w.h.p.:

(i) Shape: At least (1 — eg)L? of the sites x € Ar, have height ox = b*, where the random h*
is either Lﬁ log L] or Lﬁ log L] — 1. Moreover, there is a unique macroscopic loop at each

height 0,1, ...,H*, and none above height b*. Further, for a diverging sequence® of L’s, the
sequence of nested loops Lo C L1 C ..., when rescaled to [0,1]2, converges in probability in
Hausdorff distance to a deterministic limit defined by a Wulff shape W, which is the convex
body of area 1 minimizing the line integral of a surface tension 75(-) along its perimeter OW;
the scaling limit of Ly (where Ly is the top level line at height b*) is given by the union of
all possible translates of W, rescaled by an explicit radius vy, that is decreasing in k.

(ii) Fluctuations: For a diverging sequence® of L’s, the maximum displacement of the top level
line Lo from the boundary segment I x {0} for I = [egL, (1 —eg)L] is LY/3+°M) . That is, if

p(z) =max{y < L/2 : (z,y) € Lo}
is the mazimum y-coordinate of a point (x,y) visited by Ly in the bottom-half of Ar, then

max p(z) < LY/, (1.2)
for any fized € > 0, whereas for every interval I' C I of length L*/3~,
r:?eaflcﬁ(:n) > L3, (1.3)

Consider the distance of the top level line loop Ly from a point (zg,0) on the bottom boundary
of the box, where the scaling limit is flat—e.g., the center-side xyp = L/2 (see Fig. 1 for a depiction).

lNamel‘y, for any sequence of L’s where ar, the fractional part of ﬁ log L, does not converge to an explicit Ac(8).

2Namely, for any sequence of L’s such that, for the above ar’s and A.(8), one has liminf; o ar > Ae.
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The above theorem shows that p(xg) < LY/3+€ w.h.p., yet it gives no nontrivial lower bound on it.
It is believed that p(zg) should have order LY/3 (with no poly-log corrections); more precisely, one
expects p(zo) =p L'/3, where we write f <p g if f/g is uniformly tight, and f =p g if f <p g <p f.
Moreover, one expects that if one were to rescale p(z) by L'/3 along an interval of order L%/3
positioned on bottom boundary (within the flat portion of the scaling limit)—take, e.g.,

o= 1§ — L2, + L2]

for concreteness—then, after rescaling said interval by L?/3 (in the concrete example, to [—1,1]),
one would arrive at a limit law of a nontrivial diffusion, a variant of a Ferrari-Spohn diffusion [25].
(This prediction was stated here in terms of p(z), the maximal vertical displacement of Ly, so as
to be well-defined, as Ly can have many points with a given z-coordinate; the same statement is
expected to hold for p(z) measuring the minimal displacement of Ly, as defined in Theorem 1.1.)

To explain this prediction, note first that it is well-known that a Brownian excursion tilted
(penalized) by exp(—AA), where A is the area under it, has the law of a Ferrari-Spohn diffusion.
The entropic repulsion that propels the SOS level line loop £ to height h acts much like an area tilt:
if a loop has internal area S, then its probability (roughly) gains a tilt of exp(AS) for A = H(e~4%h)
as described earlier, or equivalently, a tilt of exp(—AA) where A = L? — S is the area exterior to it.
Consider £, which is at height h* — k: there \ ~ ¢ 480" k)  [~1c48k (recall h* ~ ﬁ log L), and
we see that the rescaling of p(x) by L'/ and Iy by L*? cancels the L~! factor in A and translates
into a tilt of exp(—e‘mkfl) where A is the rescaled area, as in the above continuous approximation
(see also [33, 35]). Related to this, the famous problem of establishing a Ferrari-Spohn law for the
2D Ising interface under critical prewetting (which may be seen as a version of the SOS problem
only with a single contour as opposed to clog L many) was finally settled in a recent seminal work
by Toffe, Ott, Shlosman and Velenik [30] (prior to that, the LY/3+°(1) fluctuations were established
by Velenik [40] and the tightness of the rescaled area was proved by Ganguly and Gheissari [28]).
The challenges in handling a diverging number of interacting (non-crossing) contours with distinct
area tilts (the k-th one is tilted by ~ exp(—ewkfl)) are such that the simplified problem that has
Brownian excursions with area tilts is already nontrivial; see [9, 10, 11, 16] for recent progress on it.

In accordance with this prediction for the scaling limit of L~/ 3p(z) along Iy, one expects that
both max,cy, p(x) and minges, p(z) would be of the same order as our rescaling factor L/3; i.e.,
to be precise, that max p(z) <p L'/® and that min p(z) >p L3, Our main result is the latter part
(readily implying p(zo) Zp L'/3 at any given e < zg < (1 —eg)L, e.g., the center-side zg = L/2).

Theorem 1.1. Fiz 8 large, and consider the (2 + 1)D SOS model with zero boundary conditions
on A = [1, L]? as per Eq. (1.1) above a wall ¢ > 0. Let Lo be the (w.h.p. unique) top macroscopic
level line, consider the interval Iy = [[% — L33, % + L2/3]] centered on the bottom boundary, and let

p(x) =min{y >0 : (z,y) € Lo}
denote the minimum vertical displacement of Ly from the bottom boundary at the coordinate x.

Then for every € > 0 there exists § > 0 such that for large enough L, with probability at least 1 — e,
min p(x) > § L3 (1.4)

x€lg —

As we later explain, we obtain Eq. (1.4) by moving from p(z), at a constant probability cost, to
a curve whose limit (after the same rescaling) is a Brownian excursion, yielding the L3 bound.
This refines the lower bound in Eq. (1.3) into the estimate max,cy, p(z) > mingez, p(x) Zp LY3,
Note though that one cannot replace the L'/3t°(1) in the upper bound of Eq. (1.2) by O(L1/3),
as it addresses max p(z) over all I = [egL, (1 — €g)L]. Our comparison to a Brownian excursion
implies that maxges p(x) > cLY3\/log L w.h.p.; as we later explain, Theorem 1.3 will imply that
maxze; p(v) Zp LY3(log L)?/3, its predicted order (see Remark 1.6 as well as Question 1.7).
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To derive the Brownian excursion law, we rely on the powerful Ornstein—Zernike framework as
developed by Campanino, Ioffe and Velenik [29, 6, 7, 8], that allows one to couple the interface in
hand to a directed random walk. This machinery was the key to several recent advances in the
understanding 2D Ising interfaces (e.g., [30] mentioned earlier) and Potts interfaces (e.g., [38, 31]).
In fact, the work [31], due to Ioffe, Ott, Velenik and Wachtel, is of particular interest in our setting:
there it was shown that the interface of the 2D Potts model in a box with Dobrushin’s boundary
conditions has the scaling limit of a Brownian excursion for all § > §.. As in our case, one of
the main obstacles is the interaction of the interface with the boundary, and in particular, ruling
out the scenario whereby the interface is pinned to the wall. This was achieved for the Potts
interface in [31] (and later used as an ingredient in [30]) via a direct analysis of its random cluster
counterpart, and then combined with a version of Ornstein—Zernike theory tailored to that model.

Here we instead appeal to the framework of Ioffe, Shlosman and Toninelli [32] to rule out pinning.
That approach, while valid only for large enough 5 (whereas the analysis in [30] holds for all 3 > f.),
is fairly generic, and applicable to SOS contours as part of the following family of Ising polymers
(to aid the exposition, we describe it briefly here, deferring its full definition to Sections 2.2 and 2.3).
Call a path ~ of distinct adjacent edges in (Z2)* = Z2 + (%, %) (vertices may repeat according to
a splitting rule) a polymer, or contour, if it connects the origin o* = (%, %) to a marked xy at
distance NV from o* while staying in a half-plane Hz. The model gives v a probability proportional to

) i=exp (B + XC:‘P(C;V)) ,

where the sum goes over every finite connected subset C in Z? that intersects A, the vertex
boundary of 7, and the potential function ® satisfies the following properties: (P1) ®(C;-) is local,
in the sense that it only depends on 7 through C N A,; (P2) sup, |®(C,~)| decays exponentially in
the size of C (more precisely, in the minimum size of a graph connecting its boundary edges); and
(P3) @ is invariant under translations of the form (C,v) — (C + v,y +v). The final requirement in
[32] is to have that (P4) the surface tension is symmetric: if one defines the surface tension as

T5(7) = _]\}i—r)noo % log (ZCI(’Y)) ’
v

then the function 7 — 75(i7) should have all discrete symmetries of Z2. Under these conditions, the
main result of [32] was that modifying the potential function ® into ®' along dHj; does not affect
the surface tension. That is, if we let ®'(C,~) = ®(C,~) whenever C is fully contained in Hjy, and
the modified @' still obeys the decay condition in Property (P2), then the modified 7 agrees with
the original 75. Moreover, the corresponding partition functions are comparable (see Theorem 5.1).

The main ingredient in our proof of Theorem 1.1 is the following result, which establishes a
Brownian excursion limit law for (a) Ising polymers as defined by [32] in the positive half-plane H,
and (b) Ising polymers in a box of side length N. Our proof of Part (a) hinges on the “no pinning”
main result of [32] (mentioned above) en route to refining its conclusion and deriving the limit law.
Part (b), proved similarly, may be viewed as an analogue of [31] for any Ising polymer at large £.

Theorem 1.2. Fix [ large, and consider the family of Ising polymers y (see Definitions 2.3 and 2.6)
in a domain D, where the potential function ®' is modified along its boundary 0D, and D is either
(a) the positive half-plane H with the marked end-points o* = (%, %) and Xy = (%, N — %), or
(b) a box of side length N whose bottom corners are the same marked end-points o* and xy .
There exists o > 0 such that, if 7(z) = max{y : (z,y) € v}, then ¥(|xN])/(cV/N) converges weakly
to a standard Brownian excursion on [0,1], and the same holds for v(x) = min{y : (x,y) € v}.
In particular, Part (b) applies to the SOS model 7??\’1’1’1 with no floor on a box A of side length N,
for B8 > By and boundary conditions 0 on the bottom side and 1 elsewhere: namely, the height-1

level line that connects the bottom corners of the box A has a scaling limit of a Brownian excursion.
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While Theorem 1.2 addressed level lines in the SOS model (and more generally, Ising polymers)
with no floor—whereby the scaling limit is a Brownian excursion—its application for Theorem 1.1
(addressing SOS above a floor) used the fact that in that setting the effect of the floor is uniformly
bounded. Indeed, in an L3 x L?/3 box centered on the bottom boundary, the tilting effect of the
floor on the top level line (as a Radon—Nikodym derivative) amounts to a factor of exp[cA/L|, where
A is the area under the non-tilted curve (note A <p L for a Brownian excursion on an interval of
length L2/ 3). Since, as mentioned above, a Brownian excursion tilted by an area term is known to
converge to a Ferrari-Spohn diffusion, one expects that the top level line of SOS in that box will
actually dominate a Ferrari-Spohn diffusion. This is the content of Theorem 1.3 below.

We first define the limiting object formally. Let Ai(x) denote the Airy function (of the first kind),
i.e., the solution to y”(z) = xy with the initial condition y = 0 at x = co. For A\, > 0, define
Fro() := Ai((2X0)32 + wy), where wy is the “first” zero of Ai (w; < 0 and closest to 0).% The
stationary Ferrari-Spohn diffusion we consider is the diffusion on (0, 00) with generator

/
Ly = Ly 4 Doy (1.5)
2 f)\,a
and Dirichlet boundary condition at 0.

The following result establishes that if we consider the SOS model on a K L?/% x K L?/3 box with
boundary conditions H — 1, H, H, H, where H is the typical height of the top level line (up to 1
integer), then the H-level line will converge weakly to a Ferrari-Spohn diffusion in (C[—T,T7, || |leo)
for any T' > 0. A direct consequence (via the monotonicity argument in Section 3) is a refinement of
Theorem 1.1, showing that p(x) from that theorem essentially dominates a Ferrari-Spohn diffusion
(thus p(x) >p LY/3; see Remark 1.5).

Theorem 1.3. Fiz 3 large and consider the SOS model on a KL*?® x KL?*/3 box with a floor at 0
and boundary conditions H = Lﬁ log L| everywhere except the bottom side, where they are H — 1.
Suppose that ay, the fractional part of ﬁlog L, converges to a limit, and let p(x) denote the
mazximum vertical distance of the H-level line (connecting the bottom corners of the box) from the
bottom side at horizontal location x € R. Let ¢ > 0 be the constant from Theorem 1.2, Part (b).
Then there exists X > 0 such that p(|zL*?])/(cL'/3) converges weakly as L — oo followed by
K — oo to the stationary Ferrari-Spohn diffusion on (0, 00) with generator L and Dirichlet boundary
condition at 0. The same holds for p(x), the minimum height fluctuation of the level line at x € R.

Remark 1.4. Using the same methods, a Ferrari-Spohn diffusion limit may also be derived for
Ising polymers with the appropriate area tilt. Furthermore, it is possible to take any diverging
sequence of K := K (L) € (0, L'/?0). See Theorem 7.1 for a more detailed version of Theorem 1.3.

Remark 1.5. As mentioned above, Theorem 1.2 is proved via coupling the Ising polymer to a
2D directed random walk excursion. The proof of Theorem 1.3, taking into account the floor in
the SOS model, proceeds by using the same machinery to couple the polymer to a random walk
excursion, yet this time with an area-tilt. We then appeal to the approach of [30, Section 6] for
handling the convergence of such 2D random walks to the Ferrari—-Spohn diffusion. As a byproduct
of this argument, one can read off quantitative results on the model before taking K,L — oc;
namely, the top level line of the SOS model with zero boundary conditions on Ay above a wall
dominates a random walk excursion with endpoints 0 and an area tilt on any interval of length
L%/ at distance at least egL from the box corners (a stronger result than Theorem 1.1).

Remark 1.6. Consider the aforementioned stronger version of Theorem 1.1, whereby the vertical
displacement p(z) of the top level line Ly of the SOS model, along any interval of length L2/3

bounded away from the corners, stochastically dominates a random walk with area tilt e=¢4/L.

3The function fro is the first eigenfunction of the operator L, see [33, Equation 1.18]
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Standard tools will then imply that max,es p(z) is Q(LY3(log L)*/?) for I = [esL, (1 — €g)L].

Namely, one could show, for some absolute constant ¢ > 0, a lower bound on the upper tail of

p(x0), valid for all 2o € I, a la Tracy~Widom distribution:
8, (plwo) > aL'l?) z eme”.

Considering about L'/3 such z( taken in disjoint boxes of length L?/3 each, along with monotonicity

arguments similar to those employed in Section 3 will then imply max,es p(x) 2p L'/?(log L)?/3.

It is plausible that this gives the correct order of the upper tail large deviation rate function,
and that consequently, max, p(z) =p L'/3(log L)?/3 (see, e.g., [28], where an estimate of this type
was obtained for the 2D Ising interface in critical prewetting, as well the work of Alexander [1] on
local roughness of droplet boundaries in the random cluster model).

Question 1.7. Let g € [egL, (1—eg)L]. What is the rate function a — — log 7r/0\L (p(zo) > aLl/®)?

As for lower tails, to our knowledge these are still open for the 2D Ising under critical prewetting,
where one expects the Ising interface to reach the bottom in Op(1) locations along [egL, (1 —e€g)L].
One should stress though that it is unclear that the SOS large deviations would take after the
behavior of the 2D Ising interface under prewetting—particularly for the lower tails, where in SOS
there are ©(log L) level lines below Ly, all of which must cooperate with a downward deviation.

Question 1.8. Let xg € [egL, (1 — eg)L]. What is the order of ﬂ'RL (p(z0) = 0)?

The paper is organized as follows. In Section 2, we formalize the setting of Ising polymers, as well
as the inputs we need from Ornstein—Zernike theory. We also establish that the SOS model satisfies
the required hypotheses of Ising polymers, and thus Theorem 1.2 is applicable to it. Section 3 proves
Theorem 1.1, addressing the SOS measure 7, using a monotonicity argument and the conclusion of
Theorem 1.2 on 7, the SOS measure without a floor. In Section 4, we introduce a random walk in
H that is closely related to Ising polymers, and state the key limit theorems for this random walk.
In turn, Section 5 provides the proof of Theorem 1.2 modulo these random walks results that are
deferred to Section 6. In Section 7, we prove Theorem 1.3.

2. CLUSTER EXPANSION, ISING POLYMERS, AND ORNSTEIN-ZERNIKE THEORY

In this section, we review the tools needed for our proofs—mnotably, cluster expansion, prior work
on Ising polymers, and Ornstein—Zernike theory. In several cases, we will need variants of existing
results, which are not covered by the results proved in the literature. In those cases, we provide
proofs of these analogues (either in the main text or in the appendix).

Throughout the paper, we say that an event holds with high probability (w.h.p.) if its probability
tends to 1 as the system size (typically, L or N) tends to oco. For two functions f : N — (0, 00) and
g: N — (0,00), write f ~ g to denote that limy_, f(IN)/g(N) = 1; write f < g when there exists
a constant K > 0 such that f(N) < Kg(N) for all N € N; and write f < g when f < gand g < f.

2.1. Contours and cluster expansion. A contour v is a collection of bonds (e;)/”; in the dual
lattice (Z?)*, where all bonds are distinct except possibly e; and e, may coincide, every two
consecutive edges share a vertex, and the path formed is simple except in accordance with a splitting
rule: if the pair e;,e; 1 and ej,e;j11 all intersect at a vertex x, then the two other end-points of
€i,ei+1 are on the same side of the line through x with slope 1 (from southwest to northeast), and
similarly for e;, e;41 (this is the northeast splitting rule). We call v an open contour if e1 # ey,.
In the context of the SOS model in a finite, connected A € Z? under 0 boundary conditions,
for any h, the h-level lines (recall that for any configuration ¢ and integer h, these are the bonds
dual to x ~y with ¢4 < h and ¢y > h) give rise to a collection of disjoint loops after applying the
global splitting rule. In the presence of a boundary condition & € {0, 1} consisting of a connected
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stretch of 0’s (and 1’s elsewhere), this gives rise to a unique open contour among the height-1 level
lines (accompanied by a collection of closed contours). We refer to this path as the open 1-contour.
Let A,T and AZ denote the set of sites (of Z?) immediately above and below +, respectively, and
define
Ay = A;“ UAZ.

Note that the sites in A? have height > 1, while the sites in A7 have height < 0. Each v divides
A into two regions, AT and A, where we write A7 to denote the region that contains AT as part
of its inner boundary. The next proposition addresses the law of this unique SOS open contour ~.

Proposition 2.1 ([13, Lem. A.2]). Consider the SOS model %i on any finite, connected A C Z*
and under any boundary condition § € {0,1} that induces a unique open 1-contour . Then there
exists a constant By > 0 such that for all 5 > P,

7 (7) o exp ( NS ¢(C;7)1{CCA}> , (2.1)

CNAL#D

for some “decoration functions” {¢(C,7)}ccze satisfying the following properties:
(i) If C is not connected, then ¢(C;~y) = 0.
(7i) The decoration function ¢(C;-) depends on v only through C N A,.
(iii) For allv € Z2%, $(C;) = ¢(C + v;y + V).
(iv) Letting d(C) denote the cardinality of the smallest connected set of bonds of Z2 containing
all boundary bonds of C (i.e., bonds connecting C to C°), we have the decay bound

up [6(C )| < exp (= (8 = Fo)d(C)) (2:2)

Furthermore, defining the interface partition function

GE = 3 e P Eeca 94
.

we have
Gi = 23/ 23 . (2.3)

The decoration functions come from cluster expansion applied to the partition functions in Aj
and AJ. In Appendix A, we recall cluster expansion for the SOS model and provide the proof of
Proposition 2.1, as the expression for the decoration function ¢ is needed to verify that it meets
the criteria of modified Ising polymers (Definition 2.6). In light of Property (i), from now on we
will write C to denote a connected subset (or cluster) of Z2.

Next, we recall the notion of surface tension for the SOS model.

Definition 2.2 (Dobrushin boundary conditions, surface tension). Fix @ € S! with 6z € [0,7/2),
where 67 is the angle @ makes with the positive horizontal axis. Set Ay s := [1, N] x [-M, M],
and let £(@) denote the boundary condition defined by &(i), = 0 for all v € Z? lying on or below
span(), and £(i), = 1 otherwise. The set of boundary conditions relevant to us is {(e;) and we
will denote it by 0,1,1,1 (after the values induced by £(e1) on the four sides of the box Ay ).
Define dy z := N/ cos(6z). Then the surface tension 75°°(w) is defined by

log (gw) ) . (2.4)

AN, M

75°°(d) := lim  lim —
N—o00 M—+c0 N,i

Using the symmetry of the SOS model, 75°° trivially extends to an even function on S! possessing
all lattice symmetries. Finally, 75° extends to a function on all of R? via homogeneity:

TEOS(X) =[xl TEOS( ), for all x € R2.

Tl
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The proof of the existence of 75°°(x) as well as many of its properties can be found in [20, §1-2].

2.2. The free Ising polymer model. In this section, we define the class of Ising polymer models,
as given by [32].% The reader is also referred to [20] for many useful results on such polymer models.
It will be shown that the SOS open contour from Eq. (2.1) falls in this class.

Recall that we always write C to denote a finite, connected subset of Z2. For every contour 7,
consider any decoration function ®(C;~) satisfying the following four properties:

(P1) Locality: ®(C;-) depends on « only through CNA,.

(P2) Decay: There exists some x > 1/2 such that, for all 8 > 0 sufficiently large,

Sup [2(C,7)| < exp(=xB(d(C) + 1)), (2.5)

where d(C) is defined as in Property (iv) of Proposition 2.1.

(P3) Translational symmetry: for all v € Z2, ®(C;v) = ®(C + v; 7y + V).

(P4) Symmetry of the surface tension: the surface tension 73(x) defined below in Eq. (2.8)
possesses all discrete symmetries of Z? (rotations by 7/4 and reflections w.r.t. axes and the
diagonals y = +x).

Towards specifying the probability that the model assigns to each polymer—as well as the surface
tension 73 mentioned in Property (P4)—define the free (polymer) weight via

a() =exp (= Bhl+ Y @), (2:6)
CNAL#D

where, here and throughout the article, sums over C are assumed to only go over connected subsets
C C Z2. Next, for any x € (Z?)*, consider the partition function going over all contours ~ with
start-point given by the dual origin o* := (1/2,1/2) and end-point x:
Gx):== > at).
y:0*—x
For any set of contours F, consider also the partition function going over all contours in F with
end-points 0 and x:

Gx| E):= ) a()lrem - (2.7)

y:0*—x

Lastly, define the Ising polymer surface tension 75(-) via®

. : 1 s Ll
T3(71) == A}gnoo I log G(NT) for i e S°, (2.8)
where the limit is taken over N such that N7 is in (Z?)*. By homogeneity, 75 extends to all of R?.

Definition 2.3 (Free Ising polymer). The free Ising polymer model in a subset D C R? is given
by the probability measure over contours 7y : 0* — x contained in D:

G(x|ycD,ye")
G(x|ycD)

for a partition function G as above with a decoration function ® satisfying Properties (P1) to (P4).

P*(-|yCD):= (2.9)

4The Ising polymer model in [32] had a weaker decay condition, taking d(C) in Property (P2) to be the L>°-diameter
of C, whereas our arguments require d(C) to be the minimum size of a connected set containing its boundary.

51t is common to define 75 with the 1/8 pre-factor (such was the case in [20] as well as [14]). We do not include
the pre-factor here since related Ornstein—Zernike works (e.g., [34, 30]) do not include this pre-factor, and this keeps
various definitions (e.g., W, W", P™ defined below) consistent with those works. In [32], 75 does have a 1/3 pre-factor,
though it seems to be a typo, as their inputs from the Ornstein—Zernike theory come from the aforementioned [34]
(and as such their calculations are consistent with the above definition of 753). We will prove the Ornstein—Zernike
facts we require here, to make the proof more self-contained and avoid potential consistency issues.
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Below, we list some needed properties of 75, proven in [20].

Proposition 2.4 (Surface tension properties, [20]). There exists Bo > 0 such that for all 8 > fy:

(i) the formula in Eq. (2.8) converges uniformly,
(i) the surface tension 5 : R — R? is analytic,
(iii) (Strong triangle inequality) For any two non-collinear vectors @ and v in 72, we have

T3(u) + 75(v) > 18(U+ V).

Proof. Properties (i) and (ii) follow from the combination of Theorem 4.8 and Proposition 4.12
of [20].% Lastly, Property (iii) appeared in [20, Proposition 1, Section 4.21]. O

For our main application of Theorem 1.2, the SOS model, the following result relates the surface
tension TEOS defined in Eq. (2.4) to the Ising polymer surface tension 75 defined above. We suspect it
is known, though could not find an exact reference for it, and as it follows from our other arguments
in Section 5, we include its proof in Section 5.3 for completeness.

Proposition 2.5. Fix > [y. Let q(vy) denote the free polymer weight as per Eq. (2.6) with
®(C;~y) taken to be ¢(C;~) from Proposition 2.1. Consider the Ising polymer surface tension T
corresponding to the free polymer weights q(vy) as per Eq. (2.8). For all u € R?,

757 (u) = 75(u).

Observe that the decoration function ¢(C;~) appearing in the law of the unique open 1-contour
under 7?/5\ satisfies Properties (P1) to (P4). Indeed, Proposition 2.1 states that the decoration
function ¢(C;vy) satisfies Properties (P1) to (P3). Property (P4) holds for 75°° because of the
symmetry of the SOS model, and thus for 753 thanks to Proposition 2.5.

However, the open 1-contour in the SOS model is not a free Ising polymer, due to the 1iccay
term appearing in (2.1), which introduces an interaction of v with the boundary via the decoration
function ¢. This served as one of the motivations of [32] to study modified Ising polymers—the

generalization of the free Ising polymers described above to allow domain-induced modifications on
the “free” weights (the SOS open contour does belong to that family of models: see Observation 2.7).

2.3. The modified Ising polymer model. For any D C R? and for any decoration function
®(C; ) satisfying Properties (P1) to (P4), consider any function ®p(C;~y) satisfying

(M1) ®p(C;v) = ®(C;7y) for any C C D, and

(M2) ®p(C;~y) satisfies the same decay bound in Eq. (2.5) for all C.
Call ®p(C;vy) a modified decoration function (with modifications outside of D), and define the
modified polymer weight

() =exp (= Bhl+ Y @p(Civ))

CNAL#D
as well as the partition function
Gp(x) := Z gp(y) and Gp(x|E):= Z qp(7)1{yep) for a set of contours E.
y:0* —=x,yCD y:0* —=x,yCD

Definition 2.6 (Modified Ising polymer). The modified Ising polymer in a subset D C R? is given
by the probability measure on contours 7 : 0* — x contained in D:

ph() = DEITED,

6These results are stated in [20] for the Ising polymer model G(x). The analogue of G is defined in [20, Eq. 4.3.11]
(where for us, h = 0). Though that formula involves decoration functions ® coming from the cluster expansion
of the Ising model, the results in [20, Section 4] that follow this formula only use Properties (iii) and (iv) of our
Proposition 2.1. This is stated in the final paragraph of [20, Section 4.3].

(2.10)
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where the partition function Gp is defined for a decoration function ® satisfying Properties (P1)
to (P4), and a modified decoration function ®p satisfying Properties (M1) and (M2).

Note that the SOS open contour with law %f\ given by Eq. (2.1) is of the form above, with
®(C;v) = #(C;7), D= A, and ®,(C;7) = ¢(C;v)Liccay for ¢(C; ) from Proposition 2.1 (in which
this choice of ®p(C;) clearly satisfies Properties (M1) and (M2)). Namely, the following holds:

Observation 2.7 (SOS is a modified Ising polymer). Fiz 8 > By, and consider the SOS model
%i in a finite, connected subset A C Z* and boundary condition ¢ € {0,1} that induces a unique
open 1-contour . Let A denote the region in R? enclosed by OA (i.e., the region enclosed by the
72-edges connecting the boundary vertices of A). Assume for convenience that the start-point of ~

is o, and denote its end-point by x. Then v has the Ising polymer law P;S\ defined with decoration
weights ®(C; ) == ¢(C;7) and ®x(C;v) = ¢(C;v)Liccay-

It will be very convenient to view Ising polymers as connected paths in the lattice Z? rather than
the dual lattice (Z2)* via the translation map ¢ : 0* + 0, and this is the convention we will follow
for the remainder of the article, excluding Section 3.

Let us now re-state Theorem 1.2 in the above language, which is the form in which we will prove

it (Section 5.7). For N € N, define Q := [0, N]°.
Theorem 2.8. Fiz 8 > 0 large, take D to be either H or Q, and set x := (N,0). Consider
an Ising polymer v ~ P%,(-). There exists 0 > 0 such that, if 7(z) = max{y : (z,y) € 7},
then ¥(|xN|)/(ov/N) converges weakly to a standard Brownian excursion in the Skorokhod space
(D[0,1],] - [|oo) and the same holds for y(x) = min{y : (z,y) € v}.

Remark 2.9. The variance 02 with o as in Theorem 2.8 (and by extension, the one in Theorem 1.2)
is given above Theorem 4.3. It is related to the curvature of the Wulff shape (defined in Section 2.6)
associated to the Ising polymer. See [30, Appendix B] for details.

2.4. Non-negative decoration functions and a product structure. Following [32, Section 3.1],
we employ a construction going back to [21] that allows us to consider decoration functions which
are non-negative. In this discussion, we allow for the case D = R?, in which case ®p(C;v) = ®(C;7)

and ¢p(7) = q(7)-
For a contour 7, we consider the set of (not necessarily distinct) bonds in Z? (recall we have

applied the translation map ¢ : 0 — 0*):
V., = U {bo+e,b—el.
b=(y,y+e;)€y

To be clear, b is a bond in 7, e; denotes a standard basis vector, and b + e; denotes the bond
obtained by translating b by +e;. Thus, V, contains three bonds for each bond of 7. Define

B (C7) = [CN V| e O 1 ap(Ci),
where |C NV, | is equal to the number of bonds, counted with multiplicity, in V., that C intersects:
CNVal= > (Lpnesoy + Lipreincs0} + Lip—eincoy) -
b=(y,y+ei)€y
Observe that &, > 0 by Eq. (2.5) and Property (M2). For any fixed bond b € Z2, let ¢(3) denote

the value of
c(B) = Z e~ XB(C)+1)
CCZ? ,CNnb#£D
Note that
c(f) =Y e XBlmtl) ‘{C CZ?:C>b,d(C) = m}‘ <eXP (2.11)

m>1
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where we used that [{C C (Z*)* : C 3 b,d(C) = m}| < e“™ for some ¢ > 0. (To see this, replace the
marked b € C by a marked boundary edge ey € C with the same y-coordinate (say) at the cost
of a factor of m; then, when enumerating the smallest connected set of edges of Z? containing the
marked eg and specified edges 9C, regard OC as the vertices of a 6-regular graph (whose vertices
are the Z2 bonds and two are adjacent if they share an end-point; that is, the line graph of Z?),
and recall that the number of m-vertex connected subgraphs of a graph with maximum degree A
is at most (eA)™.) Using the fact that C N A, # () implies C NV, # (), we have

Y ap(Cy) = 3cB+ Y @p(C),

CNAL#D CNV 4 #0
Thus, we have
qp(7) = exp ( —(B+3cBYN+ D (I)/D(C§7)) :
CNV,#0

Since f(B) := B + 3c¢(p) is strictly increasing for all 8 large enough, we will henceforth redefine
B = f(B) so that we may drop the laborious 3¢(3) from our weights:

a() =exp (= Bhl+ Y ¥p(Civ)). (2.12)
CNV,#0

A useful comparison to record at this stage is that, for any D C R? |

’10g qp(7)

q(v)

Remark 2.10. For any domain D C R?, the non-negative decoration functions ®'(C; ) still satisfy
Properties (P1) to (P4) above, and the modified non-negative decoration functions ®,(C;~) still
satisfy Properties (M1) and (M2).

‘ < 6e X9y, (2.13)

We next uncover the product structure of gp. Defining Wp(C,v) := (exp(®}(C;7))—1) Licnv, 20},
we may write

exp( Z CID/D(C;'}/)): H ((quIIJ(C;'Y)—l)-i-l): Z H‘I’D(Cz’§’7)a

CNVA#0 CNV,#0 c={C;} i

where the sum goes over all possible finite collections C of clusters. Given this, for any contour ~y
and any collection C of clusters, we define the animal weight qp(I") of the animal T' = [y,C] by

ap(T) = qp([7,€)) == e PP ] ¥p(C;), (2.14)
ceC
and observe
ap(7) = Y ap(T).
I'=[y,C]

The above allows us to consider the free and modified Ising polymer measures as probability mea-
sures on animals:

g(x]fyCD,FE-) _QD(x]FE-)
G(x |y c D) Gp(x)

Due to the product structure of ¢p(I'), it is often convenient to consider animals rather than

contours; indeed, we will see in Section 4.1 that the product structure begets a connection with a

random walk, which is crucial to our analysis.
When D is taken to be R?, we will omit D from the notation laid out above.

P*(-|yC D)= and  P5(): (2.15)
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2.5. Notation for Ising polymers and animals. Below, we set notation that will be used
throughout the article in the context of Ising polymers and animals. Recall that we Ising polymers
as connected paths in the lattice Z? rather than the dual lattice (Z%)* via the translation map
t : 0" — 0, and this is the convention we will follow for the remainder of the article, excluding
Section 3.

e We write Q := [0, N]%.

e For a point u € Z?, we will write u; and uy to denote the z-coordinate and y-coordinate of u
respectively.

e For a subset E C Z?, we'll write u + E to denote the translation of E by the vector defined
by u.

e For a contour v, we write || to denote the number of bonds in . We write (v(0),...,v(|v]))
to denote the ordered vertices of ~.

e For an animal I' := [y, (], we write |T'| := |y|, and X(I") := X() to denote the displacement of
~; that is, the vector in Z? given by the end-point of « minus the start-point of ~.

e For a pair of contours v := (7(0),...,v(]7|)) and v := (¥/(0),...,7'(|¥])), we define their
concatenation to be

yor = (v(0),- ., v(D, X(T) +4(0), ..., X(T) + (WD) -

Similarly, for a pair of animals I' := [y,C] and I := [/, ('], we define their concatenation to
be

TFoT":=[yoy, CUCL].

e For u,v € Z%, we write v : u — v to indicate that v(0) = u and v(|y|) = v. We write I : u — v
to indicate that I" = [, (] for some contour 7 : u — v.

e For aset D C R, wesay I' = [v,C] C D if vy as well as all clusters C € C are contained in D.

e For any D C R?, we define the set of contours

Pp(u,v) :={y:yCD,y:u—v}.

When u = 0, we will simply write Pp(v). We’ll write I' € Pp(u,v) for animals I' to mean
I’ = [v,C] for some contour v € Pp(u,v).

2.6. The Wulff Shape. Now, define the Wulff shape

W= ({heR?:h-y<3(y)},
yER?

which is clearly closed and convex (as it is the intersection of half-spaces). Observe that

W= {hERQ: > eh'yg(y)<oo}.

yEeZ2

Indeed, from Eq. (2.8), we have

log G(y) = —7(y) (1 + oy, (1)) - (2.16)

It follows that the sum in the second expression for YW converges if and only if h -y < 75(y) for all
y € Z? large, which by homogeneity and continuity of 73 is equivalent to the same holding for all
y € R2. Including the equality case h-y = 75(y) in the first expression for W is equivalent to taking
the closure of the set in the second expression.
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2.7. Cone-points, the irreducible decomposition of animals, and weight factorization.
Let us define the forward cone Y4 := {(x,y) € Z* : |y| < x} and the backward cone Y* := —Y<.
We will also need Y;* := {(z,y) € Z? : |y| < dz} for § > 0. Given a contour v and an animal
I’ = [v,C], we say that u € v is a cone-point for v if

YyCu+Y¥Uu+ T,
and we say u € vy is a cone-point for I' if
FCcu+Y>Uu+y.

Recall from Section 2.5 that the previous display means that the forward and backward cones
emanating from u fully contain v as well as all clusters C in C. Of course if u € 7 is a cone-point
for T, then u is a cone-point for v as well. Note that for any u,v € Z?, u € v + Y if and only if
veu+Y”.

If I" has two cone-points u and v, the contour part of I' between u and v as well as all associ-
ated clusters are entirely contained within the “diamond” u + Y* Nv + Y*. An animal is called
left-irreducible if it contains no cone-points and if it is entirely contained in the backwards cone
emanating from its end-point. Similarly, an animal is called right-irreducible if it contains no cone-
points and it is contained in the forward cone emanating from its start-point. An animal is called
irreducible if it is both left- and right-irreducible. We let A, Agr and A be the sets of left-irreducible,
right-irreducible and irreducible animals, respectively, with start-point at the origin.

Consider now an animal I" with at least two cone-points, and decompose it into (left-/right-)
irreducible animals as follows:

F=TWorWo...or® o (2.17)

for some n > 1, T(F) ¢ A, T®) € Ag, and T® € A for i =1,...,n. Fori € {L,1,...,n, R}, we
will write ‘ ‘

) = [4),¢;].
From the definition of a cone-point, any cluster C € C; will be such that CNV_ ) = (0 for j # 1.

Informally, this means that any cluster of I} will not be a cluster of ). Thus, the weights ¢p(T)
“factorize” into a product of the weights of the irreducible pieces:

n

aw@ =TI ¢V ¥b(Cr) = an(TP)gn @) ] ap (@) (2.18)
ie{L1,...n,R} cec, i=1

When ~ C @, note that the shape of the forward and backward cones necessitates
rWo...7M™ c [1,N —1] x (—o0, N],
so that Eq. (2.18) becomes

10(1) = 1T )ag(0) [ g(r®). (2.19)

We write Cpts(y) and Cpts(I") to denote the set of cone-points of v and the set of cone-points
of T', respectively. Let n := n(I') = |Cpts(I')| — 1 as above, so that n is equal to the number of
irreducible pieces of I'. We label the cone-points of I' by ¢M, ..., ¢+ where the ordering is
strictly increasing in the z-coordinates, i.e.,

C%z) < C{H_l) '
The set Cpts(I") therefore takes on a natural meaning as an ordered n(I')—tuple, and so we will
abuse notation and write
Cpts(I) = (¢ = (X(@®), x(CD) + x@O), ..., x@CE) + -+ XCHE)).  (2.20)

1=
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The following result of [32] states that the free weight of contours in Z? that have large length
and contain a sub-linear number of cone-points compared to the distance of the end-point is expo-
nentially small compared to G.

Lemma 2.11 ([32, Eq. (4.5)]"). Fiz any €,8 € (0,1). There exist By € (0,00), v > 0, 6 > 0, and
¢ > 0 such that the following bounds hold uniformly over > By, y € Y\ {0}, and r > 1 +e:

Gy | vl = rllyll,) < ce?Mhg(y) (2.21)
G(y | Cpts(v) < 280 llyll; ) < ce?Mag(y) (2.22)

In [32]%, it is claimed without proof that the an analogue of Lemma 2.11 also holds for animals.
For completeness, we supply the result as well as a proof below.

Proposition 2.12. For any 6 € (0,1), there exist v > 0 and ¢ > 0 such that the following bounds
hold uniformly over > By, andy € Y5*\ {0}:

Gy | Cpts(I') < dollyllr) < ce™?MhG(y),
where 8y s as in Lemma 2.11.
Proof. The idea is to show that, for a typical I' = [vy,C], many of the cone-points for « are also
cone-points for I'. We do this by showing that typically, C does not contain many clusters (more
precisely, the total d(-)-size is not too big). The result then follows from Eq. (2.22).

Our starting point is the following, which comes from Property (P2) and Remark 2.10 and states
that for some constant ¢; > 0, for all 5 > 0 sufficiently large, and for any animal [y, (],

q([7.€]) < e lexp (_CLB > d(C)> : (2.23)

ceC
Now, define the events
A={T"=[y,C]| Cpts(T") < dollyll}
B ={T' = [7,C] | Cpts(v) > 26olly[l1, [v| < L.1|ly[lr}
Then, from Egs. (2.21) and (2.22), we have
G(y[4) _6(y|A B
g(y) g(y)

Now, consider a contour 7 with at least 2dy|ly||1 cone-points and an animal I" such that I' = [y, (]
for some set of clusters C. Note that if I" has less than dg||y||1 cone-points, then the clusters of C
must intersect 7 in such a way that at least dg|ly||1 cone-points of v are not cone-points of I'. This
necessitates that the sum of d(C) over C € C exceeds dy|ly||1. Hence, we can write

GylAB) < Y > f: En: <3|]Z|> n(z > (ﬁl |Gi7n7m|>eﬁwC16m,

0=y m>dllyll, n=1k=1 n=(n1,...,ng) m=(m1,....;Mn)
[vI<1.1lyll1 ni+-4ng=nmi+--+mp=m

+O(e Pl

where: the second sum accounts for the possible values of m = )" d(C); the third sum accounts
for the possible values of n = |C| given m; the fourth sum and the binominal coefficient account for
the number of possible bonds of V., that the clusters of C intersect; the fifth sum accounts for the
number of clusters that intersect a particular bond of V, (given k and an arbitrary labeling of the
bonds by, ..., by); the sixth sum accounts for the possible d(-)-value of each of the n clusters given

"In [32], 1 + € is replaced by an unspecified constant ro; however, it is trivial to see that ro may be taken to be
arbitrarily close to 1 in [32, Lemma 4], which is the same r¢ as in [32, Eq. 4.5]. Additionally, our condition y € Y;*\ {0}
appears as x € Q4 in [32].

8See the paragraph containing equation (4.9) in [32]



ON LEVEL LINE FLUCTUATIONS OF SOS SURFACES ABOVE A WALL 15

that their total d(-)-sum is m, and where m = (my,...,my,) is ordered such that my,...,my,, rep-
resent the d(-)-values of the ny clusters intersecting by, My, 41, ..., Mn,+n, represent the d(-)-values
of the no clusters intersecting bs and so on; each G, denotes the set of all possible collections of
the n; clusters intersecting b; given the aforementioned n and m; and lastly, the exponential is the
cumulative upper bound on ¢([vy,C]) given by Eq. (2.23) (given that the cumulative d(-) is m).

Now, similar to Eq. (2.11), the number of clusters C with d(C) = r and intersecting some fixed
bond b is bounded from above by e“2”, and therefore

k
[11Ginm| < e2lmttmn) = gexm
i=1

Hence, G(y | 4, B) is upper-bounded by

m n
- 3l _
Bl c18m com
SRS VD 9 ol L) D I SIS X
70—y m>dollyll; n=1k=1 n=(n1,..,n%) m=(m1,....,mn)
[vI<1.1lyll1 ni+--t+ng=nmi+-+mp=m
< > ey e (T (0
e e
L — = k k—1)\n-1
v:0—y mz(ioHy”l n=1 k=1
[vI<1.1]lyllx
< Z e BNl Z 6—635m2m(2m_1)23|“/| < e—caBlylly Z e Bl
70—y m>dollylly 7:0—y
[vI<1.1lyllx

Finally, the non-negativity of the decorations ®" implies

0= ¥ alne)= X ep(-shl+ ¥ (Cn)z X e,

I=[y,C] 0=y CCA ~v:0—y
v:0—y CNAL#D
and thus
M < e—esBlyll ,
gly)
concluding the proof. O

Remark 2.13. Note that the proof of Proposition 2.12 is such that, for any Ising polymer model
Gp or G(- | v C D) satisfying the analogous bounds in Lemma 2.11, Proposition 2.12 follows with
G replaced by Gp or G(- f ~ C D). This is used when we prove the existence of cone-points for I' in
these models in Lemma 5.7.

2.8. Ornstein—Zernike theory and its applications. For h € R?, we define W"(-) by
Wh(T) := MXDg()
for any animal I' (not necessarily irreducible). For y # 0, define the dual parameter hy by
hy = V73(y) .

Convexity and homogeneity of 75(y) imply that hy € W (see the first definition of W).

Proposition 2.14 below, which forms the main result of the Ornstein—Zernike theory for the Ising
polymer models, was stated in [32, Thm. 5] in a slightly different setting (namely, the cones are
defined differently here), pointing to [34] as its relevant input. Indeed, one may infer this result
via an Ornstein—Zernike analysis as in [34, Sec 3.3 and 3.4], but since (a) the models considered in
that work do not include Ising polymers, and (b) our setting differs somewhat from that of [32],
we include a full proof of this proposition in Appendix B.
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Proposition 2.14. For any 6 € (0,1), there exists Sy > 0 such that for all 8 > Py and for
any y € Y\ {0}, the collection of weights WP defines a probability distribution on the set A
of irreducible animals. To emphasize that W" defines a probability distribution (on irreducible
animals), and for consistency with [32], we use the notation

PY(I) := XM g(r) = whv (D). (2.24)
Let E™ denote expectation under PY. Then
EMX(T)] = ay, (2.25)

for some constant a := a(B,y) > 0— in particular, the expectation of X(I') under P" is collinear
toy. Finally, there exists a “mass-gap” constant vy > 0 such that for all B > 0 large, y € Y5\ {0},
and k > 1,

> PY(D)Lppsay < Ce 0Pk (2.26)
TeALUAR

where C' := C(B) > 0 is a positive constant.
Note that, since hy -y = 73(y), we have the following from Eq. (2.18)

q(D) = e~ phy (D)) phy (D(R) H P (T (2.27)
for any I' with at least two cone-points. For u,v € Z? and a set of animals F, introduce

h
WvE) = > HP YTy Mooy ey (o)) Lut T oorm e 1) - (2.28)
n>1r@) Tm)eai=1

When FE is taken to be the set of all possible animals, we’ll simply write A(u,v; E) = A(u,v). Then,
for D = @ or H, Eq. (2.27) allows us to write

G(y | v € D,[Cpts(T)| > 2)
= O N phyrB) N Py @) AX(@E),y - X@THE)) . (2.29)

rea B eAg

yE) D y®cD
Note that the sum over n in (2.28) above closely resembles the probability of a random walk event.
This product structure of probability weights PP naturally leads to considering the random walk
model related to the law of Cpts(I") described in Section 4.1.

3. PROOF OF THEOREM 1.1 MODULO THEOREM 1.2

In this section, we infer Theorem 1.1 from Theorem 1.2(a). Throughout the section, let H =
Lﬁ log L]. Recall that, as per Eq. (1.4), we wish to give a lower bound on the event

— : 1/3
E = {grﬁrél}gg(w) > g LY }
The fact that the definition of p(x) pertains to the height-b* (top) level line, where h* is random
in {Hy—1,Hr} (as mentioned in the Introduction, the results of [14] determine it w.h.p. for side
lengths L outside of a critical subsequence) make this event delicate to work with. We will derive
the required lower bound on F via more tractable events, tailored to the analysis of a local rectangle
of side-length = L2/3 located at the center of the bottom side of Ap.
Let
Ro:=[& 3123 L 4 30%3] x [0,20%?],
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and let Ry C Ap be the set of x € Ay at distance at most (log L)? + 1 from Rg. For fixed § > 0,
define the horizontal line £ := Iy x {|§L'/3]}). Theorem 1.1 will follow from the next proposition:

Proposition 3.1. Fix 8 > §y. Let B, be the event that there exists a simple path in Ry of length
> (log L)? that intersects the line £, and whose sites have height > Hj, —n. Let C,, be the event
that there is no simple path in Ry of length > (log L)? whose sites have height > Hp —n+1 in R;.
Then, for every fired n > 0 and € > 0 there exists § > 0 such that W%L(Bn NCy) < € for all L large.

Proof of Theorem 1.1. Observe that
0, (B b* = Hp) <7}, (BoNCo) + o(1).

Indeed, E€ and [14, Theorem 2a] imply that the height-h* level line loop £* must encompass a path
crossing £ as in By, while Cy holds w.h.p. (also by [14, Theorem 2a]). Similarly,

™, (B b =Hy, —1) <7}, (BiNCy) +o(1),

again using that the height-h* level line loop £* must encompass a path crossing £ as in B; and
that Cy holds w.h.p. when h* = Hy — 1, by [14, Theorem 2a]. The conclusion now follows from
Proposition 3.1. U

Proof of Proposition 3.1. Fix n > 0 and € > 0. The following procedure will reveal the “outermost”
chain ¢ of Z2-connected sites of height at most Hy — n that encloses, together with the southern
boundary of Ay, the box Ry. For each site x in the north, east, and west boundaries of Ri, reveal
its Z2-connected component of sites y € Ry for which ¢y > Hp, — n. Let U denote the collection
of all revealed vertices, and let € be the exterior boundary of U contained in R;. By definition,
py < Hr, —n for all y € €. Now, let W denote the collection of sites whose exterior boundary
is formed by € and the southern boundary of A;. On the event C,,, each connected component
comprising U has diameter strictly less than (log L)?; in particular, Ry C W.

Now, condition on €, and let £(€) denote the boundary condition of W given by the heights on
¢ and the sites of height 0 on JA. From the domain Markov property, we may deduce our desired
bound W%L (B, NCy) < € if we can show

ﬂ'a(/@) (Bp) < €,

uniformly over €. Define x; := [ £ — 2L%3| and x, := x; + |4L?/3|. Using that all heights on € are
bounded by Hj — n, that all heights on 9A;, are 0 (in particular, bounded by Hy —n — 1), and
that B,, is an increasing event, we have

5 (By) < migt(B) (3.1)

where the boundary conditions legs are H;, —n — 1 on the horizontal line of sites [xg,x,] x {—1}
and Hy — n elsewhere (see Fig. 2, noting the “legs” of sites of height Hj, — n protruding inwards
from the bottom boundary of W). Thus, it suffices to show the right-hand is bounded by e.

Moving to Wil/ﬁgs has two main advantages. The first is that there exists a unique open Hy — n-
contour vy under this measure, and in particular, the sites of height > H; — n along v contain
a simple path of length larger than (log L)? (typically of order L?/®). Further, a classical Peierls
argument shows that, w.h.p. under Wll/;gs, there are no closed contours of length larger than log L.
In particular, defining

p'(z) :=min{y > 0: (z,y) € v} for z € R,

we have

T (Ba) = mp (min p? () < 6L%) + o(1). (3:2)

xelyg —
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W
Ry
01,2/3
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‘ (E:O) r
LZ/K 4]’42/3 LZ/J%

FIGURE 2. The rectangles Ry (purple) and R; (gray), and in between the region W (blue)
whose boundary conditions are raised via monotonicity to H; — n except on the segment
between x; and x,., where they are set to Hr, —n — 1.

The second advantage of moving to Wil;gs is that we may couple v under the no-floor measure
%Il/{?gs with a modified Ising polymer law in the half-space Pj; (see Definition 2.6), for which we
have Theorem 1.2. After exhibiting this in Claim 3.2, we compare %éﬁgs and W;gs via Eq. (A.8).

We begin with the argument relating ﬁé;gs to PY. From now on, we shift W to the left so that
x; = 0 and x, = [4L?/3|. Note that ~ is a contour in W with start-point o* € (Z?)* and end-point
x =%, — (1/2,1/2). We will couple stgs with the Ising polymer law P, defined using the SOS
decoration weights ®(C;v) := ¢(C;7) and ®u(C;v) := &#(C;v)Liccmy from Proposition 2.1. This
coupling is natural in light of the very far distance of ¢ from both o* and x. Define N := [4L?*/3].
Recall the set Pp(u,v) from Section 2.5. Let W denote the region in R? enclosed by W, i.e., the

region enclosed by the Z2-edges connecting the boundary vertices of W. Then v € Py (0*,x).

Lower the boundary conditions of W‘];[?gs to 0,1, 1,1 using the shift-invariance of the no-floor model.

Then Observation 2.7 states that v ~ %legs has the Ising polymer law P7;,, and the decoration
weights are defined via ®(C;) := ¢(C;7) and Py (C;7) := &(C; M) Liecmwy-

Claim 3.2. Extend ﬁé;gs to a probability measure on all contours in Py(o*,x) via wll/ﬁgs( ) =0 for
all v & Py (0*,x). For some constant C > 0 and for all B > 0 large enough, we have

~1 —-BC~IN
[P — ™l < Ce7?C .
Proof of Claim 3.2. We use the identification of the law of the contour induced by %é;gs with P,

throughout this proof.
The main input for the proof is the following: for any § € (0,1) and for all 8, N > 0 large,

max (7 (1] 2 (14 ON), Pa(] 2 (1+5)N)) < e V72, (83)

We prove Eq. (3.3) now. Using the decay of ¢(C;~) (Proposition 2.1(iv)) as in Eq. (2.11), we have
the following for any ~ : 0* — x:

ST Y Zsupr<z> )| < 3lyle =) (3.4)

CNAL#D yeA, Coy

Since || is always larger than N, we have

min (QH(X) : QW(X)) > exp ( - B+ 367(’3750))]\7) : (3.5)
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On the other hand, Eq. (3.4) implies

max (Ga(x | 7| > (1+6)N), Gy (x| |7 > (1 +O)N))

< Y exp(— (B3 E)y|) < e BTN,

yCH
V=146 N

where ¢ > 0 is a constant independent of § and N. The above two bounds yield Eq. (3.3). Note
that a consequence of (3.3) is
Tl (o (7, €) < (1= 20)N) < e PON/2, (3.6)
Now, fix any ¢ € (0,1/2). Observe that

qu(v)/aw (v) = exp ( > ¢(C;7)1{CCH\W}>
CNA~#D

For any contour v such that dp(y,&) > (1 — 26)N, we have the following for all 8 > 0 large:
Yo 16CNMecmmwy < D Y sup|p(Ci)| < [yle N,

CNAL#D yEA, Coy
where in the last inequality, ¢ > 0 is a constant independent of N and 3 large, and the bound
follows similarly to Eq. (3.4). For any |y| < (1+0)N, Eq. (3.4) yields an upper bound on Gg(x)
of exp(— (8 — 3(1 + §)e~(#=B0))N). This upper bound, the lower-bound on Gy (x) in (3.5), and the
previous display imply the following for any |y| < (1 + d)N:

~1 —c
Tt (1) - P(y)| < e,

where ¢ > 0 is a constant independent of 3 and N. Since the number of connected paths in (Z2)*
rooted at o* of length at most (1+9)N is trivially bounded 449N “the previous display along with
Eq. (3.3) imply that the total variation distance between %é;gs viewed as a probability measure on
Pr(o*,x) and P is bounded by eV, O

Now, from Eq. (A.8), we have

(n)
F%‘ng (’Y) o< 7?]1;0gs (7) exp <—)\LA(’)/) + 0(1)> , (3.7)

where A(7y) denotes the area under v in W. From Eq. (3.1) and Eq. (3.2), the claim will be proven
if we can show that for any € > 0, there exists § > 0 such that

Wt‘igs(néiln pl(x) < OLY?) < e (3.8)
x€lg—

for L sufficiently large. Theorem 1.1 and Claim 3.2 imply that, under horizontal rescaling by
Ix|; = [4L%?] and vertical rescaling by [4L%/3]'/2, 4 under TArIl/;gs converges weakly to a Brownian
excursion as L — oo. In particular, ﬁ%ﬁgs(minxe 5P (z) < SLY?) can be made arbitrarily close to

0 by taking § small enough. Letting E denote expectation with respect to 7?11,;%5, we have

" A(n)
E [ﬂ{minzgo Bv(x)<5L1/3}67TA(’Y)+0(1)}

Aln) A(w)+o<1>}

T8 (min p7(z) < 6LY3) =
xelyg— I’E|:e_

The denominator is bounded away from 0 because A is bounded for fixed 3 and the Brownian
excursion limit implies that A(v) is unlikely to be much bigger than L%/? . L'/3 = L (making the
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expectation strictly positive). Hence, since the exponential in the numerator is bounded above by
1+ 0(1), we get
T8 (min p7(z) < 6LY3) < C7E° (min p () < SLY/3)
z€lyg — zelp —
for some C depending only on 8 and L large enough. Since the right-hand side can be made
arbitrarily small by taking ¢ small enough, as discussed above, this implies Eq. (3.8), thereby
concluding the proof. O

4. THE EFFECTIVE RANDOM WALK MODEL, FREE IsiNG POLYMERS, AND LIMIT THEOREMS

The factorization of ¢(I") from (2.27) and the input from Ornstein-Zernike theory (Proposi-
tion 2.14) naturally leads one to consider the two-dimensional effective random walk defined in Sec-
tion 4.1. In that subsection, we further expose the connection between this effective random walk
and the cone-points of the free Ising polymer model in H. A key result there is Proposition 4.1,
which enables a quantitative comparison between the partition function G(x | v C H) and the
probability that the random walk stays in H. In particular, we will be able to rule out bad events
for the cone-points of the free Ising polymer in H using random walk estimates. In the next Section,
we develop comparison results between free and modified Ising polymers such that bad events for
the cone-points of modified Ising polymers can also be ruled out using random walk estimates.
Eventually, this will lead to a coupling between the cone-points of the modified Ising polymer and
our random walk.

In the rest of this Section, we develop various limit theorems for our random walk that will
be used in the analysis of (modified) Ising polymers in Section 5, culminating in the proof of
Theorem 2.8 (and thus Theorem 1.2).

4.1. The random walk model and free Ising polymers. Consider the random walk (S(7))iez-,,
whose law will be denoted by P, with i.i.d. increments {X (¢) = (X1(i), X2(i)) }i>1 of step distribu-
tion X, where for any v € Z2,

P(X =7)= > P™"(T)Lxr—s - (4.1)
T'eA

For u € Z2, we will write P, to denote the law of S(-) started from S(0) = u. From Eq. (2.25), we
have E[X] = ax, and from Eq. (2.26), we inherit exponential tail decay: for all 5 sufficiently large,
there exists a constant C’ := C’() > 0 such that for all £ > 1, we have

Y P(X =7)< e (4.2)

Te22:||7)), >k

We remark that the step-distribution of X need not be symmetric in the y-coordinate X due to
the northeast splitting rule (this is the key difference between our random walk and the random
walk considered in [31], and why we cannot use their random walk results here). Also note that
P(X € Y*) =1, and thus the z-coordinate X; > 0 a.s.

We will write H é to denote the first hitting time of a set £ C R? by a stochastic process A,
omitting the A from the notation when the stochastic process is clear. For singleton sets, we will
simply write HZ! rather than Hﬁj}. Let H_ := R xR.g. In light of the factorization (2.27), for fixed

'Y and I we will be interested in our random walk S(-) started from I'") and conditioned on
the event

{H,_xry < Hu_}.
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It will therefore be helpful to obtain an expression for P,(H, < Hy_) in terms of animal weights,
for any u,v € Z2. Towards this end, define the sets

Vi, ={(¥1,...,0) € (Z>)":n>1Lu+ T+ +Tp=v,ut+v, +---+7 € Hforall 1 <i<n}
AL, = {@W, Ty e AT > 1 (X(@TW), ., X (TM) € VLT, (4.3)

and, for a set of animals F, introduce

(u,v; E) Z Z HPhX ) ) Lro..ormery -

n>1 (F() F("))EAJC =1

When E is taken to be the set of all possible animals, we’ll simply write A (u,v; E) = A*(u,v).
Observe that

Py(Hy < Hg_) =) Z HIP = A" (u,v). (4.4)

n>1( 77777 )EVIVZ 1

In words, the above equation states that the probability of the random walk hitting v before leaving
H_ is equal to a sum over all possible products of weights of irreducible animals whose concatenation
has all cone-points in H.

Recall A(,-;-) from (2.28), and note that for any u,v € Z? and any set of animals F,

A(u,v; E) < AT (u,v; B), (4.5)

since the (only) difference between A™ (u,v; E) and A(u,v; E) is that the sum defining A(u,v; E)
restricts to tuples of irreducible animals such that the entire concatenation u +IT'(!) o ... o (™)
is contained in H, while the sum defining A" (u,v; E) requires only the cone-points to stay in
H. In particular, Cpts(I') (viewed as an ordered tuple, see Eq. (2.20)) under the conditioned law
PX(- | 'L T(F) 4 c H) and the trajectory of the random walk Px(F(L))(‘ | Hy _x )y < Hpy_ ) only
differ due to these requirements.

Ultimately, we will achieve a coupling between Cpts(I') with the trajectory of the random walk
because of an entropic repulsion result (Proposition 5.11): the cone-points of I' in the “bulk” of
the strip [0, N] x [0,00) stay far away from the boundary of H with high probability, so that the
aforementioned difference between AT and A becomes negligible. A major step towards showing
entropic repulsion is is the following crucial result from [32].°

Proposition 4.1 ([32, Theorem 7]). Recall vy from Proposition 2.1j. There exists 6 € (0,v4/4)
and By > 0 such that for all B > By, there exists a constant C := C(B) > 0 such that

sup e*SB(HUHIH‘X*VHI)]PU(HV < Hy_) < Ce™XG(x |y CH).
ux—vey
u,veH

Proposition 4.1 combined with the exponential tail decay of I'“) and T®) (2.26) (note the
significance of § < v,/4) will allow us to eliminate bad events for Cpts(I') under the free Ising
polymer law via estimates for random walks in a half-space, which are significantly easier to obtain
compared to directly analyzing the polymer law.

9The notation in [32] differs from ours: note that their quantity P™(u,v) (defined in [32, Eq. 5.10]) is exactly our
A(u,v). We have also used Egs. (4.4) and (4.5) to replace A(u,v) by Pu(H, < Hu_).
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4.2. Limit theorems for our random walk, confined to the half-space. We now state two
important limit theorems, Theorems 4.2 and 4.3, for our random walk S(-) confined to positive
half-space, though our results apply to a more general class of two-dimensional random walks. Our
random walk S(-) is on Z? and has i.i.d. increments X with mean (u,0) for some p > 0, exponential
tails, and satisfies X; > 0 a.s. Let us also write Var(X) = (0%, 03).
Let V7 denote the unique positive harmonic function for the one-dimensional random walk So
killed upon leaving (0, c0) satisfying
lim Vi(a)
a—o0 a
The uniqueness of V; was established by Doney in [22]. Similarly, let V] denote the analogous
harmonic function for the random walk —Ss.

Theorem 4.2. Fiz any A > 0 and any § € (0,1/2). Uniformly over k € [N/u—AvN, N/u+AvV/N]
and u,v € (0, N1/2_5] NN, we have the following results.
(1) There exist constants C > 0 and k := k(X) > 0 such that

=1.

Vi(u)Vi(v) (N — kp)?
]P(O,u) (S(k) = (N,’U), HH, > k) ~ CK}T <— To’%) (46)
Furthermore, if
pn,a =P (H(N,v) e[ —AVN, X+ AVN] | Hin ) < HH_)
then
lim liminfpy a4 =1. (4.7)

A—o00 N—oo

(2) Let Sy(-) denote the denote the linear interpolation of the points (n,S2(n))nen, viewed as
an element of C[0,00). The family of conditional laws

bo() = P(O’u)<(i22(3€%))te[0,1] c-|S(k)=(N,v), Hg > k)

converges as k — oo to the law of the standard Brownian excursion in C[0,1].

Next, we describe the diffusive limit of our random walk. For £,n € N and any ordered ¢-tuple
of points S in R?, enumerated as

S = ((s1(1), s2(1)), (51(2), 52(2)); - - -, (51.(£), 52(6)))
and satisfying s (i) < s1(i+ 1) for each i € [1,£ — 1], we define J,(S) to be the linear interpolation
through the diffusively-rescaled points
1 1 k

J = (—s1(4), —=s2(1 4.

n(8) 1= (i), =) (48)
where 02 := 03 /u (c.f. Remark 2.9). Consider now the linear interpolation corresponding to our
random walk S(-) up to time Hy ,):

= In ((SNS™).
C

Viewing ejs\}” as a random element of C[0, 1], Theorem 4.3 below gives a convergence result to the
Brownian excursion on [0, 1].

Theorem 4.3. Fiz any § € (0,1/2). Uniformly over u,v € (0, N'/?279 NN, we have the following.
The family of conditional laws

QY () = P(O,u)((ei}v(t))te[o,l} €-|Hyw < HH_) ,

converges weakly as N — oo to the law of the standard Brownian excursion in (C[0,1],] - |lec)-
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Theorems 4.2 and 4.3 are proved in Section 6.3. These results are modifications of a ballot-type
theorem from [17] and an invariance principle from [23], respectively. Those important results were
proved for a much broader class of random walks in very general cones; however, they were only
proved for fixed start-points and end-points. The two results below have been modified to hold
uniformly in appropriate ranges of start-points and end-points, which is crucial for our application.
We remark that [31, Section 5] states and proves results that similarly modify the results of [17]
and [23]. However, first, the random walk they consider is symmetric in the y-coordinate, which
simplifies their analysis; and second, their proofs do not always make explicit the aforementioned
uniformity, in particular for the x-coordinate of the end-point of their random walk. In Section 6,
where our random walk estimates are proved, we take care to describe explicitly how we modify
the proofs in [17] and [23] to handle uniformity in a broad range of start- and end-points.

5. PROOF OF THEOREM 1.2 VIA RANDOM WALK COUPLING

Throughout this Section, set x := x(N) = (N,0) € Z2. Recall the notation set forth in Sec-
tion 2.5.

In this section we prove Theorem 2.8, thereby proving Theorem 1.2, via a certain coupling
between Cpts(I') under the modified Ising polymer law P7%, and the effective random walk, where
D = @ or H. This is accomplished as follows.

In Section 4.1, we described the particular role played by the free Ising polymer model in the
half-space due to its direct connection with an effective random walk. It is then crucial for our
analysis to be able to compare the modified Ising polymers we are interested in with free Ising
polymers. In Section 5.1, we state our needed comparison results, Theorem 5.1 (the main theorem
of [32]) and Proposition 5.2, the latter being an extension of the former that allows us to handle the
D = @ case. The key consequence of these comparisons is that contour events of small probability
in one model are still small in the other model (Corollary 5.3).

In Section 5.2, we prove Proposition 5.2, showing along the way that I' under the modified
Ising polymer law in D typically has many cone-points (Lemma 5.7). In Section 5.3, we prove
Proposition 2.5 in a similar way to Proposition 5.2.

In Section 5.4, we show that each (left /right-)irreducible piece ') has size bounded by (log N)?,
ie{L,1,...,n, R}, wh.p. under P%,.

In Section 5.5, we show the key result enabling a coupling between Cpts(I') and the effective
random walk, Proposition 5.11. This result, which is an expression of entropic repulsion, states
that, with high P%}-probability, each cone-point of I' stays above height N 9 in the large interval
[N4 N — N%] for any § € (0,1/4). This is achieved via Corollary 5.3, which reduces the result to
the result in the free polymer model; and Proposition 4.1, which will allow us to reduce the result
to an entropic repulsion result for the random walk conditioned to stay in H.

The entropic repulsion, the shape of the cones Y% and }™, and the bound |[T®)| < (log N)?
implies that the entire animal stays bounded away from OHl, the boundary of the half-plane, in the
strip [N4, N — N%] x [0,00). The first consequence of this is that the weight modifications play
no role in this strip; that is, for each cluster C of T in this strip, we have ®p(C;~y) = ®(C;~). Thus,
the portion of I' contained in this strip behaves like a free Ising polymer, which can be related to
the random walk. The second consequence is that the requirement that + stays in D in this strip
becomes trivial. In particular, following the discussion after Eq. (4.5), we will be able to couple the
cone-points of I' in this strip with an effective random walk. This is achieved in Section 5.6.

Theorem 2.8 is finally proved in Section 5.7.

5.1. Comparing Ising polymers with modified and unmodified weights. We begin with
the main theorem of [32], which states that the partition functions of the Ising polymers in H, with
and without modifications, are equivalent up to a S-dependent constant.
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Theorem 5.1 ([32, Theorem 1]). For all B > 0 large enough, we have

1
T3(x) = — lim —log Gu(x) . (5.1
s(x) = — lim_ ™ ) )
In fact, there exist constants C1 := C1(5),C := Ca(B) > 0 such that for all 5 large enough,
CiG(x |y CH) <Gu(x) <CoG(x|vyCH). (5.2)

Though we only consider H in this article, [32, Theorem 1] is stated more generally for half-spaces
whose interior normal has argument lying in [—7/4, 37 /4].
The next proposition can be seen as an extension of Theorem 5.1 to address polymers in Q).

Proposition 5.2. For all § > 0 sufficiently large, there exists a constant C := C(f) > 0 such that
for any N € N,

CG(x[yCH) <G(x|yCQ) <CG(x|yCH), (5.3)
and
07 G(x | 7 € Q) < Golx) < CG(x | 7 € Q). (5.4)

The proof of Proposition 5.2 is given in Section 5.2.
One can readily imply from Egs. (5.2) and (5.4) the following, relating P*(- | v C D) and P%,,
exactly as [32] derived its analogue from Eq. (5.2) (see the discussion below Eq. (2.7) in that paper):

Corollary 5.3. Let D = H or Q. There exists a constant C := C(3) > 0 such that for any set of
contours A contained in D,

PH(A) <C\/PX(A|yC D) and P*A|vyCD)<C\/P5HA).

For instance, if Yy 1= 3 cqy. 49 ®p(C;y) — @'(C;) and E[] denotes expectation under P*(- |
v C D), then E[e¥"] is just Gp(x)/G(x | v C D), and therefore P%,(A) = E[1 4¢¥7]/E[e¥]. Notice
C~! < El[e¥] < C by Eq. (5.2) (for D = H) and Eq. (5.4) (for D = Q). By Cauchy-Schwarz,

P%(A) < C/PX(A |~y C D)/E[e?¥], and the last expectation is uniformly bounded (as E[e?Y7] =
Gp(x)/G(x | v C D), where Gp(x) is defined w.r.t. ®,(C;7) := 28/, (C; ) — ¥'(C;7)).

A particular consequence of Corollary 5.3 is that contour events that hold with probability
tending to 1 in the unmodified models (which are much easier to study) still hold with probability
tending to 1 in the modified models. The most significant application of this fact is in the proof of
entropic repulsion under P¥)(-) (Proposition 5.11), which, as explained at the start of this Section,
is a crucial step towards the random walk coupling achieved in Section 5.6.

Remark 5.4. In Corollary 5.3, we specified that the event A should be a set of contours. The
reason this was emphasized is that in Eq. (2.15) we extended the measure P, from contours to
animals, but Corollary 5.3 does not hold for general animal events A. Indeed, it is not true that
small animal events in one model stay small in another model, as the ratio |¢(I")/gp(T")| is not
bounded away from 0 nor oo (as there are no such bounds on [®(,(C;v)[/|®'(C;7)| in the generality
of weight modifications that we must consider).

5.2. Proof of Proposition 5.2. We will need two auxiliary lemmas. The first, Lemma 5.5, states
that in any model where at least two cone-points exist, the partition function is dominated by
animals whose first (left) and last (right) irreducible pieces have size of order 1.

Lemma 5.5. Let D be either Q or H. For any € € (0,1), there exists K. := K g > 0 such that
Gp(x | [Cpts(D)] = 2, max(ITE|, TH]) > K,) < Gr(x) (5.5)
and
G(x |y c D, |Cpts(T)| > 2, max(|[TD), TPy > K,) < eG(x | v C H). (5.6)
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Remark 5.6. Observe that once Proposition 5.2 is proved, the domain H in the right-hand side
of Egs. (5.5) and (5.6) may be replaced by D, for D either @ or H.

The second auxiliary result, Lemma 5.7, extends Lemma 2.11, and thus Proposition 2.12 thanks
to Remark 2.13, to the modified models on @ and H.

Lemma 5.7. Let D be either Q or H. Fix any €,d € (0,
and vg > 0 such that for all 8 > By, there exists C' =
uniformly over all N € N andr > 1+ €:

Go(x| vl = rx],) < CemPrHlhigp(x) (5.7)

Gp(x | Cpts(v) < 28 ||x||;) < Ce "0FIXILGp (x) (5.8)

In particular, there exists v > 0 such that for all f > By, there exists C := C(B) > 0 such that the
following holds uniformly over all N € N:

Gp(x | Cpts(T) < dolx|l1) < Ce "PIMhgh(x). (5.9)

We postpone the proof of Lemma 5.5 to the end of the subsection. We prove Proposition 5.2
and Lemma 5.7 in tandem, proceeding as follows:

1). There exist positive constants By, do,
C(B) > 0 such that the following hold

(a) We begin by proving Lemma 5.7 for D = H.
(b) We then prove the first part of Proposition 5.2 (Eq. (5.3)), as well as its analog for Gy, i.e.,

C'Gu(x) < Gu(x| v C Q) < CGu(x). (5.10)

(¢) These results are then used to prove Lemma 5.7 for D = Q.
(d) Finally, we prove Eq. (5.4), thereby completing the proof of Proposition 5.2.

Proof of Part (a). Recall Lemma 2.11, which states that the analogous bounds to Eq. (5.7) and
Eq. (5.8) hold for G(x). Eq. (5.1) implies that log G(x) and log G(x | v C H) have the same leading
order, and thus, for some 1, € (0, 1g], we have

Gix |y CH, Iyl =7 xlly) <G| Iyl = rlxll) < Ce Mg x|y c H), and
G(x | v CH, Cpts(y) < 20 IIx||;) < G(x | Cpts(y) < 280 |Ix||, ) < Ce0PIXLG(x | v c H).
Eq. (5.7) and Eq. (5.8) for D = H now follow from Corollary 5.3, and (5.9) from Remark 2.13. O

Proof of Part (b). The upper-bounds in both Egs. (5.3) and (5.10) hold with C' =1, since ) C H.

We now show the lower bound for Eq. (5.10). The lower bound in Eq. (5.3) is obtained simply
by replacing g with ¢ in what follows. By Lemmas 5.5 and 5.7 (for D = H), we have the following:
for any € € (0,1), there exists K := K(f3,¢) > 0 such that for ||x||; large,

(1= e)Gu(x) < Gux | [Cpts(D)] = do x|, , max(ITH], 1)) < k), (5.11)

Now, using the weight factorization of ¢g(I') in Eq. (2.18), we may express the right-hand-side of
the above (for N = [|x||; > 2/dp) as

> > @) @)y o <k

) eAL r® €AR
B CH () CH

n
> 2 Mm@ oo artiepaxw®)axemyy
n>do||x|l1 T ,... T eA i=1

For any u € Y4, let 4(5)(u) denote an arbitrary up-right path from 0 to u, and let v (u) denote
an arbitrary down-right path from x — u to x (if one exists). Since the backwards cone of I'“) must
contain the origin and the forwards cone of x — '™ must contain x, it follows that

FPXIB)) 091009 07X M) € Q
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for any collection {F(L),F(l), . ,F(m),F(R)} contributing to a nonzero term in the second-to-last
display. In particular, for any ') € Al and I'") € Ag such that {|T®)], %] < K}, we have

QH(’Y(L) (X(F(L))))QH('Y(R) (X(F(R)))) Z Z H QH(F(i)):ﬂ-{F(l)O...OF(m) EPH(X(F(L)),X—X(F(R>))}
m2>17@0) | Tm)epi=1

<Gulx|yCQ). (5.12)

Since g (I'") < g (v (X)) and g (D) < g (v (X)), it follows from the last three
displays that the right-hand side of Eq. (5.11) is bounded above by

qu(T") g (D)
Q% qH<fy<L><><<r<L>>>>”'““'SK}) (F%A qu<R><x<r<R>>>>“'”“'SK})QH(X v

v B cH (B CH

(% eﬁHu\th(u))QgH(x v CQ).

ueZ?:||ulL <K
The pre-factor in the last display is a constant depending only K := K (8, €), finishing the proof. [
Proof of Part (c¢). In Part (a), we proved Egs. (5.7) and (5.8) for D = H. Bounding below the

left-hand sides of these equations by adding the restriction v C @, and giving an upper bound on
the right-hand sides by using Eq. (5.10) to replace Gu(x) by CGu(x | v C Q) yields the same results

for Gy (x | v CQ,):

Gu(x |7 C @, Il = L1|x[l;) < Ce Mgy (x |y C Q), and (5.13)
Gis(x |4 € Q, Cpts() < 2o x]l,) < Ce P Geg(x | 7 € Q) (5.14)
uniformly in § large enough and x. Similar to Eq. (2.13), we have
log B | < Ge=xBy (5.15)
9Q(7)
Eq. (5.7) and Eq. (5.8) for D = @ are then simple consequences of Egs. (5.13) to (5.15). Once
again, Eq. (5.9) for D = @ follows by Remark 2.13. O

Proof of Part (d). Let us start by proving the upper bound in Eq. (5.4). As in Eq. (5.11), Lem-
mas 5.5 and 5.7 (now for D = Q) yield the following for any € € (0,1), some K := K(8,¢) > 0, and
all ||x||1 large enough:

Gox) < eGex(x) + G (x | |Cpts(T)| = dox|11, max(IT®)],[TW)) < K). (5.16)

The first term on the right-hand side, eGg(x), may be bounded by Co(8)G(x | v C Q) via Egs. (5.2)
and (5.3). We now follow the proof of Part (b) to bound the second term: using the factoriza-
tion Eq. (2.19) of qo(I'), expanding the right-hand side as in Part (b), and replacing 'Y and
%) by cluster-less up-right paths v (X(I'5))) and v (X(I'(H))), we obtain an upper bound by
C1Gu(x | v C @), which by Egs. (5.2) and (5.3) is bounded above by C1G(x | v C Q).

For the lower bound in Eq. (5.4), start instead from G(x | ¥ C Q). Bound it from above by
C2G(x | v C H) using Eq. (5.3), and bound the latter by C5Gm(x) using Eq. (5.2). Now, use the
inequality in Eq. (5.11), expand the right-hand side exactly as in the proceeding display, and again
replace I'®) and T® by cluster-less, up-right paths. Observe that the bound in Eq. (5.12) holds
with the right-hand side replaced with Gg(x), since all animals on the left-hand side are contained
in @ (and therefore the gy-weights of these animals are equal to the gg-weights). Following the
remainder of the proof of Part (b), we obtain the lower bound in Eq. (5.4). O
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Proof of Lemma 5.5. For any u,v € Z? and for any set of animals E, define the partition functions

Gp(u—=v):= > gp(y) and Gp(u—v|E):= > ). (5.17)
’YV:UC_)EV rePp(uv)NE

We begin with three estimates pertaining to Gp(u — v).
First, we have the analogue of Eq. (2.26) for the modified animal weights: for all 5 > 0 sufficiently
large, there exists a constant ¢ := ¢/(8) > 0 such that for all k, N > 1,

Z ehx'x(r)qD(F)l{‘mzk} < devabk (5.18)
TeALUAR

This is proved at the end of Appendix B.
Next, below Theorem 3 of [32], it is noted that Eq. (5.2) in the current article actually holds if
the end-points of the contour are not on the line OH; that is, for any u,v € H, we have

Ci(B)G(u—v |~y CH) <Guu—v)<Cy(B)G(u—v|yCH). (5.19)

Similarly, in Sections 4.1 and 4.2 of [32], it is shown that contours with linear size and many
cone-points dominate G(x | v C H), and the arguments there yield that the same is true when
the end-points of the contour are not on OHj; that is, for any fixed € € (0, 1), there exist constants
d9, v, ¢ > 0 such that the following bounds hold uniformly over § > 0 sufficiently large, over u,v € H
satisfying v € u + V' \ {0}, and over r > 1 + ¢

Gu—v|ycH, |y >r|v—ul) <ce PN Uhgu —v|ycH).
and
G(u—v |y CH, |Cpts(y)| < 280[v—ul1) < ce VPIV-uligu — v | v CH).
As a consequence of Remark 2.13, we have many cone-points for animals I as well:
G(u—v |y CH,|Cpts(D)| < dollv—ull1) < ce PN lhigu - v |y c H). (5.20)

Now, towards Eq. (5.5), we only show Gp(x | |Cpts(T)| > 2, TH)| > K.) < eGp(x), as the
analogous bound with T®) instead of I'®) follows via the same argument. We begin by using
Egs. (2.18) and (2.19) to obtain the expansion

Go(x | [Cpts(D)| = 2, 1P| > K)

= > > o@INgrwpsr, 2 QD(F(R))(Z > ﬁQH(T(i)D.

ue)y< rep, r'®eag n>1 r, . rmep =1
x=veEYI p(L) ey (u) IR ePp(vx) (Mool Py (u,v)
(5.21)

The above double sum over n and irreducible animals is bounded by G (u — v), which by Eq. (5.19)
is bounded by C5(8)G(u — v | v C H). It then suffices to show

Glu—v|yCH)< C’ehx'(”“*")ﬁﬁ(”””1+HX*VH1)Q(X | v CH). (5.22)

where C' := C(f) > 0 is a constant and § is as in Proposition 4.1. Indeed, substituting the bound in
Eq. (5.22) into Eq. (5.21), using the exponential tail from Eq. (5.18), and recalling 6 < v,/4 yields

Gp(x | [Cpts(D)| > 2, [TD)| > K,) < C'e™ 27KG(x | y C H).

By Theorem 5.1, the right-hand side above is bounded by €Gp(x) for K. := K, 3 > 0 large enough.
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To show Eq. (5.22), we use the existence of cone-points Eq. (5.20) (for which we write a 14 o(1),
where the o(1) term vanishes as ||[v—ul|; tends to infinity) and the weight factorization in Eq. (2.27):

g(u—>v|7CH>

<(140(1) Y S q@E)r®) T » Hq N o oreep(u v}

veut+Y* 1@ y—u'eAl n21p@) | rm)epi=1
x—v=V'EVIP(R).y/yepg
= (1+o(1))e Pt {~ S PP @) AW, V)

u €u+y‘ D u—su’eAl
vV EVI (R vepg

< (14 0(1))eM UG (x | v € H)

><( Z Z PhX(F(L))gﬁHu’Hl)( Z Z Phx(F(R))egﬁllx_V/”l)

veut YU r)u—u’ e, x—v—Vv' €YU (B) .y 4veAg

<(1+ O(1))6hx-(U+X—V)+56(IIUII1+HX—VII1)g(x | v C H)
) (30 B (TE)FIXCENY (5 phe ) STl

r(LeA, (7 eAg

In the second-to-last line we used Egs. (4.4) and (4.5) and then Proposition 4.1 to bound the A(u’, V')
term, as well as hy - x = 7g(x). In the third-line, we used the triangle inequality. Equation (5.22)
then follows from the exponential tails of T(%) and T in Eq. (2.26), again recalling § < v,/4. This
yields Eq. (5.5). The proof of Eq. (5.6) is identical: just replace the left-hand side of Eq. (5.21) by
G(x | |Cpts(I)| > 2,[TH)| > K.,y C D), and then replace all modified weights gp by g. O

5.3. Proof of Proposition 2.5. Fix a direction @ € S9!, and let t (%) := (N,yy) € Z? denote
the lattice point whose z-coordinate is equal to N and is on or below the line span(«). Let o* :=
(1/2,1/2) be the origin of the dual lattice (Z?)*, and define xx (@) := t (@) + (—1/2,1/2) € (Z*)*.
Then we have the formula

1
1508 (7 I .
78 (u) ]\;gnoo ]\/}13100 ] HX ( )H log gIN,M (XN(U)) )

where Zy pr denotes the strip [0, N] x [-M, M]. [20, Theorem 4.16] implies that the surface tension
75 is equal to the surface tension of the model in Zy s with the same (free) weights (), that is:'°

_, 1 »
T3(0) = A}E)noo A}gnoo AT @l log G(xn (@) | v C Znmr)-

Thus, the proof will be finished if we can compare to exponential order the partition function with

modified weights Gz, ,, (x (%)) and the partition function with free weights G(xn (@) | v C Zn ).
The proof of this comparison is extremely similar to the proof of Eq. (5.4) above, though much
simpler, and so it is omitted for brevity’s sake.'! O

101t is well-known that this result of [20] contains a mistake, corrected in the appendix of [32]. However, the
mistake has to do with a part of the result that is irrelevant to us, namely, a part that claims an unchanged surface
tension even after modification of the decoration functions ®(C;I"). In our application of [20, Theorem 4.16], we are
not making any modifications to the decoration functions.

HA crucial input for the proof of Eq. (5.4) was Proposition 2.12, which we proved using Lemma 2.11, cited from
the paper of [32]. Note [32] was written for Ising polymers, so in particular, Property (P4) of the surface tension
is always assumed in that paper. However, we use Proposition 2.5 in order to prove Property (P4) of 73, so this
might appear to be circular reasoning. However, Lemma 2.11 is proved in [32] (Eq. (4.5) there) without assuming
Property (P4), so there is no issue in using it. No other results from [32] are needed for the proof of Proposition 2.5.



ON LEVEL LINE FLUCTUATIONS OF SOS SURFACES ABOVE A WALL 29

5.4. Boundedness of the irreducible pieces. The main result of this subsection is Proposi-
tion 5.8, which states that each irreducible piece of I' has size bounded by (log N)? with high
P}, (-)—probability.

When I has at least two cone-points, recall from Eq. (2.17) that we write r@, ..., 7™ to denote
the irreducible components of I', where n := |Cpts(I")| — 1.

Proposition 5.8. For D =Q or D =H,
P% ({|Cpts(T)| > 2}, {Fi e {L,1,...,|Cpts(T)| — 1, R} : [TD| > (log N)?}) = o(1) .

We will need the following two results on the asymptotic size of the partition functions of interest.
Recall the notation for asymptotic relations set out at the start of Section 2.

Lemma 5.9. There exists some C := C(3) >0
G(x) < Ce ™™, (5.23)
Proof. Similar to Eq. (2.29), we have from Eq. (4.4)
eTB(X)Q(x | |Cpts(T)| > 2) Z Z ]P’hx L) PhX(F(R))PX(F(L))(H X(r)) < 00)
F<L)€AL (B ecAg
reay "B cAg

The above summations are finite by Claim B.1. The Lemma then follows from Eq. (2.22). O

We remark that a precise first-order asymptotic for G(x) is given in [20, Equation 4.12.3]. The
asymptotic can be proved by showing IP’X(F(L))(HFX(F(R)) < 00) is of order |x|~1/2 via random walk
estimates, similar to the proof of Theorem 4.2.

Lemma 5.10. We have
G(x |y CH) Z e PHINT32, (5.24)
where the implied constant depends on (3.

Proof. Ttem (1) of Theorem 4.2 shows that for any positive, fixed v and v in N (independent of N),
we have

Vi(u)V{(v)
P(O,u) (H(NN) < HH_) ~ CK/W .

The lower-bound of Eq. (5.24) then follows immediately from Proposition 4.1 and Eq. (5.25). O

(5.25)

It is not too hard to show a matching upper-bound, so that G(x | vy CH)<e ™ () N—3/2, Again,
we do not pursue this here as the lower-bound suffices.

Proof of Proposition 5.8. Define the set of animals
PPN K) := {T € Pp(x) : |Cpts(T)| > 2, max(ITF)], 1)) < K, [T < 1.1x|l,}.  (5.26)
In Lemmas 5.5 and 5.7 and Remark 5.6, it was shown that this set of animals dominates P}, i.e.,

lim lim P% (PP (2, K)) = 1.

K—o00 N—oo

Therefore, in light of Lemma 5.10, the proof of Proposition 5.8 will be complete upon showing
Gp (x | PR (x, K), {31 < i < [Cpts(T)| — 1: [PD] > (log N)?}) = o(e #™INTH/2)  (5.27)

for any fixed K.
Define the sets of animals

A|_7K = {FEAL: ‘F’ <K} and AR,K = {FEAR: |F| <K}. (5.28)
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Using the factorization of weights (Eq. (2.18), and Eq. (2.19) for D = @), we have
Gp(x | PRI (x, K), {31 < i < |Cpts(I)| = 1: [1@] > (log N)*})
= > ap(T'V)) > gp(IT'H) > > 11 qu ()

rDep Ir'®eAg n>1 1(1)  T(MeA =1
+BeD 4B D

X Lip(on.on(mePy(X(00) x=X ()} L {31 <k < D) 10 N)2)

< Y o@®) > gp@®)

IMeA k IMeAg x
HBCD AR ED
X > Gu(XTP) = u)Gu(v = x—XTD)) 3 qu(D) e og )2} -
ueX (M) 4y« TeANPy(u,v)

VEX—X(F(R>)+‘)}>
For any a,b € H, Eqgs. (5.19) and (5.23) along with the trivial bound G(a = b | v C H) < G(b—a).
implies Gg(a — b) < Ce™(=2) for some constant C' := C(8) > 0. Define the weights Wi(I') :=
M XD gy (I'), under which T’ has exponential tails by Eq. (5.18). Then
G (x | PR (x, K, {31 < i < |Cpts(T)] — 1+ [T > (log N)?})

< C? Z qD(F(L))eTB(X(F(L))) Z qD(I‘(R))eTB(X(F(R)))
reA k B e k
~+IcD ~BcD

hy—y
X > ( > Wi (F)1{|F|zaogzv>2})
uex(r(L>)+y< reA
VEX—X(F(R))—F)/’

X exp ( — ﬁ(rg (X(TE)) + 75(u = X(TE)) + 75(v — u) 4 75(x = X(DE)) —v) + 75 (X(I‘(R)))» .
The exponential tails in Eq. (5.18) implies both

Z qD(F(L))eTB(X(F(L))) and Z qD(F(R))eTB(X(F(R)))

reA k I eAg
~L)eD +yBcD

are bounded by a constant C'xr > 0, while
N W (D) Ly tog avy2y < e 0P 00BN
T'eA

These bounds, the strong triangle inequality (Proposition 2.4), and the fact that there are at most
|04+ Y*Nx+Y* NZ2% < (N +1)? possible values for u and for v yield

Go(x | {31 < i < [Cpts(D)| =1« [PD| > (logN)?}) < Cje(N + 1)t oAloa M) e=ms00

for some constant C, > 0. Thus, we have Eq. (5.27), finishing the proof. O

5.5. Entropic repulsion of the animal. Fix any ¢ € (0,1/4), and define the rectangles R (9) :=
[N N — N4 x [0,2N%] and R(8) := [N*, N — N49] x [0, N%]. The main result in this subsection
is the entropic repulsion result Proposition 5.11, which states that, under P%,(-), the cone-points
of " do not intersect 2(d) with probability tending to 1 as N — oo.

Proposition 5.11. Let D =Q or D =H. For any ¢ € (0,1/4),
A}im P (Cpts(T) NR(0) #0) =0.
—00
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From the shape of Y and the (log N)? bound on each |I'®| (Proposition 5.8), Proposition 5.11
is enough to deduce that, with high P’,-probability, the entire animal (contour and clusters) stays
away from OH in a slightly shorter rectangle (5.31). We will use this fact in the following subsection
to couple Cpts(I") with the random walk. We begin with an analogous result in the free Ising polymer
case, where we can exploit the connection with the random walk and associated estimates, a la
Proposition 4.1.

Lemma 5.12. Let D =Q or D =H. For any J € (0,1/8),
lim P*(TNR()#0|ycD)=0.
N—oo
Proof. In light of Proposition 5.8 and the shape of Y<, it suffices to show that the cone-points of
I" avoid the larger rectangle 2R(d) with high probability, i.e.,
A}im P*(Es |y C D) =0, where Es := {Cpts(I') N Ro(d) # 0} .
—00

Recall Pf)p’len(x, K) from (5.26), and observe that Lemmas 5.5 and 5.7 and Remark 5.6 imply
lim lim P* (PCp’len (x,K)|ycD)=1.

K—o00 N—oo

From the previous two displays, the proof of the Lemma will be complete upon showing

lim lim PX(P®'"(x, K), E, D) = 2
dim lim (P (x, 5|vyCcD)=0. (5.29)

Now, fix K > 1 and N large compared to K. Recall the sets A i and Ag g from (5.28). Using
Eq. (2.29), we have

PX (PP (x, K), Es | v C D)

<1 me T OEr®) Y (@) AX(TW),x - X(T®R); By)
g(x | v - D) F(L)EAL,K F(R)EARﬁK
BeD AR

Using Eq. (5.3), Eq. (4.5) and Proposition 4.1, we may bound from above the right-hand side of

the previous display
ctoy Phx (D)) BBIXT )] 3 Phx(r<R))e3ﬁHX<r(R>>u1“‘”(X(F(L))’X—X<F(R))%E6)

Py (Hy_x(rwy > Hu_)

reA k IrMeAg x
YD 4 ReD
=t S PRI BIXEED S phe(p(R)) SEIXTD
F<L)€AL7K F(R)EAR,K
¥cD +cD
X Pyrwy (3 < H,_yrooy = S1(i) € [N, N = N*¥], Sy(i) € [0,2N°] | H, yrryy < Hu_). (5.30)

The ballot-type result Theorem 4.2(1) and standard random walk estimates yield
lim Py pw)y (3 < H gy S1(i) € [N*, N = N*], Sy(i) € [0,2N°] | H,_ypwy < Hu ) =0
N—o00

uniformly over r& e AL ik and r® e AR, x. On the other hand, the exponential tails in Eq. (2.26)
and the relation 46 < v, yield

C—1< Z Phx(F(L))GS,B”x(r(m)Hl)( Z PhX(F(R))egﬁHX(F(R))||1) < k.
F(L)GAL,K F<R)€AR,K
7 PcQ +fcQ

for some constant Cx := Ck g > 0. Taking the limit as IV, then K — oo in (5.30) yields (5.29). [
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Proof of Proposition 5.11. Lemma 5.12 and Corollary 5.3 imply that v under P%,(-) stays above
M(9). Of course, all cone-points of I" lie on v, so we are done. O

5.6. Coupling with the effective random walk. Let D = Q or D = H, and fix § € (0,1/8).
The entropic repulsion result, Proposition 5.11, sets the stage for a coupling between the cone-
points of I' lying in the strip Syus y_yas = [N N — N%] x [0,00) and the random walk S(-)
defined in Section 4.1. Before defining this coupling explicitly, we set up some notation.

For u,v € Z?, define

Ph..(u,v)

= {r € Pp(u,v) : [Cpts(D)| > 2 IT®| < (log N)?, Cpts(T') NR(5) = @} :

, max
i€{L,1,...,|Cpts(T')|—1,R}

where, as usual, we write 73?)7*(x) = 773*(0,x). Observe that the last two conditions in the
definition, along with the shape of Y%, ensure that

I'N ([N N - N9 x [0,N?]) =0 for all T € P}, 5(u,v), (5.31)

where the intersection pertains to both contour and clusters of I'. From Lemma 5.7 and Proposi-
tions 5.8 and 5.11, we know that

P} (Ph.(x) =1+0(1). (5.32)
Define the measure

() = PH( [ Ph(x)).
ForT € 73?7?*, let ¢(™) and ¢®*) denote the left-most and right-most cone-points of I in S N46 N_N43,
respectively. Note that, since I' € 77,%’*, we have

¢ e (N9 N 4+ (log N)?| x [N?, N*(log N)?] (5.33)
and
(R e [N = N¥ — (log N)2, N — N¥] x (N?, N¥(log N)?] . (5.34)

Let T(L%) ¢ ng*(O,C(L*)) denote the portion of I' connecting 0 to (™) (including all clusters
connected to 4(1*)). Similarly, define T'(R*) ¢ P%’*(((R*),x) as the portion of I' connecting (g« to x,
and define I'* € 73?)7*@("*), ¢(R%)) as the portion of I' connecting (. to (g so that

Note that I'* is a concatenation of irreducible animals, each of which are completely contained in
Q@ by (5.31). Therefore, from (2.18), we have

qp(T) = gp(T))g(T*)gp(TF)) .
Crucially, the gp-weight of I'* is equal to its (free) g-weight.
For any fixed Z(L*) and Z(R*) satisfying (5.33) and (5.34) respectively, and for any fixed animals
) € PD(O,Z(L*)) and T € PD(Z(R*),X), consider the measure

—(L*) =(R=) —(Lx —(Rx*
PS¢ ()= Py (| T =T pRe — TRy (5.35)

which describes the conditional law of I'* and defines a probability measure on the following set of
animals:

A /=(L*) —=(R=x = =(n «  =(L*
Pt C®)) = TWo 0T e Py,

,Z(R*)) :neN, T € A for each i € [1,n]}.
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=(L*) =(Rx)

e

Note that, for fixed Z(L*) and Z( , the choice of I™) and TR does not change PC In
particular, we have the formula
Z(L*),Z(R*) B
Pp.” (BE)= > q(I)/ > q(I'). (5.36)
reEnPpaE e rery3 @)

Again, note that only the free weight appears in the above formula.
Lastly, for any ¢ > 0, define the half-space H. := {(x,y) € R? : y > c}.

Proposition 5.13. Let D = Q or D = H. There exists vy > 0 such that for all N € N, for all

8 > 0 sufficiently large, and for all Z(L*) and Z(R*) satisfying (5.33) and (5.34) respectively, if we
let T = HZ(R*) and view Cpts(I'*) as an ordered tuple (see Eq. (2.20)),

—=(L*) =(Rx) " T _ 2

[P (Cpts(r) € ) - P (s)iye-|T<H,) \TV < Cer2BlogN)

for some constant C := C () > 0.

Proof. Fix Z(L*) and Z(R*) satisfying (5.33) and (5.34) respectively. Recall V|, from (4.3), and let

_ N Lx
Vi g = {010 a) €V e i 2 1 [l < wgwdamuf>+§: > N° vk € [1,n]}
’ ’ i=1

Al o = (@ T e an: n>1, (x@), L x([@™) e Vi s} -

¢ ¢

Note that the sets A% 2 Z(R) and PD 5(C(L* ,Z ) are in bijection with one another, since for any
(T (1) F(n)) € A’ 20 2R the animal T o -+ o T is in PB/}(Z(L*),Z(R*)). This observation
along with (2.27) y1elds the following

Y )= @) 2 [ @)

L* R >1 1 n 1
repss @ c™) mELE ))eAé(L*> (R*)’

(L*)

N (G - ()
= (T D> 2 [I( > »a )ﬂmf‘%:m)

n>1 (61,‘..,Un)€V;<L*> (o) =1 Fp

_ ehx.(E(L*)_i_x_E(R*)) Z Z H P(S(1) = ;)
> G i—1

Z(L) | =(Re)
_ e (@4 T) Pooo (). (5.37)
where we define the random walk event
E5 = {HE(R*) < HHNa LIS+ 1) = S(0)]]1 < (logN) Vi € [O,HZ(M — 1]}

A nearly identical calculation but for the numerator of the right-hand side of (5.36) yields the
following: for any n > 1 and for any (v1,...,7,) € (Z*)",

n—1
T o, T T 5. T)
=1

Lx R*
4( )7C( )

P, (Cpts(f) = (Z

(L*)

k
k) L*) *
=P_ (L*) (H Ry =N+ 1, S( Z vk € [1, n] | E(S)]l{(ﬁl,...,ﬁn)evz(l_*) Z(R*)} .
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_ —(Lx) =(Rx) H_(r«)
Thus, the law of Cpts(I') under PCD . < is equal to the law of (Si)i:COR under IP)Z@*)(- | E).

Now, observe that Theorem 4.2 along with shift-invariance of the random walk (to shift the walk

downwards by N°) give the following estimate, which holds uniformly over our ranges of Z(L*)
=(R#)
and ¢ :

PE(L*) (HE(R*) < HHNL;) < HH_) e N73/2,

= Penr_ o w0y g )
Exponential tails of the random walk increments (4.2) and the above estimate then imply that

P (B3 | Hymoy < Hpgp) 21~ CevPllogN)? (5.38)

for some constant v > 0 independent of 3, and a constant C' := C() > 0, finishing the proof. [

5.7. Proof of Theorem 2.8. We sce from the shape of the cone Y and the restriction on ||
that for all ' € Py, 5(x),

1 _ 2(log N)?
—— max z)—v(x) < ———.
= max 7(0) — 2(0)] < 2B
In addition to (5.32), this tells us that it suffices to show Jn(Cpts(I')) under P%, () converges
weakly to a Brownian excursion. Now, we have the following on Ph.s:

sup{y : Iz € Z s.t. (z,y) € Y}, sup{y: Iz € Zs.t. (z,y) € yFI} < N¥logN)?  (5.39)

as well as the bounds in Eqs. (5.33) and (5.34). These bounds imply that T™*) and T(R*) do not
impact the diffusive scaling limit of Cpts(T"). Thus, recalling the linear interpolation Jy from (4.8),
Lx) =(Rx)

¢

=(
it suffices to show Jn(Cpts(I'*)) under law P% () converges weakly to a Brownian excursion,

uniformly in Z(L*) and Z(R*) satisfying (5.33) and (5.34). But this is an immediate consequence of
Proposition 5.13, the shift invariance of the random walk, and Theorem 4.3.
This concludes the proof of Theorem 2.8, and hence also Theorem 1.2. O

6. RANDOM WALKS IN A HALF-SPACE

This section is devoted to the proofs of Theorems 4.2 and 4.3 via the analysis of random walks
in a half-space.

As mentioned after Theorem 4.3, we seek to extend many of the results from [17] and [23]. These
papers are written for random walks whose coordinates are uncorrelated. Though S(-) may not
have this property, we can obtain such a random walk by rotating— this is done in Section 6.3.

As such, we must consider random walks in general half-spaces. Throughout the rest of this
section, fix a unit vector 7 € S!, and consider the half-space through the origin with inward normal
7, and call this space H; C R2. Let 7i+ € S! be a unit vector orthogonal to 7 (the choice between
7i and —7i does not matter). We will think of our random walk in terms of coordinates with respect
to 7 and 7+ instead of e; and ep. Let S(-) denote a general 2D random walk with step distribution
X = (X1, Xs) such that EX = 0, CovX = Id, and P(|X| > m) < cie~®™ for some constants
c1,¢c2 > 0 and for all m > 1. Additionally, we impose a lattice assumption: assume that X takes
values on a lattice £ that is a non-degenerate linear transformation of Z2, and that the distribution
of X is strongly aperiodic; that is, for each u € £, £ is the smallest subgroup of Z? containing

{v:v=u+w for some w such that P(X =w) >0 }.

The theory of random walks confined to a half-space is intimately related to the theory of
harmonic functions for processes killed upon exiting a half-space, and so we recall the relevant facts
from this theory before proceeding.
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6.1. Harmonic functions for processes in a half-space. The study of Markov processes con-
ditioned to stay in a domain is intimately related to the study of their corresponding positive
harmonic functions. Our domain of interest is a relatively simple one, the half-space Hjy, and we
are concerned with the harmonic functions of the Brownian motion and of the random walk S(-)
killed upon exit from Hs.

The harmonic function of the Brownian motion killed at dHj is given by the minimal (up to a
constant), strictly positive harmonic function on Hj with zero boundary conditions. For us, such
functions take a very explicit form. Consider the rotation that sends 77 — es, and thus Hjy to H.
This is a conformal mapping that induces a bijection between positive harmonic functions in H
that vanish on OH to positive harmonic functions in Hj; that vanish on OHj. Since'? every such
harmonic function in H takes the form h(v) = cv - eq, for some constant ¢ > 0, it follows that every
harmonic h function in Hjy takes the form h(v) = cv - 7i. In particular, the harmonic function only
depends on the projection of v onto 7i. In what follows, we take ¢ = 1 and define

u(v) :=v-m.
We refer to [15] for a general discussion of the harmonic function of the Brownian motion in cones.
One of the many achievements of [17] is the construction of a positive harmonic function V' for
a wide class of random walks S(-) killed upon exit from K, i.e., V solves the equation®®
E,[V(S(1)),Hge > 1] =V (v), forve K,
where K is an element of a wide class of cones.* Many of their limit theorems that we wish to
extend were stated in terms of V. The function V was constructed as
V(v) = Jim Ey[h(S(n)), Hxe > n],

where h is a choice of the harmonic function for Brownian motion killed at K. For K := Hy_,
h := u, and sowe see
V(v) =Vi(v-7i), for all ve Hy, (6.1)
where V; = Vlﬁ is the unique positive harmonic function for the one-dimensional random walk
7 - S(-) killed at leaving (0, c0) satisfying
Vi
lim i(e)

a—o00

=1.

The uniqueness of V7, as well as an exact formula for Vi, was established by Doney in [22].

6.2. Limit theorems for general random walks in a half-space. The following two results,
Propositions 6.1 and 6.2, are modifications of a ballot-type theorem from [17] and an invariance
principle from [23], respectively. We’ll write ¢(+) to denote the standard Brownian excursion on [0, 1].

Proposition 6.1 (Modification of [17, Theorem 6]). Fiz any A > 0 and ¢ € (0,1/2). Then there
exists a constant C1 > 0 such that, uniformly over sequences ay, by and uy satisfying

ar € [-AVE, AVE], % —ae[-AA], byu e (0,kY27°, and {upii, apitt + by} C L
(6.2)

we have
!
b
VAV s

e : (6.3)

Poyi(S(k) = axit™ + byt , HE > k) ~ C
12gee, e.g., [2, Theorem 7.22].
1310 [17] and [23], the authors consider random walks (S.) from So = 0, and study the law of (v + S.) for v € K.
In particular, they write 7, to the hitting time HIS(C under law P,.
Hgee also [18], where such a harmonic function was constructed for a more general class of cones; as well as [19],
which addressed a more general class of random walks.
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where V] is the positive harmonic function for —ii - So(-) killed upon leaving (0, 00).

Proposition 6.2 (Modification of [23, Theorem 6]). Fiz any d € (0,1/2). Uniformly over sequences
ap € [~AVE,AVE]  and  by,up € (0,kY%7°]  and  {wfl, apiit + by} C L, (6.4)

the family of conditional laws

B i - S([tk))
Qﬁk,ak,bk(') = P ((\/E)te[o,l]

converge as k — oo to the law of ¢(-) in the Skorokhod space (D[0,1], || - |loc)-

€| S(k) = apitt + byt , Hy _ > k)

For the next result, let S. denote a two-dimensional random walk with step distribution X =
(X1, X2) satisfying the same lattice, covariance, and tail decay assumptions as X, but with mean
EX = piit for some p > 0.

Proposition 6.3. Fiz any § € (0,1/2). There exists a constant C' := C'(X) > 0 such that,
uniformly over u,v € (0, N'/279) and {uit, Ni* + vii} C L, we have

Vi(u)Vi(v)

S S
P, (HNﬁL s < HH%) ~ O (6.5)
where V| denotes the harmonic function for —ii - Sa(-) killed upon leaving (0,0).
Furthermore, if
PN.A = Pus (H]%ﬁl_l,_vﬁ € [N/lu’ - A\/N’ N/}L + A\/N] ’ H]%fﬁl-t,-yﬁ < H]I-S]Lﬁ)
then
lim lim inf =1. .
AT P 00

Propositions 6.1 to 6.3 will be proved in Section 6.5. Note that when 7 = ey (so Hzi = H),
Proposition 6.3 reduces to [31, Theorem 5.1].

6.3. Proof of Theorems 4.2 and 4.3. Recall that the random walk S(-) is a two-dimensional
random walk whose step distribution X = (X7, X3) satisfies E[X] = (u,0), for some p > 0, and
exponential tail decay for |X|. Recall 02 := Var(X;) and 03 := Var(Xa).

Proof of Theorem 4.2. Theorem 4.2 follows from Propositions 6.1 to 6.3 by linearly transforming
the random walk S(-) to satisfy the hypotheses of these results. We demonstrate this explicitly for
item (2) of Theorem 4.2; the proof of item (1) follows readily.

Following from [17, Example 2], we derive the aforementioned linear transformation, . Consider
the re-centered, normalized random walk

o= (75 2)(50-1(4))

This is a random walk with increments X := (X1, X») of mean 0 such that, for some p € (0, 1),

we have C' := Cov X = EX X! = <; ?) Let C = ODO?. Since C is a covariance matrix, it is

positive semi-definite; however, if C' had 0 as an eigenvalue, then that would imply the random
walk lives on a line, which we know is not true as X can be e or e; 4+ ey with positive probability.
So, C' is positive-definite. Consider the transformation matrix M := O*v/D~10. Then

Cov(MX) =E[MXX'M']=1d.

To be explicit, straight-forward calculations reveal that if § € [—7, 7] solves sin20 = p, then we

may take
M= 1 (COSQ —sin«9> ’

V1—p2 \—sinf cosd
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though we will not need this explicit form.
Now, observe that 7 := M ~ley has norm 1 (explicitly, 7 = (sin#,cos#)). Using the fact that
M~ is symmetric and 7 is outward normal to MH_ = H_j,

(Hy >k} ={elS(i) >0, Vie[0,k]} ={elS(>) >0, Viec0,k]} = {M§ i)- M ey >0, Vi€ [0,k]}
= {H{> >k},

In what follows, we write M (a,b) to denote the matrix applied to the vector ae; + bey. Then for
any measurable set B,

P (S() € B| S(k) = (N,v), B > k)

=Plg ooty (5( ) €B — k(u,0) | 5(k (N-’W, L), HS > k)

o1

o1 70'72

= Paso (M§( ) € M(B — k(u, 0 y MS(k) = M(Nhwe vy gMS k) (6.7)

Let us now check the hypotheses of Proposition 6.2. Take 7i* := Me;/|[Me1|. Note that i+ spans
OH_5 and 7 is the inward normal of MH = Hjy. MS(-) is a random walk on the lattice £ generated
by ||Me1| 7+ and Mey, the latter of which can be expressed as

eM!Mey ., . elCles |

Mey = (Mey - )at +ii= 2 —"“pt+i=""_"gliq.
[[Me| [ Me|

Thus, for any x,y € R,

r+yebC ey ”
[ Me|

For any k € [N/u— AV N, N/u+ AV/NJ, for A arbitrarily large (but fixed with respect to N), and

for any u,v € [1, N'/27%] we see that

upit ;= M(0,u)  and  agit’ + byil := M(SHE )

o1 o2

M(z,y) = +yii.

satisfies Eq. (6.2). With the hypotheses of Proposition 6.2 satisfied, it follows from Eq. (6.7) and
05'S9(:) =S(-) -eg = MS(-) - M tey = MS(-) - 71
that item (2) of Theorem 4.2 is an immediate consequence of Proposition 6.2. U
We now use Theorem 4.2 to prove the Brownian excursion limit.
Proof of Theorem 4.3. Due to Eq. (4.7), it suffices to show that, for each fixed k, uniformly in the
number of steps k € [N/u — AV'N, Nu+ Av/N], the family of conditional laws

NEC) =Py ((57(8) yepoy €+ | S(R) = (N, 0) , k < HE )

converges as k — oo to the law of the standard Brownian excursion on [0,1]. We begin with
Claim 6.4, which localizes the z-coordinate S (j) to an interval of size o(N), for j € [0, k], and allows
us to compare the linear interpolation ¢>? with the linear interpolation in item (2) of Theorem 4.2.

Claim 6.4. For any n > 0, uniformly over u and v as in the theorem statement, we have

N 1/24n _ S _
Am Py )(jgl[gi] S1(J) —wj| > N | S(k) = (N,v), k < H]HI_) =1. (6.8)

Proof. In light of the bound on P(q,,)(S(k) = (N,v), k < Hg, ) provided by Eq. (4.6), it suffices to
show

P()( max |Sl — pj| > N1/2+") = o(N73/%). (6.9)
jEO,N
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This follows from a union bound over j, the exponential tail bound on the steps of Si(:) from
Eq. (4.2), and Hoeffding’s inequality:

P()( max} ‘Sl(]) — M]’ > N1/2+77) < N max PO(’SI(]) _,UJ’ > N1/2+n)

jelo.N JEON]
< N max ]Po(|51(j) - Mj| > ]\/‘1/2+177 max |S(Z) —S(i+ 1)‘ < (logN)2> + o/ N2e—vaB(log N)2
j€[0,N] 1€[0,5—1]
2
< ONETTRMT 4 N2evaB10 N _ o(N—3/2) 0

Note that Theorem 4.2(2) and Claim 6.4 are the equivalents of Equations (76) and (77) of [31]
for our random walk. We therefore finish the proof of our Theorem 4.3 exactly as in the proof of
[31, Theorem 5.3]. O

6.4. Uniform estimates for the random walk in a half-space. Before proving Propositions 6.1
to 6.3, we need to modify several key estimates of [17] to address the range of parameters in
Egs. (6.2) and (6.4). In what follows, we will repeatedly refer back to [17], explaining how their
arguments can be adapted to give the desired uniformity. When stating or citing the results of [17]
and [23], we will for the most part use their notation, pointing out any discrepancies explicitly.

6.4.1. Needed inputs. The results of [17] are often stated in terms of the dimension d and a positive
constant p, where p is related to the asymptotic behavior of the relevant harmonic function in the
cone. For us, d =2 and p = 1.

Our first input is an extension of [17, Equation 7], which gives a tail estimate on the hitting time
of H_ﬁ.

Proposition 6.5 (Modification of [17, Equation 7]). Fiz any ¢ € (0,1/2). The following estimate
holds uniformly over all aj, € R and by, € (0,k'/?79] such that aii™ + byl € L:

Py it (Hu > k) ~ &V (be) k™2 (6.10)

Proof. Eq. (6.10), for a; := a and by := b fixed, is proved in [17] as an immediate consequence of
the lemmas of [17, Sections 3 and 4]. Of these, only [17, Lemma 21] is insufficient for the uniformity
that we require.!® That is, we must show that for all € > 0 sufficiently small,

Eakﬁi-erkﬁ [U(S(Vk))vHﬁfﬁ > Vi, Vi < kl_e] = V(akﬁJ— + bkﬁ)(l + 0(1)) )

where v, is defined as the first hitting time of k'/27¢7 + Hj and o(1) — 0 as k — oo uniformly over
the ranges of interest for a; and bg. Uniformity in aj is trivial. Uniformity of by was proven in
[31, Section 5.6] (see their equation 60, and recall that u(S(vy)) = S(vg) -7 and V(apiit + byii) =
Vi(bg)). Thus, the proof of [17, Equation 7] given at the end of [17, Section 4] extends to prove our
proposition. ]

Proposition 6.6 (Modification of [17, Theorem 3]). Uniformly over sequences ay, and by, satisfying
Eq. (6.2), the family of measures

Pakﬁi-+bkﬁ(5(\|—/tgj)

€| Hf > k)

converges weakly as k — oo to the probability measure on Hy with density Ho(y - ﬁ)e*”“m*y"Qﬂdy,
where Hy > 0 is the normalizing constant.

151t may appear that the constant C(z) in [17, Lemma 16] also poses an issue for uniformity, but here C(z) can
be taken to be C(¢) for € in that lemma, as a consequence of [17, Lemma 14] in our special case of u(v) := v - 7.
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Proof. Let B denote a measurable subset of K. Theorem 3 of [17] gives us

: S([tk]) R— _
klgﬁop(ﬁ € B—ait" | H | > k) = Hy /BML

A simple continuity argument then yields

(y-m)e W 2dy = HO/ (y-m)elom —v*/2qy.
B

1 .
lim P(S(Ltkj) —i—\;lgn + b1l

as well. This concludes the proof. ([l

€ B | Hﬁiﬁ > k:) = Ho/ (y - ﬁ)e_‘aﬁL_yP/Qdy
B

k—o0

Proposition 6.7 (Modification of [17, Theorem 5]). Recall Hy from Proposition 6.6. Then uni-
formly over sequences ay and by, satisfying FEq. (6.2),

k3/2

— P - = =0. 6.11
Vl(bk> apfL+bgn ( )

lim sup sup
k—oo yEHﬁ

S(k) =y, HS > k) — rHyY "l e—lavEit—y| /2
(() y H_z ) 0\@

Proof of Proposition 6.7. Below, we adapt the proof of Theorem 5 given in [17, Section 6.2], begin-
ning as in [17] by splitting K := Hj into three parts:

KW= {y € Hy : |yl| > RV}
K@ = {y eHy:|lyll < Rvn,y-ii < 2¢y/n}
K® . ={yeH;:|y| <RVk,y it >2Vk},

for some R > 0 and € > 0. Below, we let C' > 0 denote a constant independent of k, y, R, and €
that may change from line to line. Since

lim lim  sup e~ llavkit—yl?/2k _

y-n
R—00 e—0 yEK(l)UK(2) \/E

Proposition 6.7 will be proved if we can show
k3/2

lim lim li P, ., (S(k)=y,Hs >k)=0 6.12
A BP0 e e et (50 = Ml = (012

and
k3/2 y il flart—y|?
2k

limlimsup sup |———P, 71.47(S(k) =y, Hu_, > k) — RHOW(B

=0. 6.13
=0 koo yeK®) m(bk) ( )

We begin with the more complicated Eq. (6.13).
Set m := |€3k]. Our starting point is [17, Equation 82], reproduced below:
]P)akﬁi-l—bkﬁ(s(k) =Y, Hg_ﬁ > k)
= ZPakﬁL_i_bkﬁ(Sn,m =z, Hﬁiﬁ >k—m)P,(Sm =y, Hﬁfﬁ >m). (6.14)

Let Hg)(y) ={z € Hy : ||z—y|| < eVk}. Then we may follow the computations in [17, Equa-
tions 83, 84] exactly, yielding a constant a > 0 such that the following inequalities hold uniformly
in ay, by and y such that y - @ > 2evk:
k3/2
Vi (bk)

S Puitin(Skem =2, Hi  >k—m)P.(Spm =y, Hi _>m) < Ce e ¢ (6.15)
2€Hz\HS (y)
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and
k3/2
Vi(br)

Py, ittt (Shem =2, Hf >k —m)P,(Sm =y, Hi _<k) < Ce e c. (6.16)
2€H) (y)

Both right-hand sides go to 0 as e — 0, and so we turn our attention to the following expression:

SV = > Puaiipa(Sk-m =2, Hi  >k—m)P:(Sm=y).
zeH (y)

7

Equation 85 of [17] also holds uniformly over ay, by, and y - i > 2ev/k, except that there should
be a V(x) factor in the big-Oh expression of Equation 85, where for us x := apfit + byii and so
V(x) = Vi(b).10 Altogether, we find

- Vilbe) 3 _q/e
Y(y) = (27ke®) IPakﬁlerkﬁ(HIﬁ% >k—m)Xi(y) + O( I::fS/Q)E Se=a/ ) , (6.17)
where
lly—z/1%
El(y) = Z Pakﬁierkﬁ(Sk—m =z | Hﬁ,ﬁ >k — m)e_ y263k .
ZEHS)(y)

From Proposition 6.6 and a compactness argument, we have

limsup sup |Xi(y

k—oo yeK®)

(r-me

)~ Ho | it =P /21— -y /VRI26 g | .
[(1—e3)1/2r—y/VE| <e

We can follow the steps up to the display before [17, Equation 86], appealing this time to the

uniform continuity of (r- ﬁJ-)e_Haﬁl_rHQ/2 (instead of the function u(r)e‘”’"”2/2 as in [17]), to obtain

-7 _ Jait—y|?
Si(y) — HoXome™ o

Vk

Combining the above with Eq. (6.17) and applying Proposition 6.5, we find

=o(e%).

limsup sup
k—oo yeK(®3)

k3/2
T 2y) — kHo

Vi () =0

N y -7 _lleit—y|?
lim limsup sup —e 2k
€0 koo yeK®) vk

Combining this with Egs. (6.15) and (6.16) yields Eq. (6.13).

The modifications of [17, Section 6.2] required to obtain Eq. (6.12) are much simpler than those
needed to obtain Eq. (6.13). Equation (6.12) follows very similarly to the proofs of Equations 77
and 81 in [17], and so we just highlight the main differences. The main technical modification
comes from the following, which adapts their Lemmas 27 and 28:

P (S(k) = ait™ + bii, Hi > k) < C(1+ Vi(w)n > AC1+ Vi(u)(1+Vi(b))n 2, (6.18)
for all w,a,b > 0. Indeed, note that Proposition 6.5 gives the bound
Pyt sop (i, > k) < C(L+ Va(bp)) k™2

Then the proofs of Lemmas 27 and 28 of [17] can be repeated to yield Eq. (6.18) (in particular, the
C(x) in Lemma 27 can be expressed as CV;(x- 1), and the C(x,y) in Lemma 28 can be expressed as
CVi(x-nm)Vi(y-1)). So all C'(x) terms from the proofs of [17, Equations 77, 81] should be replaced
by Vi(bg), after which one finds that their work up to [17, Equation 81] yields Eq. (6.12). O

16The Vi (by) factor comes from an application of Proposition 6.5 in the second line of [17, Equation 85]. This
term was dropped in [17] because they consider x fixed, and so Vi(by) is order 1.
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6.5. Proofs of Propositions 6.1 to 6.3.

Proof of Proposition 6.1. In what follows, all estimates will be uniform over ay, by, and uy, satisfying
Eq. (6.2).

We begin by following the proof given in [17, Section 6.3]. In particular, we also set m = | (1—t)k]|
for some t € (0,1) and write the decomposition

Poi(S(h) = axit™ + byt , HE > k)

= Z ]P’Ukﬁ(S(k —m) =z, Hﬁiﬁ >k — m)Pakﬁlebkﬁ(S'(m) =z, Hﬁ:ﬁ > m) , (6.19)
zeHy

where S’ is distributed as —S. Letting x := w7 and y := aii+ + b7, and recalling Eq. (6.18) as the
needed modification of Lemmas 27 and 28 of [17], we can follow the proof given in [17, Section 6.3]
up to their equation (89) to find

o Vi(ug) V(b)Y _
dm i () R =0,
where
SiRE) = Y Pua(Sk—m) =z, HE > k—m)Py (S (m) =2, HY > m).

z€Hy:|z|>RVE

We are now in a position to apply Proposition 6.7 to the remainder term

So(Rk) = Y Pukﬁ<5(k —m)=z, HS >k~ m)PakﬁL+bkﬁ(s'(m) =z, Hf > m)
z€H;:||z||<RVE

H22Vy (u) Vi (b z-7 z-7 z|? aVkit — z|?
_ How"Va(ug) Vi (b) > ( )(( )ex(l\ | |>

(t(1 — 1))/ Vik 1— 1)k S 2tk 2(1-t)k

z€Hy:|lz| <RVE
+0(V1 (uk)vl(bk)k:72)

_ HEK*V (ug) Va(bi) ey z-7 z-7 (z-7)? (z- At — tavk)?

E ?t(l—t))ghk?’ ot G ) B )

21 — t)k 21 — 1)k
2€Hy: 2] <RVE (1—1) (1—1)

—I—O(Vl (uk)V'(bk)k‘_Q) .

Note that, compared to the first display after equation (89) of [17], the only different terms are those
involving a and the little-oh terms: this is a consequence of the modifications in our Proposition 6.7
compared to their Theorem 5. From here, we can follow their proof step-by-step until the end,
yielding Eq. (6.3). O

Proof of Proposition 6.2. We begin by showing convergence of the finite-dimensional distributions.
For this, it is enough to consider sequences ay, € [—AvVE, AVk] such that az/vE — a, and show
that for any a € [—A, A], the finite-dimensional distributions converge to the same limit (as then
every subsequence has a further subsequence converging to the same distribution).

We proceed by following the arguments as in [23, Section 4], making adaptions as necessary. We

begin with [23, Equation 40], which states that for any ¢ € [0,1) and B € o({Si(Z),z' < kt}), we have
Pu(B | S(k) = agii* + byt , HE > k) = E[n{})

Ug,ak bk

(t, Xed)1p | HE , > kt|, (6.20)
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where Xy, := S(|tk])/Vk and

Py (Hu_ . > k)P m(Sa—ne = axiit + bpit, Hy > (1 —t)k
A f( (1-t) i )

Uk, bk

Py (S() = auiit + by, HS > k)
From Propositions 6.1 and 6.5, we have
Py (Ha_, > kt) 1—1/2a%/2

N 3/2
}P’ukﬁ(S(k:) = apiit + by, H > k) CrrV] (bg)

Now, let S’(+) denote the random walk whose increments are independent copies of —X. Considering
the walk S(-) in reversed time, we have

Poyi(S((1 = k) = agit™ + byit, HE > (1 - k)
= Pyt (S((1=t)k) =wVk, HE > (1-1)k).
Applying Proposition 6.7 yields

(1 _ t)3/2k3/2
Vi (br)

lim sup sup PW\/E<S(1—t)k =yt + b, Hﬁiﬁ > (1-— t)k)

k—oo weHy

H W - ﬁ ‘ag«(Jl‘:tV;‘Q . O
— K 0(1 _t)1/2e
uniformly over a; and bg. Altogether, we find
k
Py (W) = (L+ 0(1))h(a,t,w)
uniformly over w € Hg,
Hy, 1 9 _ lwa? w-7it?2  aw- At ta?
hia,t,w) == —t"2(1 -1 -m)e 20-0 — — )
(@t w) = 72 (1L =87 (w-i)e exp ( 2(1—1) ~ 1—¢ 2(1—t))

Recall D|0,t] the space of cadlag functions from [0,¢] to R. For any bounded and continuous
functional ¢; : D[0,t] - R, Eq. (6.20) gives us

Euyit[g¢(X, - 71) | S(k) = apiit + byt Hy > k]
= (14 0(1)Eyyit[g¢(Xe,. - )h(a,t, Xuy) | HE > kt], (6.21)

where we have used that for fixed a and t, h(a,t,w) is uniformly bounded in w. Applying the
convergence result [23, Theorem 2] (see also Remark 1 in [23]), we find

lim By, 700Xk, - 7) | S(k) = apiit + byii, Hg__ > K]

k—o0

— E[gt(t%mﬂﬁ -ﬁ)h(a,t,tl/QSﬁHﬁ(l))} . (6.22)

where (M, (5))sep,1) denotes the Brownian meander in Hj started from the origin. Recall that
My, (s) = Wit +M,ii, where (W) se[o,1] is a standard one-dimensional Brownian motion, (Ms)se(o 1]
is a standard one-dimensional Brownian meander, and W, and M. are independent processes. Then
the expectation over W. factors out of the right-hand side of Eq. (6.22) as follows:

Hy ¢y |2 N2 a\/i ta2

E[a“ a t)_%Mleimgt(th)]E[eXp ( T 1o N 2(1 — t)ﬂ ’
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where N/ ~ N(0,1). That second expectation evaluates to /1 —t (in particular, there is no
dependence on a in the above expression). So, letting Cy := Hy/C}, we’ve found

. R 1 . S _3 _M 1/2
lim By algi (X, - 7) | S(k) = apit + byt HY > K] = E[Ca(1 — )72 My 2070 g,(¢/°M)]
oo

Thus, for every fixed ¢ < 1, we have shown convergence in distribution on DJ0,¢] for every fixed
t < 1 to the same limit for every a. This in particular implies convergence of all finite dimensional
distributions to the same limit for every a, as well as tightness on [0,1 — ¢], for any § € (0,1).
Tightness on [1 — §, 1] follows by applying the exact same arguments for the random walk reversed
in time, just as in the end of [23, Section 4].

Thus, we have the convergence of the family of laws QF

U@,k
that of the standard Brownian excursion by taking S(i) := Sy (i) + S2(i)#, where S1(-) and Sa(+)
are independent simple symmetric random walks on Z. [l

The limit may be identified as

Proof of Proposition 6.3. Following the proof of Theorem 5.1 in [31] until their Equation 59 yields
equation Eq. (6.6). Equation (6.5) is then an immediate consequence of Proposition 6.1. O

7. PROOF OF THEOREM 1.3

This section is dedicated to the proof of Theorem 1.3. We prove a slightly more detailed result
below. Recall the generator L of the relevant Ferrari-Spohn diffusion defined in Eq. (1.5).

Theorem 7.1. Fiz an integer n > 0. Suppose that ay,, the fractional part of ﬁ log L, converges to
some limit a, and let X > 0 denote the L — oo limit of A" (L) 1= cooe®PL (1 — e=*#)e®". Define
y := (LKL*?],0), for some K > 0, and the box Q := [~KL*3 KL*?]?. Consider the modified

Ising polymer v in D = Q or H with start point —y and end point 'y with area tilt exp(—w).

Let ¥(x) denote the maximum vertical distance of v at x € R. Let o0 > 0 be the constant from
Theorem 1.2, Part (b). For any fired T > 0, the diffusively-rescaled interface aféLf%ﬁ(Lgx)
converges weakly in (D[=T,T],| - ||co) as first L — oo then K — oo to the stationary Ferrari—
Spohn diffusion on (0,00) with generator L and Dirichlet boundary condition at 0. The same holds
for v(x), the minimum vertical distance at x.

Remark 7.2. Fix § sufficiently large, and consider the SOS model with a floor on the box @) with
boundary conditions H —n everywhere, except on the bottom where they are H —n —1. Eq. (A.8)
and Observation 2.7 imply that the law of the H — n-level line (connecting the bottom corners
of Q) is given by a modified Ising polymer with area tilt as in Theorem 7.1. Thus, Theorem 7.1
implies Theorem 1.3.

Remark 7.3. The argument used to prove the above theorem holds mutatis mutandis for K €
(0, LF) for, say, 0 < € < 2—10, where the restriction on € is due to the fact that we are able to control

the effect of the area tilt term exp[—2 A(7)] on boxes of side-length L%3+¢ (via [14, Prop. A.1]).

7.1. Proof of Theorem 7.1. Let P’ be the modified Ising polymer in D = @ or H with start-
point u € Z? and end-point v € Z2, i.e.,

:gD(u—>v|7€-)

Py ()= = o)

9
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where we recall the partition functions Gp(u — v) from Eq. (5.17).!" Let E};" denote expectation
with respect to P’. Next, define the modified Ising polymer with area-tilt

~ EYY (1, e TA®
By ()= B eyt T

7.1
A EBy’y [6_ %A(’y)] ( )

(we have replaced A" (L) with X, as the difference is a o(1) term that plays no role in what
follows). As explained above Eq. (2.15), we will also view P;’{ as a measure on animals I' (with
AT) = Afr)).

We prove Theorem 7.1 by first coupling the cone-points of I' ~ P’} that lie inside some strip

(those cone-points for which we will have entropic repulsion) Wlth the trajectory of a random
walk with area-tilt. We then fit this random walk into the framework of [30, Section 6], where a
Ferrari—-Spohn limit was proved for a broad class of directed, 2D random walks with area tilt.

7.1.1. Coupling with an area-tilted random walk. The following claim controls the influence of the
area tilt on our estimates.

Claim 7.4. For each fized K > 0, there exists ax > 0 such that E75 ™" [e_%A(V)} — ax as L — oo.

Proof. From Theorem 1.2, we know that both L™Y/3~(|L=%/3z]) and L=Y/35(|L=2/3z]) converge
weakly in D([—K, K], | - |loo) to the Brownian excursion from 0 to 0. Since the function

[ (DI-K KL o) = R
g — exp ( - /Zg(m)dx)

is a bounded, continuous function, it follows that
K
EB%Y[ef%A('y)] N E[e—)\f_Kf(@dx] :
where ¢ denotes a Brownian excursion from 0 to 0 on [—K, K]. This concludes the proof. u

The rest of this subsection will closely follow the notation and work in Section 5.6, where the
existence of a coupling between the cone-points of a modified Ising polymer (without area tilt) and
the corresponding random walk was proved. The inputs to construct such a coupling were:

(a) existence of many cone-points and boundedness of the polymer length (Lemma 5.7);

(b) boundedness of the irreducible pieces (Proposition 5.8); and

(c) entropic repulsion (Proposition 5.11).
These results all held with probability tending to 1 as N (the side length of the box) tends to infinity.
In the current situation, we take N = 2||y||; = 2|KL?*3| and we shift x (as in the statement of
the above results) to y so that these results hold under P with probability tending to 1 as L

tends to co. Claim 7.4 states that Pl_)y’y[e_%A(V)] is bounded away from 0 uniformly in L, so that
Items (a) and (c) above hold with probability tending to 1 as L tends to oo under P’y as well.
Thus, we are in good position to establish a coupling between the area-tilted Ising polyrﬁer and an
area-tilted random walk that we define below.

Fix 0 € (0,1/8). Analogous to Eq. (5.35), define the measure

—(L%) =(R#) B . N I
P%,)\ f ( ) = PD}S\y( ’ | PD,(s(*yay)vF(L ) = F( ),F(R ) = F( )) )

1Ty Definition 2.6, we defined modified Ising polymers with start-point zero for ease of notation, and because
until now, essentially all of our Ising polymers started from 0 € Z2.
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where Z(L*) and Z(R*) are points in Z? satisfying

(M e [N 4 N9 N 4 N 4 (log N)2] x (NP, N* (log N)2] (7.2)

and

—=(Rx
e [N - NW — (log N2, — & — N%) x (N%, N¥(log N)?] (7.3)

(these are the analogues of Egs. (5.33) and (5.34), respectively). Recall that, thanks to Item (b)
and Item (c), the first and last cone-points of I' in the strip S_ .~ yas v _yas satisfy Egs. (7.2)
2 ’2

and (7.3) with PByj\y—probability tending to 1 as L tends to co. It is between these cone-points that
we couple with an area-tilted random walk.

Recall the random walk S and its law P defined in Section 4.1. Write E and E, for expec-
tation under P and P, respectively. Define the area under S as follows: for an [-steps walk

S = {(51(0),52(0)), ..., (S1(1), S2(1))}, we write
l

A(S) = D2(S1(1) — S1(i — 1))Sa(1) . (7.4)

i=1
To indicate the law of the random walk S with area tilt, started from S(0) = u, we write
Eu[1{seqe 240)]
E,[e”240)]
Proposition 7.5. There exists v > 0 such that for all K > 0 and L large enough with respect

to K, for all 5 > 0 sufficiently large, and for all Z(L*) and Z(R*) satisfying FEqs. (5.33) and (5.34)
respectively, if we let T = HZ(R*) and view Cpts(I'™™) as an ordered tuple (see Eq. (2.20)), then

PY() =

(7.5)

o (et ) - (S0 17 < )

for some constant C := C(5) > 0.

< Ce—l’ﬁ(log N)?

‘TV

Proof. This follows from the coupling of the untilted measures given by Proposition 5.13. One just
needs to check that the difference in the definitions of area for I'* and S results in a negligible
difference in the tilts. This is easy to see: by Item (b), the distance between two consecutive
cone-points is at most (log L)?, and hence one can enclose the diamond between them in a square
of area (log L)*. Since the total area of such squares is an upper bound on |A(I'*) — A(S)|, we find

A) A©S)|_ . (ogL)*
< = .
7 7| = 2K 7173 o(1)
This shows that the tilts are equivalent up to a o(1) factor. O
7.1.2. Convergence to Ferrari—Spohn. We have reduced to a two-dimensional random walk bridge
with area-tilt conditioned to stay in Hps, with start-point u := Z(L*) and end-point v := E(R*)

satisfying Eqgs. (7.2) and (7.3), respectively. In [30, Sections 6.6 and 6.7], the Ferrari-Spohn dif-
fusion limit is proved for a wide-class of such random walks, with the stronger condition ([30,
Equation (6.10)]) on the start-point u and end-point v of the random walk:
ue [-KLY3 — V3 K13 4 V3% x [eLV3, CLY3) (7.6)
v E [I_(L2/3 _ L1/3+6,RL2/3 +L1/3+6] % [CL1/3,CL1/3], (77)
where € > 0 is any small constant, C' > ¢ > 0 are fixed constants, and K < K is a parameter tending

to oo after L (these conditions are stronger than Egs. (7.2) and (7.3) in the y-coordinates only).
Lemma 7.6 shows that our random walk indeed passes through points satisfying (7.6) and (7.7)
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with high probability, thereby putting us in the same setting as [30, Section 6.6]. We prove it using
the Brownian excursion limit Theorem 4.3.
For brevity, we will write the law of the area-tilted random walk bridge as

PYY :=PX(- | Hy < Hu ;) -
Similarly, we write the law of the un-tilted random walk bridge via
Py = Py(- | Hy < Hy ;).
We will denote expectation under these measures by replacing P with E and P with E.

Lemma 7.6. Let E.c denote the event that the random walk S passes through u and v satisfying
Egs. (7.6) and (7.7), for some C > ¢ > 0. Then for some constant Ky > 0, the following limit
holds uniformly in u satisfying Eq. (7.2) and v satisfying Eq. (7.3):

lim inf hmmf]P’ (Ecc)zl.
c—0K>Kyg L—oo ’

Proof. We will show that S passes through a point u satisfying Eq. (7.2) with high probability; the
same argument will show the same is true for v. Further, one only needs to check that us > ¢L/3
(the upper bound by C'L'/3 is not needed), since Sz(0) = tiy < ¢L'/3, and so the first time Sy rises
above ¢L'/3, it will also be below C'L'/3 for L large enough (recall from Eq. (5.38) that under the
non-area-tilted measure, S has increments bounded by (log L)? with probability tending to 1 as
L — o0, and so by Claim 7.4, the same is true under the area-tilted measure).

Now, using the localization of S; (Claim 6.4) and the triviality-in-L of the area tilt (Claim 7.4),
we have that for all € > 0 small, the following hold with IP"/J\ -probability tending to 1 as L — ooc:

gl(L2/3 . {Sl L2/3) c [*(K*//J)L2/3 o L1/3+E,*(K*H)L2/3 +L1/3+€}}’ and
E1(2LY?) == {S1(2L*3) € [~ (K — 2u) L3 — LY3%e, (K — 2u)L*3 4 LY3+)} . (7.8)
Thus, the lemma will be proved upon showing

lim sup hmsupIP’ (SQ(L2/3) < LY S9(2L23) < L3 | & (2L3)) = 0. (7.9)
c?0K>Ko L—oo

Write the above probability as
0,V [mu,S 2/3 _2 N .
ESY [ESSE0 [1s, g2y coniiaye TAO | P(S(), i > 20263))|
Ei,\? [E15(2L2/3) [6_%’4(5)} F(S(i),i > 2L2/3)}

, (7.10)

where R ,
. . _A i).0 2/3
F(S(i),i > 2L%/%) 1= e 2 ACWIZ0 ooy pis, g, a2y -

Due to the restriction on S(2L%/3) imposed by the indicator defining F, Eq. (7.9) will be shown if
we can prove

v _2A
Ei’ [1{52(L2/3)<6L1/3}e LA(S):|

lim sup limsup =0, (7.11)

=0 K>Ky L—oo Eiw[ *%A(S)}

uniformly over
€ [—(K —2u) L3 — LY3%e (K — 2u) L?3 + LY3+] x [0, cL'/?) .
Note that the sup over K is trivial: indeed, K plays no role in the limit in Eq. (7.11), since by

horizontal shift-invariance, we may shift to the right by K L?/3. The denominator may be bounded
from below as a constant, by shifting both ta and wy up to ¢L'/3, and then applying the Brownian
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excursion limit as in the proof of Claim 7.4. The area tilt in the numerator may be bounded from
above by 1. Thus, we have reduced to showing the following:

lim lim sup P}" (So(L%/%) < cL'/?) =0,
=0 oo

uniformly over w and w. By monotonicity, we may assume wy = 0. The result now follows from

the Brownian excursion limit of Sy under PY" (Theorem 4.3). O
Following [30], we are now ready to prove Theorem 7.1.

Proof of Theorem 7.1. We have reduced to an area-tilted, directed 2D random walk bridge between
u and v satisfying Eq. (7.2) and (7.3) respectively, conditioned to stay positive. That is, we have a
random walk S under law
S~PYY .

This puts us in the framework of the proof of the Ferrari-Spohn limit for such random walks given
in [30, Section 6.6 and 6.7]. Tightness follows exactly as in [30, Section 6.6]. The proof of finite-
dimensional distributions in [30, Section 6.7] had just two additional inputs: their Proposition 6.2
and Lemma 6.3, and so we will be done as soon as we establish our analogues of these results.

Their Proposition 6.2 holds exactly the same for us. Their Lemma 6.3 does as well, with the
exception that the constant in front of our area tilt is slightly different, and thus the resulting
generator is slightly different as well. We re-state and prove that result in our setting.

For any n € N, we will write S[0,n] := (S(i));c[0,,). Following [30, Eq.(6.6)], for any function
f:N =R and u € H, define the n-step partition function

G5 1, 1)) = By [ HACLAD £(S, () 150 mjcmy] -

Recall from Section 4.1 that S under law P has step-distribution X = (X, X2). Recall also
02 := Var(Xs)/u from the discussion above Theorem 4.3. Following [30, Section 6.5], define the
following operator on smooth test functions f with compact support in (0, 00):

L —2AXxrL 3 2
TLf(r) —E[e L f(7’+7L1/3O_)]1{T+Lf(/23020}} .

Note that the indicator may be dropped, as f is supported above 0. By Taylor expanding f to
second order and e® — 1 to first order (the errors are o(L~2/3)), we have
. Tp—1d
A =7 /)
Xo
LY3a

X2
1 en 2
+a2 1) L2/30'2):|
: A A X LY/ Xo X2
_ 2/3 _ XirL'/°o / 1 pn 2
= Jlim L29E[ — aXuro f(r) + 30 () e + 10 0) s )
Now use u := E[X;], E[X5] = 0, and Var(X3) = E[X2], so that the f’(r) term vanishes and we find
. Ty, —1Id
Lo ulL—2/3

- Lhm L2/3E[(6_%X1TL1/30 o l)f(?”) + e—%XlT‘Ll/SU (f/(?”)
—00

fr)y=5f"(r) = Aorf(r) = Lf(r).
Kurtz’s semigroup convergence theorem ([24, Theorem 1.6.5], see also [33, Eq.(2.34)]) then gives

. [tL23/u) o tL
Jim T g =g,

uniformly over ¢ in bounded intervals of R;.. Define the rescaling operator

Sepf(z) = f(zL 3071y,
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Observing that Qlj’ L 4[Scrf] = Tk £, the second-to-last-display immediately yields
. 2/3
Jlim G M Serf] = ¢

which is our version of [30, Lemma 6.3]. O

APPENDIX A. CLUSTER EXPANSION AND OPEN CONTOURS IN THE SOS MODEL

A.1. Cluster expansion. Consider the SOS model in a region A € Z? without floor, with bound-
ary condition j € Z. Fix any subset U of the inner boundary of A, and condition on {p|y > j}.

Let Z AU = Zf\?] denote the partition function of this model. Note that the partition function has
no dependence on j and is also unchanged by a replacement of the conditioning with {p|y < j}.
[13] proves that there exists a constant 9 > 0 such that for all 5 > [y, one has

log Zyy = Y fu(V) (A.1)
VCA

for some function fyy. Equation (A.1) was proven using the main theorem from [36], which can
actually be used to show (with the same proof as in [13]) that the formula holds simultaneously for
all subsets A’ C A (with the same fy):

log Zyw = Y. fu(V) (A.2)
VCAN

(here, Zys 7 is defined as before, with the understanding that the condition on U only needs to
be satisfied on A’ N U, or in other words Zy/ 7 := Zn ynar). The latter observation leads, using
Mobius inversion, to the following formula for fi;:

fuV)y= "> (=)= og Zy . (A.3)
wcv

From Eq. (A.3), we can read off some properties of the function fy:

(1) fu(V) only depends on U only through UNV, and in particular, if UNV = 0, fu (V) = fo(V)
for some universal function fy. Moreover, fo(V') only depends on the “shape” and size of
the volume V' i.e., fo(+) is invariant with respect to lattice symmetries.

(2) If V is not connected, fy(V) = 0. Indeed, if V= Vj U Vs, each log-partition function on
the right-hand side of Eq. (A.2) splits into the sum of two terms, both of which appear in
the global sum with the same frequency of plus and minus signs.

(3) There exists a constant 5y > 0 such that

sup fu(C)] < exp (8 = F0)d(C). (A1)

where d(C) denotes the cardinality of the smallest connected set of bonds of Z? containing
all boundary bonds of C (i.e., bonds connecting C to C¢), see [20, Proposition 3.9] for details.

A.2. Proof of Proposition 2.1. Recall Z/]\J& from above Eq. (A.1), and define ZIJ\_U similarly but
with the conditioning {p|y < j} (as noted above Eq. (A.1), Zf\z = 2/]\?] The different notation
is mostly for clarity in the calculations that follow). Recall also A#, A7, A,JYF , and A7 from above
Proposition 2.1.

Observe that

7€ N eBhight | 70—
Z3 =Y e VNS (A.5)
Y



ON LEVEL LINE FLUCTUATIONS OF SOS SURFACES ABOVE A WALL 49

This is a simple consequence of the following identity: for any u,v € Z2? such that ¢, > 1 and
py < 0, we have

|90u_90v|:|(§0u_1)_(90v_0)+(1_0)’:(Qou_l)"‘(o_@v)'i‘l‘

Now, cluster-expanding each of the partition functions on the right-hand side of Eq. (A.5) yields

Zzl\i,Aiégg,A;:eXp< Z fo(C) + Z fAi(C)"_ Z fA;(C))

S e
= e2ccn @ exp (W (7)) = 28 exp (W (7)), (A.6)
where
Ua() == > fl@+ > faz(€) + > fa-(C).
CSACWA#@ cgiﬁi@ cﬁifi@
Defining
d(C;y) == —fo(C) + fA¢ (C)]l{mA;:@} + fA; (C)]]‘{CQA,T:(Z)}7 (A.7)

it follows from Egs. (A.5) and (A.6) that

=283 e (=Ahl+ X 6(C).
2 CCA
CNAL#D
Equations (2.1) and (2.3) follow immediately. From the definition of ¢ in Eq. (A.7) and the
properties of fiy from Appendix A.1, we obtain Properties (i) to (iv) of the proposition. ]

A.3. Law of an open contour in the SOS model with floor. Consider the SOS model 77?;é in a
domain R with floor at 0 and boundary condition £ € {h — 1, h} inducing a unique open h-contour
v. Consider h = Lﬁ logL| —n, for n € N fixed relative to L, and assume that the domain R
satisfies |R| < L3572 and |OR| < L3572 for some € € (0,1/20). In this subsection, we derive an
asymptotic expression for the law of the random contour = in terms of the no-floor law 7?%.

For a subset U of the inner boundary of R, recall Zfﬁj as in Appendix A.2, and define Zﬁ’iU
similarly but with a floor at 0. As in Eq. (A.5), we can write the law of v in terms of the partition
functions above and below it:

€ — o= Bl Fht h—1,—
Th(y)=ce Z Z .
#(7) RTATTRY AL

The partition functions ZﬁiU can be related to the corresponding partition function Ziﬁ] of the
model without floor via the following (taken from [14, Prop. A.1]):

j, & == ~ .
Ziu = Zip exp(=7(go > j)IR] + o(1)),

where 7 is the infinite volume measure obtained as the thermodynamic limit of 73, see [3]. It
follows that

W%(’y) o e~ Pl Zht  Zhl- exp ( — (7(po > h—1) = T(po > h))|R,;| + 0(1)) ,

+ A+ Zp— A-
RY, AT TR ,AS

where we used |RY| = |R| — |R;| and dropped the term |R|7 (¢, > h), which is independent of ~.
It was proved in [14, Lemma 2.4] that there exists a constant ¢ := ¢ () such that, for j > 1,

7o > §) = cove 1 + O(e7999) .
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Define ay, := ﬁ log L — Lﬁ log L], A := A(L) = cooe®®?2 (1 — e=*) and A := \e*#". We have

T(po > h — 1) — 7o > h) = cooe P11 — e74) 4 O(e7%h)
= cooew“L’logLHB”(l — 674'8) + O(e*GBh) = /\(")/L + O(eiﬁﬁh) .
Putting everything together, we find

£ 3 A ) (AS)

mh(7) o (1) exp (= T A() +o(1)

where A(y) = |R | is the area under v in R.

APPENDIX B. PROOF OF PROPOSITION 2.14 AND EqQ. (5.18)

Proof of Proposition 2.14. Fix 6 € (0,1). We begin by showing that for any y € Y5\ {0}, we have
f(hy) =1, where

f(h)y=>_ whm).
T'eA
Let
W3 = {shy 1y € Y5\ {0}, s €[0,1]}
and
Wine = {shy 1y € YA\ {0}, s € [1, 1+ Fhy[I5']},
where v is the same as in Proposition 2.12. In words, W is the sector of the Wulff shape WV where
the sector boundary (part of OW) is {hy : y € Y;'}, while W3 lies right outside of VW along the

out
continuation of such sector (note that W3 C W comes from 0 € WV and the convexity of W).

In what follows, we let C' := C(3) > 0 denote a constant that may depend on 5 and may change
from line-to-line. We begin with two claims.

Claim B.1. For allh € W2 UWZ,., we have
> W) < o0,
TeALUAR

and the series converges uniformly over h. In particular, f(h) is continuous on W tUWZ,;.

Proof of Claim B.1. We will use the following bound many times: from Eq. (2.16), we have that
for any € € (0,1) and for all 8 > 0 sufficiently large, there exists a constant C' := C/(e, ) > 0 such
that for all y € Z?

g(y) é Ce_Tﬁ(Y)'i'eH}’”l . (Bl)

For h € Wt UW3, we have h-y — 75(y) < Z|lyll2 < Z|ly|s for all y € Z?\ {0}. Then
Proposition 2.12 and Eq. (B.1) yield

S WD) < MGy | [Cots(D) = 0) < Cexp (= (=) lylly ) - (B.2)
TeALUAR
I':0—y

Take € < v3/2. Then since A C A, the sequence of continuous functions

vy =Y Y whI)

yez2\{0} T€A
llyll, <N T:0=y

converges uniformly to f(h), and so the claim follows. O

Claim B.2. For he W3, f(h) <1. Forhe W3, f(h) > 1.
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Proof of Claim B.2. Similar to Eq. (B.2), we have the following for any h € Wt U W3

out*
SN WMD) yepsmyeny SCHC D e AYIGy) < oo (B.3)
yey; F:['ng] yey';
70y Iylly >235 "

Using the factorization of ¢(I') (2.18) and (B.3), we have

> eG(y)

yeyst

oYY Y Y wad)( [t ey,
=1

yeYIm21reA 1) . T(m) cATR) AR

e (F(L%AL Wh () ) (F(RZ;A Wh(r >)> glﬂh)m

= C + Br(h)Bg(h) > f(h)™

m>1

where in the inequality we replaced V3 by the full cone Y and in the next line we exchanged
the sums and used the fact that an animal with at least one cone-point must necessarily satisfy
X(T") € Y. Hence, we have the chain of inequalities

> e"G(y) < C+ Br(h)Br(h) > f(™ < C+ Y e™Gly). (B.4)
=h m>1 yez?
Since By (h), Br(h) < co by Claim B.1, finiteness of the middle term in (B.4) depends only on the

convergence of > < f(h)™

Now, if h is in the interior of W;¥ (and thus in the interior of W), the rightmost term in (B.4)
converges due to the second definition of W, and thus >,,~; f(h)™ < oo, and thus f(h) < 1. By
continuity of f, we get f(h) <1 on W;!. On the other hand, if h is in the interior of WS, the
leftmost term in (B.4) diverges (by the same argument that showed the equivalence of the two
definitions of W in subsection 2.6), and thus }°,,~; f(h)™ = oo, and thus f(h) > 1. O

By continuity of f, it follows that f(h) = 1 on W3 N W3, i.e., f(hy) =1 for y € Y5*. This
proves that P" defines a probability distribution on A for y € y5 .
Next, we show (2.25). For any y € V;*\ {0}, define

F(y) := f(hy) = > P™(I).
TeA
From above, we know that F'(y) = 1. Since 73 is analytic outside of the origin (Proposition 2.4),
it is in particular twice-differentiable, and thus so is P (") with VP"(T') = JhyX(F)IPhY, where Jp,
is the Jacobian matrix of y — hy. Using the same argument as in Claim B.1 and boundedness
of Jp,, we find that Spea Jn, X(I)P™(T') converges uniformly for y € Z2 \ {0}, and thus we can
differentiate F'(y) under the sum to get

0=VEF(y)= > JoXT)P™(T) = Jy, > X(T)PY(T) = Ji, EV[X(T)],
TeA reA
i.e., E™[X(T')] € Ker(Jp,). Differentiating the relation hy -y = 75(y), we see that y € Ker(Jy, ), and
s0 if Jh, is non-degenerate we get that E'[X(I")] is collinear to y, i.e., E™[X(I')] = ay for some scalar
a = a(y). Finally, the non-degeneracy condition can be removed: since 73 is analytic (outside of
the origin), the points at which Jy, is fully degenerate form a discrete set, and since collinearity

must hold outside of such set and E™[X(I')] is continuous, we get the result for any y € Y;*\ {0}.
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It remains to show the exponential tail decay (2.26), which actually holds for the weights "
for any h € W. Below, 11 > 0 and 15 > 0 denote constants independent of h and 3, while C; > 0
and Cy > 0 may depend on 3 but not h. We express the left-hand side of (2.26) as follows:

Yoowhm< > Y whm+ Y Y wh), (B.5)

PEAUAR lyll, >k/2 PEALUAR Iyll, <k/2 |D[>k
IT|>k T|>k Ir:0—y
I:0—y

The first term in the above sum can be bounded using (B.1), Proposition 2.12, and the bound
h-y < 75(y) for any h € W:

S whmy s Y MGy | [Cpts(D) =0) < Y e @IV < e miB
lIvll, >k /2 TEALUAR lylly >k/2 lylly >k/2

T[>k

I':0—y

The second term in (B.5) is bounded by

S MGy 2k Y en® (cerOB(k/llylll)IIYIh)g(y)

llyll, <k/2 lyll; <k/2
< C2€—Vo,3k Z eclviln < 026—V2,3k
llyll, <k/2

where the first inequality uses (2.21) and h -y < 73(y), and the second inequality uses (B.1). [
Proof of Eq. (5.18). Define the partition function over contours v C Z? such that v : 0 — y:

GEH(y) == Y ap(v).
v:0—=y
Eq. (2.13) gives us gp(7y) < exp(6e=X|v|)q(7), from which we find

GEMy) < X 0 Plg(y) < STy 3T T lg(y) < T IMgy),
v:0—=y v:0—y

[vI>11]lyllx

where in the final inequality we used Eq. (2.21). We then obtain the analogue of Eq. (B.1) by

applying Eq. (B.1) to the above: for any e € (0, 1), there exists 5y := So(€) > 0 such that for all

B > By and for all y € Z2,

GhIL(y) < Ce W Helvin (B.6)
for some C := C(e¢,4) > 0. Similarly, we obtain the length and contour cone-points bound

Lemma 2.11 and the animal cone-points bound Proposition 2.12 with G (y) replacing G(y) there.

With these bounds, we may re-run the proof of Eq. (2.26), replacing W"(I") with e"*Mgp(T). O
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