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Abstract. A BDDC (balancing domain decomposition by constraints) algorithm is developed for elasticity

problems in three dimensions with mortar discretization on geometrically nonconforming subdomain partitions.

Coarse basis functions in the BDDC algorithm are constructed from primal constraints on faces. These constrains are

similar to the average matching condition and the moment matching condition on common faces or edges considered

in [10, 7]. A condition number bound is proved to beC(1+log(H/h))3 for geometrically non-conforming partitions

as well as to beC(1 + log(H/h))2 for geometrically conforming partitions.

Key words. BDDC algorithm, mortar discretization, preconditioner, elasticity problems

AMS subject classifications.65N30, 65N55

1. Introduction. This study is intended for development of an efficient BDDC algo-

rithm for solving mortar discretization of elasticity problems. The mortar discretization is

applied to geometrically non-conforming subdomain partitions.

BDDC algorithms have been studied extensively in [16, 17, 13, 14, 15, 8] since its in-

troduction by Dohrmann [4]. Coarse component of BDDC preconditioners is built from

weighted sum of functions that minimize discrete local energies with certain primal con-

straints on subdomain interfaces. The BDDC algorithms solve linear systems of primal un-

knowns in contrast to FETI-DP algorithms, that have been applied successfully to solving

partial differential equations during the last decade [5, 11, 12, 10, 7]. These features make

the BDDC algorithms more robust and more flexible than the FETI-DP algorithms and BDD

(Balancing Domain Decomposition) algorithms; see [17, 15]. On the other hand, the BDDC

and FETI-DP algorithms have much in common. They share the same spectra except the

eigenvalue 1 when the same set of primal constraints is chosen; see [16, 13]

Both of these methods have been applied to solving problems arising from mortar dis-

cretizations. In a recent study by the author jointly with Dryja and Widlund [8], a BDDC

algorithm is developed for elliptic problems. This algorithm was shown to share the same

spectra with the FETI-DP algorithm considered in [9] by the author and Lee. In addition, it is

generalized to the geometrically non-conforming partitions with a slightly weaker condition

number bound,C(1 + log(Hi/hi))3.

The FETI-DP algorithm in [9] has been extended to solving elasticity problems by the

author [7]. However, the work is limited to geometrically conforming partitions. This study
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aims at developing a BDDC algorithm for the elasticity problems that allows the geometri-

cally non-conforming partitions as well as shares the same spectra with the FETI-DP algo-

rithm in [7].

In elasticity problems, a special difficulty arises in building certain functionals dual to

rigid body motions. These functionals are important in obtaining a condition number bound

independent of the number of subdomains. The most important ingredient of this study is a

new set of primal constraints that makes it possible to construct such functionals. These con-

straints are different from those considered in [8] for elliptic problems on geometrically non-

conforming partitions. In a geometrically non-conforming partition, any nonmortar interface

F ⊂ ∂Ωi may have a partition{Fij}j by its mortar neighborsΩj such thatFij = ∂Ωi∩∂Ωj .

In [8], the primal constraints are applied to eachFij . In this paper, however, we apply the

new primal constraints to each nonmortar faceFl.

Using these new primal constraints we could generalize the Poincaré inequality proved

for functions in the space; see Brenner [3],

v = (v1, · · · , vN ) ∈
N∏

i=1

H(Ωi),
∫

Fij

(vi − vj) ds = 0,

to functions in a more general space,

v = (v1, · · · , vN ) ∈
N∏

i=1

H(Ωi),
∫

F

(vi − φ) ds = 0,

whereF ⊂ ∂Ωi is any nonmortar interface and{Fij}j is the partition ofF by its mortar

neighborsΩj andφ = vj onFij , for all j. In order to satisfy

∫

Fij

(vi − vj) ds = 0,

we need certain assumptions on meshes and Lagrange multiplier spaces for the geometrically

nonconforming case.

This paper is organized as follows. In Section 2, we introduce a model compressible

elasticity problem. In Section 3, a BDDC algorithm is developed for mortar discretization of

the elasticity problem employing a coarse component that comes from the primal constraints

across subdomain interfaces. Section 4 is devoted to analyzing the condition number of the

BDDC algorithm.

Throughout this paper,c andC denote generic positive constants independent of mesh

parameters, the number of subdomains, and coefficients of the elasticity problems. We will

usehi andHi to denote the mesh size and the subdomain size ofΩi, respectively.

2. A model problem. Let Ω be a polyhedral domain inR3. The Sobolev spaceH1(Ω)

is the set of functions inL2(Ω) that are square integrable up to first weak derivatives and it is
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equipped with the standard Sobolev norm;

‖v‖21,Ω := |v|21,Ω + ‖v‖20,Ω,

where|v|21,Ω =
∫
Ω
∇v · ∇v dx and‖v‖20,Ω =

∫
Ω

v2 dx.

We assume that∂Ω is divided into two parts∂ΩD and∂ΩN on which a Dirichlet bound-

ary condition and a natural boundary condition are specified, respectively. The subspace

H1
D(Ω) ⊂ H1(Ω) is a set of functions having zero trace on∂ΩD. We introduce the vector

valued Sobolev spaces,[H1
D(Ω)]3 and[H1(Ω)]3, equipped with the usual product norm.

We then consider the elasticity problem:

find u ∈ [H1
D(Ω)]3 such that

(2.1)
∫

Ω

G(x)ε(u) : ε(v) dx +
∫

Ω

G(x)β(x)∇ · u∇ · v dx = 〈F,v〉 ∀v ∈ [H1
D(Ω)]3,

whereG = E/(1+ν) andβ = ν/(1−2ν) are material parameters depending on the Young’s

modulusE > 0 and the Poisson ratioν ∈ (0, 1/2]. We assume thatν is bounded away from

1/2 so that we exclude the case of incompressible elasticity problems. The linearized strain

tensor is defined by

ε(u)ij :=
1
2

(
∂ui

∂xj
+

∂uj

∂xi

)
, i, j = 1, 2, 3,

and the tensor product and the force term are given by

ε(u) : ε(v) =
3∑

i,j=1

εij(u)εij(v), 〈F,v〉 =
∫

Ω

f · v dx +
∫

∂ΩN

g · vdσ.

Heref is the body force andg is the surface force on the natural boundary part∂ΩN .

The spaceker(ε) has the following six rigid body motions as its bases, which are three

translations

(2.2) r1 =




1

0

0


 , r2 =




0

1

0


 , r3 =




0

0

1


 ,

and three rotations

(2.3) r4 =
1
H




x2 − x̂2

−x1 + x̂1

0


 , r5 =

1
H



−x3 + x̂3

0

x1 − x̂1


 , r6 =

1
H




0

x3 − x̂3

−x2 + x̂2


 .

Herex̂ = (x̂1, x̂2, x̂3) ∈ Ω andH is the diameter ofΩ. This shift and the scaling make the

L2-norm of the six vectors scale in the same way withH.

WhenΩ is partitioned into a set of subdomains, the elasticity problem given on a floating

subdomain has purely natural boundary condition. The Korn inequalities provided in Section
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2 of [10] concern this case. In the following,Σ is any open subset of∂Ω with positive measure

and its diameter is comparable to that ofΩ. Let (u, r)Σ be aL2-inner product given by

(u, r)Σ =
∫

Σ

u · r ds.

We introduce two semi-norms provided for the space[H1/2(Σ)]3, which is a trace space of

[H1(Ω)]3,

|u|1/2,Σ := inf
v ∈ H1(Ω)

v|Σ = u

|v|1,Ω, |u|E(Σ) := inf
v ∈ H1(Ω)

v|Σ = u

‖ε(v)‖0,Ω.

The following Korn inequality is provided in [10, Lemma 6]:

LEMMA 2.1. LetΩ be a Lipschitz domain andΣ be a subset of∂Ω with positive measure.

Then there exists a constantc > 0 such that

c|u|1/2,Σ ≤ |u|E(Σ) ≤ |u|1/2,Σ,

for u ∈ [H1/2(Σ)]3 satisfying(u, r)Σ = 0 ∀r ∈ ker(ε).

Another important inequality can be found in [10, Lemma 7]:

LEMMA 2.2. Let Ω be a Lipschitz domain of the diameterH andΣ ⊂ ∂Ω be an open

subset with positive measure. Then there exists a constantC > 0 such that

inf
r∈ker(ε)

‖u− r‖20,Σ ≤ CH|u|2E(Σ) ∀u ∈ [H1/2(Σ)]3.

We note that the infimum above occurs whenu− r satisfies

(u− r, s)Σ = 0, ∀s ∈ ker(ε).

3. BDDC formulation for elasticity.

3.1. Mortar discretization. We divide the domainΩ into a geometrically non-conforming

partition{Ωi}N
i=1, that is shape regular. We consider a compressible elasticity problem with

coefficientsG(x) andβ(x) positive constants in each subdomain

G(x)|Ωi = Gi, β(x)|Ωi = βi.

The conformingP1-finite element spaceXi is associated to a quasi-uniform triangulationTi

of each subdomainΩi. In addition, functions in the spaceXi satisfy the Dirichlet boundary

condition on∂Ωi ∩ ∂ΩD. The triangulations{Ti}N
i=1 may not match across the subdomain

interfaces. We denote byWi the trace space ofXi on∂Ωi and define the spaces

X =
N∏

i=1

Xi, W =
N∏

i=1

Wi,

that have functions discontinuous across subdomain interfaces.
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In three dimensions, a pair of subdomains can have a face, an edge, or a vertex in com-

mon. We will consider only the common faces as the interfaces of subdomains. In a geomet-

rically non-conforming partition, a common face can be only a part of a subdomain face. The

union of entire interfaces is denoted by

Γ =


⋃

ij

∂Ωi ∩ ∂Ωj


 \ ∂Ω.

Among the interfaces, we select nonmortar facesFl for which

⋃

l

F l = Γ, Fl ∩ Fk = ∅, l 6= k.

Since the subdomain partition can be geometrically non-conforming, a single nonmortar

faceFl ⊂ ∂Ωi may intersect several subdomain boundaries∂Ωj . This providesFl with a

partition

F l =
⋃

j

F ij , Fij = ∂Ωi ∩ ∂Ωj .

A dual or a standard Lagrange multiplier spaceMl is given for each nonmortar faceFl.

The spaceMl is required to have the same dimension as the space

(3.1)
◦

W(Fl) := Wi|Fl
∩ [H1

0 (Fl)]3,

and to contain constant functions. Constructions of such Lagrange multiplier spaces have

been studied in [1, 2, 18, 6]. On a nonmortar faceFl ⊂ ∂Ωi, a functionφ, that is provided

from the mortar neighbors ofFl, is given by

φ = vj onFij , ∀j,

wherev = (v1, · · · ,vN ) ∈ X. The mortar matching condition onv ∈ X is

(3.2)
∫

Fl

(vi − φ) · λ ds = 0, ∀λ ∈ Ml, ∀Fl.

The mortar discretization of the problem (2.1) is to approximate the solution by Galerkin’s

method in the mortar finite element space

X̂ := {v ∈ X : v satisfies the mortar matching condition (3.2)} .

3.2. Primal constraints and change of variables.We will first select certain primal

constraints on functions inX (or W) from the mortar matching condition (3.2) to construct

coarse basis functions. These basis functions will be used to build a preconditioner in our

BDDC algorithm. In addition, we introduce a change of variables (bases) for the unknowns

(functions) in the spaceW based on the primal constraints.
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Selection of the primal constraints is based on the study [10] by Klawonn and Widlund,

or the study [7] by the author. On a nonmortar faceFl, we consider the rigid body motions

{rk}6k=1 as in (2.2) and (2.3), whereH is the diameter of the faceFl andx̂ is a point inFl.

We define a projectionPl : [L2(Fl)]3 → Ml such that

(3.3)
∫

Fl

(w −Pl(w)) ·ψ ds = 0, ∀ ψ ∈ Ml.

By using the projected rigid body motions{Pl(rk)}6k=1, on each nonmortar faceFl ⊂ ∂Ωi

we select the following six primal constraints from (3.2):

(3.4)
∫

Fl

(wi − φ) ·Pl(rk) ds = 0 ∀k = 1, · · · , 6, ∀Fl,

whereφ = wj onFij (= ∂Ωi ∩ ∂Ωj) ⊂ Fl. Here we consideredw = (w1, · · · ,wN ) ∈ W

instead ofv ∈ X.

In geometrically conforming partitions, i.e.,Fl is a full face of two subdomains, the above

constraints with{Pl(rk)}3k=1 are face average matching condition becausePl(rk) = rk,

k = 1, 2, 3. The remaining constraints with{Pl(rk)}6k=4, are similar to the moment matching

constraints which were introduced for fully primal edges in [10]. We call the constraints with

{Pl(rk)}3k=1 the average constraints and call the constraints with{Pl(rk)}6k=4 the moment

constraints.

We now introduce a change of variables based on the primal constraints; see Li and

Widlund [13] or Kim, Dryja and Widlund [8]. The change of variables leads to much simpler

analysis of the BDDC algorithms.

On a nonmortar faceFl ⊂ ∂Ωi, a transformTl will be given forwi ∈ Wi so as to

(3.5) wi|Fl
= Tl

(
ŵ∆,i

ŵΠ,i

)
,

with the unknownŝwΠ,i of six components

∫
Fl

wi ·Pl(rk) ds∫
Fl

Pl(rk) ·Pl(rk) ds
, k = 1, · · · , 6,

andŵ∆,i giving the value of six components zero, i.e.,

∫

Fl

w∆,i ·Pl(rk) ds = 0, k = 1, · · · , 6, with w∆,i = Tl

(
ŵ∆,i

0

)
.

We call ŵΠ,i primal variables. We further make the transform change only unknowns of

which nodal basis are supported in the faceFl so that it retains the remaining unknowns.

Therefore the transform can be applied to each nonmortar faceFl independently; see [8,

Section 2.2].
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We now consider a change of variables on mortar neighbors ofFl. The nonmortar face

Fl is partitioned into{Fij}j , whereFij = ∂Ωi ∩ ∂Ωj . On each interfaceFij we introduce

primal variableŝwΠ,ij of six components
∫

Fij
wj ·Pl(rk) ds∫

Fij
Pl(rk) ·Pl(rk) ds

, k = 1, · · · , 6.

Similarly as before, we take a transformTij such that

wj |Fij
= Tij

(
ŵ∆,ij

ŵΠ,ij

)
,

with ŵ∆,ij giving the following values zero

∫

Fij

w∆,ij ·Pl(rk) ds = 0, k = 1, · · · , 6, with w∆,ij = Tij

(
ŵ∆,ij

0

)
,

and the transform retains unknowns of which nodal basis is not supported inFij .

The primal constraints (3.4) onFl are then written into

(3.6) (ŵΠ,i)k =
∑

j

Ajk(ŵΠ,ij)k, k = 1, · · · , 6,

where

Ajk =

∫
Fij

Pl(rk) ·Pl(rk) ds∫
Fl

Pl(rk) ·Pl(rk) ds
,

and(v)k denotes thek-th component of the vectorv.

REMARK 3.1. We note that the primal constraints(3.6) are new. In the previous work

on elliptic problems [8], primal constraints are given in every pieceFij of Fl

∫

Fij

(wi − wj)ψij ds,

whereψij is the sum of bases ofMl supported inF ij . Note thatψij = 1 for the geometrically

conforming partitions.

REMARK 3.2. Instead of the projectionPl, we might be able to introduce the projection

Pij : [L2(Fij)]3 → Mij , whereMij is the space with its basesψ ∈ Ml supported inF ij .

Correspondingly, we might select primal constraints similar to those in [8] such that
∫

Fij

(wi −wj) ·Pij(rk) ds = 0.

However, the above constraints use more primal variables on the nonmortar faceFl than

those in(3.6). In addition, the primal constraints in(3.4) (or in (3.6) ) make it possible to

build dual functionals that we will use to control rigid body motions of elasticity problems in

our condition number analysis.
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These transforms can be applied independently to each nonmortar faceFl and each mor-

tar faceFij . After applying the change of variables, we write the unknowns in each subdo-

main boundary as

ŵi =

(
ŵ(i)

∆

ŵ(i)
Π

)
,

where the subscriptΠ denotes the primal variables. To simplify notations, we will omit the

hat notation for the transformed unknowns. Accordingly the spaceWi can be decomposed

into

Wi = W(i)
Π ×W(i)

∆ .

Here the spaceW(i)
Π consists of primal variables inΩi andW(i)

∆ is the space of the remaining

unknowns. Similarly, after changing variables (bases), the Schur complement matrixSi and

the Schur complement forcing vectorgi of the local elasticity problem can be written into

Si =

(
S

(i)
∆∆ S

(i)
∆Π

S
(i)
Π∆ S

(i)
ΠΠ

)
, gi =

(
g(i)

∆

g(i)
Π

)
.

We introduce the spacẽW of functions satisfying the primal constraints,

W̃ = {w ∈ W : w satisfies the primal constraints (3.4)}.

In the following, we derive a matrix representation of the mortar matching condition (3.2) on

functions in this space.

We note that the primal variables of the nonmortar faceFl can be obtained from the

primal variables of its mortar facesFij ; see (3.6). We denote byWΠ the space of primal

variables of all mortar faces and byW∆ the space of unknowns other than the primal vari-

ables, i.e.,

W∆ =
N∏

i=1

W(i)
∆ .

From the relation (3.6), we can define the mapping

(3.7) R
(i)
Π : WΠ → W(i)

Π .

The matrixR
(i)
Π is not a boolean matrix for the geometrically non-conforming case while

it is a boolean matrix for the geometrically conforming case. Therefore, we can express

unknowns inW̃ by using unknowns in the spacesWΠ andW∆, and the mortar matching

condition (3.2) onw ∈ W̃ can be written into

(3.8) B∆w∆ + BΠwΠ = 0.
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Sincew ∈ W̃ satisfies the primal constraints (3.4) that are selected from (3.2), the above

constraints (3.8) are redundant onw ∈ W̃. We can make them non-redundant after deleting

six equations from (3.8) corresponding to each nonmortar facesFl. We will use the same

notation (3.8) for the non-redundant mortar matching constraints.

We further decompose

W∆ = W∆,n ×W∆,m,

wheren andm denote unknowns at nonmortar faces (interior) and the remaining unknowns,

respectively. The condition (3.8) is written into

(3.9) Bnwn + Bmwm + BΠwΠ = 0,

We note thatBn is square and invertible, since the above equations are non-redundant and

the number of unknownswn is equal to the number of the equations in (3.9).

3.3. A BDDC algorithm. We now formulate a BDDC operator for the mortar dis-

cretization of the elasticity problem (2.1). Since the matrixBn in (3.9) is invertible,

wn = −B−1
n (Bmwm + BΠwΠ).

We then define the matrix

(3.10) RΓ =



−B−1

n Bm −B−1
n BΠ

I 0

0 I


 ,

which maps the unknowns(wt
m,wt

Π)t to the unknowns(wt
n,wt

m,wt
Π)t satisfying the mortar

matching condition (3.9). The mortar finite element spaceŴ can be described as

Ŵ = {w = (wn,wm,wΠ) : w satisfies (3.9)} .

Herewn, wm, andwΠ are unknowns in the spacesW∆,n, W∆,m, andWΠ, respectively. In

addition, we express unknowns(wn,wm,wΠ) in the spacêW by using the matrixRΓ and

the unknowns(wm,wΠ),



wn

wm

wΠ


 = RΓ

(
wm

wΠ

)
.

The mortar discretization of the elasticity problem is then given by

(3.11) Rt
ΓS̃RΓ

(
wm

wΠ

)
= Rt

Γ

(
gm

gΠ

)
,



10 HYEA HYUN KIM

where

(3.12) S̃ =

(
S∆∆ S∆Π

SΠ∆ SΠΠ

)
, gm =




g(1)
m

...

g(N)
m


 , gΠ =

∑

i

(R(i)
Π )tg(i)

Π ,

with g(i)
m , the part ofg(i)

∆ to the unknowns other than the nonmortar interior, and

S∆∆ = diagi

(
S

(i)
∆∆

)
,

SΠ∆ =
∑

i

(R(i)
Π )tS

(i)
Π∆, S∆Π = St

Π∆,

SΠΠ =
∑

i

(R(i)
Π )tS

(i)
ΠΠR

(i)
Π .

(3.13)

We note thatR(i)
Π is the mapping defined in (3.7).

Our BDDC algorithm aims at solving (3.11) efficiently by PCGM (preconditioned con-

jugate gradient method) with an appropriate preconditioner. The preconditioner will use local

problems inΩi and a coarse problem inΩ as its building blocks.

The coarse problem is obtained from the coarse finite element space, that will be con-

structed based on the primal constraints; see (3.4) or (3.6). In each subdomain, we solve the

following problem

(3.14)

(
S

(i)
∆∆ S

(i)
∆Π

S
(i)
Π∆ S

(i)
ΠΠ

)(
Ψ(i)

∆

I
(i)
Π

)
=

(
0

F
(i)
ΠΠI

(i)
Π

)
,

where the matrixI(i)
Π is the identity matrix of its size equal to the number of primal variables

in Ωi. We then obtain

(3.15) Ψ(i) =

(
Ψ(i)

∆

I
(i)
Π

)
=

(
−(S(i)

∆∆)−1S
(i)
∆ΠI

(i)
Π

I
(i)
Π

)

and also

(3.16) F
(i)
ΠΠ = S

(i)
ΠΠ − S

(i)
Π∆S

(i)
∆∆

−1
S

(i)
∆Π.

The coarse finite element space is spanned by the columns of the matrixΨ,

(3.17) Ψ =




Ψ(1)R
(1)
Π

...

Ψ(N)R
(N)
Π


 .

Each columnψ of the matrixΨ is related to one primal unknown inWΠ. Sinceψ ∈ W

satisfies the primal constraints (3.6), we takeψ = (ψt
∆, ψt

Π)t from the vectorψ so that

ψ∆ ∈ W∆ andψΠ ∈ WΠ. The matrixΨ with the columnsψ is then expressed by

(3.18) Ψ = Rt
Π −

N∑

i=1

(R(i)
∆ )t(S(i)

∆∆)−1S
(i)
∆ΠR

(i)
Π ,
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whereRt
Π : WΠ → W∆ ×WΠ and(R(i)

∆ )t : W(i)
∆ → W∆ ×WΠ are zero extensions.

Note thatW∆ =
∏N

i=1 W(i)
∆ .

We introduce

(3.19) RD,Γ =




Dnn

Dmm

DΠΠ


RΓ,

where the matricesDnn, Dmm andDΠΠ will be specified later. We then propose the follow-

ing preconditionerM−1 for the problem (3.11),

(3.20) M−1 = Rt
D,Γ

{(
S−1

∆∆ 0

0 0

)
+ Ψ(ΨtSΨ)−1Ψ

t

}
RD,Γ,

where

S = diagi (Si) , Si =

(
S

(i)
∆∆ S

(i)
∆Π

SΠ∆ SΠΠ

)
,

andS∆∆ is given in (3.13).

We will now express (3.20) in a simpler form. From the definition ofΨ in (3.17), we

have

ΨtSΨ =
N∑

i=1

(R(i)
Π )t(Ψ(i))tS(i)Ψ(i)R

(i)
Π .

From (3.14)-(3.17), we obtain

(3.21) ΨtSΨ =
N∑

i=1

(R(i)
Π )tF

(i)
ΠΠR

(i)
Π = FΠΠ,

where

FΠΠ = SΠΠ − SΠ∆S−1
∆∆S∆Π.

We note that the definitions of the above matrices are given in (3.13). Using the block

Cholesky decomposition of̃S as in Li and Widlund [13] and above, see also (3.12), we have

S̃−1 =

(
S−1

∆∆ 0

0 0

)

+

(
Rt

Π −
N∑

i=1

(R(i)
∆ )t(S(i)

∆∆)−1S
(i)
∆ΠR

(i)
Π

)
F−1

ΠΠ

(
Rt

Π −
N∑

i=1

(R(i)
∆ )t(S(i)

∆∆)−1S
(i)
∆ΠR

(i)
Π

)t

.
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By combining the above equation with (3.18) and (3.21), we obtain

S̃−1 =

(
S−1

∆∆ 0

0 0

)
+ Ψ(ΨtSΨ)−1Ψ

t
.

Therefore, the BDDC operator, see (3.11), with the preconditionerM−1 in (3.20) can be

simply written into

(3.22) BDDC = Rt
D,ΓS̃−1RD,ΓRt

ΓS̃RΓ.

4. Condition number estimate. In this section, we provide a condition number bound

of the BDDC operator. We will construct functionals{fm}6m=1, dual to the spaceker(ε),

which satisfy the following properties:

fm(rk) = δmk, m, k = 1, · · · , 6,

|fm(v)|2 ≤ C
‖v‖20,∂Ωi

H2
i

for v ∈ [L2(∂Ωi)]3.(4.1)

Hererk are bases ofker (ε) scaled with respect to a faceF ⊂ ∂Ωi; this means that we take

x̂ ∈ F andH = diam(F ) in (2.3). Such dual functionals were first introduced by Klawonn

and Widlund [10]. An arbitrary rigid body motionr can then be represented by a linear

combination of the elements of the bases{rk}6k=1,

r =
6∑

k=1

fk(r)rk.

We now introduce six linearly independent functionals
{
gl

k

}6

k=1
that are closely related

to the primal constraints across a nonmortar faceFl ⊂ ∂Ωi,

(4.2) gl
k(v) =

∫
Fl

v ·Pl(rl
k) ds∫

Fl
Pl(rl

k) ·Pl(rl
k) ds

, for v ∈ [L2(Fl)]3, k = 1, · · · , 6,

wherePl(rl
k) is the projection defined in (3.3) and

{
rl

k

}6

k=1
are six rigid body motions scaled

with respect to the faceFl. Since these functionals are linearly independent, they provide

bases of the dual space(ker(ε))
′
. Thus there exists{βmk}6m,k=1 such that

(4.3) f l
m =

6∑

k=1

βmkgl
k, m = 1, · · · , 6, f l

m(rl
k) = δmk.

We will now show that{f l
m}m satisfy (4.1). The projectionPl defined in (3.3) satisfies

‖Pl(v)− v‖20,Fl
≤ Chi|v|21/2,Fl

for v ∈ [H1/2(Fl)]3

(see [18, Lemma 1.6]), so that the following estimate holds:

(4.4) ‖Pl(rl
k)‖20,Fl

≥ CH2
i .
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Here the constantC does not depend on any mesh parameters for sufficiently smallhi. From

(4.2), (4.4), and Ḧolder’s inequality, we obtain

|gl
k(v)|2 ≤ C

‖v‖20,∂Ωi

H2
i

for v ∈ [L2(∂Ωi)]3.

From this bound and (4.3),
{
f l

m

}6

m=1
satisfy the bound in (4.1). We note that forw =

(w1, · · · ,wN ) ∈ W̃, that satisfies the primal constraints, we havegl
k(wi) = gl

k(φ), see

(4.2) and (3.4), so that

f l
m(wi) = f l

m(φ), m = 1, · · · , 6,

whereφ = wj onFij ⊂ Fl.

In the following, we will provide several lemmas which will be used to analyze the

condition number bound of the BDDC operator. For a faceF ⊂ ∂Ωi, the spaceH1/2
00 (F )

consists of the functions whose zero extension to the whole boundary∂Ωi belongs to the

spaceH1/2(∂Ωi) and is equipped with the norm

‖v‖
H

1/2
00 (F )

:=
(
|v|2H1/2(F ) +

∫

F

v(x)2

dist(x, ∂F )
ds(x)

)1/2

,

where

|v|2H1/2(F ) =
∫

F

∫

F

|v(x)− v(y)|2
|x− y|3 ds(x) ds(y).

The norm can be extended to the product space[H1/2
00 (F )]3 by using the usual product norm.

We now provide several inequalities for the mortar projection of functions. We recall that

the space
◦

W(Fl), see (3.1), and the Lagrange multiplier spaceMl given on the nonmortar

faceFl ⊂ ∂Ωi.

DEFINITION 4.1. The mortar projectionπl : [L2(Fl)]3 →
◦

W(Fl) is defined by
∫

Fl

(πl(v)− v) ·ψ ds = 0 ∀ψ ∈ Ml.

The mortar projection is continuous in both theL2 and theH1/2
00 -norms when appropriate

Lagrange multiplier spacesMl are chosen; see [6, 18].

Let Fl ⊂ ∂Ωi be a nonmortar face that is partitioned into{Fij}j with Fij = ∂Ωi ∩ ∂Ωj

and letφ = wj on Fij . We then have the following result; see [8, Lemma 4.4 and Remark

4.5].

LEMMA 4.2.

‖πl(wi)‖2H1/2
00 (Fl)

≤ C

(
1 + log

Hi

hi

)2

‖wi‖21/2,∂Ωi
,

‖πl(φ)‖2
H

1/2
00 (Fl)

≤ C

(
1 + log

Hi

hi

)3 ∑

j

‖wj‖21/2,∂Ωj
.



14 HYEA HYUN KIM

REMARK 4.3. The additional factor(1 + log(Hi/hi)) in the second estimate came

from the geometrically non-conformity that causesφ ∈ H1/2−ε(Fl), with ε > 0. When

the partition is geometrically conforming, i.e.,Fl = Fij andφ = wj , we obtain the usual

estimate

(4.5) ‖πl(wj)‖2H1/2
00 (Fl)

≤ C

(
1 + log

Hi

hi

)2

‖wj‖21/2,∂Ωj
.

The proof of the following lemma is provided in [7, Lemma 4.6 ].

LEMMA 4.4. For the bases{rl
m}6m=1 of ker(ε) scaled with respect to the faceFl ⊂

∂Ωi, we have

‖πl(rl
m)‖2

H
1/2
00 (Fl)

≤ C

(
1 + log

Hi

hi

)
Hi‖rl

m‖2∞,Fl
.

DEFINITION 4.5. A nonmortar faceFl ⊂ ∂Ωi is called a simple face if it has only one

mortar subdomainΩj such thatFl = ∂Ωi ∩ ∂Ωj .

ASSUMPTION 4.6. On each simple faceFl (= ∂Ωi ∩ ∂Ωj), its nonmortar subdomain

Ωi and its mortar subdomainΩj have been chosen so as to satisfyGi ≤ Gj .

LEMMA 4.7. Let Fl ⊂ Ωi be a simple face, i.e.,Fl = ∂Ωi ∩ ∂Ωj , and satisfy Assump-

tion 4.6. Then, forw = (w1, · · · ,wN ) ∈ W̃, we have

Gi‖πl(wi −wj)‖2H1/2
00 (Fl)

≤ C

(
1 + log

Hi

hi

)2 (
|wi|2Si

+ |wj |2Sj

)
,

where|wl|2Sl
= 〈Slwl,wl〉 for l = i, j.

Proof. Let {rl
m}6m=1 be bases ofker(ε) scaled with respect to the faceFl and{f l

m}6m=1

be the corresponding dual functionals to the bases. Sincew = (w1, · · · ,wN ) ∈ W̃ satisfies

the primal constraints across the faceFl, the following identity holds

6∑
m=1

f l
m(wi)rl

m =
6∑

m=1

f l
m(wj)rl

m.

We then have

‖πl(wi −wj)‖2H1/2
00 (Fl)

≤ 2

∥∥∥∥∥πl

(
wi −

6∑
m=1

f l
m(wi)rl

m

)∥∥∥∥∥

2

H
1/2
00 (Fl)

+ 2

∥∥∥∥∥πl

(
wj −

6∑
m=1

f l
m(wj)rl

m

)∥∥∥∥∥

2

H
1/2
00 (Fl)

.
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We now estimate
∥∥∥∥∥πl

(
wi −

6∑
m=1

f l
m(wi)rl

m

)∥∥∥∥∥

2

H
1/2
00 (Fl)

=

∥∥∥∥∥πl

(
wi − ri −

6∑
m=1

f l
m(wi − ri)rl

m

)∥∥∥∥∥

2

H
1/2
00 (Fl)

≤ C

(
‖πl(wi − ri)‖2H1/2

00 (Fl)
+

6∑
m=1

|f l
m(wi − ri)|2‖πl(rl

m)‖2
H

1/2
00 (Fl)

)
,

whereri ∈ ker (ε) is an arbitrary rigid body motion. We note thatr =
∑6

m=1 f l
m(r)rl

m for

anyr ∈ ker (ε).

From Lemmas 4.2, 2.1, and 2.2, the first term of the above expression is bounded by

(4.6)

‖πl(wi − ri)‖2H1/2
00 (Fl)

≤ C

(
1 + log

Hi

hi

)2

|wi|2E(∂Ωi)
≤ C

1
Gi

(
1 + log

Hi

hi

)2

|wi|2Si
,

and from (4.1), Lemmas 4.4 and 2.2, the second term is bounded by

|f l
m(wi − ri)|2 ‖πl(rl

m)‖2
H

1/2
00 (Fl)

≤ C
‖wi − ri‖20,∂Ωi

H2
i

(
1 + log

Hi

hi

)
Hi‖rl

m‖2∞,Fl

≤ C

(
1 + log

Hi

hi

)
|wi|2E(∂Ωi)

≤ C
1
Gi

(
1 + log

Hi

hi

)
|wi|2Si

.(4.7)

Similarly, we obtain

‖πl(wj − rj)‖2H1/2
00 (Fl)

≤ C
1

Gj

(
1 + log

Hi

hi

)2

|wj |2Sj
,

and

|f l
m(wj − rj)|2 ‖πl(rl

m)‖2
H

1/2
00 (Fl)

≤ C
1

Gj

(
1 + log

Hi

hi

)
|wj |2Sj

.

Using Assumption 4.6, i.e.,Gi ≤ Gj , the required bound has been shown.

DEFINITION 4.8. A pair of subdomainsΩj andΩk has a simple path if there exists a

path(Ωj , Ωk1 , · · · ,Ωkp , Ωk) connectingΩj andΩk through simple nonmortar faces, i.e., all

common faces appearing in the path are simple faces.

DEFINITION 4.9. We call that a nonmortar faceFl ⊂ ∂Ωi, that is not a simple face, has

simple mortar neighbors if any pair of subdomains(Ωj , Ωk) in its mortar neighbors has a

simple path of which length is less thanTOL and the subdomainsΩm in the path satisfy

Gi

Gm
≤ TOL,
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whereGi andGm are the material coefficients given in the subdomainsΩi andΩm, respec-

tively.

ASSUMPTION4.10. We assume that any nonmortar face, that is not a simple face, has

simple mortar neighbors.

REMARK 4.11. When most of the nonmortar faces are simple faces and when nonmor-

tar subdomains are chosen to have smallerGi, Assumption 4.10 can be satisfied for such

partitions with a relatively smallTOL.

LEMMA 4.12. Let a nonmortar faceFl ⊂ Ωi, that is not a simple face, satisfy Assump-

tion 4.10. Forw = (w1, · · · ,wN ) ∈ W̃, we then have

Gi‖πl(wi − φ)‖2
H

1/2
00 (Fl)

≤ C(TOL)
(

1 + log
Hi

hi

)3

|wi|2Si

+
∑

m∈P (Fl)

|wm|2Sm


 ,

whereP (Fl) is the set of subdomain indices appearing in the simple paths connecting any

two mortar neighbors in{Ωj}j and the constantC(TOL) depends only onTOL.

Proof. Let

Fl(v) =
6∑

m=1

f l
m(v)rl

m,

where
{
f l

m

}
m

are dual functionals provided for the bases
{
rl

m

}
m

, that are scaled with respect

to the faceFl. We note thatFl(r) = r for any rigid body motionr. On Fl, we define

φ = wj on Fij (:= ∂Ωi ∩ ∂Ωj) ⊂ Fl. Sincew satisfies the primal constraints, we have

Fl(wi) = Fl(φ) and obtain

‖πl(wi − φ)‖2
H

1/2
00 (Fl)

≤ 2‖πl (wi −Fl(wi)) ‖2H1/2
00 (Fl)

+ ‖πl (φ−Fl(φ)) ‖2
H

1/2
00 (Fl)

.(4.8)

We estimate the first term of (4.8) as in (4.6) and (4.7),

(4.9) ‖πl (wi −Fl(wi)) ‖2H1/2
00 (Fl)

≤ C
1
Gi

(
1 + log

Hi

hi

)2

|wi|2Si
.

Applying Lemma 4.2 to the second term of (4.8) gives

‖φ−Fl(φ)‖2
H

1/2
00 (Fl)

≤
(

1 + log
Hi

hi

)3 ∑

j

‖wj −Fl(φ)‖21/2,∂Ωj
.

It suffices to prove that

(4.10)
∑

j

‖wj −Fl(φ)‖21/2,∂Ωj
≤ C

∑

m∈P (Fl)

1
Gm

|wm|2Sm
,

whereP (Fl) is the set of subdomain indices appearing in the simple paths connecting any

two subdomains in{Ωj}j that are mortar neighbors ofΩi onFl.
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We now consider

‖wj −Fl(φ)‖21/2,∂Ωj

≤ 2‖wj − rj‖21/2,∂Ωj
+ 2‖rj −Fl(φ)‖21/2,∂Ωj

≤ C
1

Gj
|wj |2Sj

+ 2‖Fl(rj − φ)‖21/2,∂Ωj
.(4.11)

The second term in (4.11) is estimated by

‖Fl(rj − φ)‖21/2,∂Ωj

≤ C
‖rj − φ‖20,Fl

H2
i

max
m

{
‖rl

m‖21/2,∂Ωj

}

≤ C
1

H2
i

H3
j

H2
i

∑

k, Fik⊂Fl

‖rj −wk‖20,Fik

≤ C
1
Hi

∑

k, Fik⊂Fl

‖rj −wk‖20,Fik
.(4.12)

Here we have used the regularity of the partition, i.e.,Hi ' Hj for neighboring subdomains

Ωi andΩj , and

‖rl
m‖21/2,∂Ωj

≤ ‖rl
m‖21,Ωj

≤ CH3
j /H2

i .

We now consider the term‖rj −wk‖20,Fik
. Whenk = j, from Lemmas 2.2 and 2.1 we

obtain

1
Hi
‖rj −wj‖20,Fij

≤ C
1

Gj
|wj |2Sj

.

Whenk 6= j, we note that there exists a path(Ωj ,Ωk1 , · · · , Ωkp , Ωk), where each neighbor-

ing subdomainsΩq andΩr in the path intersect on a simple faceFqr. Let

Fqr(v) =
∑
m

fqr
m (v)rqr

m ,

where{fqr
m }m are dual functionals to the bases{rqr

m}m of ker(ε) scaled with respect to the

faceFqr. We note thatFqr(wq) = Fqr(wr).

We then obtain

‖rj −wk‖20,Fik

= ‖rj −Fjk1(wj) + Fjk1(wk1)−Fk1k2(wk1) + · · ·
· · ·+ Fkp−1kp(wkp)−Fkpk(wkp) + Fkpk(wk)−wk

∥∥2

0,Fik

≤ C
(‖Fjk1(rj −wj)‖20,Fil

+ ‖Fjk1(wk1 − rk1)‖20,Fik
+ ‖Fk1k2(wk1 − rk1)‖20,Fik

+ · · ·
+ ‖Fkp−1kp(wkp − rkp)‖20,Fik

+ ‖Fkpk(wkp − rkp)‖20,Fik

+‖Fkpk(wk − rk)‖20,Fik
+ ‖rk −wk‖20,Fik

)
.(4.13)
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We note that the rigid body motions{rqr
m}6m=1 scaled with respect to the faceFqr in the

path satisfy

‖rqr
m‖∞,Fik

≤ C(TOL),

since the length of the path is less thanTOL and the subdomain partition is regular. Using

the above bound and Lemma 2.2, each terms in (4.13) can be bounded in a similar way to

‖Fkp−1kp
(wkp

− rkp
)‖20,Fik

≤ C
1

H2
kp

‖wkp − rkp‖2Fkp−1kp
max

m

{‖rkp−1kp
m ‖2∞,Fik

}
H2

i

≤ C(TOL)
H2

i

Hkp

1
Hkp

‖wkp
− rkp

‖20,∂Ωkp
,

≤ C(TOL)
H2

i

Hkp

|wkp
|2E(∂Ωkp ).

Therefore we obtain

1
Hi
‖rj −wk‖20,Fik

≤ C(TOL)
∑

m∈P (j,k)

Hi

Hm
|wm|2E(∂Ωm)

≤ C(TOL)
∑

m∈P (j,k)

1
Gm

|wm|2Sm
,(4.14)

whereP (j, k) is the set of subdomain indices appearing in the path fromΩj to Ωk. Since

the subdomain partition is regular, the factorsHi and Hm cancel each other in the final

estimate. Combining (4.14) with (4.12) and (4.11), we obtain the estimate (4.10). Using

Gi/Gm ≤ TOL for m ∈ P (j, k), the desired bound follows.

REMARK 4.13. Using the technic used above, we are able to extend the Poincaré in-

equality shown by Brenner [3] to a more general case, i.e.,

v = (v1, · · · , vN ) ∈
N∏

i=1

H(Ωi),
∫

F

(vi − φ) ds = 0,

whereF ⊂ ∂Ωi is any nonmortar interface and{Fij}j is a partition ofF by its mortar

neighborsΩj andφ = vj onFij .

A condition number analysis of BDDC algorithms has been carried out using an appro-

priate average operator by Li and Widlund [14]. The same technic was used for a condition

number estimate of the BDDC algorithm for mortar discretization by Kim, Dryja, and Wid-

lund [8]. A bound for an average operatorED in a certain norm is central in the analysis. We

recall the definitions ofRΓ andRD,Γ in (3.10) and (3.19), respectively. We note that

RΓ : W∆,m ×WΠ → W∆,n ×W∆,m ×WΠ,

whereWΠ is the space of primal variables,W∆,n is the space of unknowns on nonmortar

faces other than the primal variables, andW∆,m is the space of the remaining unknowns on

subdomain interfaces. We also note that

W∆ = W∆,n ×W∆,m, W̃ = W∆ ×WΠ
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.

We now define the operatorED by

(4.15) ED = RΓRt
D,Γ.

Here the weight matrixD in (3.19) will be chosen so that

(P1) Rt
ΓRD,Γ = Rt

D,ΓRΓ = I

(P2) |EDw|2eS ≤ C max
i

{(
1 + log

Hi

hi

)3
}
|w|2eS ,

where|w|2eS = 〈S̃w,w〉; see (3.12). We then have

Rt
ΓRD,Γ

(
wm

wΠ

)
=

(
−Bt

m(Bt
n)−1Dnnzn + Dmmwm

−Bt
Π(Bt

n)−1Dnnzn + DΠΠwΠ

)
,

where

zn = −B−1
n (Bmwm + BΠwΠ).

In order to satisfy property (P1), the weight matrixD is chosen to be

(4.16) Dnn = 0, Dmm = I, DΠΠ = I.

Using Lemma 4.12, we can establish property (P2) for the operatorED with the weight

matrixD just given.

LEMMA 4.14.With Assumptions 4.6 and 4.10, the operatorED satisfies

|EDw|2eS ≤ C(TOL)max
i

{(
1 + log

Hi

hi

)3
}
|w|2eS .

Proof. With the weight matrixD in (4.16), the operatorED in (4.15) is given by

ED




wn

wm

wΠ


 =




wn −B−1
n (Bnwn + Bmwm + BΠwΠ)

wm

wΠ


 .

Let

zn = wn −B−1
n (Bnwn + Bmwm + BΠwΠ).

We takezi by restricting the unknowns(zn,wm,wΠ) to the subdomainΩi. Similarly, we

takewi from (wn,wm,wΠ). Let

z = (z1, · · · , zn), w = (w1, · · · ,wn).
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We note thatw satisfies the primal constraints andz satisfies the mortar matching condition.

Eachzi is of the form

zi = wi −
∑

F⊂∂Ωi

E
(i)
F πF (wi − φ),

whereF is a nonmortar face in∂Ωi, πF is the mortar projection given on the faceF , E
(i)
F is

the zero extension of functions defined onF to∂Ωi\F , andφ = wj onFij(:= ∂Ωj∩∂Ωi) ⊂
F . We then obtain

|EDw|2eS =
N∑

i=1

〈Sizi, zi〉

≤ C

N∑

i=1

(
〈Siwi,wi〉+

∑

F⊂∂Ωi

〈SiE
(i)
F πF (wi − φ), E(i)

F πF (wi − φ)〉
)

≤ C

N∑

i=1

〈Siwi,wi〉+
N∑

i=1

∑

F⊂∂Ωi

Gi‖πF (wi − φ)‖2
H

1/2
00 (F )

≤ C(TOL) max
i

{(
1 + log

Hi

hi

)3
}

N∑

i=1

〈Siwi,wi〉

≤ C(TOL) max
i

{(
1 + log

Hi

hi

)3
}
〈S̃w,w〉.

Here we have used that〈Siwi,wi〉 ≤ CGi|wi|2H1/2(∂Ωi)
, |E(i)

F πF (wi − φ)|H1/2(∂Ωi) '
‖πF (wi − φ)‖

H
1/2
00 (F )

, and Lemma 4.12.

By using the properties (P1) and (P2), we can show the following condition number

bound of the BDDC operator in (3.22); see [8, Theorem 4.7] for the proof.

THEOREM 4.15. If ED satisfies the properties (P1) and (P2) then the BDDC operator

has the following condition number bound

κ(BDDC) ≤ C(TOL) max
i

{(
1 + log

Hi

hi

)3
}

.

REMARK 4.16. The analysis above can be modified for the geometrically conforming

case resulting in the condition number bound, see Lemma 4.7,

κ(BDDC) ≤ C max
i

{(
1 + log

Hi

hi

)2
}

.

We note that all common interfaces are simple faces in the geometrically conforming case so

that the constantC does not depend onTOL.

REMARK 4.17. The weightsD make the BDDC algorithm well connected to the FETI-

DP algorithm in [7]. These BDDC and FETI-DP algorithms share the same spectra except
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possibly the eigenvalue 1; this fact was also proved for elliptic problems in [8]. Here we

emphasize that this study consider a more general case than the previous studies [7, 8]. It

extends the BDDC algorithm to geometrically non-conforming partitions with the primal

constraints imposed on nonmortar facesFl not on the every piecesFij of Fl.
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