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Abstract. A BDDC (balancing domain decomposition by constraints) algorithm is developed for elasticity
problems in three dimensions with mortar discretization on geometrically nonconforming subdomain partitions.
Coarse basis functions in the BDDC algorithm are constructed from primal constraints on faces. These constrains are
similar to the average matching condition and the moment matching condition on common faces or edges considered
in [10, 7]. A condition number bound is proved to©&1+log( H/h))?2 for geometrically non-conforming partitions
as well as to &’ (1 + log(H/h))? for geometrically conforming partitions.
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1. Introduction. This study is intended for development of an efficient BDDC algo-
rithm for solving mortar discretization of elasticity problems. The mortar discretization is
applied to geometrically non-conforming subdomain partitions.

BDDC algorithms have been studied extensively in [16, 17, 13, 14, 15, 8] since its in-
troduction by Dohrmann [4]. Coarse component of BDDC preconditioners is built from
weighted sum of functions that minimize discrete local energies with certain primal con-
straints on subdomain interfaces. The BDDC algorithms solve linear systems of primal un-
knowns in contrast to FETI-DP algorithms, that have been applied successfully to solving
partial differential equations during the last decade [5, 11, 12, 10, 7]. These features make
the BDDC algorithms more robust and more flexible than the FETI-DP algorithms and BDD
(Balancing Domain Decomposition) algorithms; see [17, 15]. On the other hand, the BDDC
and FETI-DP algorithms have much in common. They share the same spectra except the
eigenvalue 1 when the same set of primal constraints is chosen; see [16, 13]

Both of these methods have been applied to solving problems arising from mortar dis-
cretizations. In a recent study by the author jointly with Dryja and Widlund [8], a BDDC
algorithm is developed for elliptic problems. This algorithm was shown to share the same
spectra with the FETI-DP algorithm considered in [9] by the author and Lee. In addition, it is
generalized to the geometrically non-conforming partitions with a slightly weaker condition
number bound{'(1 + log(H; /h;))3.

The FETI-DP algorithm in [9] has been extended to solving elasticity problems by the
author [7]. However, the work is limited to geometrically conforming partitions. This study
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aims at developing a BDDC algorithm for the elasticity problems that allows the geometri-
cally non-conforming partitions as well as shares the same spectra with the FETI-DP algo-
rithm in [7].

In elasticity problems, a special difficulty arises in building certain functionals dual to
rigid body motions. These functionals are important in obtaining a condition number bound
independent of the number of subdomains. The most important ingredient of this study is a
new set of primal constraints that makes it possible to construct such functionals. These con-
straints are different from those considered in [8] for elliptic problems on geometrically non-
conforming partitions. In a geometrically non-conforming partition, any nonmortar interface
F C 09Q; may have a partitiof F;; }j by its mortar neighborg; such thatr;; = 9€; N 0SY;.

In [8], the primal constraints are applied to eah). In this paper, however, we apply the
new primal constraints to each nonmortar fége

Using these new primal constraints we could generalize the Péimwaguality proved
for functions in the space; see Brenner [3],

N

v=(v1,---,Un) € HH(Ql)’ / (v; —vj)ds =0,
i=1 Fij
to functions in a more general space,
N
v= (v, ,UN) € HH(QZ), /(vl —¢)ds =0,
i=1 F

whereF' C 01); is any nonmortar interface and”;;}, is the partition ofF" by its mortar
neighbors}; and¢ = v; on F;;, for all 5. In order to satisfy

/ (v; —vj)ds =0,
F

ij
we need certain assumptions on meshes and Lagrange multiplier spaces for the geometrically
nonconforming case.

This paper is organized as follows. In Section 2, we introduce a model compressible
elasticity problem. In Section 3, a BDDC algorithm is developed for mortar discretization of
the elasticity problem employing a coarse component that comes from the primal constraints
across subdomain interfaces. Section 4 is devoted to analyzing the condition number of the
BDDC algorithm.

Throughout this paper, andC' denote generic positive constants independent of mesh
parameters, the number of subdomains, and coefficients of the elasticity problems. We will
useh,; and H; to denote the mesh size and the subdomain sifg afespectively.

2. A model problem. LetQ be a polyhedral domain iR>. The Sobolev spacH'(Q)
is the set of functions if.?(£2) that are square integrable up to first weak derivatives and it is
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equipped with the standard Sobolev norm;

ol o = vl o + 1013 0

where|v|? , = [, Vv - Vudz and||v]3 o = [, v* da.

We assume thal(2 is divided into two part®Q)p anddf2x on which a Dirichlet bound-
ary condition and a natural boundary condition are specified, respectively. The subspace
HL(Q) c HY(Q) is a set of functions having zero trace 8. We introduce the vector
valued Sobolev spaced] } (Q)]? and[H'(2)]3, equipped with the usual product norm.

We then consider the elasticity problem:

findu € [H} ()] such that

(2.1) /QG(X)E(U) re(v)dx + /Q G(x)B(x)V-uV -vdx = (F,v) Vv [HH(Q)?,

whereG = E/(1+v) andg = v/(1—2v) are material parameters depending on the Young’s
modulusE > 0 and the Poisson ratie € (0,1/2]. We assume that is bounded away from

1/2 so that we exclude the case of incompressible elasticity problems. The linearized strain
tensor is defined by

1 ( 8ui an
= +

ij =5 ’ ‘a.:]-aQa )
S(ll)j 2 6]}]‘ 6$l> b 3

and the tensor product and the force term are given by

3

e(u) 1 e(v) = Z gij(w)ei;(v), (F,v)= / f-vdx —l—/ g - vdo.
=1 Q 00N
Heref is the body force ang is the surface force on the natural boundary part, .
The spacéer(e) has the following six rigid body motions as its bases, which are three
translations

0 0
(2.2) ri=|(0],re=1[1|,r3=101,

0 1
and three rotations

To — L/E\Q —x3 + Z/C\g 0
. 1 1 .
(2.3) r4:ﬁ —x1 + 71 ,r5=E 0 71'6:E T3 — T3
0 1 — /.%‘\1 —T2 + /{L‘\Q

Herex = (71,72, 73) € Q and H is the diameter of2. This shift and the scaling make the
Ly-norm of the six vectors scale in the same way with

WhenS2 is partitioned into a set of subdomains, the elasticity problem given on a floating
subdomain has purely natural boundary condition. The Korn inequalities provided in Section
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2 of [10] concern this case. In the following,is any open subset 6K with positive measure
and its diameter is comparable to thatbfLet (u, r)s, be aL.-inner product given by

(u,r)y = / u-rds.
by

We introduce two semi-norms provided for the spaié/?(X)]?, which is a trace space of
[HY ()P,

luliox:= inf |vlio, [ulgz) = inf e(v)loa
v E HH(Q) v € HI(Q)

vig =u vis =u

The following Korn inequality is provided in [10, Lemma 6]:
LEMMA 2.1.Let(2 be a Lipschitz domain and be a subset a¥{2 with positive measure.
Then there exists a constant> 0 such that

culies < Julpe) < |uliys,

foru € [H'Y/?(X))? satisfying(u,r)s =0 Vr € ker(e).

Another important inequality can be found in [10, Lemma 7]:

LEMMA 2.2. Let(2 be a Lipschitz domain of the diametArand > C 02 be an open
subset with positive measure. Then there exists a conStand such that

inf [lu—r|fy < CHulyy, Yue [HY2(S)

reker(e)
We note that the infimum above occurs wher- r satisfies
(u—r,s)x =0, Vseker(e).

3. BDDC formulation for elasticity.

3.1. Mortar discretization. We divide the domaif into a geometrically non-conforming
partition {Qi}f;l, that is shape regular. We consider a compressible elasticity problem with
coefficientsG(x) and3(x) positive constants in each subdomain

G(X)‘Qi = Gi) 6(X)|91 = 67,

The conformingP; -finite element spacX; is associated to a quasi-uniform triangulatign

of each subdomaif;. In addition, functions in the spadg; satisfy the Dirichlet boundary
condition ond$2; N dQp. The triangulationg7;} Y, may not match across the subdomain
interfaces. We denote BW, the trace space &; on 0f2; and define the spaces

N N
X=][x:, W=][[W,
i=1 i=1

that have functions discontinuous across subdomain interfaces.
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In three dimensions, a pair of subdomains can have a face, an edge, or a vertex in com-
mon. We will consider only the common faces as the interfaces of subdomains. In a geomet-
rically non-conforming partition, a common face can be only a part of a subdomain face. The
union of entire interfaces is denoted by

r=|[Jonoo; |\ oo
ij
Among the interfaces, we select nonmortar fa€efor which

UFi=T, EnF.=0,1#k
l

Since the subdomain partition can be geometrically non-conforming, a single nonmortar
face F; C 0Q; may intersect several subdomain boundafi@s. This providesF; with a
partition

FZZUFU, FU:anﬂaﬁJ
J
A dual or a standard Lagrange multiplier sp@de is given for each nonmortar fadg.
The spacéVl, is required to have the same dimension as the space
(3.1) W(F) = Wi|g N [Hy(F))°,

and to contain constant functions. Constructions of such Lagrange multiplier spaces have
been studied in [1, 2, 18, 6]. On a nonmortar fa¢gec 0%;, a functiong, that is provided
from the mortar neighbors df, is given by

¢ =v;onky, Vj,
wherev = (vy,--- ,vy) € X. The mortar matching condition one X is
(3.2 / (vi—¢) -Ads=0, VYAeM,, VF,.
Fy

The mortar discretization of the problem (2.1) is to approximate the solution by Galerkin’s
method in the mortar finite element space

X = {v € X : v satisfies the mortar matching condition (3.2)

3.2. Primal constraints and change of variables.We will first select certain primal
constraints on functions iX (or W) from the mortar matching condition (3.2) to construct
coarse basis functions. These basis functions will be used to build a preconditioner in our
BDDC algorithm. In addition, we introduce a change of variables (bases) for the unknowns
(functions) in the spac® based on the primal constraints.
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Selection of the primal constraints is based on the study [10] by Klawonn and Widlund,
or the study [7] by the author. On a nonmortar faGewe consider the rigid body motions
{r;}¢_, asin (2.2) and (2.3), whetH is the diameter of the fack, andx is a point inF;.

We define a projectio®; : [L?(F})]> — M, such that

(3.3) /F(w—Pl(w))-d;ds:o, YV € M.

By using the projected rigid body motiod®;(r)}¢_,, on each nonmortar fade c 99;
we select the following six primal constraints from (3.2):

(3.4) / (w; — @) -Pi(rg)ds=0 Vk=1,---,6, VI,

F
whereg = w; on F; (= 0§2; N 0Q;) C F;. Here we considered = (wq,--- ,wy) € W
instead ofv € X.

In geometrically conforming partitions, i.€} is a full face of two subdomains, the above
constraints with{P;(r;)}3_, are face average matching condition becaBsg;) = ry,

k = 1,2, 3. The remaining constraints wifP; (ry) }$_,, are similar to the moment matching
constraints which were introduced for fully primal edges in [10]. We call the constraints with
{P(rx)}3_, the average constraints and call the constraints {lth(rx)}$_, the moment
constraints.

We now introduce a change of variables based on the primal constraints; see Li and
Widlund [13] or Kim, Dryja and Widlund [8]. The change of variables leads to much simpler
analysis of the BDDC algorithms.

On a nonmortar facé; C 99;, a transfornil; will be given forw; € W, so as to

(3.5) wilm =T <YA”‘> :

WII,;

with the unknownswy; ; of six components

fFlwi‘Pl(rk)ds k=16
sz Pl(rk) 'Pl(rk) dS

andw ; giving the value of six components zero, i.e.,

WA ® Pl(rk) ds = 0, k= 1, s ,6, with WA i = rfl <WA7i> .

F 0

We call wyp,; primal variables. We further make the transform change only unknowns of
which nodal basis are supported in the fdgeso that it retains the remaining unknowns.
Therefore the transform can be applied to each nonmortar fadedependently; see [8,
Section 2.2].
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We now consider a change of variables on mortar neighbofg.of he nonmortar face
Fy is partitioned into{ F}; }j, whereF;; = 0Q; N 09;. On each interfacé;; we introduce
primal variableswr ;; of six components

fFij w; - Py(ry)ds o )
fF,LjPl(rk)‘Pl(I‘k)dS7 A

Similarly as before, we take a transfoffyy such that

WAij
WJ‘FU =T | )
WIL,ij

with wa ;; giving the following values zero

/F WA ij* Pl(rk) ds = O, k= 1, ) ,6, with WAij = ﬂ] <W37ij> s

and the transform retains unknowns of which nodal basis is not supporigg in
The primal constraints (3.4) off are then written into

(36) (VAVH,i)k - ZA]]C(@H,U)IW ,Z{j = 17 o ’6,
J

where

Jr, Pi(re) - Pi(ry) ds

S, Pi(re) - Pi(ry) ds’

and(v);, denotes thé-th component of the vectar.

Aj =

REMARK 3.1. We note that the primal constrain{3.6) are new. In the previous work
on elliptic problems [8], primal constraints are given in every pidGe of £}

/ (wi —wy) iz ds,
F.

ij

wherey;; is the sum of bases 8f; supported inF;;. Note thaty;; = 1 for the geometrically
conforming partitions.

REMARK 3.2.Instead of the projectiol;, we might be able to introduce the projection
P;; : [L3(Fi;)]® — M,;, whereM; is the space with its bases € M, supported inF;;.
Correspondingly, we might select primal constraints similar to those in [8] such that

/ (Wz — Wj) . Pij(rk) ds = 0.
Fi;

However, the above constraints use more primal variables on the nonmortaFfaten
those in(3.6). In addition, the primal constraints i(8.4) (or in (3.6) ) make it possible to
build dual functionals that we will use to control rigid body motions of elasticity problems in
our condition number analysis.
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These transforms can be applied independently to each nonmortdr; fand each mor-
tar faceF;;. After applying the change of variables, we write the unknowns in each subdo-
main boundary as

where the subscridil denotes the primal variables. To simplify notations, we will omit the
hat notation for the transformed unknowns. Accordingly the spaGecan be decomposed
into

W, =W x Wi,

Here the spacwg) consists of primal variables i, andWX> is the space of the remaining
unknowns. Similarly, after changing variables (bases), the Schur complement f)adrid
the Schur complement forcing vecigy of the local elasticity problem can be written into

o= (). am ()
S St e

We introduce the spacfg/ of functions satisfying the primal constraints,
W = {w € W : w satisfies the primal constraints (3}4)

In the following, we derive a matrix representation of the mortar matching condition (3.2) on
functions in this space.

We note that the primal variables of the nonmortar fagecan be obtained from the
primal variables of its mortar facefs;;; see (3.6). We denote bWy the space of primal
variables of all mortar faces and By A the space of unknowns other than the primal vari-
ables, i.e.,

N
Wa=][WY.
=1
From the relation (3.6), we can define the mapping
(@) . (4)
(3.7) Ry : Wi — W'

The matring) is not a boolean matrix for the geometrically non-conforming case while

it is a boolean matrix for the geometrically conforming case. Therefore, we can express
unknowns inW by using unknowns in the spac®€; and W A, and the mortar matching
condition (3.2) orw € W can be written into

(3.8) Bawa + Bpopwp = 0.
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Sincew € W satisfies the primal constraints (3.4) that are selected from (3.2), the above
constraints (3.8) are redundant ene W. We can make them non-redundant after deleting
six equations from (3.8) corresponding to each nonmortar fagesVe will use the same
notation (3.8) for the non-redundant mortar matching constraints.

We further decompose

Wa=Wa, x Wa pn,

wheren andm denote unknowns at nonmortar faces (interior) and the remaining unknowns,
respectively. The condition (3.8) is written into

(3.9 B,w, + B,,W,, + Bowp = 0,

We note thatB,, is square and invertible, since the above equations are non-redundant and
the number of unknowne,, is equal to the number of the equations in (3.9).

3.3. A BDDC algorithm. We now formulate a BDDC operator for the mortar dis-
cretization of the elasticity problem (2.1). Since the maijxin (3.9) is invertible,

Wp = _Bil(Bme + BHWH)-

We then define the matrix

-B;'B,, —B,'Bn
(3.10) Rr = I 0 :
0 I

which maps the unknowr{sv?,,, w, )’ to the unknownsgw! , w’ . wi ! satisfying the mortar
matching condition (3.9). The mortar finite element spﬁ\ée:an be described as

o~

W = {w = (w,, w,,,wr1) : w satisfies (3.9).

Herew,,, w,,, andwy; are unknowns in the spac®€ a ,,, Wa ., andWrg, respectively. In
addition, we express unknowie,,, w,,,, wi) in the spaceﬁ\f by using the matrixkr and

the unknowngw,,,, wr),
Wn
Wm
Wi = RF ( ) .
Wi1

The mortar discretization of the elasticity problem is then given by

> Wm m
(3.12) R.SRy ( ) = R (g ) :
wn g
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where
S S g%)
~ AA  Sanm : e (i
312) §-= Cogm=| 0|, en= D (B el
Sna  Sun ) i
gm

with g;m , the part ong) to the unknowns other than the nonmortar interior, and
Saa = diag; (5(7) )

(313) Sta = Z(R( )) SHA7 Sanm = SléIAv

Snn = Z(Rg))th%[R(ﬁi).
We note tharRl(ji) is the mapping defined in (3.7).

Our BDDC algorithm aims at solving (3.11) efficiently by PCGM (preconditioned con-
jugate gradient method) with an appropriate preconditioner. The preconditioner will use local
problems inQ2; and a coarse problem in as its building blocks.

The coarse problem is obtained from the coarse finite element space, that will be con-
structed based on the primal constraints; see (3.4) or (3.6). In each subdomain, we solve the
following problem

81 (522 S?n) (WX)>_< 0 )
sin i) \ify )~ \nry

where the matrle is the identity matrix of its size equal to the number of primal variables
in ;. We then obtain

(i) (i) (3) 7(3)
(3.15) wi = (YA = ~(553) Skl
: I(Z) I(Z)
11 11
and also
i i i) o) LG
(3.16) Fyih = Siih — StiaS8a Sihe

The coarse finite element space is spanned by the columns of the fatrix

yMRWY
(3.17) U= :
TRV
Each columny of the matrix¥ is related to one primal unknown iWp. Sincey) € W
satisfies the primal constraints (3.6), we take= (% ,%)! from the vectory so that
Pa € Wa andyp; € Wy, The matrix¥ with the columngy is then expressed by

N

(3.18) U = Ri = > (RO (ST SSLRY

i=1
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whereRY : W — Wa x Wy and(Rx))t : WX) — W x Wy are zero extensions.
Note thatW » = [T, W&
We introduce

Dnn
(3.19) Rpr = Dunm Rr,
Drn

where the matrice®,,,,, D..,, and Dy will be specified later. We then propose the follow-
ing preconditionen/ —* for the problem (3.11),

S0y — _
(3.20) M~ =Rl { ( gA 0) + \I/(\IltS\I/)l\I/t} Rpr,
where
S(i) S(i)
S =diag (S;), S;= |24 "~
Sua St

andSan is givenin (3.13).
We will now express (3.20) in a simpler form. From the definitiondofn (3.17), we
have

N
VST =Y (Ry) (1) SOwORE.
i=1

From (3.14)-(3.17), we obtain
(3.21) TS = Z RN ED RY = Ry,

where
Frn = St — StaSxaSam.

We note that the definitions of the above matrices are given in (3.13). Using the block
Cholesky decomposition of as in Li and Widlund [13] and above, see also (3.12), we have

-1 _ Saa 0
0 0

N
( = () (SR S ) P

=1

t
(R 3@’V (SEh) 1SAHR(Z>.

=1

<.
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By combining the above equation with (3.18) and (3.21), we obtain
_ S<Loo _ .
S = < 3A 0) + (T ST) T

Therefore, the BDDC operator, see (3.11), with the preconditidder in (3.20) can be
simply written into

(3.22) Bppc = R 1S~ 'Rp rRLSRy.

4. Condition number estimate. In this section, we provide a condition number bound
of the BDDC operator. We will construct functionalg,,, }¢ dual to the spacker(¢),

m=1"

which satisfy the following properties:

fm(rk):(smka mvk:17"'767

||VHg,aQi
H?

(4.) W2 <C for v € [L2(92,)]°.

Herer;, are bases dfer (&) scaled with respect to a fade C 9€;; this means that we take
X € FandH = diam(F) in (2.3). Such dual functionals were first introduced by Klawonn
and Widlund [10]. An arbitrary rigid body motion can then be represented by a linear
combination of the elements of the bages};_,,

We now introduce six linearly independent function@_J;éc}Z:1 that are closely related
to the primal constraints across a nonmortar face 09;,

B Jr, v - Pulr}) ds
(42) gi-(v) = fFL Pl(rfk) ] Pl(l‘ff) ds’

forve [L2(F))? k=1,---,6,

whereP;(r}) is the projection defined in (3.3) adat}, }2:1 are six rigid body motions scaled
with respect to the fac@;. Since these functionals are linearly independent, they provide
bases of the dual spagker(c))". Thus there exist$ﬁmk}fmk:1 such that

6
k=1

We will now show that{ f! },,, satisfy (4.1). The projectioR; defined in (3.3) satisfies
IP1(v) = V5 5 < Chilv[3 s 5 for v e [HY2 (1))
(see [18, Lemma 1.6]), so that the following estimate holds:

(4.4) IPy(x})I5., > CH?.
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Here the constan’ does not depend on any mesh parameters for sufficiently émdtrom
(4.2), (4.4), and Hdlder’s inequality, we obtain

2
Ivllo.00, for v € [L2(09)]°.

v < 0T

From this bound and (4.3){ffn}fn=1 satisfy the bound in (4.1). We note that far =
(w1,---,wy) € W, that satisfies the primal constraints, we hgyéw,) = g.(¢), see
(4.2) and (3.4), so that

f?ln(wl):ffn(d))v mzlv 76a

where¢ = w; on Fy; C Fj.

In the following, we will provide several lemmas which will be used to analyze the
condition number bound of the BDDC operator. For a fate- 0€2;, the spaceHé({Q(F)
consists of the functions whose zero extension to the whole boudarpelongs to the
spaceH '/2(9€);) and is equipped with the norm

1/2
(112 v(z)?
Hv”HééQ(F) = (|U|H1/2(F) +AWdS(Z)> s

where

v(z) —v(y)|?
|v|§{1/2(F)/F/F|()(y)|ds(x)ds(y).

lz -yl

The norm can be extended to the product SQBI%Q(F)]Q” by using the usual product norm.
We now provide several inequalities for the mortar projection of functions. We recall that
the spacwov(ﬂ), see (3.1), and the Lagrange multiplier spade given on the nonmortar
faceF; C 99;.
DEFINITION 4.1. The mortar projectionr; : [L2(F})]® — Vov(Fl) is defined by

/ (m(v)—v)-¢pds=0 Vi M.
Fy

The mortar projection is continuous in both thé and theHééz-norms when appropriate

Lagrange multiplier spacéel; are chosen; see [6, 18].

Let F; C 992; be a nonmortar face that is partitioned ir{tﬁij}j with Fy; = 0Q; N 09
and let¢ = w; on F;;. We then have the following result; see [8, Lemma 4.4 and Remark
4.5].

LEMMA 4.2.

H;\?
(Wi < € (141087 ) 9100,

H\°
@)y = € (110000 )3 11,
J
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REMARK 4.3. The additional factor(1 + log(H;/h;)) in the second estimate came
from the geometrically non-conformity that cauggse H'/?~¢(F;), with e > 0. When
the partition is geometrically conforming, i.e; = F;; and¢ = w;, we obtain the usual
estimate

H. 2
(4.5) ||7Tl(Wj)Hi,352(Fl) <cC (1 + lthZ) Iw;ill%/2,00,-

The proof of the following lemma is provided in [7, Lemma 4.6 ].
LEMMA 4.4. For the baseqr!, }¢ _, of ker(e) scaled with respect to the fade C
092;, we have

H;
) sy < € (110852 ) Hill e

DEFINITION 4.5. A nonmortar facel; C 01; is called a simple face if it has only one
mortar subdomain2; such thatF; = 09; N 0Q;.

ASSUMPTION4.6. On each simple facé; (= 09; N 0€2;), its nonmortar subdomain
(2; and its mortar subdomaift; have been chosen so as to satiSfy< G.

LEMMA 4.7. Let F; C Q; be a simple face, i.ef; = 0Q; N 09, and satisfy Assump-
tion 4.6. Then, fow = (wy,--- ,wy) € \7&7, we have

H;\’
Gilm(sws = wi) sy < C (1410700 ) (Iwi, + 1w, )

where|w; |3, = (Siw;, w) forl =i, j.

Proof. Let{r!,}% _, be bases dfer(c) scaled with respect to the faggand{f’,}5,_,
be the corresponding dual functionals to the bases. Sinee(wq,--- ,wy) € W satisfies
the primal constraints across the fagethe following identity holds

6
Z frz(wi)rin = Z fvln(wj)rin'
m=1

We then have
2

2
lme(wi = wi)lyr2 ) < 2

6
L’ (Wi - Z ffn(Wi)r£n>

m=1 H(%Q(Fl)
6 2
+2|m (wj oy ffn(wj)rin>
m=1 HyJP (Fy)
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We now estimate

6
. <wi oy fmwi)rﬁn)
m=1 ()
6
L’ <Wi - — Z (Wi = ri)rfn>

m=1

2

1/2
2

HI/Z(FI)
SCOW( H%gF+§:W —mHm()waJ

wherer; € ker () is an arbitrary rigid body motion. We note that anzl fL(r)rl for
anyr € ker (e).

From Lemmas 4.2, 2.1, and 2.2, the first term of the above expression is bounded by
(4.6)

H; 2 1 H; 2
e (wi = ri)”?{é/z (my S ¢ (1 ™ IOghi) Wil o0, < Ca (1 + logh,»)

and from (4.1), Lemmas 4.4 and 2.2, the second term is bounded by

Fhaws =2 P e )

[wi —

r; z )
< CTH (1 + |Og> H ||rm||oo JFy

<C (1 + log— > Wil% o0,
(4.7) < Oé <1 +log— ) wil$,-

Similarly, we obtain

2 <ot (14109 w2
HWl(Wj*rj)”Hééz(Fl)_ ij JFOQE (W5l
and
1
s =) Ilab oy < O (1+|og >W;|s

Using Assumption 4.6, i.eGG; < G, the required bound has been sho@n.

DEFINITION 4.8. A pair of subdomain$2; and 2, has a simple path if there exists a
path (€2, Q,,-- -, Q,, Q) connecting2; and . through simple nonmortar faces, i.e., all
common faces appearing in the path are simple faces.

DEFINITION 4.9. We call that a nonmortar fac; C 0f;, that is not a simple face, has
simple mortar neighbors if any pair of subdomaiis;, 2;) in its mortar neighbors has a
simple path of which length is less thai® L and the subdomaing,,, in the path satisfy

G;
G, S
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whereG; andG,, are the material coefficients given in the subdoméalpand(2,,, respec-
tively.

AssuMPTION4.10. We assume that any nonmortar face, that is not a simple face, has
simple mortar neighbors.

REMARK 4.11. When most of the nonmortar faces are simple faces and when nonmor-
tar subdomains are chosen to have smaltlgr Assumption 4.10 can be satisfied for such
partitions with a relatively small’'O L.

LEMMA 4.12.Let a nonmortar facé; C €;, that is not a simple face, satisfy Assump-
tion 4.10. Forw = (wy, -+ ,wWy) € W, we then have

H\*
2 7
Gilm(ws = 91y < CTOL) (1410g3 ) | I,

meP(F;)

m )

where P(F}) is the set of subdomain indices appearing in the simple paths connecting any
two mortar neighbors if{(2;}; and the constant’(7"0 L) depends only off OL.
Proof. Let

hy
=
[
(-
Sn
2
'-SN
3

m=1
where{ f},} aredualfunctionals provided for the bage$, }  , that are scaled with respect
to the faceF;. We note thatF;(r) = r for any rigid body motionr. On F;, we define
¢ = w; on Fy; (:= 0Q; N 0RY;) C F;. Sincew satisfies the primal constraints, we have
Fi(w;) = Fi(¢) and obtain

Ima(ws = )2

(4.8) < 2fm (Wi = Fo(wi)) 3172 gy + 170 (8 = Fi(D)) [ T2
We estimate the first term of (4.8) as in (4.6) and (4.7),

4.9 F 2 <X (14109 il

(4.9) It (wi = Fiwi)) [y < O (1410077 ) il

Applying Lemma 4.2 to the second term of (4.8) gives

16~ ANy < (141007 )an FUD)I2 5,00,
It suffices to prove that

(4.10) an] Fil@)l 00, <C D & \wm

mEP(Fz)

S

where P(F)) is the set of subdomain indices appearing in the simple paths connecting any
two subdomains if$2; }j that are mortar neighbors ©f; on F;.
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We now consider

[[w; — fl(‘ﬁ)”%/z,afzj
<2|w; =117 0,00, + 2t; = FiD)T 2,00,
(4.11) < Cgwilt, + 2170 = @)l o,
The second term in (4.11) is estimated by

1Fu(r; = ) jm.00,

lr; — (75”% F L2
< CTl mﬁX{HrmHI/Zé)Qj}

3

1 H:
<Cm75 . Iy —wil
Hi Hj k, Fi, CF

1
(4.12) <O o ey = willg -
'k, Fin CFy

2
0,Fik

Here we have used the regularity of the partition, if&.,~ H; for neighboring subdomains
; andQ2;, and

e 113 2,00, < lelli o, < CH/HY.

We now consider the terfr; — wy[|3 5, . Whenk = j, from Lemmas 2.2 and 2.1 we
obtain

1 2 2
E”I‘j = w;llo,r, < C@|Wj|s_7-

Whenk # j, we note that there exists a pat;, Qx,, - -+, Q,, ), where each neighbor-
ing subdomain$2, and{2, in the path intersect on a simple fagg.. Let

For(V) =D i (v)rd,

where{ 2"} = are dual functionals to the basgs!”} = of ker(e) scaled with respect to the
face Fy,.. We note thatF,,.(w,) = Fgr(W;).
We then obtain

e; — willg k.,
= |Irj — Fjkys (W5) + Fjiy (W) — Foyko (Whey ) +

2
ot Fry ok, (Why) = Frpk(Wey, ) + Frpr (W) — WkHO’FM

< C (1 Fj, (x; — wj)|

2
0,F;;
1 F ks (Wi, = )8 £y + 1 Fake (Whey — TG 5 4

8.1 1 Fkpk(Wh, — 1) 18 £

+ [ Frpsbep (Wi, — T,)

(4.13) | Frpk (Wi = 211G 7y + ek — Well§ 5, ) -
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We note that the rigid body motiorﬁ[&rggf}fn:1 scaled with respect to the faég, in the
path satisfy

since the length of the path is less tHE@ L. and the subdomain partition is regular. Using
the above bound and Lemma 2.2, each terms in (4.13) can be bounded in a similar way to

1 kp_1k,
15y (Wi, = 2813 1y, < CﬁHWkp - I"kaszp—lkp mﬁx{”rnf*l ?lI2,m } HY
P
H? 1 2
< C(TOL) H]:p Hi]prWkp — rkp O,8Qkp7

H
< C(TOL) =W, [o0,)-

D

Therefore we obtain

1 H;
—lrj — Wk||g,F,”C <cC(ToL) Z ?\Wm|%(agm,)

Hi . m
meP(j,k)
1
(4.14) <C(ror) ., —lwal},,
meP( k)

where P(j, k) is the set of subdomain indices appearing in the path ffpnto €2;,. Since
the subdomain partition is regular, the factdis and H,, cancel each other in the final
estimate. Combining (4.14) with (4.12) and (4.11), we obtain the estimate (4.10). Using
G;/Gy <TOL form € P(j,k), the desired bound follow§l

REMARK 4.13. Using the technic used above, we are able to extend the Pd&rnnar
equality shown by Brenner [3] to a more general case, i.e.,

N
v= (o, o) € [[H@), /F(’Uz‘*éf’)dszQ

where F' C 09 is any nonmortar interface anflF;;}; is a partition of F' by its mortar
neighbors(2; and¢ = v; on Fj;.

A condition number analysis of BDDC algorithms has been carried out using an appro-
priate average operator by Li and Widlund [14]. The same technic was used for a condition
number estimate of the BDDC algorithm for mortar discretization by Kim, Dryja, and Wid-
lund [8]. A bound for an average operatBf, in a certain norm is central in the analysis. We
recall the definitions oRr andRp r in (3.10) and (3.19), respectively. We note that

RF : WA,m X WH - WA,n X WA,m X WH»

whereWr; is the space of primal variable$y 4 ,, is the space of unknowns on nonmortar
faces other than the primal variables, &Wh ,, is the space of the remaining unknowns on
subdomain interfaces. We also note that

Wa=Wa,XxWam, W=WuxWy
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We now define the operatdf, by
(4.15) Ep = RrRp p.
Here the weight matridD in (3.19) will be chosen so that
(P1) RiRpr = Ry 1Rr =1

3
(P2) |EDW|?S- < C'max { (1 + |OgIZ_z) } |wl|Z,

where|w|% = (Sw, w); see (3.12). We then have

t Wm _Bfn(BZ)_annzn + Dy Wi

RrRpr = ;
Wi _Blt[(B:L)_annzn + Donown
where
Zy, = —Bgl(Bmwm + Brwn).

In order to satisfy property (P1), the weight matfXis chosen to be
(416) Dnn :07 Dmm :I, DHH =1

Using Lemma 4.12, we can establish property (P2) for the opefatowith the weight
matrix D just given.
LEMMA 4.14.With Assumptions 4.6 and 4.10, the operalyy satisfies

0\’
|EDW|25~ < C(TOL) max { (1 + |Ogh> } |W|2§

Proof. With the weight matrixD in (4.16), the operatoE in (4.15) is given by

Wn Wp — Byjl(Ban + BpWy, + BHWH)
Ep Wm | = Wm
W11 wiI

Let
Zp = W, — B;l(ann + B,,Wy, + Bnown).

We takez; by restricting the unknowng&z,,, w,,,, wrr) to the subdomaif;. Similarly, we
takew, from (w,,, w,,,, wyy). Let

Z:(Z17"'7Zn)7 W:(W17"'>Wn)'
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We note thaw satisfies the primal constraints andatisfies the mortar matching condition.
Eachz; is of the form

Z; = W; — Z El(;i)ﬂ'F(Wi — ),
FCoQ;
whereF’ is a nonmortar face ifS2;, 7 is the mortar projection given on the fage E}f) is
the zero extension of functions definedBmo 02, \ F, and¢ = w; on F;; (:= 9Q;N0Q;) C
F. We then obtain

N

|EDW|% = Z<Siziazi>

i=1

N
S CZ <<SZW“WZ> + Z <SiE1(3i)7TF(WZ' — d)),Eg)WF(Wi - ¢)>>
i=1

FCoQ;

N N
i=1

i=1 FCaQ;
A3 N
< C(TOL) max { (1 + Ioghz> } (Siw;, w;)
i i=1

< C(TOL) max { (1 + |OgIZ_i>3} (Sw,w).

EQmr(w; — )00, =

Here we have used thdb;w;, w;) < CGi|w,-\§{1/2(mi),
|7 (W — ¢)||H;g2<F>’ and Lemma 4.17]

By using the properties (P1) and (P2), we can show the following condition number
bound of the BDDC operator in (3.22); see [8, Theorem 4.7] for the proof.

THEOREM4.15. If E'p satisfies the properties (P1) and (P2) then the BDDC operator
has the following condition number bound

3
k(Bppc) < C(TOL) max { <1 + |OgI}?) } .

REMARK 4.16. The analysis above can be modified for the geometrically conforming
case resulting in the condition number bound, see Lemma 4.7,

72
k(Bppc) < Cmax { (1 + |Ogh_z) } )

We note that all common interfaces are simple faces in the geometrically conforming case so
that the constan€’ does not depend GhOL.

REMARK 4.17. The weightsD make the BDDC algorithm well connected to the FETI-
DP algorithm in [7]. These BDDC and FETI-DP algorithms share the same spectra except
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possibly the eigenvalue 1; this fact was also proved for elliptic problems in [8]. Here we
emphasize that this study consider a more general case than the previous studies [7, 8]. It
extends the BDDC algorithm to geometrically non-conforming partitions with the primal
constraints imposed on nonmortar facdgsnot on the every piecds; of F;.

Acknowledgment. The author is grateful to Professor Olof B. Widlund at Courant Insti-
tute for suggesting this problem.
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