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Abstract. A BDDC (balancing domain decomposition by constraints) algorithm is developed for elliptic
problems with mortar discretizations for geometrically non-conforming partitions in both two and three spatial
dimensions. The coarse component of the preconditioner is defined in terms of one mortar constraint for each
edge/face which is an intersection of the boundaries of a pair of subdomains. A condition number bound of the
form C max; {(1 + log(H;/h;))3} is established. In geometrically conforming cases, the bound can be improved
to C'max;{(1 + log(H;/h;))?}. This estimate is also valid in the geometrically nonconforming case under an
additional assumption on the ratio of mesh sizes and jumps of the coefficients. This BDDC preconditioner is also
shown to be closely related to the Neumann-Dirichlet preconditioner for the FETI-DP algorithms of [9, 11] and it
is shown that the eigenvalues of the BDDC and FETI-DP methods are the same except possibly for an eigenvalue
equal to 1.
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1. Introduction. This study focuses on a scalable BDDC algorithm for solving linear
systems arising from mortar finite element discretizations of elliptic problems. A BDDC
method was first introduced by Dohrmann [4] as an improvement of the balancing Neumann-
Neumann method and using different coarse finite element spaces. The coarse space consists
of a weighted sum of functions each of which minimizes the local discrete energy norm with
certain constraints on the subdomain interfaces; continuity of the solutions at vertices, or
average or momentum matching condition on solutions over edges/faces are considered in
[4, 16, 17, 19, 20]. The resulting coarse problem then gives a more local coupling between
the subdomains than for the older balancing methods and more freedom in choosing the
constraints to improve the convergence. An additional advantage is that all linear systems will
have positive definite, symmetric matrices at least for conforming finite element problems.

The constraints on the coarse finite element space are basically the same as those of a
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FETI-DP algorithm. In a FETI-DP algorithm, a linear system formulated for a set of dual
variables is solved after eliminating the primal unknowns related to the primal constraints,
given by average matching condition over edges/faces or continuity of the solutions at ver-
tices. The resulting linear system, in itself, contains a coarse problem while its preconditioner
is built only from subdomain problems. In a BDDC method, a linear system of the primal
variables is solved iteratively with a preconditioner that has both coarse and subdomain com-
ponents. This provides BDDC methods with more flexibility, allowing for the use of inexact
coarse problems. Thus, an inexact coarse problem can be introduced by applying the BDDC
method recursively to the coarse problem; see Tu [22, 23]. The use of inexact local problems
for the BDDC preconditioners has also been considered by Li and Widlund [18].

Recently the BDDC methods have been shown to be closely related to the FETI-DP
methods. A condition number bound of the BDDC operator was first given by Mandel and
Dohrmann [19]. They proved @(1 + log(H/h))? bound that is comparable to that for the
FETI-DP methods. Further, Mandel, Dohrmann, and Tezaur [20] showed that the eigen-
values of the FETI-DP and BDDC operators are the same except possibly for eigenvalues
equal to 0 and 1. Recently, a new formulation of the BDDC method was given by Li and
Widlund [17]. They introduced a change of variables as well as an average operator for the
BDDC method based on the jump operator used in [15] in the analysis of FETI-DP methods.
The change of variables greatly simplifies the analysis; it has also led to a successful and
robust implementation of FETI-DP algorithms [12, 13].

In this paper, we will first describe a BDDC algorithm with a mortar discretization and a
change of variables. Primal constraints on edges/faces are introduced. We consider quite gen-
eral geometrically non-conforming partitions and the second generation of the mortar method
as well as the dual basis mortar methods. A preconditioner is then proposed which uses a cer-
tain weight matrixD, that leads to the condition number boultinax; { (1 + log(H; /h;))*}.
Section 4 is devoted to proving the condition number bound in terms of a bound of an average
operatorEp in a certain norm. The algorithm can also be applied to a geometrically conform-
ing partition and then gives a better bour@max; { (1 + log(H;/h;))*}. The same bound
can be established for geometrically non-conforming partitions with an additional assumption
on the mesh sizes.

In Section 5, we show that the preconditioner proposed for our BDDC algorithm is
closely connected to the Neumann-Dirichlet preconditioner of the FETI-DP algorithm given
in [9, 11]. By establishing connections between the average and jump operators, the spectra
of the BDDC and FETI-DP algorithms are then shown to be the same except possibly for
an eigenvalue equal to 1. This approach was used by Li and Widlund [17] and provided a
simpler proof for the condition number bound of the BDDC algorithm. Our BDDC algorithm
is also applicable to elasticity problems employing a preconditioner that is closely connected
to the Neumann-Dirichlet preconditioner of the FETI-DP formulation developed in [10].
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In the final section, numerical results show that the FETI-DP and BDDC algorithms
perform very similarly when the same set of primal constraints are selected.

Throughout this paper,’ denotes a generic constant that does not depend on any mesh
parameters and coefficients of the elliptic problems.

We note that this paper originated from two projects developed separately by the first and
the second authors; the contribution of the third author began with a suggestion that a theory
could be developed for the geometrically non-conforming case.

2. Finite element spaces and mortar matching constraints.

2.1. A model problem and mortar methods. We consider a model elliptic problem in
a polygonal/polyhedral domain C R? (R3): find u € H} () such that

=V (p(x)Vu) = f(z) Voe,

(2.1)
u=0 onos,

wherep(z) > po > 0 andf(z) € L*(Q).
Let ©2 be partitioned into disjoint polygonal/polyhedral subdomains

Q= ).

-

=1

We assume that the partition can be geometrically non-conforming, see discussion below, and
thatp(z) = p;, x € Q; for some positive constapt.

We denote byX; the P;-conforming finite element space on a quasi-uniform triangu-
lation T; of each subdomaif2;. TheT; might not align across subdomain interfaces. The
spacélV; is the trace space of; on 052;. We then introduce the product spaces

For functions in these spaces, we will impose the mortar matching condition across the inter-
faces using suitable Lagrange multiplier spaces.

In a geometrically non-conforming partition, the intersection of the boundaries of neigh-
boring subdomains can be only a part of a edge/face of a subdomain. Let us define the entire
interface by

I = Uanan \ 99

]

Among the subdomain edges/faces, we select nonmortar edged/fdoesvhich

Ufl:f, FlﬁFk:(b,l#k.
l
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Since the subdomain partition can be geometrically non-conforming, a single nonmortar
edgeffacd; C 012; may intersect several subdomain boundadi@s. This providesF; with
a partition

F, = UEJ, Fyj = 09Q; N 9Q;.
J

A dual or a standard Lagrange multiplier spddeis given for each nonmortar edge/fakg
We require that the spadé; has the same dimension as the sgz;/t(eﬂ) = Wi|p NHYHE)
and that it contains the constant functions. Constructions of such Lagrange multiplier spaces
were introduced in [1, 3] for standard Lagrange multiplier spaces and in [24, 25] for dual
Lagrange multiplier spaces; see also [8].

For (wy,--- ,wy) € W, we definep € L?(F}) by ¢ = w; on F;; C F;. The mortar
matching condition for the geometrically non-conforming partition is given by

(2.2) / (w; —P)Ads =0, YA€ M, VF,.
Fy
We write its matrix representation as
N
(2.3) > BYw® =,
=1

with w(?) a vector representation af; using nodal basis functions. We further define the
following product spaces by gathering the spatfsand I/f/(Fl) given on each nonmortar
edges/faces:

(2.4) M= M, W,=][W(r).

The mortar finite element method for problem (2.1) is to approximate the solution by
Galerkin's method in the mortar finite element space

X = {v € X : v satisfies the mortar matching condition (3.2)

2.2. Finite element spaces with a change of variablesn this subsection, we introduce
a change of variables for the unknowns in the sgé&cerThis change of variables is based on
the primal constraints that will be imposed in our BDDC algorithm. In mortar discretizations,
we may consider the following sets of primal constraints; vertex constraints, vertex and edge
average constraints, or edge average constraints only for two spatial dimensions, and vertex
constraints and face average constraints, or face average constraints only for three spatial
dimensions. We note that vertex constraints are appropriate only for the first generation of the
mortar method. In order to reduce the number of primal constraints, we can select only some
edges/faces or some vertices as primal where the primal constraints will be imposed. Such
choices have been considered for the FETI-DP algorithms and conforming finite elements in
[14] and for mortar finite elements in [10].
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In our BDDC formulation, we will introduce certain primal constraints over edges/faces
that are selected from the mortar matching constraints (2.2). We coqsigear}«, the basis
functions inM; that are supported iﬁ,»j, and define

Yij = Z Vij k-
k

We assume that at least one such basis funetign exists for eactt;; C F].

We now introduce the following primal constraints fao,,--- ,wy) € W over each
edge/face;;
(2.5) /F(wz —w;)hijds =0,
and define |
(2.6) W= {w e W : w satisfies the primal constraints (2}5)

Note thatiV ¢ W C W, whereW is the restriction ofX to I'. For the case of a geo-
metrically conforming partition, i.e., whef;; is a full face of two subdomains, the above
constraints are edge/face average matching condition begayse 1. In addition to the

above constraints, vertex constraints can be considered for the first generation mortars if the
partition is geometrically conforming.

We now introduce a change of variables, following Li and Widlund [17], based on the
primal constraints and in the two dimensional case. This approach can also be extended to
the three dimensional case without any difficulty.

We recall that?” C 0Q; is a nonmortar edge/face and tHd;; }; is a partition of
given by Fi; = F N 0<;, a mortar edge/face &t;. We denote by{z;},_, the unknowns
of w; € W, at the nodes irF related to the Lagrange multipliefs);; .} and by{v},_,
the unknowns at the remaining nodesfin We will now define a transform that retains
the unknowns{v, }7_, and changegz;},_, into {Z;}}_, so that for a fixedn, chosen
arbitrarily, z,,, satisfies

g, witkijds
T =
Jr, Wij ds

Let

- fpi] (lzkwij ds fFJ Oy ds
p=—, hp=—
fF,,j Yij ds fFij i ds

where%k and¢; are the nodal basis functions of the unknowpsand z;, respectively. For
a simpler presentation, we assume fhat 2 but the following can be generalized to gmy
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We then consider the following transforf, -

v1 V1 1 0 0 - 0 0 0 <o 0 V1
V2 Vo 0 V2
z1 /Z\l 0 0 1 L 0 A 0 tee 0 /2\1
Zm—1 = TFij /Z\mfl = 0 0 O e ]. A O e 0 /Z\m,1
Zm Zm ¢ c2 1o Tme1l A g e T Zm
Zm+1 gm_»,_l 0 0 0 L 0 A 1 tee 0 Em-‘rl
z zl o o o0 -- 0 A 0 e 1 21
U1
U2
Z1
2\m,fl
=A Zmt+ | % ,
/Z\m-ﬁ-l
1 zl
where

Zo =101 + a2 + 1121 4+ -+ T 1Zm—1 + T 1Zmt1 + o+ T2

. Wi ds h h h
:%7]761:_71 _ivrkt:_ kak#m
Zk:lhk ham

P
We see that this transform satisfies the requirements stated above. The trafigfocan be
applied to each facg;; C F independently.

A

For the case when an edgecC 05); is a mortar edge, there exist$)a across the inter-
face with a nonmortar side. We then considgy = ' N 09Q;. In this case, the unknowns
{z}! _, are related to the nodes i with its basis functions supported #;; and the re-
maining unknowns it are denoted byv;, };_, . The transform¥,; is then defined for these
unknowns as before.
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By gathering the transformisg,, of all F C 99;, we get a transforr™® : W, — W

‘ 7@ )
T(Z) _ rr rc ’
0 1

wherec andr stand for the unknowns retained by the transform and the remaining unknowns,
respectively, an(ﬂ/ﬁ- denotes the space of new unknowns. With this set of new unknowns, the
local stiffness matrix, the mortar matching matrix, and the local force vector are written as

of the form

a6 )t o) (i 6 i) (i ~(i Ot G
S =@ g gl — p)p@) 5@ — 7@ o)

The unknowns,,,, the unknowns for the averages over the edges, are the primal vari-
ables. With this set of new variables, the spﬁ?ﬁén (2.6) can be represented as

2.7) W = Wa & Wi,

whereW consists of functions with a zero value at the primal variablesl&idconsists
of functions with a zero value at the other variables. We denotR%Qythe restriction of the
primal unknownsur; € Wy to the subdomaif);. By using the set of new unknowns, the
mortar matching condition (2.3) can be written as

(28) BAU)A + BHU)H =0.

Here
N
Ba=(BY.-BY), Bu=Y BYRY,
i=1
whereBl({) andBX) are submatrices aB® with columns corresponding to the primal vari-
ables and the remaining unknowns, respectively.

Furthermore the mortar matching condition on function8irwill be imposed by using
non-redundant Lagrange multipliers. We select the non-redundant Lagrange multipliers as
follows. From the bases af/;, we eliminate one basis element amaofng; « }, for each
F,; C F, and denote the reduced Lagrange multiplier spacéfy The non-redundant
Lagrange multiplier space is then defined as

M = Hﬁl.
l
The mortar matching condition (2.2) is imposed on the spi/ziv/cdf)y using the non-

redundant Lagrange multipliepsc M. To simplify the notation, we use the same notation
as in (2.8) for this case, i.e.,

Bawa + Brywn = 0.
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The spacé? 5 can be split into
Wa =Wan®Wa m,

wheren andm denote unknowns at nonmortar edges/faces (interior) and the remaining un-
knowns, respectively. The above equation can be written as

(29) B, w,, + B,,w,, + Bnwn = 0.

After the change of variables, we order the local Schur complement matrix and the local
Schur complement vector into

co_ (S0 80N (@
“l\law ¢ |0 9 T |0
Sua Sum 9n

and define a matrix and vectors by

n

~(1)
San S 9a N
= AA  OATI At
A TI1T () p
IN
where
Sana = diag’, (§X)A) ;
— ntaa Mt (N _at
(2.11) Sna = (RG'SEL - REV'SW). Sam = Sha,

N
S =3 RG5O RY.
=1
3. A BDDC algorithm for the mortar discretizations. In this section, we formulate
a BDDC operator for the elliptic problem described in Section 2.1. We consider the same
finite element space and subdomain partition as in Section 2.1 and use the unknowns after
the change of variables introduced in Section 2.2. We will omit the hats for the transformed
matrices to simplify the notation.
We recall the mortar matching condition (2.9). Since the maRxis invertible, we
solve (2.9) forw,,

Wy = —B;l(Bmwm + BH’LUH).

We then define the matrix

-B;'B,, —B;!'Bn
I 0 )
0 I

(3.1) Ry
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which maps(w!,, wk)? into a vector(w?,, w!, , w})* that satisfies the mortar matching con-
dition (2.9). Let us define the mortar finite element space by

W= {w €W : (wn,wpm,wn) satisfies (2.9} .

In the BDDC method, we approximate the solution of the elliptic problem in the mortar finite
element spac@ and obtain the following discrete problem:

(3.2) R.SRy [ ) = RL (),
wrn gn

whereg,, is the component of the vectgp in (2.10) other than the nonmortar part.
We now introduce a coarse finite element space based on the primal constraints so as to
solve (3.2) efficiently. In each subdomain, we solve the following problem

3.3) (SX)A S?H) (‘I’(A)> :< 0 )
Sia - St ) \ 1y Fih I

where the matrix[l({) is the identity matrix of a dimension equal to the number of primal
variables of2;. We then obtain

o) — (\1}?) _ (‘(SX)A)_}SX%IIS)>
1 1

i i i) o) Lo
Fif = 55~ SEASEA 5

and also

Let Rg) : W — Wr(f) restrict the global primal variables to the subdom@jn From ¥ (9,
we construct the coarse finite element spécas follows:

vORY
TRV
Each columny of the matrixV is related to a primal variable. Since, the veatoe W has
the same values at the primal variables, we take (1 , 14)* from the vector) and define

a matrix¥ with the columns). We then obtain
(3.4) T = Riy— Y (RY)(S80) T SShAL,

=1
whereR! : Wi — Wa x Wiy and(RW)t : W) — Wa x Wy are zero extensions.

Let us now define

Dnn

(3.5) Rpr = Dy Ry,
Dnn
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where the matrice®,,,,, D.,.,, and D1 will be specified later. We then propose the follow-
ing preconditionef\ —! for the problem (3.2)

(3.6) M~ =Rl { (Sglﬁ 8) +\1/(\pts\1/)—1\1f} Rpr,
where
S = diag (S(i)>
andSan is givenin (2.11). We will show that
VST = Frp,
where
N

Fun = Sun — SnaSzASan = Y (R (Sl - SHASLL) 1 s8h) R

i=1

¢, From the definition ofr, we have

N
UISU = Z(R(rf))t(\ll(”)ts“)\If(i)R(r?,
=1
and from (3.3), we obtain

N
(3.7) visw =Y (RY) R RY = Frn.

=1
Using the block Cholesky decompositiong)fas in Li and Widlund [17] and above, see
also (2.10), we have

-1 _ Saa 0
0 0

N
(- S0 st ) o

i=1

N t
(R‘ﬁ - 2(1%2’)%522)‘1%%11%%)) .

=1

By combining the above equation with (3.4) and (3.7), we obtain
—1
S-1— <53A 8) +O(TST) T

Therefore, the BDDC operator, see (3.2), with the preconditidfiet in (3.6) can be written
as

(3.8) Bppc = RE,Fg_lRD,FRtrgRP
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4. Condition number analysis using a bound or¥'p. In this section, we will estimate
the condition number of the BDDC operator by using an approach introduced in [16]. A
bound for the average operathy, in a certain norm is central in the analysis. We recall the
definitions of Rr andRp r in (3.1) and (3.5), respectively. The operatoy is defined as

(4.1) Ep = RFRtDI,
where the weight matrixX© will be chosen so that

(P1) RLRpr = RY Ry = I
)\’
(P2) |[Epw|g < C'max { (1 + |Ogh;> } ||

Here|w[% = (Sw,w). We then have

Rfﬂ RD T Wm = _Bf”/ (B;L ) - D"/'Vl Zn + Dmm Wm
, wn 7BIEI(BZ)71D7LnZn +DHHU)H ’

where

Zn = — B, Y(Bpmwy, + Briwn).
In order to satisfy property (P1), the weight matfixis chosen so that
(4.2) Dy =0, Dpm=1, Dpmg=1.

REMARK 4.1. The weights above lead to an operaigy, of the form

—1
Wnp, _Bn (Bmwm + BHwH)
Ep|w, | = W,
w11 wr1

that does not involve any averages across the interfaces in contrast to the average operator
considered for conforming finite elements. We will still dalh the average operator just
borrowing the name from the conforming case.

We will now show that the average operafop satisfies property (P2) with the weight
matrix D just given. As a preparation, we need to establish an estimate for the mortar pro-
jection of a functionw in W in the Héf(F)-norm. For an edge/facE C 0f;, the space
Héf(F) consists of functions for which the zero extension to the whole boun#@anbe-
longs to the Sobolev spadé'/?(99;). It is equipped with the norm

2
012275y = 1032y + /F %ds(m).

This norm has the well-known property

(4.3) @l oa,) < Wl iy < Clolmieea,),
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whereuw is the zero extension af to 92; \ F’; see [7, Lemmal.3.2.6].

We recall that the subdomain; intersect the subdomaif); along F;; C F whereF
is a nonmortar edge/face #(); and thatp = w; on F;;. We then havey ¢ H/2=¢(F),
0 < € < 1/2 and the following estimate; see Proposition 3.2 in [2].

LEMMA 4.2. Assume thaf?; and2; are scaled by the diametet; of the(2;. For
¢ € H'/27¢(F) and0 < ¢ < 1/2, we have

€||¢H§{1/2—e(p) < CZ ||wj||§/2,aﬂj-
J

We need the following assumption on the coefficients of the elliptic problem.
AsSsSuUMPTION4.3. The coefficients satisfy

pi < Cp;

where2; and €; are the nonmortar side and the mortar side of the commonFset=
0Q; N 09Y;.
For any setd C 992; andw; € W;, we define a nodal value interpolaht(w;) € W, as

w;(x) r€eANY;,
0 at the other nodes.

(4.4) Ta(w;)(z) = {

HereV; denotes the set of nodes in the finite element spcd.et F' C 02; be a nonmortar
edge/face. We denote Wy F') the set containing the indices of the subdomains that intersect
F, and byr the mortar projection given on the edge/fdceWe now provide the following
bound for functions € L?(F) and withmrv = 0 ondF.

LEMMA 4.4, With Assumption 4.3 on the, w = (wq,- -+ ,wy) € W satisfies

H\?
piHTrF((ZS — w1>||§{éég(F) S C (1 + |Oghl) Z <S(k)wk7UJk>,
k€I(F)
whereF' C 0f; is a nonmortar edge/face.
Proof. For any functionv(z) € L%(F) or L?(€;), let us define

o(z) = v(Hz), z¢€ ForQy,

whereH; is the diameter of th@;, andF’ andﬁl denote the dilated sets. From the definition
of the mortar projection, we see that

o —

(4-5) uya (’U) = Wpi)\,

wherer , denotes the mortar projection based on the finite element space dilatéd by
We now consider

2 2 2
(6 = W) a2 ey < 2T @ 0gn oy + 2 (00) P
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Let

¢ =w; —ciy, Wi =w;—c¢; ONF; =0Q; N,

where

jF w;ii; ds fFij w;;; ds
fF 1/1,st fFijwijd‘S .

We then haveE, w,; € H1/2—€(F) for0 < e <1/2and¢ —w; = 5— w,;, and can thus
replacep andw; above bygg andw;, respectively.
By using a scaling argument and the identity (4.5), we have

I @2z g = Hi 2N @)z
= Hg_2||77p(¢)||Héé2(p)
(4.6) < 2872 (IImp(6 = QB) 2172 ) + T QDN ) -
whereQ$ is the L2-projection of$ on the finite element spawi(ﬁ), i.e., the dilated finite
element space provided for the nonmortar edge/tace

From an inverse inequality, the continuity of, in L*(F ) the approximation property
of Q for a functiong € H/2~ (F ) Lemma 4.2, and a scaling argument, we obtain

I7mp (@ = Q)I31/2py < Chi 16— Q9117

< Ch;'hl~ 26||¢HH1/2 (b

< Ch *e _1Z||wﬂ||1/2 a9;-

Replacing$ with 5 in the above estimate and using a Poigdaequality and a scaling argu-
ment, we find

H//TP( Q¢)|| 1/2(p <Ch % _1Z|w]|1/239

4.7) < CHE*dhzzee‘l > wjl3 0,00,

J

We now estimate

I7p(Qe)I1%, 1/2(p —Hﬂp (Ip Q) + Qo — IP(Q@)H 1/2(py

(4.8) < C (I1p(QB) 2172 py + B 1Q5 ~ Ip(QO) ) -

wherel(w;) is the nodal value interpolant described in (4.4). Here, we have usedghst
a bounded map ilﬁ[éé (F) aswellasinL?(F ) and also used an inverse inequality. By using
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Lemma 4.24 in [21], an inverse inequality, the stability@fn H'/>=¢(F ) Lemma 4.2, a
Poincag inequality, and a scaling argument, we obtain

2

1@ oy = © (11082 ) 10312,
H\>~ 5 -~
<c (1 i Iogh) B IQAI e
Hi\" ~_9c >
<C (1 + Iogh> hi 2 Hfb“?p/zfﬁ(p)

4 T—2¢ —1 ~ 112
50(”"’%) B Y INET 5 on,
J
2-d H’L 2/\—26 —1 2
(4.9) < CHP " (1+logyt) hi*e ;ijll/z,agj-

We note thaQqAS — Ip(QqAS) has nonzero value only at the nodes on the bounda@. of
In two dimensions, by using Lemma 4.15 in [21], we obtain

1Q6 = Ip(Q0) 132 p) < Chill QD2
< G (141087 ) 1Q3I 1,
and in three dimensions, by using Lemma 4.17 in [21], we also obtain

< Ch; (1 + log=— ) ||Q<Z>HH1/2(p)-

The same estimate, as before, for the tﬁm\\i]m(

by gives
—a Hi\~ o _
(4.10) Q% — Ip(QD)3.p) < CHZ R (ngh) B2t Y il 00,
! J
Combining (4.6) with (4.7)-(4.10) results in
HA\2 . pi )
pillmr (B)2 2 oy < C (1 + Iogh?) R D CRUTRT
7 . ]

The desired bound follows by lettirg= 1/(2|I0gﬁ |) and using the assumption thay p; <
C. We note thah; = h; +/H; and Iog[h‘QE) = 1. The same analysis apphed\mF(wl)H2 12
gives

(F)

HN\?
. N [2 ? (Dpry. ap.
leﬂF(wl)”Hégz(F) <C <1 + |09 h ) <S Wy, wz>-
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REMARK 4.5. For the geometrically conforming case, Lemma 4.4 is valid with a factor
(1 + log(H;/h;))? using the same analysis as above. Therefore, in this case, we obtain a
better condition number estimate; see also Remark 4.8 below. The estimate improves the one
in [9, 11] by using the projectiod); we do not need the assumption on the mesh sizard
h;

h A\
J <C<p]> for somed < v <1,

considered in [9, 11] wher€; is the nonmortar side an}; is the mortar side.
With the help of Lemma 4.4, we can establish property (P2) for the opefator

LEMMA 4.6. With Assumption 4.3, the operatai, satisfies
H\*
|Epw[g < C'max { (1 + IOth> } |wl

Proof. Using the weight matridD in (4.2), the average operatély, in (4.1) is given by

W, wy, — B, Y (Buwy, + Bpwp, + Brow)
Ep Wm | = Wm )
wrr w1

see Remark 4.1. Let
2n = wy, — B, Y (Buwy, + Bpw,, + Brnwn),

and construct; by restricting the unknown&z;,, wy,, wrr) to the subdomai;. Similarly,
we constructy; from (w,,, w,,,wr). We note tha{w,, - -- ,wy) satisfies the primal con-
straints on the edges/faces. By definitions (21, -+ ,2zn) € W, i.e.,z satisfies the mortar
matching condition, and each is of the form

FCoQ;

whereF' is a nonmortar edge/face 12;, El(j) is the zero extension of functions defined on
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Ftoallof 0Q; \ F, and¢ = w; on Fy;(:= 0§2; N 0€2;) C F. We then obtain

N
|EDIU|2§ = Z(S(i)zi, i)

i=1

N
<cy <<s<i>wi,wi> + > (SVERTp(¢ — wi), EX7r(p — wi)>>
1=1

FCoQ;

N N
OSSO + Y Y llwelo— e
i=1 i—1 FCoQ, 00

N

3
< C'max { (1 + Iog%) } Z(S(i)wi7wi>

i=1

o\ ~
< C'max { <1 + Iog};) } (Sw, w).

Here we have used th&$ (D w;, w;) ~ p7;|w,;|§11/2(6g), the relation in (4.3), and Lemma 4.4.

O
By using the properties (P1) and (P2), we can show the following condition number

bound of the BDDC operator (3.8). A similar proof is given in Li and Widlund [16] in an
analysis of a BDDC algorithm for the Stokes problem with conforming meshes.
THEOREM4.7. With Assumption 4.3, we have the condition number bound

H. 3
'%(BDDC) < Cmax { (1 + |Oghl) } .

Proof. We let
M~'=RY .ST'Rpr, S=RLSRr,
and we then have
Bppe = M~'8.
We will now provide a lower bound by proving
(u,u)p < <u,M*1§u>9.

Letw = S~'RprSu. From property (P1)R:Rpr = Rl Rr = I, we obtainu =
S~LRLSw. We then consider

(u,u)p = uSu

= utRfﬂgw

= (w, Rru)e

< (w, w>1S/2<Rpu, Rpu>1§/2
< (w,w)d*{u,u)y”.
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Here we have used the Cauchy-Schwarz inequality. Squaring and cancelling a common fac-
tor, we obtain

(u,u)p < (w,w)e.
By combining the above estimate with

(w, w>§ = uts\Rﬁ),Fg_lgg_lRD,rgu
= <u,RtD7F§71RD7F§U>9
(4.11) = (u, M~ Su)y,

we obtain the desired lower bound.
We will now find an upper bound by proving

N . H\®
(M—lsu,M—1$u>L/2 < C’mzax { (1 + IOgh-) } <u,u>19/2.

We consider

(M!S, M’1§u>9 = (Rp rw, Ry rw)p
= (RrRY rw, RrRY, pw) e

_ 2
= |EDw|§

H\?
< C'max { (1 + IOgh-) } |w|25

The last inequality follows from Lemma 4.6. Combining the above estimate with (4.11), we
obtain

N N H,\? N
(M~ Su, M_15u>9 < C'max { (1 + |Ogh_l> } (u, ZV[—lSu>9-
By applying the Cauchy-Schwarz inequality to the te(rmM*lé\u)b, the desired upper
bound followsO
REMARK 4.8. The analysis above can be modified for the geometrically conforming
case and leads to the condition number bound

H\?
k(Bppc) < Cmgx { (1 + |Ogh:L> } ,

2

when Assumption 4.3 holds; see Remark 4.5.

REMARK 4.9. For a geometrically non-conforming partition, the number of primal con-
straints tends to be bigger than for a conforming partition in case only edge/face constraints
are used. We note that there have been several previous studies which explore the possibility
of selecting primal constraints for only some of the edges/faces; see [10, 14, 15].
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Q
I S
Q oLt
O RR R
Tei %
: | L :
: Fi v g E X
i ,¥ . Q,

FIG. 4.1 Geometrically non-conforming partition: white circles (nodeéﬂﬁ (C09y),j=1kor ij (C
0Q;), 7 = 1, k), black circles (nodes iW;j (C99)),7 =1Lk orj\/’iij (C 09Q;), j =1, k), each faced, F;;,
F}; and FZJJ for j = I, k are described.

We will now provide a better estimate for geometrically non-conforming partitions under
an assumption on the meshes that is considered in [9, 11]. We will prove our result only for
the two-dimensional case; in three dimensions there are some additional technical difficulties.
We conjecture that the result also holds in that case.

ASSUMPTION4.10. The mesh sizds; and h; satisfy

% <C (2)7 forsomed <~ <1,
where(?; is the nonmortar side an}; is the mortar side.
LEMMA 4.11.With Assumptions 4.3 and 4.1@y;,--- ,wy) € W satisfies

Hy\? .
pillmr(p — wi)lli,éo/zm <C max, { (1 + logh:> } > (S wg, wy),

kel(F k€I(F)
whereF C 09); is a nonmortar edge/face arldF) is the set of the indices of the subdomains
that intersectt".
Proof. We consider the case in Figure 4.1. The nonmortar ddge 0f2; is partitioned
into F;; andF};, and¢ is given byw,; on F;;, j = I, k. Since the functioffw, - - - ,wn) € W
satisfies the primal constraints, we have

Js

iJ

(6 — wi)y ds = / (w; —wiy =0, j =1k,

Fij
and we then define
fFij wﬂ,[)lj ds ‘[Fi]’ ijij ds
Cii = == ,
Y IFU Yij ds jF,L-j Yij ds

j =1k
Let

W; = Wi — Cij and qzzwj—cij on Fij, j:l,k.
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We note thatp — w; = 5— W;.

Let V)’ be the set of nodes i¥; with nodal basis functions supportedfi;. We denote
by Fy; the union of these supports. We note tfigt C Fj;. The set)’ andF; are defined
similarly; see Figure 4.1.

Let NV be the set of nodes i; \ V}? with nodal basis functions with support that
intersectst;. The set/\/;j is defined similarly. In general, we may assume that the number
of nodes in each sé{;’ andV;” is bounded uniformly with respect to the mesh parameters.

We consider
(4.12)
2

I7mp (e — wz‘)”Hééz(F) = ||TF Z IFE, — Cij) Z IFl ; — Cij)

j=lk j=lLk
2
+(ZS Z IFJ C” wl —+ Z IF;J i CU

=tk =Lk /2 ()

Since the first two terms in the above equation arH%Q(F), the continuity of the
mortar projection info,(F) and Lemma 4.24 in [21] give

2 (ws — e)IP
e (1 FJ; (w; Czy))HHééZ(F) < C”‘[Fijj(wj c”)HHééz(F)

2
= Cllp (w5 = i)z

. 2
(4.13) <C<1+|09hj) ||wj_cij||%11/2(anj)v
and
2
@18) (e (0 — )P s gy < C (141005 ) s — e
: FUF\We = Cig )l gl gy = 9% o Gy 2 (00:)

We now bound the third term in (4.12) as follows:

I NI
||7TF d) Z F C] )”Hééz(F)

j=lLk

<Ot lmp(@ = D Ty (w5 = cip) |2y

=1k
<Ch Yo - Z IF; — i) 2
j=lLk
(415) < Ch;l Z ||wj — Cij — IF’ ( CZJ)||L2 (Fij)
=1k
<Ch ' Y hillws — il < (a0,
=1,k

j=Lk
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We have used an inverse inequality, the continuity pfin L?(F) and Lemma 4.15 in [21].

The expression in (4.15) has nonzero values at the nod&@jin By using the fact that the
number of nodes im\/j” is bounded independently of any mesh parameters (at most three in
Figure 4.1), we have

lwy =iy = Ipi (w; — i Za(my) < Chjllwy — cijlli<(aq,)-

Similarly, we have a bound for the last term in (4.12):

||7TF Z ]Fl CU )”ilééz(F)
j=Lk
H; 9
(4.17) <C(1+log - D llwi = cisl iz o0,)-
Y=k

As aresult, (4.12), (4.13), (4.14), (4.16), and (4.17) give
Hi\?
—aw)? < 2k
lrr (6 = willar2 oy < Ckrenja(%) { (1 + log - ) }
h 2
> (llwi = esllinseany + ([ 1+ 72 hi lw; = cillzp e on,) ) -

j=Lk
A Poincagé inequality can be applied to the functians— ¢;; andw; — ¢;; and this replaces
the norms by semi-norms. By using the relation

pi|wi|i[1/2(agi) = <S(’L)w7a wi>a

we obtain the following bound
Hi\°
. s < -
P1||7TF(¢ wz)” 1/2(F) C In%)lg‘){(l+loghk> }
> ((S(Z)wi,wi) + (1+ , ) y E(§Uw;, wy>)

=1k

By using Assumptions 4.3 and 4.10, we then have

1—~
<1+h>pZ<C<1+<p’> ><C.
hi ) p; Pj

Therefore the required bound holds with a const@nthich does not depend further on the
mesh parameters and the jumps of the coefficiéhts.

By using Lemma 4.11 and the same analysis as in Theorem 4.4, we obtain a better
condition number bound for the geometrically non-conforming case.

THEOREM 4.12. For a geometrically non-conforming subdomain partition and in two
dimensions, the BDDC operator satisfies

H. 2
IQ(BDDc) < C’max { (1 + |Oghl) } s

when Assumptions 4.3 and 4.10 hold.
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5. A connection between FETI-DP and BDDC methodslin this section, we will
show that the BDDC algorithm developed in the previous sections is closely connected to the
FETI-DP algorithm developed by the first author in [9, 10] and by her jointly with Lee in
[11]. These two algorithms will be shown to share the same spectra except possibly for an
eigenvalue equal to 1.

A study comparing the spectra of the BDDC algorithm to that of the FETI-DP algo-
rithm was carried out by Mandel, Dohrmann and Tezaur [20] for conforming finite elements.
They showed that these two algorithms have the same set of eigenvalues except possibly for
eigenvalues equal to 0 and 1. Recently, a quite simple proof of this fact was given by Li and
Widlund [17]. They formulated the BDDC operators as well as the FETI-DP operators using
a change of variables and introducing certain projections and average operators. These pro-
jections and average operators provide an important connection between the FETI-DP and
the BDDC operators.

We first formulate a FETI-DP operator with the change of variables introduced in Sec-
tion 2.2. We then show that the FETI-DP operator has essentially the same spectrum as the
BDDC operator by establishing several properties of the projections and average operators
that are used in the analysis by Li and Widlund [17].

After the change of variables, the linear system considered in the FETI-DP formulation

is given by
Saan  San Bh (N ga
(5.1) Sna  Smn B un | = | g | »
BAa  Bn 0 A 0

where the matriceSaa, Sam, Stia, andSp are defined in (2.11) and the matricBs and
By are obtained from the mortar matching condition (2.8). We note that the subgtidioid
A stand for the unknowns or submatrices related to the primal variables and the remaining
part, respectively, and thatc M, the non-redundant Lagrange multiplier space.
After eliminating the unknowns andu, we obtain an equation for € M:

(5.2) BrST'BiA =d,
where
~ Saan  San
(5.3) Br=(Ba Bp), S= ,
( H) Stua  Sun

andd is also the result of Gaussian elimination.
We will now express the Neumann-Dirichlet preconditioner considered in [9, 10, 11]
using the change of variables. We recall the sgége defined in (2.4) and then define

W, = {wn eWw, : / wnwij ds =0, VFZ‘J‘, VE C 08, V’L} R
Fij
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whereF C 09); are nonmortar edges/faces with the partit{dn, } ;. For the geometrically
conforming case, the spa@én consists of functions with zero average on each nonmortar
edge/face” because);; = 1.

The Neumann-Dirichlet precondition@f 5, is defined by

(BE(wn), \)
cY (MppA X) = mik T8 Bwn), Elwn))
where E(w,,) is the zero extension afy, to all the interfaces and = (B(1> e B(N)).
Here we consideA € M, a non-redundant Lagrange multiplier space, and hence the mor-
tar matching matrixB has one less row for each nonmortar edge/face than in the original
formulation in [9, 10, 11].
We recall the spacB’a given in (2.7) and note that it can be splitinto

WA = WA,n 2] WA,ma

wheren andm denote the unknowns of the nonmortar edges/faces and mortar edges/faces,
respectively. The vectors in these spaces are represented by the unknowns after the change of
variables. The spadéx ,, is then identical tav, except that the bases are different.

By using the change of variables, (5.4) can be written as

~

(B

2
(5.5) (MppA N = max  ——DEWan) N7
wan€Wan (S E(wan), E(wan))
where
§:(§<1> §<N>), S = diag[§™).

The matricesS and B act on the new unknownsX) andwl(? that result from the change of
variables. The extensioﬁ(wAm) = (wy, - ,wy) is given by

(4)
Wa

w; = <w(i)> )
IT

Wherewg) is zero on the mortar edges/face)g) is equal tawa », on the nonmortar edges/faces,
andwﬁ’) is zero.
The formula (5.5) can be written as

<anA n )‘>2
5.6 MppA, \) = —_ .
( ) < pes > wAwInneaV}I(/Am <SnnwA,n7 wA,n>

Here the matrice®,, andS,,,, are submatrices dBx andSaa in (5.1) corresponding to the
nonmortar part. We see thét,, : Wa , — Wa , andB,, : Wa ,, — M are invertible. The
maximum in (5.6) occurs whes,,,wa , = B! X and hence it follows that

MBII—" = (BZ)_lsnnBﬁl-
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Further this matrix can be written as

(5.7) Mp} = By rSB 1,
where
Son B!
BtE,F = E7nm B;‘n
Yoo B}

with the weights given by
Enn = (BZBn)_l, Emm = 0, EHH =0.

Here the matrixB,,, is a submatrix ofBa corresponding to the unknowns of the mortar part.
Therefore the FETI-DP operator with the Neumann-Dirichlet preconditidfgy, is
given by

MpLFpp = By rSBL 1 BrS™'BE,
while the preconditioned BDDC operator is given by
Bppc = Ry 1S~ 'Rp rRESRr.
Let us now define the following jump and average operators
Py =By rBr, Ep=RrRhr.

The following results are provided in [17, Section 5].
THEOREMS5.1. Assume thaPs, and E'p satisfy
1. Ep+ Py =1,
2. B3 = Ep, P2 =P,
3. EpPs = PsEp =0.
Then the operatorMB}_,FDp and Bppc have the same eigenvalues except possibly for the
eigenvalue equal to 1.
We will now show that the assumptions in Theorem 5.1 hold for the oper&oi@nd
Ep. We express the spa&? by using the unknowns,,, w,,, andwrr:

W = {(wfl,wt W)t Yy, W, wn},

m?
and we recall the mortar finite element space
W= {w e W B, wy, + Brwn + Brw, = 0}.

We note thatPs; and Ep are operators defined on the spﬁe
LEMMA 5.2. The operators’s, and E satisfy
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1. Ep+ Ps =1,
2. B2 = Ep, P2 =Py,
3. EpPy = PsEp =0.

Proof. From
Emm = 07 EHH = 07 Enn = (B;Bn)ila
Dm,m = 17 DHH = I, Dnn = 07
we have
B, Y(Bpnwy, + Bnwn + Buwy,)
PEU} = 0 )
0
—B;l(Bmwm + BHU)H)
EDU} = Wi,
wr
Hence,
Ep+ Py =1.

We will now show thatE2 = Ej,. Since Rangetp) € W and Epw = w for all
w € W, we obtain

Ep(Epw) = Epw forallw € W.
This implies that
(5.8) FE% = Ep.
(FromEp + Ps, = I andE? = Ep, we have
Ep(Ep+ Ps) = Ep
and therefore
EpPs =0.
Moreover, fromPsw = 0 for all w € W and RangéFp) € W, we can show that
PyEp =0.
To show that?Z = P, we consider

PZ(ED + Pz;) = Py,
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and fromPs Ep = 0, we obtain

P =",

REMARK 5.3. Other FETI-DP preconditioners in two dimensions with different weights

X

have been developed and shown to give a condition number bound
Cmax {(1 4 log(H,/h;))* }

for some geometrically conforming cases with nonzero weights and Xp; see [6, 5].
We have not found a weight mattX that results inEp + Ps; = I for such a choice of.

6. Numerical tests. In this section, we discuss numerical tests which compare the effi-
ciency of the BDDC method and that of the FETI-DP method.(Fes [0, 1], we solve the
elliptic problem with the exact solution(z, y) = sin(7wz)(1 — y)y;

—Au=finQ,
uw=0 ondf.

We have carried out experiments for both matching and non-matching grids employing the
mortar matching conditions across the interfaces. The CG (Conjugate Gradient) iteration
continues until the residual norm has been reduced by a fa@tdr

The domain? is divided into square subdomains as in Figure 6.1. For matching grids,
we introduce uniform meshes withnodes on each horizontal and vertical edge. To make
the meshes non-matching across subdomain interfaces, we generate triangulations in each
subdomain in the following way: for each subdomain, we cheosandom quasi-uniform
nodes on each horizontal and vertical edges. From these nodes, we generate nonuniform
structured grids in each subdomain. Since we choose the same number of quasi-uniform
nodesn for all subdomains, the mesh sizes of neighboring subdomains are comparable.

First, we compare the two algorithms with the matching grids employing the mortar
matching condition and primal constraints at the vertices. In Table 6.1, we ditéo
N = 4 x 4 subdomains (see Figure 6.1) and increase the number of nod#&s compute
L?- and H'-errors between the exact solution and the solution of the iterative method, the
number of CG iterations, and the minimum and the maximum eigenvalues of the BDDC and
the FETI-DP operators. For thé'-error, we compute the brokeli'-norm based on the
subdomain partition. Table 6.2 shows the numerical results when we fixt = 4 and
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Q33

QOl

QOO QlO

FIG. 6.1 Partition of subdomains wheN = 4 x 4

increaseN, the number of subdomains. FoF = 8 x 8, 16 x 16 and32 x 32, we divide

Q into square subdomains in the same manner ad/fer 4 x 4. We see that both methods
gives the same accuracy. The minimum eigenvalues of the BDDC operator are always equal
to 1 while those of the FETI-DP operator are greater than 1. The maximum eigenvalues of
both operators are almost the same.

In Table 6.3 and 6.4, we perform the same computations for non-matching grids. The
results shows similar patterns for the minimum and maximum eigenvalues as for matching
grids except that the minimum eigenvalues of FETI-DP operator converge to 1 when the
number of nodes increases; see Table 6.3.

From the numerical results, we see that the BDDC operator always has the minimum
eigenvalue 1 while the FETI-DP operator has all its eigenvalues greater than 1 and that these
operators have almost the same maximum eigenvalues. Generally, we can conclude that the
two algorithms perform quite similarly. Numerical tests on geometrically nonconforming
partitions will be done in further research.

TABLE 6.1

(Matching grids) Comparison of FETI-DP and BDDC methods wheimcreases with a fixed nhumber of
subdomainV =4 x 4

MpLFpp Bppc

n—11 |lu—u"o | |Ju—u" | Iter | Amin Amax Iter | Amin Amax
4 4.1293e-4| 5.7497e-2| 10 | 1.43 4.01 11 | 1.00 4.01
8 1.0399e-4| 2.8798e-2|| 12 | 1.35| 5.64 13 | 1.00| 5.64
16 2.6057e-5| 1.4405e-2| 14 | 1.31 7.64 15 | 1.00 7.64
32 6.5183e-6| 7.2036e-3| 15 | 1.31 | 1.00e+1|| 16 | 1.00| 1.00e+1
64 1.6315e-6| 3.6019e-3|| 16 | 1.35| 1.27e+1| 18 | 1.00| 1.27e+1
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