A FETI-DP PRECONDITIONER FOR MORTAR METHODS IN THREE
DIMENSIONS *
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Abstract. A FETI-DP method is developed for three-dimensional elliptic problems with mortar discretization.
The mortar matching conditions are considered as the continuity constraints in the FETI-DP formulation. Among
them, face average constraints are selected as primal constraints in our FETI-DP formulation to achieve an algorithm
as scalable as two dimensional problems. A Neumann-Dirichlet preconditioner is used in the FETI-DP formulation

and it gives the condition number bound

n o
C maxN (1+log(Hi/hi))2 ,

i=1,---,

whereH; andh; are sizes of domain and mesh for each subdomain, respectively, and the céhistardependent
of H;, h;, and coefficients of the elliptic problems. The proposed algorithm can be applied to two-dimensional
elliptic problems with edge average constraints only as primal constraints. Numerical results are included.
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1. Introduction. FETI-DP methods were introduced by Farleatal. [6] and applied
to solving elliptic problems with conforming discretizations both in two and three dimen-
sions [7]. In three dimensions, subdomains intersect with neighboring subdomains on faces,
edges, or at corners, while they intersect on edges or at corners in two dimensions; the con-
tinuity of solution is imposed on faces and edges with dual variables and at corners with
primal variables in the dual-primal FETI (FETI-DP) methods. However, numerical results
in [6, 7] show that we need additional primal constraints for three dimensional problems
to attain the same efficiency as two dimensional problems. For these constraints, additional
Lagrange multipliers are introduced and they are treated as primal variables in the FETI-DP
formulation. FETI-DP methods with various redundant constraints have been studied and
their condition number bound was analyzed by Klawenal.[14, 15] for elliptic problems
with heterogeneous coefficients. Numerical results were further provided in [12].

FETI-DP methods have been also applied to mortar finite elements methods [4, 5, 9, 17].
In [4, 5], the condition number bound of FETI-DP operator was analyzed for various types
of preconditioners but it depends on ratios of mesh sizes between neighboring subdomains.
In [9], a Neumann-Dirichlet preconditioner was proposed and analyzed for elliptic problems
with heterogeneous coefficients. In this case, the condition number bound does not depend
on the mesh sizes and the coefficients. Moreover, numerical results show that the Neumann-
Dirichlet preconditioner works much more efficiently than other FETI-DP preconditioners
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for elliptic problems with highly discontinuous coefficients. For three dimensional problems,
FETI methods with mortar discretizations were developed and their numerical results were
provided in [16].

The primary contribution of our work is the extension of the FETI-DP method in [9]
to three dimensional problems and to the second generation of mortar methods. In [9],
vertex continuity constraints are introduced as primal constraints. However, for the three-
dimensional case we need primal constraints other than the vertex constraints to get a method
as scalable as the two-dimensional case in [9]. We select constraints that averages of the so-
lution across subdomain interfaces are the same, which is so called face constraints in [15].
Similarly to the previous work in [9], we propose a Neumann-Dirichlet preconditioner for the
FETI-DP formulation and show that the condition number bound

¢ max {(1+1og (Hi/h))*}

i=1

) )

for elliptic problems with discontinuous constant coefficients. Héfgandh; are sizes of
domain and mesh for each subdomain, respectively, and the co@sisitdependent off;,

h;, and the coefficients of elliptic problems. In our FETI-DP formulation, we follow a change
of basis formulation introduced in [13]. The change of basis makes the analysis of FETI-DP
algorithms easier when primal constraints other than the vertex continuity constraints are
used. Moreover it gives an efficient and robust implementation of FETI-DP algorithms [10,
11].

We note that edge average constraints can be considered as primal constraints for two-
dimensional problems. The continuity constraints at vertices can not be selected as primal
constraints for the second generation of mortar methods [1]. We are able to extend the result
in [9] to the second generation of mortar methods by introducing edge average constraints.
Furthermore condition number bound estimate of this case can be carried out similarly to
three dimensional case presented in this paper.

This paper is organized as follows. In Section 2, we introduce finite element spaces
and norms and in Section 3, we derive the FETI-DP formulation with the mortar matching
constraints, the primal constraints, and the Neumann-Dirichlet preconditioner. Section 4 is
devoted to analyzing the condition nhumber bound of the FETI-DP algorithm. Numerical
results are provided in Section 5.

Throughout the papet; or ¢ (< C) denotes a generic positive constant that does not
depend on any mesh parameters and the coefficients of elliptic problems.

2. Finite element spaces and norms.

2.1. A model problem and Sobolev spaced.et €2 be a bounded polyhedral domain
in R? and L?(Q2) be the space of square integrable functions definéd équipped with the
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norm

||v||2Lz(Q) ::/QUQd:E.

The spacelf () is the set of functions, which are square integrable up to the first weak
derivatives, and the norm is given by

[vllz () = (/ Vo - Vvd:c+—/v dx) ,

wheredq denotes the diameter ©6X.
We consider the following model elliptic problem:
For f € L?(Q), findu € H*(Q) such that

=V (p(x)Vu(z)) = f(z) inQ,
u(x) =0 onof.

Here,p(x) > 0forall z € Q andp(z) € L™(Q).

Let  be partitioned into non-overlapping polyhedral subdoméing Y ;. We assume
that the partition is geometrically conforming, which means that each subdomain intersects
its neighboring subdomains on a full face, a full edge or at a vertex. Each subdfpmain
is equipped with a quasi uniform triangulatiétf’, which consists of tetrahedrons. These
triangulations need not be aligned across subdomain interfaces.

Each subdomaif®; is equipped with a finite element space

X;:={ve HH() : v|, € Pi(7), T € Q!},

whereH} () := {v € HY(;) : v=00n9Q N} andP;(7) is a set of polynomials
of degree< 1 in . We assume that

p(.’L’) = Pi, Vo € Qia
wherep; is a positive constant. A bilinear form(-,-) : X; x X; — R is defined as

(2.1) ai(ug,v;) == p; / Vu; - Vu; dx.
JQ

We now introduce Sobolev spaces defined on the boundaries of subdomains. The space
H'/2(0%);) is the trace space df ' (£2;) equipped with the norm

1
||wi||§_[1/2(39i) = ‘wiﬁ[l/z(agi) + @leH%Q(aQL)’

where

|wi(z) — wi(y)|*
|wz|H1/2(aQ) /(99 /{)Q ‘CC _y‘d ds(x) ds(y).
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Q)
i F”
FiG. 1. Mortar and nonmortar sides df; ;

For any faceF;; € 04, H&éz(Fij) is the set of functions il?(F;;) whose zero extension
into ALY is contained inl'/2(99;) and is equipped with the norm

v (x)

2 2
_ ) g
1ol zras2 gy = 10Tar2 () +/FU dist(z, 0F;)

From Section 4.1 in [22], we have the following relation foe Hééz(Fij):

(2.2) cllvll 2@y < 0l gz, < ClIOla200:))
wherev is the zero extension afto 9Q;, i.e.,v = v on F;; andv = 0 on0Q; \ F};.

2.2. Mortar matching conditions. Let us define

N
x=]]x:
=1
and
N
(2.3) W= ] wi,

wherelV; is the trace space df;, i.e.,W; = X, |gq,. We will approximate the solution of the
problem (2.1) inX. We note that the space is not contained il * (£2) because the triangles

are non-matching across subdomain interfaces. In order to approximate the solution of the
problem (2.1) in the nonconforming finite element spacaeve impose the mortar matching
condition onX, for which jumps of a function inX across a common face (interface) are
orthogonal to a Lagrange multiplier space, ie= (v1,--- ,vn) € X satisfies

(24) / ('Uz' — Uj))\ij ds=0YV )\ij € Mij,VFij,
F;

J
wherel;; is a Lagrange multiplier space given on the common interfage= 0€2; N 0);.
On F;;, we distinguism? Fi andQﬂFi]. as in Figure 1 and choose one as a mortar side
and the other as a nonmortar side. On each nonmortar side, we define a finite element space

(25) Wij = {’U

F, € Hy(Fij) © v e Xuup),
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wheren(ij) is the nonmortar side (honmortar subdomainfpf

To get the optimal order approximation, we need the following abstract conditions on the
spacel;;;

(A.1) The basiqgij}gjl are locally supported, that is, the number of elements

in Q?IFW which have nonempty intersections with the simply connected support

of &7, is bounded independently of mesh sizes &pd

(A.2) W;; andM;; have the same dimension.

(A.3) There is a constarit such that

S, @0 ds

16l 2(r,;) < C sup —5—— Vo € Wiy,
YeEM;; |¢||L2(Fij)

(A.4) Forp € H*=Y/%(F;;), there existgi, € M;; such that

k—
[ — Mh||2L2(Fij) < Ch; 1|/“?{k71/2(ﬂj)7

wherek is the order of finite elements iX;.

The condition (A.4) implies that € M;;. In the following, we assume that the Lagrange
multiplier spacel/;; satisfies the above conditions; the standard Lagrange multiplier space
in [2] and the Lagrange multipliers with dual basis in [8] are those examples.

In our FETI-DP formulation, we will use the mortar matching condition (2.4) as conti-
nuity constraints. These continuity constraints can further be written into

N
(2.6) > Biw; =0,
i=1

wherew; = v;|sq,. We note that the matrice3; are not boolean matrices as in the original
FETI (or FETI-DP) methods.

In the following, we will use the same notation for finite element functions and the corre-
sponding vectors of nodal values. For examplgis used to denote a finite element function
or the vector of nodal values of that function. The same applies to the notations for function
spaces such d§,;, X, W, etc.

3. FETI-DP formulation.

3.1. FETI-DP operator. In this section, we formulate the FETI-DP operator for the
problem (2.1) with the mortar matching condition as continuity constraints3 Boelliptic
problems, it was shown that using the primal variables at vertices is not enough to get the same
condition number bound axD problems; see numerical results in [6, 7]. Hence, additional
primal constraints are introduced to accelerate the convergence of the FETI-DP method.

For the3 D elliptic problems with conforming discretizations, Klawoetal.[14] devel-
oped FETI-DP methods with various redundant constraints. They introduced edge average or
face average constraints as primal constraints to achieve the same condition number bound as
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2D elliptic problems. The continuity constraints on edges are that the averages of functions
across a common edge are the same. The same is applied to faces also. In [15], they extended
the results to a case with face constraints only.

In mortar discretizations, we can select the face constraints
/ v ds = / vjds VF
Fij Fij
or vertex constraints as primal constraints. We note that)/;; and the vertex constraints
can be considered for the first generation of the mortar methods [3] while the vertex con-
straints can not be used for the second generation of mortar methods [1].

We may impose the face average constraints by introducing additional Lagrange multi-
pliers and then treat them as primal variables in the FETI-DP formulation; see [6, 7, 14]. In
our FETI-DP formulation, we follow the change of basis (change of variables) formulation
introduced in [13] that leads to much easier analysis and more robust implementation; see
[10, 11].

On each interfacé’;;, for wy; = w;|p,; (or w;; = w;|r,) we consider a change of

(@5)
WA
Wi = TF,;]' (w(”)> )
I

whereTF,; retains unknowns at the boundarygf;, wl({j) is the average ob;; on Fj;, i.e.,

variables so that

Wl — :fFij wij ds
I Jp lds’

xJ

and the functior’wxj) has the average value zero By, i.e.,

/ jo)d,s:O.

We note thathj) is a function in the above equation and it can be represented using the
change of base given by the transfadfin,
After the transforms, we express the unknownsnto

W)
W=\ 0
Wiy
wherell stands for the unknowns of primal variables, i.e., the averages on faces or unknowns
at vertices, and\ stands for the remaining unknowns. These notational conventions will be

used throughout this paper.
We now consider a subspa@ of W that satisfies the primal constraints

W::{wEW :/ (w; —w;)ds =0
F,;j

andw is continuous at subdomain vertiges
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Let WA be a space of vectors

wA = : ’

and letiV1; be the space of primal variables;. We then decompose the spaﬁ’e
W =Wa & Wi
We define

RY Wiy — Wy

Q;

that restricts the primal variables to the primal variables in each subdomain.

Let S( be the Schur complement matrix obtained from the bilinear fosfm -) in (2.1)
and letg(” be the Schur complement forcing vector obtained frfgg)fui dxz. After the
change of variables, the matri¥* and vector ") are written into

$6) — (5(42 SX%) g0 = <9Z)> .
Stk st o)
We recall the mortar matching condition

N
i=1

Sincew € W satisfies the face average constraints ard M/, ;, the above continuity con-
straints are redundant far € . We consider a subspaﬁij of M;; that has one less basis
thanl;;. We impose the mortar matching condition (2.4) with the Lagrange multiplier space

M ;; instead of)M;; and obtain its matrix representation

N
i=1

The above constraints are then non-redundant constrainis ¢oF. We rewrite it as
Y@ 6w G

(3.1) S B + By w) = 0.
=1

We note that the matrice§z) are square and invertible.
Let

Ma =[] ;.

j
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We then obtain the following mixed formulation of the problem (2.1) with the constraints (3.1):
Find (wa,wrr, A) € Wa X Wi x Ma satisfying

SAaawA + Sanwr + BAA = ga,
(3.2) Snawa + Somwn + B\ = g,

Bawa + Brywr =0,

where

SAA = diagizl,‘.. N (SX)A) )

1 1
sy
SAH = )
N N
g
SHA = StAHv

N
St = Z(Rg))tSﬁ%R%’),

i=1

N .
Ba=(BY ., BY") . Bu=> By R,
=1

1 1
o N )
() i=1 )

9IA Wa

After eliminatingwa andwr from (3.2), we obtain
FppX =d.
We note that
(Bw, \)*

FppA, A) = max — ,
Foph, ) weW (Sw,w)

where
B= (BA BH) ,
= San  San wa
S = , W= .
Sna  Smn w
More precisely we compute

Fpp = BS™'B' = Faa + FanFipj i Fua,
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where

N 4 .
Fas = BaSxABh = S BR (S8 (B,
i=1

) 50 o )\ pli
Fis = ~(Bn — BaSzhSan) =~ Y (B ~BL(54) s

i=1
Fan = FléIAv
Fon = 3~ (Ry)!(Siin — Sta(S84) ™ San) Ry -

=1
From the above formula, we can see that the computdiigp can be done by applying
matrix-vector multiplications in each subdomain except the tEm#

3.2. Preconditioner. We derive a preconditioner from the similar idea to [9], in which
a Neumann-Dirichlet preconditioner is derived from a dual norm on the Lagrange multiplier
space by using a duality pairing between the Lagrange multiplier space and the finite element
space on nonmortar sides. In the following, the idea is provided in more detail.

We further decompose the speﬁéinto

W: Wa @ Wn = WA,n@WA,m@an

where the subscript stands for the space of vectors for the unknowns at the interior of
nonmortar faces and the subscriptstands for the remaining unknowns. In other words, we

split a vectorwa € W into
WA ,n
wa = ’
WA,m

wherewa ,, are unknowns at the interior of nonmortar faces and,, are the remaining
unknowns. We recall the mortar matching condition

BAwA + BHU}H =0.
It is then written into
(33) BA,nwA,n + BA,mwA,m + BHwH =0.

Here, the matrixB ,, is square and invertible.
We will propose the Neumann-Dirichlet preconditioner of the form

(34) F;L, = BDSDB,
whereB and D are given by

Dnn
B = (BA,n BA,m BH) ) D= Dmm
Dnn
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The Neumann-Dirichlet preconditioner provides the weights
-1
(35) Dy = (BtAJLBA,n) v Dmm =0, Dnn=0.

This preconditioner is originated from a dual norm on the Lagrange multiplier space
Ma; see [9]. We recall the spad&a ,, andW. Forw € W, we define a norm

i = (Sw, w).

Since a functionva , € Wa ,, has the zero average on each fdGe and has zero values
at subdomain vertices, its zero extension ,, to W satisfies the primal constraints, i.e.,
WA, € W. We may write

WA ,n
{EA,VL = 0 eWw.
We then define a norm faoa ,, by
HwA,n”%/VAm = <§@A,7U@A,n>a
and a dual norm on the spasé, by

B A
(3.6) My = max (Dantamd)
A,n WA nEWA R ||wA,n

‘WA,n .
The Neumann-Dirichlet precondition@g} is given by
(3.7) (FppA,\) = [RY
An
Similarly, the matrixZ’p p can be obtained from a dual norm
(FopA A) = [ Al
where the dual norm is given by
Bw, \)? Buw, \)?
||)\||%, = max (Buw, \)* w,2> = max (Buw, ) el ) )
weW ||w||w weW (Sw,w)
The preconditioner is originated from the idea that these two dual norms will be sufficiently

close so as to g@g}, as a good preconditioner fdfp p. The lower bound estimate can be
done from

(BWA .y \)? (Bw, \)?

(3.8) H)\Hf/v,A = max ————"—'— < max = ||)\||?ﬁ,,

,n ’wA,neWA,n <§@A,n7ﬁ;A,n> weﬁ ||wH2W

becauseua ,, is contained i In the following section, we will provide an upper bound
for the Neumann-Dirichlet preconditionﬁg}j.
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From (3.6) and (3.7), we find the following form of the preconditioner

N (1) \ty—1

S P o [ (Ba,)")

Fob =3 (80,1 0) st ( SE]
=1

that provides the weights in (3.5). The computatﬁ’[;yl)/\ can be done by solving a Neumann-

Dirichlet problem in each subdomain, i.e.,

Sin = (A%, — AZ (af)) 1 4R%),
where
(s
A0 = Al A Al
A AR AR

Here A() is the stiffness matrix of the bilinear formy(u,v) for u,v € X; and the sub-
scripts/, I1, andA stand for the subdomain interior unknowns, the unknowns for the primal
variables, and the remaining unknowns, respectively.

When we compute
X B(l) t\—1
50 ((( A,(;)) ) N

we solve the problem

0,0 _ 4@ (BT
ot =y (PR,

where Neumann boundary conditiQ(lBX?n)t)”)\, is given on the nonmortar faces and zero
Dirichlet boundary condition is provided on the remaining part of the subdomain boundary.

4. Condition number bound estimation. On the interfacef;;, we assume thd®; is
the nonmortar side ard; is the mortar side. We denote the mesh sizes in each subdomains
; and2; by h; andh;, respectively. We recall the spaidg ; in (2.5).

DEFINITION 4.1. We define a projection,; : Hy)>(Fj;) — Wi; forv € Hyl*(F;) by

A (v — Wijv)/\ij ds =0 V)\q;j S Mij.

For the spacé/;; satisfying the conditions (A.1)-(A.4) (see Section 2.2), we can show that
the projectionr;; is continuous on the spa 162(Fij) (see [8] or [21]);

1

1/2
(4.1) Imisoll e,y < Cllollgan s, Vo € Hop® (Fi),

$2(Fy
whereC' is a constant not depending éfy andh;. Moreover, the projection is continuous
on the spacd.?(F;;).
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LEMMA 4.2.Forw = (wq, -+ ,wn) € W, we have

o 2
2 ! 2
||7sz (w w])”Hééz(F”) < Cma)]( { (1 + lOghl) } (|wi|H1/2(391’)

h;
+ 1+h |wJ|H1/289)

Proof. Let V" denote the set of nodes in the finite element spéigeWe decompose;

into
R (ON @ (. ’
w; = IFij (w;) + IaFij (w;) on Fjy,
where
I(i) ( ) wz(z) for nodesr € Fij ﬂ./\/ih,
c\wq) =
Fig 0 for nodesr € 0F;; NN},
and
@) w; (z) for nodesr € OF;; NN},
IaFi-(wi) = h
! 0 for nodesr € F;; NN},
Similarly we have
_ I(J)( i)+ I(J) (wj)'
We consider
(42) Hﬂ-l] ('LU w])” 1/2(Fij)
(43) < O (Imig (152 DI o + g (L5, (@) 2072

1) 12 () (12
i3 (L) DI+ I3 IS5, 0D s ) -

From the continuity ofr;; in HégQ(Fij) and a face lemma [18, Lemma 4.24], we esti-
mate the first and the third terms of the above equation

i H;\*
@8 I e, <€ (141007 ) sl

H\ 2

<0 (110g3 ) sl on,
J

We now estimate the fourth term in (4.3)

Iy (52, (0D a2, < OhiH iy (I, (wi) s

79 (w112
(4.5) sy () (0D 22,

ij

< Ch ISP W)l a s
< Ch ISR Wl om,)»

(@) < on s (110672 ) s s,
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Here we have used an inverse inequality, the continuityr,9fin L?(F;;), and an edge
lemma [18, Lemma 4.17].
Similarly, we obtain

(4.7) Imis (5, () s ) < € (1 " 'O%) s 20
Sincew = (wy,-+ ,wn) € W. w; andw; have the same average over the common face
Fijr i.e.,

We can replacev; andw; in (4.2) byw; — ¢;; andw; — ¢;;, respectively, and then replace
the norm by the semi-norm in the above estimates (4.4)-(4.7) using a Roineguality.

Combining (4.3) with (4.4)-(4.7), the desired estimate follols.

REMARK 4.3. The face average constraints are important in applying a Poiadar
equality to the above analysis, while the continuity constraints at vertices are not necessary.
We are able to consider face constraints only as the primal constraints. This makes it possible
to extend our FETI-DP formulation to the second generation of mortar methods. We note that
vertex constraints can not be used as primal constraints for the second generation of mortar
discretization.

To obtain a condition number bound that does not depend on mesh sizes and the coeffi-
cients, we need the following assumptions.

ASSUMPTION 4.4. On a common interfacé;;, we choose the subdomafiy with
smallerp; as the nonmortar side and the subdom&inwith larger p; as the mortar side.

ASSUMPTION4.5. For eachF;;, we assume that
(4.8) Z‘Z:C('Ozy,withogygL
where(; is the nonmortar side an@; is the mortar side, and the constafitdoes not depend
on any mesh parameteks and the coefficients;.

The Assumption 4.4 is conventionally used in the analysis of the mortar methods; see
[19, Remark 3.1]. The Assumptions 4.4 and 4.5 together imply that the subdémaiith
smaller coefficienp; will have finer discretization (smallér;) that is practically meaningful.

We note that numerical results in [19, Section 1.5] show that the optimal/ati; tends
to becomep; /p;)'/* as an adaptivity strategy is applied successively to elliptic problems in
2D.

We now estimate the upper bound of the FETI-DP algorithm.

LEMMA 4.6.Under Assumptions 4.4 and 4.5, fore Ma, we have

i=1,,

HN\?\ 4
(FppA, Ay < C maXN{(l—i—log}L_l) }(FDP)\,)\>,
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where the constar’ does not depend d;, H;, andp;.
Proof. We note that

Bw, \)?
4.9 FppA, \) = )\2,:max<~7’,
(4.9) (FppA,A) = || A3 o Bww)
e BA nWAn )\>2
4.10 FppA N =N, = (Banwan A)”
(4.10) {EFppA A = Al WA EWA lwanli, .-

From the definitions of3 andr;;, we have

Let
zij = Tij (Wi — wy).

From1 € M;; and the definition ofr;;, we have

ijr
/ zideZ/ (w; —w;)ds =0,
Fyj Fiy

Sincez;; has zero average dri; and has zero values @IF;;, after the transform introduced
in Section 3.1 we may write

(4.11) (Bw,\) = Z/ i (wi — wi)Aij ds = (Banzan A,
ij 7 Fi

whereza , = z;; ON F; andza , € Wa . We note thata ,can be a function or a vector
of unknowns, i.e., itis a function in the equatier ,, = z;;, by using the change of base, and
it is a vector of unknowns in the terfa ,, za », by using the change of unknowns. From the
above relation (4.11) and (4.10), we get

(4.12) (Bw, \)? < (FppA\, Nllzamly. .-

We will show that
oN\?%)] -~
(4.13) ||ZAn||12/VA < szax { (1 + |Ogh_l> } (Sw, w).

The desired estimate then follows from (4.9) and (4.12).

Let za ,, be the zero extension af ,, to the all interfaces, i.e., into the spaldé. It is
easy to see thala ,, € W. Let zi = Zanloq,, the restriction ofza ,, to the subdomaif;.
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We then obtain
lzaml3vs . = (SZam, Zam)
i
< CZ/)H%@N?(@QJ
i
<C 5|12
= Z;p’l“ ZJ”H(%Z(F”-)
2
= CZ Zpi\\mj(wi ~will e gy
i

Hi\® Dy 2
< Cz:IB%X,N { <1 + |Oghl) } Z ((S Wi, Wi

ij

B\ pi )
+ 1+7>1S(J)w.7w,>).
( h; P.7‘< il

Here we used the well-known inequality
5|2 < (8D 4. 2N < COp,lz |2
pz|zz|H1/2(6Qi) = < Ziy 2i) < pl|ZZ|H1/2(3Qi)7

the relation in (2.2), and Lemma 4.2.
From Assumptions 4.4 and 4.5, we obtain

, , ENRANPY , N1
hi ) pj pi Pj Pj Pj

where(2; is the nonmortar side df;;. Therefore, we have shown the desired estimate (4.13)
with the constant’ independent of;, H;, andp;.0

REMARK 4.7. The above analysis can be applied to two dimensional problems with
edge average constraints only as primal constraints.

From the lower bound estimate in (3.8) and the upper bound estimate in Lemma 4.6, we
then have the condition number bound of the FETI-DP algorithm with the Neumann-Dirichlet
preconditioner.

THEOREM4.8. Under Assumptions 4.4 and 4.5,

~ .\ 2
/@(FB};,FDP) < C’miax { (1 + |Ogh_l) } ,

where the constant’ does not depend dw;, H;, andp;.

5. Numerical Results. In this section, we provide numerical tests for the FETI-DP for-
mulation developed in this paper. We consider the following model problem:

—V - (a(z,y,2)Vu) = f in €,
u =0 on 0,
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FIG. 2. Hexahedral elements generated by the quasi-uniform nodes (black dots) along each axiswi%en

whereQ) = (0,1)? is the unit cubey(x, y, z) = sin(mx)y(1—y) sin(rz) is the exact solution,
anda(z,y,z) = 1.

We divide the domaif into N x N x N cubical subdomains with side length=1/N.
Each subdomain is discretized by conforming trilinear finite elements and these elements
are non-matching across subdomain interfaces. To make them non-matching, we generate
hexahedral elements in each subdomain as follows. In a subdéinaire choose: random
guasi-uniform nodes along each axis including its end points. From these nodes, we generate
nonuniform structured grids, which consists of hexahedrons with mesh paramégte
Figure 2). Since the finite elements are obtained from the quasi-uniform nodes, the mesh
parameteh; is comparable td{/(n — 1). The corresponding Lagrange multiplier is given by
the tensor product of two dimensional multipliers considered in [20]. Even though the theory
provided in the previous section was developed for tetrahedral finite elements, it extends to
the approximation described above without difficulty.

To see the scalability of the preconditioner, we perform two types of experiments. First,
we keep the number of subdomains fixed and increase the number of madesg each
axis. In the second test, we have the number of subdomains increasing with a fixed subdo-
main problem size. We solve the FETI-DP equation using conjugate gradient method with
and without the Neumann-Dirichlet preconditior@g}). The conjugate gradient iteration
continues until the relative residual norm is reduced ty®.

In Table 1, the number of CG iterations and condition humbers are shown when the
number of nodes: increases with the fixed number of subdomavi$ = 43. From the
result, we observe the 1dggrowth of the condition number for the proposed preconditioner.
It also shows that the preconditioner effectively reduces CG iterations. Table 2 shows the
numerical results when we fix = 5 and increase the number of subdomains. As proved in
our analysis, the condition number becomes stable as the number of subdomains is increasing.

We have tested the FETI-DP algorithm for the simple elliptic problem. Further computa-
tional work should be done for the elliptic problems with discontinuous constant coefficients.
It is also important to find the optimal ratio of mesttggh; ~ (p;/p;)” for somed <~ <1
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Without preconditioner| With preconditioner

n—11 Iter Cond Iter Cond

4 26 1.75e+1 17 6.90

8 67 2.17e+2 23 1.29e+1

12 75 3.15e+2 25 1.56e+1

16 83 3.89e+2 26 1.74e+1

24 92 5.26e+2 29 2.04e+1

32 99 6.39e+2 30 2.24e+1

TABLE 1

The number of CG iterations (Iter) and corresponding condition numbers (Cond) for the FETI-DP operator
with or without the Neumann-Dirichlet preconditioner when subdomain problemnSizacreases with the fixed
number of subdomain¥ 3 (N = 4)

Without preconditioner| With preconditioner
N3 || lter Cond Iter Cond
23 21 1.63e+1 15 5.72
33 24 2.14e+1 17 7.13
43 26 1.75e+1 17 6.90
63 26 2.09e+1 18 7.91
83 27 2.22e+1 18 8.41
TABLE 2

The number of CG iterations (Iter) and corresponding condition numbers (Cond) for the FETI-DP operator
with or without the Neumann-Dirichlet preconditioner when number of subdonmidihincreases with the fixed
subdomain problem size’ (n = 5)

as performed in [21] by applying an appropriate adaptivity strategy.
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