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A PRECONDITIONER FOR THE FETI-DP FORMULATION
WITH MORTAR METHODS IN TWO DIMENSIONS*

HYEA HYUN KIM' AND CHANG-OCK LEEf

Abstract. In this paper, we consider a dual-primal FETI (FETI-DP) method for elliptic
problems on nonmatching grids. The FETI-DP method is a domain decomposition method that
uses Lagrange multipliers to match solutions continuously across subdomain boundaries in the sense
of dual-primal variables. We use the mortar matching condition as the continuity constraints for the
FETI-DP formulation. We construct a preconditioner for the FETI-DP operator and show that the
condition number of the preconditioned FETI-DP operator is bounded by

CizllT,lé?(,N{(l +log (Hi/hi))?},

where H; and h; are sizes of domain and mesh for each subdomain, respectively, and C' is a constant
independent of H;’s and h;’s. We allow jumps of coefficients of elliptic problems across subdomain
boundaries. Numerical results are included.
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1. Introduction. This paper is concerned with preconditioners for an iterative
method for the parallel solution of symmetric, positive definite systems of linear equa-
tions that arise from elliptic boundary value problems discretized by finite elements
on nonconforming meshes. Nonconforming discretizations are important for multi-
physics simulations, contact-impact problems, the generation of meshes and parti-
tions aligned with jumps in diffusion coefficients, hp-adaptive methods, and special
discretizations in the neighborhood of singularities (corners or joints).

Of the many methods for nonmatching meshes, including [3] and [13], we con-
sider the mortar method [1, 2, 17, 18]. In mortar methods, orthogonality relations
between the jumps in the traces across subdomain interfaces are satisfied using a
discrete Lagrange multiplier space. The sparse linear systems that arise in mortar
methods are similar to the systems solved by an iterative substructuring method with
Lagrange multipliers developed for conforming discretizations (see [6, 8, 12, 14] for an
introduction).

Recently the dual-primal FETI (FETI-DP) method introduced by Farhat, Lesoinne,
and Pierson [7] has been applied to mortar finite elements methods [4, 5, 15]. The
primary contribution of our work is using the framework of parallel subspace cor-
rection methods [19] to better formulate the FETI-DP preconditioner for the mortar
matching condition.

The FETI-DP method enforces the continuity of the solution at cross points di-
rectly in the formulation of the dual problem: the degrees of freedom (d.o.f.) at a cross
point remain common to all subdomains sharing the cross point and the continuity of
the remaining d.o.f. on the interfaces are enforced by Lagrange multipliers [10]. The
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d.o.f. are then eliminated and the resulting dual problem for the Lagrange multipliers
is solved by preconditioned conjugate gradients (CGs).

For FETI-DP methods on nonmatching grids, Dryja and Widlund [4] proposed a
preconditioner, the so-called Dirichlet preconditioner, which gives a condition num-
ber bound C(1 + log(H/h))? with the Neumann-Dirichlet ordering of substructures,
where H and h denote the maximum diameter of subdomains and minimum size of
meshes of all subdomains, respectively. In general cases, that is, without consider-
ing ordered substructures, they obtained C(1 + log(H/h))* for the condition number
bound. Moreover, in [5], they proposed a different preconditioner, which is similar to
the one in [9], and proved the condition number bound C(1 + log(H/h))?. However,
the constant C' in the condition number bound depends on the ratio of meshes be-
tween neighboring subdomains. This restriction is impractical when the coefficients of
elliptic problems are highly discontinuous between subdomains (see Wohlmuth [18]).

In this paper, we formulate an FETI-DP operator in a different way from that
of Dryja and Widlund [4, 5] and propose a Neumann—Dirichlet preconditioner which
gives the condition number bound C(1+1log(H/h))? with the constant C' not depend-
ing on the ratio of meshes between neighboring subdomains. The proposed precondi-
tioner is easy to implement and the operator from the nodal values on the interfaces
of subdomains to the Lagrange multiplier space requires only the nodal values on the
slave side. Hence, the cost for multiplying the operator to a vector is reduced by half
compared with preconditioners developed elsewhere (see, e.g., [4, 5]). For the ellip-
tic problems with heterogeneous coefficients, with careful choices of slave and master
sides according to the magnitude of coefficients, the preconditioner gives the same
condition number bound, which does not depend on the coefficients.

In the mortar matching condition, we consider a standard Lagrange multiplier
space introduced by [2]. In the condition number analysis, we use the continuity of
the mortar projection operator in an Holgz—norm. Hence, our result can be extended
to Lagrange multiplier spaces with this property. A few such Lagrange multiplier
spaces are developed by Wohlmuth [17, 18].

This paper is organized as follows. In section 2, we introduce finite element
spaces and norms and, in section 3, we derive the FETI-DP operator using the mor-
tar matching condition as continuity constraints and propose a preconditioner. In
section 4, we analyze the condition number bound of the preconditioned FETI-DP
operator. Numerical results are provided in section 5. In the numerical tests, we
compare the proposed preconditioner with that of Dryja and Widlund [5] for solving
elliptic problems with highly discontinuous coefficients on noncomparable meshes.

2. Finite element spaces and norms.

2.1. A model problem and Sobolev spaces. Let ) be a bounded polygonal
domain in R? and L?(Q) be the space of square integrable functions defined in

equipped with the norm || - ||p q:
||’UH39 = / v? dz.
’ Q

The space H'(f2) is the set of functions, which are square integrable up to the first
weak derivatives, and the norm is given by

1 1/2
S
@ dg, Jo
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where dg denotes the diameter of €.
We consider an FETI-DP method on nonmatching grids for the following elliptic
problem: For f € L?(Q), find u € H'(Q) such that

=V - (A(2)Vu(z)) + B(x)u
(2.1) u

z) = f(z) in €,

Here, A(x) = (a;;(z)) for 4,5 = 1,2 and n is the outward unit vector normal to I'y.
We assume that ay;(x), 8(z) € L™ (), A(z) is uniformly elliptic, G(z) > 0 for all
x € Q, and |T'p| # 0, where |I'p| denotes the measure of I'p.

Let Q be partitioned into nonoverlapping polygonal subdomains {Qz}f\i1 We
assume that the partition is geometrically conforming, which means that the subdo-
mains intersect with neighboring subdomains on the whole of an edge or at a vertex.
QP denotes a quasi-uniform triangulation of the subdomain ;. The quasi uniformity
means that there exist constants v and o such that vh; < d, < op, for all T € QF,
where p, is the diameter of the circle inscribed in 7, d, is the diameter of 7, and
h; = max_cqr d-. We note that the meshes need not match across the subdomain
interfaces.

For each subdomain €2;, we introduce a finite element space

X;:={ve H5(Q) : v|, € Pi(7), T € Q!},
where H5 () == {v € HY(Q;) : v=00nTpNdQ;} and P;(7) is a set of polynomials
of degree < 1 in 7. For (u;,v;) € X; x X;, define a bilinear form
a;(ui,v;) := A(x)Vu; - Vo dx + (z)u;vidx.

To get the FETI-DP formulation, we need a finite element space in 2 as follows:
N
X = {v S H X; : v is continuous at subdomain Vertices} .
i=1

By restricting the space X; on the boundary of the subdomain ;, we define
Wi = Xi|89i Vi = 1,. .. ,N.

Then we let

N
(2.2) W= {w € H W; @ w is continuous at subdomain Vertices} .
i=1

In this paper, we will use the same notation for finite element functions and the
corresponding vectors of nodal values. For example, w; is used to denote a finite
element function or the vector of nodal values of that function. The same applies to
the notation for function spaces such as W;, X, W, etc.

We define S* as the Schur complement matrix obtained from the bilinear form
a;(-,-) over the finite elements X; (see page 50 in [11]). Using this operator, a semi-
norm is defined for w; € W;:

|U}Z‘ %1 = (Siwi,wi>7
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where (-,-) is the [?-inner product of vectors. For w € W, since w is continuous at
subdomain vertices, by summing up these seminorms, we define a norm

N

(2.3) lwllfy = fwil?

Sis w; = w‘OQy
i=1

Moreover, we define a subspace of W
(2.4) W, :={w € W : w vanishes at subdomain vertices} .

Now, we introduce Sobolev spaces defined on the boundaries of subdomains. The
space H'/2(99;) is the trace space of H(Q;) equipped with the norm

1
||wi||%/2,39i = |wi@/z,a§zi + do,

where

fws () — w(y)|?
ot pan, = [ PP dsta) sty

For any I';; € 09, Hééz(I‘ij) is the set of functions in L?(T;;) such that the zero
extension of the function into 9€; is contained in H'/2(99;). For v € HééQ(]f‘ij)7 let

2
2 — 2 _v@)
|’U|H362(sz) T |U|1/27FU + Aij dist(x,al“ij) ds,

and the norm is given by

1/2
1
I 2 = 2
Il e,y = ('“'H&é%rm T, ””mm) '

From section 4.1 in [19], for v € HS({2 (T';;) we have the following relation:
(25) Culltlsjz0n < Noll oo e,y < Collllyjz.om.

where the constants Cy and C5 are independent of d, and v denotes the zero extension
of v into 99);.

2.2. Mortar matching conditions. We note that the space X is not contained
in H'(Q). To approximate the solution of the problem (2.1) in X, we use the mortar
matching condition. More precisely, we construct the Lagrange multiplier space as
follows.

First, let I';; := 0Q; N 0Q;. For I';; such that |I';;| # 0, we distinguish Qﬂpij and
Q? r;;» as in Figure 1. We assume that both sides have more than three nodal points
including end points. Then we choose one as a slave side and the other as a master
side and define

m; :={j : |Ty| #0, Q;‘ r,; is a master side of I';; },

si={j : |Iy| #0, Q?h‘ij is a slave side of T';;}.
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o

Qb

bl
7 i N
Fij ! QJ 1"1

FiG. 1. Master and slave sides of I';;.

FiG. 2. Basis functions for W;; and M;;.

For j € m;, Qb
side, we get

r;; is the slave side of I';; and from the finite elements on the slave

Wij = {'U

| PP 'UGXi} V] € m;.
Next, let
O O R

be nodal basis functions for W;;. Moreover, we assume that the basis functions are
sequentially ordered according to the location of nodes on I';;. Let (see Figure 2)

Miy = span{¥f + 67, 6%,... 0%, 1. 6%, + 6%, 1}
Then we take the Lagrange multiplier space
N
M = H H MZJ
i=1jem;

Bernardi, Maday, and Patera [2] first introduced this type of Lagrange multiplier
space. They imposed the following mortar matching condition on X, ie., v € X
satisfies

(26) / (’Ui—’l}j))\ide:O V)\ijEMij,i:L...,N,jEmi.
I

ij
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In our FETI-DP formulation, we use (2.6) as continuity constraints and define a
bilinear form b(-,-) : W x M — R as

(2.7 b(w, w) Z Z / —w;) pijds Y(w,p) € W x M.

=1 jEm;

For |08; N 99Q;| # 0, we denote 0Q; N 0 as Ty; if QF|r,. is a slave side and as
I'j; otherwise. We assume that Q rij is the slave side and Q}|r,; is the master side
of T';;. Denote the basis for M;; by {§;’ }k 9 and let {7’} N”H

for Wjlr,,. Define matrices B;’ and B” with entries

be the basis functions

Bjj lk:/ & ¢ ds, 1=1,... ,Nyj, k=0,... ,N;; +1,
B;J / &) ds, 1=1,...,Nij, k=0,... ,Nj; + 1.

Then we rewrite (2.6) as
B”w” ~¢—BU 7 =0,
ijo__ Yo,
where w;” = v;|r,; and w’ = vj|p,;.

Now define F;; : M;; — M, an extension operator from M;; to M by zero, and
Réj : Wi — Wilr,; for | =i, j, a restriction operator. Let

Bi= Y Ei BYR,+Y E;BlI'R,.
JjEM; JEsi

Then the mortar matching condition (2.6) becomes

N
> Biw; =0,
i=1
where w; = v;|aq; -
Define
WZ%- :={v e W;; : v=0 at the end points of I';; }
and let
N
wo =TT IT w3
i=1jEm;

For w;; € le, we define w;; € W; by the zero extension of w;; into 9€Q;. Let

w; = Zj@ni W;; and W = (Wn,... ,Wn). Since W is continuous at subdomain vertices,
w € W. Hence for w € W°, we define a norm by
(2.8) [wllwo = [[w]lw.

Let (-,-),, be a duality pairing between M and W? such that

(2.9) Z > / Nijwijds ¥ (A, w) € M x WP,

i=1jEm;
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Using this, we define a dual norm on M by

<)\7 w>'m
2.10 A o Tl
2.10) IMowoy = max o oTwo

3. FETI-DP formulation.

3.1. FETI-DP operator. In this section, we construct the FETI-DP operator
for the problem (2.1) with the mortar matching condition as constraints. The deriva-
tion of the FETI-DP equation for the Lagrange multipliers follows [10]. However, the
FETI-DP operator with mortar matching condition is new. Dryja and Widlund [4, 5]
eliminate unknowns on both interior and vertex nodal points and impose a mortar
matching condition over W, in (2.4). Hence, the resulting solution u does not satisfy
the mortar matching condition (2.6). We eliminate only interior nodal points and
impose the mortar matching condition on the function over W in (2.2).

For w; € W; we write

where r and c¢ stand for the nodal values on the edges and vertices. From now on,
we use the subscript symbol r and ¢ to represent the d.o.f. corresponding to nodes on
the edges and at the vertices, respectively.

Define W, as the set of vectors which have d.o.f. corresponding to the union
of subdomain vertices, that is, global corner points. For w = (wy,... ,wy) € W,
since w is continuous at subdomain vertices, there exists w. € W, such that Lf;wc =
wt for all i = 1,..., N, where the matrix L’ consists of 0 and 1 and restricts the value
of w, on the vertices of subdomain ;. Hence, for w = (w1, ... ,wy) € W, we write

w ,
w; = (Lfﬂ;) Vi for some w,. € W.,.

Recall that S* is the Schur complement matrix obtained from the bilinear form
a;(-,-) and let g* be the Schur complement forcing vector obtained from fQ fu;dx.
The matrix S* and vector ¢° are ordered in the following way:

= (Sz; sz‘)’ 9 ‘(gz)'

Let B; , and B; . be matrices that consist of the columns of B; corresponding to the
nodal points on the edges and at the vertices, respectively.

Then the problem (2.1) becomes the following: Find (w,, we, A) € W,. x W, x M
such that

(3.1) Sppwy + Spewe + BIX = g,
(32) Serwy + Secwe + Bé)‘ = Yo,
(33) B,w, + Bow, = 0,
where

Sy = diagi—1,. n (SL,),
SrLi

S?'c = : 5
SNLN

rcc
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SC'I" = Sqt"ca
N . . .
Scc = Z(ch)tsécl’zm
=1

N
Br = (B1,7‘7 R 7BN,T)7 Bc = ZBi,cLia
=1

97% N U’;
gr = y Jc = Z(Li)t Ger Wy = :
g = w)Y

Since S, is invertible, we solve (3.1) for w, to get
w, = Sr_rl (gr — Srewe — Bﬁ)\) .
After substituting w, into (3.3) and (3.2), we obtain

B,S;'BIA + (B,S,,' Sre — Be) we = B,S; gr,
(SCTST_TlBﬁ — Bz) A— (Scc - Scrsr_rlsrc) We = — (gc - SCTSr_rlgr) .

Let
Fy,, = B,.S;,' B,
F’ITC - BT'Sr_rl‘S’Tc - Bca
Fr, =8S.S,'B — Bl (= F} ),
(3.4) e ~Be(=F)
F‘ICC = Scc - Scrsm« STC7

dr = BrSr_rlgra
dc =0c— Scrsy;lgw

Fr Fr . A _ d,
Fy,. —Fp, We N —d. J°

Eliminating w, in the above equation, we obtain

Then (A, w,) satisfies

(Fy,, + Fr, F;y 'Fi, ) A= d, — Fy, F} 'd..

Here, Fpp = Iy, —|—F1mF1_w1 Fr,, is called the FETI-DP operator for the problem (2.1).

3.2. Preconditioner. From now on, we will propose ﬁg },7 a preconditioner for
Fpp, which is derived from the dual norm on the Lagrange multiplier space M in the
following sense:

(3.5) (FppA,\) = Aoy -

We will derive the matrix form of F. 'pp from the above relation. Define Ej] :

WZ%- — W, as the extension operator by 0. Then we get

~ i 3 0
wi; = Ejwi; for w;; € Wi
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Define R;; : W — W} to be a restriction operator. For w € W9, we let w;; = Rjjw.
Hence by (2.8) and (2.3), we get

N
[wlfe = <Si > EjRyw]|, > Eijz‘jw>-
i=1 JjEM, jeEM;

Let B =" E};R;j; then we have

jeEM;
(3.6) [wlifyo = (Sw,w) with S=> (E")'S'E".
=1
Recall that
(B ) :/ & ¢ ds, 1=1,... ,Nij, k=0,1,...,Nj; + 1,
Fij

and take (Bz”r)lk = (ij)lk for ,k=1,...,N,;. Since w;; € W0, we have

15
/\zj U U)z_] —/ )\z]wu ds.
Let
B= diagi—1,... N (diagjemi (BZZ,JT)> )

Then, for (w,\) € W9 x M, we get

(3.7) A Bw = Z > / Aijwi; ds,

1=1j€EmM;

where A\;; = Alp, e
From the definition of the dual norm (2.10), (2.9), (3.7), and (3.6), we obtain

(\, Bw)?

M[Zoy = max  A——.
IAltwor =, B0y (Sw, w)

Since S is symmetric and positive definite on WO, in the above equation the maximum
occurs when B*A = Sw. Therefore, we have

IN[Fwoy = (BST'B'AN)

and let Fpp = BS~'B!. Then we take Fp,} = (BS~'B")~! as a preconditioner for
Fpp and call it a NeumzinnfD/i\r/i\chlet preconditioner.
Note that FD}D = (B")~1SB~! is easy to implement due to the block diagonal

structure of B and Bt = B. Therefore, we have

N
(3.8) Fop=>_ | S RGBI)NE) | S| D] ELBP) R
=1

JjEM,; JEM,;
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so that the work can be done in parallel in each subdomain. Let

B =Y RLBI)WEL

JjEM;

Moreover, from the operator Ei, we can see that the preconditioner a 5}1; is different
from the preconditioners in [4, 5, 8, 9, 10]. Only on the slave sides of interfaces
are the function values transferred between the spaces W; and M. Hence, the cost
needed to compute Bjw; and Bt)\ is reduced by half compared with other FETT (-DP)
preconditioners.

4. Condition number estimation for the preconditioned FETI-DP op-
erator. The following well-known result is given when a;(u,v) = fQ Vu-Vovdzr (see
Theorem 4.1.3 in [11]). With slight modification, we can obtain a similar result for a
general case.

LEMMA 4.1. For w; € W;, we have

Crlwil} 5 00, < (Swi,wi) < Collwill? /5 o0,

where Cy and Cy are constants depending on A(x) and B(x), but independent of H;
and h;.

In the following, we obtain a formula that is useful for analyzing the condition
number bound and the result is the same as Lemma 4.3 of Mandel and Tezaur [10].
However, in our formulation, the continuity constraints are imposed on w € W, that
is, the d.o.f. on edges and global corners (see (3.3)). The proof can be done similarly
as in Lemma 37 of Tezaur [16].

LEMMA 4.2. For A € M, we have

b 2
max M = <FDP)\7>\>-
wew\{0} [Jw|[F

_ Now, we estimate the lower bound of the condition number for the operator
FobFpp.
LEMMA 4.3. For any A € M, we have
b(w, A)?
max % > H)\H(WO)/
wew\{o} [wl[F

Proof. For w € WO, let w; = ZjEmi w;; and W = (W1,... ,Wn). Then we have
w € W. Hence it follows that

b(w, \)? b(@, \)?

4.1 max ———s— max ——5—
(4.1) welto) Jlwll?, = wewingoy [[@lZ

Since w; = 0 on I';; for j € m;, we have

(4.2) Z Z / Wi Aij ds = (A, W),

i=1jEm; Dij
Combining (4.2), (2.8), and (2.10), we obtain
b(w, \)? (A w),
43 max —_— s = = )\ e
) w0 TRy o) e I
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From (4.1) and (4.3), we complete the proof. |
To estimate the upper bound for (FppA, A), we need the following estimate for
a2
e = sl
LEMMA 4.4. For w € W, let w; = w|apq, and w; = wlaq,. Then we have

H\?
i =i, < € max { (1 +log m) } (1l 2.0, + 158 2,00, ) -

where C' is a constant independent of h;’s and H;’s.

Proof. Let I*w be a linear function on I';; that has the same value as w at the
end points of I';;. From Lemma 5.1 in [10], we have

H,
H l ..
|lwy, — I wl‘Hééz(Fij) <C (1 + log hl) (wil1/2,60, for 1 =14, j.

Using the above bound and the equivalence of |- |H1/2(F_ N and |- ||H1/2(F‘ » the result
00 3 00 3
follows. d
DEFINITION 4.5. We define a projection m;; : HOIéZ(Fij) — W), forv e HééQ(Fij)
by

/F (1} — mjv))\ij ds =0 V/\” S Mij.

ij

From Lemma 2.2 in [1], 7;; is a continuous operator on H&éQ(Fij), i.e., there exists
a constant C' such that

1/2
(4.4) Imioll e,y < Clollga,, Vo € Hop(Tyy).

We note that the constant C is independent of H;’s and h;’s.
Now, we estimate the upper bound for the operator FD_})FD P.
LEMMA 4.6. For A € M, we have

b(w, \)? < Hi>2 2
2 <o 1+ log 2 A 2oy,
ol o, = mex o8 - Aoy

where C' is a constant depending on A(x) and 3(x), but independent of h;’s and H;’s.
Proof. From the definitions of b(w, A) in (2.7) and ;;, we have

2

N
b(w,)\)2 = Z Z /F Wij(u)i — wj))\ij ds

i=1 jem;

We let z € WP such that z|p,, = m;;(w; —w;). Then the above equation is the duality
pairing between A and z. Hence, using the definition of dual norm on A, we get

(4.5) b(w, \)* < [X[IEwoy 1= lyo-
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Let 2 = (z1,...,2n) € W be the zero extension of z. Then from (2.8), (2.3),
Lemma 4.1, (2.5), (4.4), and Lemma 4.4,

N

2050 =D (5%, %)

=1

N
< CZ 1Zi113 /2,00,
i—1

N
<CY N lmi(w — wj)”izé({?(nj)

i=1 jem;

N
< CZ Z lw: — wj”?{(}g?(rij)

i=1 jEm,;

g2 X
i 2
< Ci:rlnaXN { (1 + log hi) } Zl |wi|1/2,89i

[RETIN

<C 141 Ll i l|lw||?
< i:rf}_%_m_)fN og I, w||yy-

Here, C denotes a generic constant independent of h;’s and H;’s, which may
vary from occurrence to occurrence. Combining (4.5) and (4.6), we complete the
proof. ] R

Since the preconditioner Fj5 follows from the dual norm of A € M (see (3.5)),
combining Lemmas 4.2, 4.3, and 4.6, we obtain the following estimate.

THEOREM 4.7. For A € M, we have

(4.6)

. H\?%) -~
(FopA A) < (FppA X) < C._maxN{(Hlog o) }<FDPA,A>,

i=1,...,

where C' is a constant depending on A(x) and B(x), but independent of H;’s and h;’s.
COROLLARY 4.8. We have the following condition number estimate:

~ H;\?
c(Fabror) < s, { (1o 52)

where C' is a constant depending on A(z) and §(x), but independent of H;’s and h;’s.
Remark 4.1. On each I';;, the choices of master and slave sides are arbitrary.
Remark 4.2. In Corollary 4.8, the condition number depends on A(z) and G(x).

Now we consider the problem

=V (a(z)Vu(z)) = f(z) in Q,

u=0 on 09,

where a(x) is a piecewise constant and has jumps across the subdomain boundaries,
ie., a(z) = p; for all x € Q; for some constant p; > 0. On I';;, we choose Q7|p, as

the slave side if p; < p;. Otherwise, we choose QF|r,, as the master side. Then we
have

Crpilwili g p0, < (S'wi,wi) < Copillwill? )z 50,
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where C7 and C5 are constants independent of p;’s, h;’s, and H;’s. Following the
proof of Lemma 4.6 and using the above inequalities instead of Lemma 4.1, we obtain

N
el < OS2 S pillws — o

i=1j€Em,

N i 2
< 1+log —
=02 Z{z%{( #loz ) }

2 2
X (Pz‘\wz‘h/z,asz,; + Pz‘\wjh/z,anj) }

where C'is a generic constant independent of p;’s, H;’s, and h;’s. Since p; < pj;, we can
see that the constant C' in Lemma 4.6 is bounded independently of the coeflicients.
Hence, the condition number bound is independent of p;’s

5. Numerical results. In this section, we provide numerical tests for the FETI-
DP formulation developed in this paper. Let = [0,1] x [0, 1] C R? and consider the
following model problem:

(5.1)

We compare the proposed preconditioner (3.8) with the preconditioner of Dryja
and Widlund [5] for the cases when a(x, y) = 1 and mesh sizes are comparable between
neighboring subdomains, and when «(z, y) are highly discontinuous across subdomain
mterfaces and mesh sizes are not comparable In the following, we use the notation

Fr L for the preconditioner (3.8) and use P DW for Dryja and Widlund’s. The precon-

ditioner FDW is
Fpl = (B.BY)"'B,.S,, B! (B.B.)~"

where ET is the scaled matrix of B, divided by the mesh parameters of slave and
master sides (see (3.13) in [5]).

First, we compare these two preconditioners for the same problem with non-
matching discretizations. We take a(z,y) = 1 and the exact solution wu(z,y) =
y(1 — y)sinmz. The CG iteration continues until the relative residual norm is less
than 1075, We use n to denote the number of nodes on edges, including end points,
and use N to denote the number of subdomains. In this problem, we use the same n
for all subdomains, divide €2 into rectangular subdomains, as in Figure 3, and denote
each subdomain by ;;

To make nonmatching grids across subdomain interfaces, we generate triangula-
tions in each subdomain in the following way: For each subdomain, we have chosen
n random quasi-uniform nodes on each horizontal and vertical edge. Using these



2172 HYEA HYUN KIM AND CHANG-OCK LEE

933

QOO QIO

F1c. 3. Partition of subdomains when N =4 x 4.

TABLE 1
Comparison between the proposed preconditioner ng and the Dryja—Widlund preconditioner
FB&V on nonmatching grids when n increases with N = 4 x 4: Iter (number of CG iteration), Cond
(condition number of the preconditioned FETI-DP operator).

Fer Froyy
Iter | Cond | Iter | Cond
4 5.0850e-4 | 6.0126e-2 10 3.07 7 1.94
8 1.2865e-4 | 3.0128e-2 13 5.67 8 2.68
16 3.2235e-5 | 1.5072e-2 15 7.68 10 3.69
32 8.0627e-6 | 7.5374e-3 16 9.99 10 4.80
64 2.0163e-6 | 3.7688e-3 17 12.6 11 6.14

n—1 L2-error H'l-error

nodes, we generate nonuniform structured grids in each subdomain. Since we use the
same n for all subdomains, the sizes of meshes between neighboring subdomains are
comparable.

In Table 1, we divide §2 into N = 4 x 4 subdomains (see Figure 3), increase the
number of nodes n, and compute L2- and H!-errors, the number of CG iterations
and condition numbers for those preconditioners. For the H!-error, we compute the
broken H!'-norm of errors over all subdomains. Table 2 shows the numerical results
when we fix n — 1 = 4 and increase the number of subdomains N. For the cases
N =8x38, 16 x 16, and 32 x 32, we divide 2 into subdomains in the same manner as
N = 4 x 4. Here, we used the FETI-DP formulation developed in this paper. From
Tables 1 and 2, we can see that our FETI-DP formulation gives O(h?) and O(h)
convergences for L?- and H'-errors, respectively. Furthermore, we can see that both
preconditioners seem to give the logQ—growﬁh of the condition number bound and that
the CG iteration of FB‘}V is smaller than ng

Now, we consider the problem (5.1) when a(z,y) is highly discontinuous across
subdomain interfaces and the mesh sizes between subdomains are not comparable. In
this situation, we will compare two preconditioners ng and FB;V.

We consider the cases of N =2 x 2, 4 x4, 8 x 8 subdomains. For each subdomain

Q;;, we choose the coefficient a(z,y) in the following way:
1 if both ¢ and j are even,
o(z,y) = 250 if 7 is odd and j is even,
"Y)= 5000 if i is even and j is odd,

10 if both ¢ and j are odd,

and denote them by p;;. In addition, we consider the exact solution w(x,y), which
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TABLE 2
Comparison between the proposed preconditioner ng and the Dryja—Widlund preconditioner

FE)&V on nonmatching grids when N increases with n—1 = 4: Iter (number of CG iteration), Cond

(condition number of the preconditioned FETI-DP operator).

=T =T
Fri, Fow

Iter | Cond | Iter | Cond
4 x4 5.0850e-4 | 6.0126e-2 10 3.07 7 1.94
8 X 8 1.1744e-4 | 2.9900e-2 11 3.22 8 2.13

16 x 16 | 2.9743e-5 1.4980e-2 12 3.39 8 2.11

32 x 32 | 7.4318e-6 | 7.4917e-3 12 3.51 8 2.10

N x N L2-error Hl-error

Qo —t = Qp
p01=5000 pl 1:10
Qo 3 T

Po()zl P, 0:25 0

F1G. 4. Triangulations for the case N =2 x 2 and max(H;;/hij) = 16.

belongs to H*(2), according to the partition of the domain:

p1(z,y) sin(mz) sin(ry)/o(z,y) when N =2 x 2,

w(z,y) = p2(z,y)sin(@rx)sin(2ny)/a(z,y) when N =4 x 4,
sin(87x) sin(87y)/a(z, y) when N =8 x 8,
where
pi(,y) = (z = 1/2)(y —1/2),

p2(w,y) = (x = 1/4)(x = 3/4)(y — 1/4)(y — 3/4).

Following [18, section 1.5.3], we have chosen a different mesh size in each sub-
domain according to the ratio of coefficients between neighboring subdomains, that
is,

hig o JfPis

P Pkl

where h;; is the mesh size of the subdomain €2;;, and we use H;; to denote the
size of the subdomain €;;. Using the mesh sizes of these ratios, we divide each
subdomain into uniform meshes. When N = 2 x 2 and max(H;;j/h;j) = 16, we
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TABLE 3
Comparison between the proposed preconditioner ng and the Dryja—Widlund preconditioner

ﬁBéV for the problem of highly discontinuous coefficients: Iter (number of GC' iteration).

Fer | Poy
) N KL DW
N max(H;j/hi;) | L?-error | H*'-error Tter Iter
16 3.0571e-5 | 7.6362e-3 3 17
32 7.8276e-6 | 3.8249e-3 3 26
2x2 64 1.9747e-6 | 1.9133e-3 4 39
128 4.9571e-7 | 9.5675e-4 4 50
256 1.2421e-7 | 4.7839e-4 4 60
16 2.1574e-6 | 1.0939e-3 4 75
4x4 32 5.4460e-7 | 5.4805e-4 4 81
64 1.3799e-7 | 2.7415e-4 4 111
128 3.4810e-8 | 1.3709e-4 4 130
16 1.0262e-3 | 8.8753e-1 3 113
8 X8 32 2.4870e-4 | 4.4462e-1 4 136
64 6.4579e-5 | 2.2240e-1 4 168

obtain triangulations as in Figure 4 and the triangulations are not comparable between
neighboring subdomains.

In section 1.5.3 of [18], it was shown that a good approximation of the solution is
obtained when the slave side is chosen to give a Lagrange multiplier space of higher
dimension. Hence, choosing the subdomain with smaller h;; (smaller p;;) as the
slave side, we can approximate the exact solution more accurately. This observation
coincides with the choices of master and slave sides in Remark 4.2.

Table 3 shows L2- and H'-errors and CG iterations with ﬁ}}i and F BI}V as pre-
conditioners. In CG iteration, we use the same stopping criterion 10~ as before.
Increasing max(H;;/hi;), we observe the O(h?) and O(h) convergences of L?- and
H 1;errors, respectively, for all cases of N. Furthermore, we see that the CG iteration
of F I}i is much smaller than F' Bév. Since, the condition number bound of the precon-
ditioner ﬁBéV depends on the ratio of meshes between neighboring subdomains, the
preconditioner works inefficiently for these problems with noncomparable meshes.

From our numerical results, we conclude that our formulation gives the correct ap-
proximation of the model problem with nonmatching grids. For the case of continuous
coeflicients and comparable meshes between subdomain interfaces, the preconditioner
FDW by Dryja and Widlund gives a smaller number of iterations than our precondi-
tioner Fr K L However, our preconditioner P % L turns out to be much more efficient

than F'5 DW for the problem of highly discontinuous coefficients on noncomparable
meshes.

REFERENCES

[1] F. B. BELGACEM, The mortar finite element method with Lagrange multipliers, Numer. Math.,
84 (1999), pp. 173-197.

[2] C. BERNARDI, Y. MADAY, AND A. T. PATERA, A new nonconforming approach to domain
decomposition: The mortar element method, in Nonlinear Partial Differential Equations
and Their Applications, College de France Seminar, Vol. XI (Paris, 1989-1991), Pitman
Res. Notes Math. Ser. 299, Longman Scientific and Technical, Harlow, 1994, pp. 13-51.

[3] B. CoCcKBURN AND C.-W. SHU, The local discontinuous Galerkin method for time-dependent
convection-diffusion systems, SIAM J. Numer. Anal., 35 (1998), pp. 2440-2463.

[4] M. DryJA AND O. B. WIDLUND, A FETI-DP method for a mortar discretization of ellip-
tic problems, in Recent Developments in Domain Decomposition Methods (Ziirich, 2001),



> Q Q

® ® 9 9 O

PRECONDITIONER FOR FETI-DP FORMULATION 2175

Lecture Notes in Comput. Sci. Engrg. 23, Springer, Berlin, 2002, pp. 41-52.

. DrRyJA AND O. B. WIDLUND, A generalized FETI-DP method for a mortar discretization of

elliptic problems, in Domain Decomposition Methods in Science and Engineering (Cocoyoc,
Mexico, 2002), UNAM, Mexico City, 2003, pp. 27-38.

. FARHAT, A saddle-point principle domain decomposition method for the solution of solid

mechanics problems, in Proceedings of the 5th International Symposium on Domain De-
composition Methods for Partial Differential Equations (Norfolk, VA, 1991), D. E. Keyes,
T. F. Chan, G. Meurant, J. S. Scroggs, and R. G. Voigt, eds., SIAM, Philadelphia, PA,
1992, pp. 271-292.

. FARHAT, M. LESOINNE, AND K. PIERSON, A scalable dual-primal domain decomposition

method, Numer. Linear Algebra Appl., 7 (2000), pp. 687-714.

. FARHAT AND F.-X. RouUx, A method of finite element tearing and interconnecting and its

parallel solution algorithm, Int. J. Numer. Methods Engrg., 32 (1991), pp. 1205-1227.

. KLawonN AND O. B. WipLuND, FETI and Neumann-Neumann iterative substructuring

methods: Connections and new results, Comm. Pure Appl. Math., 54 (2001), pp. 57-90.

. MANDEL AND R. TEZAUR, On the convergence of a dual-primal substructuring method, Nu-

mer. Math., 88 (2001), pp. 543-558.
QUARTERONI AND A. VALLI, Domain Decomposition Methods for Partial Differential Equa-
tions, Numerical Mathematics and Scientific Computation, The Clarendon Press, Oxford
University Press, New York, 1999.

. RAPETTI AND A. TOSELLI, A FETI preconditioner for two dimensional edge element approz-

imations of Mazwell’s equations on nonmatching grids, STAM J. Sci. Comput., 23 (2001),
pp. 92-108.

. J. RIXEN, Extended preconditioners for the FETI method applied to constrained problems,

Int. J. Numer. Methods Engrg., 54 (2002), pp. 1-26.

STEFANICA, A numerical study of FETI algorithms for mortar finite element methods, SIAM
J. Sci. Comput., 23 (2001), pp. 1135-1160.

STEFANICA, FETI and FETI-DP methods for spectral and mortar spectral elements: A
performance comparison, J. Sci. Comput., 17, (2002), pp. 629-638.

TEZAUR, Analysis of Lagrange Multiplier Based Domain Decompoistion, Ph.D. thesis, Uni-
versity of Colorado at Denver, 1998.

. I. WOHLMUTH, A mortar finite element method using dual spaces for the Lagrange multiplier,

SIAM J. Numer. Anal., 38 (2000), pp. 989-1012.

. I. WoHLMUTH, Discretization Methods and Iterative Solvers Based on Domain Decomposi-

tion, Lecture Notes in Comput. Sci. Engrg. 17, Springer-Verlag, Berlin, 2001.

. XU AND J. Zou, Some nonoverlapping domain decomposition methods, STAM Rev., 40

(1998), pp. 857-914.



