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Abstract

In this dissertation, we consider FETI methods which are known as the most
efficient domain decomposition method especially for solving large scale problems.
In FETI methods, Lagrange multipliers are introduced to enforce the continuity of
solutions across subdomain interfaces. This gives a mixed problem with the conti-
nuity condition as constraints. After eliminating unknowns other than the Lagrange
multipliers, the resulting linear system is solved using the preconditioned conjugate
gradient method. There are three variants of FETI methods, FETI, two-level FETI
and dual-primal FETI(FETI-DP) method. Until now, FETI methods have been
developed for the problems discretized with conforming finite elements. Among
them, we extend FETI-DP methods to the problems with nonconforming discretiza-
tions, that arise from nonmatching triangulations across subdomain interfaces. The
nonmatching triangulations are important for problems with corner singularities,
contact problems as well as multi-physics problems. Moreover, the generation of
meshes can be done independently in each subdomain. To resolve the nonconfor-
mity of the approximation, we consider mortar methods, which gives the same order
of accuracy as conforming finite elements. In the mortar methods, the Lagrange
multiplier space is introduced to enforce the continuity of solutions across the sub-
domain interfaces. The saddle point formulation of mortar methods gives a similar
linear system to the mixed formulation of the FETI methods. The linear system is
ill-conditioned. Moreover, it is difficult to find a good preconditioner for this sys-
tem. We apply the FETI-DP method to solving this linear system efficiently and to
finding a good preconditioner easily.

This dissertation concerns elliptic problems both in 2D and 3D, and Stokes
problem in 2D. Especially, redundant continuity constraints are introduced for 3D
elliptic problems and Stokes problem. The Lagrange multipliers to the redundant

constraints are treated as the primal variables in the FETI-DP formulation. This



redundant constraints accelerate the convergence of FETI-DP methods. We propose
Neumann-Dirichlet preconditioners for the FETI-DP formulations of those problems
considered in this dissertation. The Neumann-Dirichlet preconditioner follows from
a dual norm on the Lagrange multiplier space. To define the dual norm, we consider
a duality pairing between the Lagrange multipliers and finite elements on nonmortar
sides. A norm for the finite elements on nonmortar sides are defined by using the
discrete harmonic extension or the Stokes extension. We show that the precondi-
tioner gives the condition number bound C max;—j ... ; {(1 + log(Hi/hi))z}, where
(' is a constant independent of meshes and the number of subdomains. Here, H; and
h; are the subdomain size and mesh size associated with );, and N is the number of
subdomains. For the elliptic problems with discontinuous coefficients, we can also
show that the constant C' is not depending on the coefficients. In addition, numerical

results are provided.
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1. Introduction

Domain decomposition methods for solving partial differential equations have been
developed from the idea of Schwarz alternating method [45] which is an iterative
method for the solution of classical boundary value problems for harmonic functions.
In the method, moving alternately from one subdomain to the other subdomain,
similar problems are solved successively and the solutions formed by the iterative
process converge to the solution of the original single domain problem.

In fact, this iterative process can be regarded as a preconditioner for the bound-
ary value problem in the original domain. The preconditioner is essentially composed
of operators which solve local problems in each subdomain. Hence, the goal of do-
main decomposition methods is to develop a good preconditioner using the local
solvers from each subdomain. There are Schwarz methods for overlapping decom-
positions, substructuring methods and FETI (Finite Element Tearing and Intercon-
necting) methods for nonoverlapping decompositions. Among them, FETI methods
are most efficient and scalable especially when we solve large scale problems using
parallel machine. The scalability means that a method is robust to the increase of
subdomains with the fixed number of unknowns in each subdomain. Usually, we
need a coarse finite element space to obtain scalability of the method. In FETI
methods, coarse problem is naturally induced from the FETI formulation without
forming a special coarse finite element space.

The FETI method was first introduced by Farhat and Roux[29] for solving the
elastostatic problems. It is another variant of substructuring iterative methods. The
main idea is using Lagrange multipliers to match the solutions continuously across
subdomain boundaries. This gives a mixed problem. After eliminating unknowns
other than Lagrange multipliers, they obtained a linear system for the Lagrange
multipliers. In fact, this linear system, so called the FETI operator, is symmetric
and positive definite(s.p.d.) and solved using the preconditioned conjugate gradient
method(PCGM). We call these whole processes as the FETI method. Further, they



introduced a Dirichlet preconditioner and presented the numerical scalability of the
FETI method for second order elliptic problems.

Mandel and Tezaur [37] analyzed that the condition number of the FETI operator
with the Dirichlet preconditioner is bounded by C (1 4 log (H/h))™ with m < 3 for
second order elliptic problems in 2D and 3D both, where H and h denote the sizes of
subdomains and meshes, respectively and C' is a constant independent of mesh size
and subdomain size. For the same problem, Klawonn and Widlund[31] proposed a
new preconditioner using diagonal scaling matrix and showed that the bound of con-
dition number is C (1 + log (H/h))?. Moreover, they allowed jumps of coefficients of
elliptic problems across subdomain boundaries. However, for fourth order problems,
it was observed that the condition number grows faster than O (1 + log (H/h))®.
Farhat et al. [25, 27] developed the two level FETT method and they showed that
this method is numerically scalable for fourth order elliptic problems like as second
order elliptic problems.

The dual-primal FETI(FETI-DP) method was introduced in [26] with the similar
idea to the two level FETI method. The idea is to use primal variables at corner
points and Lagrange multipliers on edges to match solutions continuously across
subdomain boundaries. In the FETI-DP method, unknowns other than the primal
variables at corners and the Lagrange multipliers are eliminated first. Then, the
linear system for primal variables at corners and Lagrange multipliers follows. After
eliminating the primal variables at corners, we obtain the resulting linear system
of Lagrange multipliers, which is called a FETI-DP operator. This operator is
also s.p.d. and solved using PCGM as in the FETI method. However, we have
nonsingular local problems and a global corner problem in the FETI-DP operator.
These make the implementation of the FETI-DP method easier than the FETI
method. Moreover, the global corner problem fulfills the role of a coarse solver, which
globally transmits information between subdomains. They also showed numerically
that the FETI-DP method is scalable with respect to the mesh size, the subdomain
size and the number of elements per subdomain for second and fourth order elliptic
problems both. Mandel and Tezaur[38] analyzed that the condition number of the
FETI-DP method is bounded by C (1 + log (H/h))? for both second and fourth order



elliptic problems in 2D. For 3D elliptic problems with heterogeneous coefficients,
Klawonn et el. [32] obtained the same bound of the condition number. In addition,
the FETI-DP method was applied to solving Stokes problem and Navier-Stokes
problem by Li [34, 35].

Recently, FETI(-DP) methods are applied to the problems discretized with non-
conforming finite elements [21, 22, 42, 48, 49]. Especially, the nonconforming fi-
nite elements arising from nonmatching triangulations across subdomain interfaces
are considered. Nonmatching discretizations are important for multiphysics simu-
lations, contact-impact problems, the generation of meshes and partitions aligned
with jumps in diffusion coefficients, hp-adaptive methods, and special discretizations
in the neighborhood of singularities (corners or joints). Of many methods for non-
matching methods, including [20] and [44], we consider mortar methods to resolve
the nonconformity of approximations. In mortar methods, orthogonality relations
between the jumps in the traces across subdomain interfaces are satisfied using a
discrete Lagrange multiplier space. Then, the mortar methods give the same ac-
curacy of approximations as conforming finite elements with the same polynomial
order. The sparse linear systems that arise in mortar methods are similar to the
systems solved by FETI methods on conforming discretizations [23, 29]. Hence,
FETI(-DP) methods can be applied to solving this linear system efficiently.

In [42, 48, 49], numerical study shows that FETT methods with mortar discretiza-
tions are efficient and the preconditioned FETI operator seems to have condition
number bound C(1 + log(H/h))?. After then, Dryja and Widlund [21] showed that
the Dirichlet preconditioner gives a condition number bound (1+log(H/h))? with the
Neumann-Dirichlet ordering of substructures, where H and h denote the maximum
diameter of subdomains and minimum size of meshes of all subdomains, respectively.
In general cases, that is, without considering ordered substructures, they obtained
(1 + log(H/h))* for the condition number bound. Moreover, in [22], they proposed
a different preconditioner which is similar to the one in [31], and proved the con-
dition number bound (1 + log(H/h))?. However, in their analysis, they imposed a
restriction that the sizes of meshes between neighboring subdomains are comparable.

This restriction is impractical when the coefficients of elliptic problems are highly



discontinuous between subdomains (see Wohlmuth[54]).

In this dissertation, we extend FETI-DP methods to the problems with mor-
tar discretizations. For the elliptic problems both in 2D and 3D, we obtain the
FETI-DP formulation differently with that of Dryja and Widlund [21, 22] and pro-
pose a Neumann-Dirichlet preconditioner which gives the condition number bound
C(1 + log(H/h))? without the restriction on the mesh size between neighboring
subdomains. Moreover, for the elliptic problems with heterogeneous coefficients
the condition number bound is shown to be independent of the coefficients. The
Neumann-Dirichlet preconditioner follows from a dual norm on the Lagrange mul-
tiplier space. The dual norm is defined by using a duality pairing between the
Lagrange multiplier space and finite elements on nonmortar sides, and a norm for
the finite elements on nonmortar sides. The norm for the finite element function
on nonmortar sides is given by the discrete harmonic extension of that function. In
[32], it was shown that only considering corners as primal variables is inefficient for
3D problems. Hence, redundant mortar matching constraints are essentially needed
for 3D problems to obtain the same condition number bound as 2D problems. More-
over, the corresponding Lagrange multipliers are treated as primal variables in the
FETI-DP formulation.

For Stokes problem, we derive the FETI-DP operator with mortar matching
constraints and show that the Neumann-Dirichlet preconditioner gives the condition
number bound C(1 + log(H/h))%. In the FETI-DP formulation, we add redundant
continuity constraints to the coarse problems following the idea of Li [34]. These
constraints are introduced to solve the Stokes problem correctly and efficiently.

This dissertation is organized as follows: In Chapter 2, we introduce Sobolev
spaces and finite elements, and in Chapter 3, we overview FETI(-DP) methods.
Mortar methods are explained in Chapter 4. Chapter 5 and Chapter 6 are devoted to
FETI-DP formulations of the elliptic problems in 2D and 3D, and the analysis of the
condition number bound for the Neumann-Dirichlet preconditioner. In Chapter 7,
we extend the method to the Stokes problem. Numerical results are presented in
Chapter 8.

In the following, we make no distinction between a finite element function and



the corresponding vector of nodal values, i.e., we use the same symbol v both for the
finite element function and the vector of nodal values. Similarly, we use the same
notation for a finite element function space and a space of vectors of nodal values.
Moreover, the constant C is a generic constant which varies from place to place and

does not depend on the mesh size h and the subdomain size H.



2. Sobolev spaces and finite elements

2.1 Sobolev spaces

Let © C R™(n = 2,3) be a bounded polygonal(n = 2) or polyhedral(n = 3) domain
and L%(Q) be the space of square integrable functions defined in  equipped with

ol = [ v*da.

The space LZ(f2) is a set of functions in L?({2) with zero average. The space H'(2)

the norm | - ||o.q:

is a set of functions in L?(Q), which are square integrable up to the first weak

derivatives, and the norm is given by

1 1/2
Lo = (/Vv-Vvdm+—2 v2dac> ,
Q dg Ja

where dg denotes the diameter of 2. For any set A, we denote d4 as the diameter
of the set A.

lv

Now, we introduce Sobolev spaces defined on the boundary 9f2 of the domain €.
Let ¥ C 09Q. For w € L?(X), we define

Y A A s R
ol = [ [ P ds(e) ds(w).

Then H'/2(99) is the trace space of H'(2) normed by

1
2 2 2
w = |w w .
[wll /2,00 = | |1/2"99+d3 |wl[5,00

For any F' C 09, Héo/z(F) is the set of functions in L?(F) such that the zero

extensions of the functions into AQ are contained in H'/?(9€). The norm for v €

HSSQ(F) is given by

1 1/2
._ 2 T
L (T 9 R



where
v(z)?

2 — |2 S S —
|U|H362(F) T |U|H1/2(F) - /F dist(z, OF) ds.
The space Héf(F ) can be obtained by Hilbert scaling between the spaces L2(F')
and H}(F) or by the real method of interpolation between those spaces (see Lions

and Magenes [36]). From Section 4.1 in [56], we have the following relation:
~ ~ 1/2
Ciloll1 /2,00 < HUHHMQ(F) < Col[v]ly 2,00 Vv € Hoé (F), (2.1)

where the constants C7 and C5 are independent of F' and v is the zero extension of
v into 9. For the product spaces [H'/2(9Q)]? and [H&G(F )]%, norms are defined
using the product norms and the inequalities (2.1) also hold.

In general, we use W" (Q) to denote the Sobolev space with m-th weak deriva-

tives in LP-norm. The norm is defined by

1/p
— P
HUHWZZ"(Q) = Z "U WE(Q) )
0<k<m
and the semi-norm | - |W§(Q) is defined by
1/p
gy = | X [ 1D%@) da
_ . JQ
|a|=k
Here, a = (o, , ) denotes a multi-index , |o| = Y 1" | @; and D%(x) is the

weak derivative of v(z) corresponding to the multi-index a. Note that we write
the Sobolev space with scaled H'-norm as H'(2) and the usual Sobolev space as

2.2 Approximation by interpolation and inverse inequal-
ities
In this section, we introduce several interpolation operators and review the approxi-

mation properties and the inverse inequalities for the finite element functions. These

results are used to analyze the approximation order of finite element methods.



Definition 2.1 A domain Q) is said to be star-shaped with respect to B if, for every
x € Q, the closed convex hull of {z}\J B is contained in SQ.

For a star-shaped domain 2, let
Pmax = sup{p : Q is star-shaped with respect to a ball of radius p}.

Then, we state the following well-known result by Bramble and Hilbert [14, 15]:

Lemma 2.2 (Bramble-Hilbert) Let B be a ball in Q such that ) is star-shaped
with respect to B and such that its radius p > (1/2)pmax- Then, for u € WH(Q)
with p > 1, there exists Q™u of polynomial of degree m such that

lu — Qmu\Wg(Q) < Cdg+1*k\u|wﬁ+1(ﬂ), 0<k<m+1.

The polynomial Q™w is obtained from the Taylor polynomial of degree m of u

averaged over B, that is,

Q" u(z) = /B T™u(2)p(y) dy.

where
() = 3 D uly)(z —y)"
la]<m
and ¢(z) € C§°(R™) is a cut-off function with supp(¢) = B and [, ¢(z) dz = 1.
Now, we introduce finite elements in Q. Let Q" be a triangulation of Q with
maximum diameter h. We assume that Q" is regular, that is, there exists a constant

o independent of A such that
he < op. Yk e Q,

where h,, is the diameter of k and p, is the diameter of the circle inscribed in . For

each triangle k, we consider ¥, as the principal lattice of order m in k:

n+1 n+1
Y= m:Z)\jaj : Z)\jzlwith Aje{0,1/m, -, (m—1)/m,1} »,
j=1 j=1



where a; € R™ denotes a vector corresponding to the j-th vertex of x. Then, we
define
Xh(Q) = {U € C%Q) : v|x € Pu(k) Vr € Qh} ,

where P,, (k) is the set of polynomials of degree up to m associated with X,.

Then, for v € C°(2), we define the nodal value interpolation I"v(z) € X"(Q) by
Ihv(:ul) =v(z;) Vo€ Xy, VK € 0.
From the Sobolev imbedding theorem [3], we have
WE(Q) — C7(Q) with 0 < j < k —n/p.
Applying the above inclusion with £ = 1,2 and j = 0, we obtain

2 0 .
W, () — C7(Q2) with p > n/2,
W) — %) with p > n.

Hence, we have the following approximation properties for the nodal value interpo-

lation I"v(z):
Lemma 2.3 For all v e Wit1(Q) with p > n/2 and 1 < s <m, we have
v — Ihv\wg(m < C’h5+1_k|v|wg+1(m, 0<k<s+1.
Moreover, for all v € Wz} (Q) with p > n, we have
"U—Ih’U|WI§(Q) SChlik’MWpl(Q), k)IO,l.

For a non-smooth function v(z), interpolation operators with the same approxi-
mation order as the nodal value interpolation were developed by Clément [19] and
Scott and Zhang [46]. Both of them use the average values of v(x) near a nodal point
to obtain the interpolation. The interpolation by Clément does not regenerate the
functions in X", where as the interpolation by Scott and Zhang does regenerate the
functions in X”. Both fit the zero boundary condition of v(z), where as the inter-
polation @™v(z) by Bramble and Hilbert dose not fit the zero boundary condition.

The interpolation by Scott and Zhang can also fit more general boundary conditions.



Further, the idea of Scott and Zhang is generalized to construct Lagrange multipliers
with dual basis (see [53]).

We do not give the exact forms of those interpolations and only state the approx-
imation properties of those interpolations. Let Qu(z) and Iv(z) be the Clément,

and Scott and Zhang interpolations, respectively.

Lemma 2.4 For v € W5T(Q) with 0 < s < m, there exists Qu(z) € X"(Q) such
that
o~ Qullwgiay < O Hlullygor gy, 0SK<s+1

Lemma 2.5 For v € W5t (Q) with 0 < s < m, there exists Tv(z) € X"(Q) such
that
lv — IU|W§(Q) < C’hs+1_k|v|wg+1(ﬂ), 0<k<s+1.

Now, we discuss relations among various norms on a finite element space X".
For a regular triangulation Q", we add an additional assumption that there exists a

constant ~ independent of h such that
~vh < he Vi e QM

We call a regular triangulation Q" with the above property as a quasi-uniform tri-
angulation. We have the following inverse inequalities for a finite element space X"

associated with a quasi-uniform triangulation Q".

Lemma 2.6 Forv € X", let v|, € Wé(/’i)ﬂW;(/ﬁ) with 1 <p,q <00 and 0 < k <

l. Then there exists a constant C independent of h and K such that

< Chkfl+n/pfn/qHU

[ollw e i) -

Using the above result when m = 1, that is, X" is a piecewise linear finite element

space, and p =g = 2, [ = 1, we obtain

lollie < Ch7Hvlog. (2.2)

10



Moreover, we have

[0]l1 /2,00 < Ch™2||v]|o.00, (2.3)

[vllLo0 < Ch™2]v]l; /2,00-

The above results are shown by Bramble et al. [17] and Xu [55].

2.3 Vertex-edge-face lemmas for finite element functions

In this section, we introduce several inequalities related to the interpolation of func-
tions on a part of 9€), that is, a face, an edge, or a vertex. Those inequalities are
essentially used to analyze the condition number bound of substructuring methods,
Neumann-Neumann methods or FETI(-DP) methods.

Let Q" be a quasi-uniform triangulation of  with maximum diameter h and
X"(Q) be a piecewise linear finite element space associated with Q. Then, we
consider subsets of 0, faces, edges and vertices. The faces and edges are open
subset of 9, that is, those sets do not include their boundaries. For Q C R?, edges
are considered as faces. We use F', FF and V to denote a face, an edge, and a vertex
of 90, respectively.

Recall the nodal value interpolation I"v(z) in Section 2.2. Let N” be the set of
nodes in Q" and X"(0Q) be the space of functions in X"(2) restricted on 9. For
a set A € 99, we define a nodal value interpolation I%w(z) € X"(9Q) as follows:

w(z) ifze NP A,

0 otherwise.

Pro(a) - {

We have the following famous lemmas for the above interpolation [56]. In the fol-
lowing, H denotes the diameter of 2 and the constant C' is a generic constant

independent of H and h.

Lemma 2.7 (Vertex lemma) Let V be a vertex of 0Q0. Then for any w €
X"(08), we have

- H 1/2
w1 00 < CRO=D2jw(V)| < C <1 + log E) [wll1 /2,60

11



Lemma 2.8 (Edge lemma) Assume that n = 3 and E is an edge of 9). Then
for any w € X" (09),

7\ 1/2
bl on < Cllullos <€ (141087, ) lolizon.

Lemma 2.9 (Face lemma) Let F be a face (n = 3) or an edge (n = 2) of 0.
Then for any w € X"(99),

H
113wl /2,00 < C (1 + log %> wlli /2,60
Lemma 2.10 Let F be a face (n = 3) or an edge (n =2) of Q. Then we have
/2
1l son < CHO2 (141083 )
Lemma 2.11 Let n = 2. For any edge E C 9 and any w € X"(09),

H
lw = Togw] o2y < € <1 +log ﬁ) [whyz00,

where Ipow = w on the corners of Q) and is linear on each edge of Of).

12



3. Overview of FETI methods

FETI methods are iterative substructuring methods with Lagrange multipliers, which
are known as the most efficient parallel methods for large scale problems. There
are three variants of FETI methods, that is, FETI, two-level FETI and FETI-
DP(dual-primal FETI) method. FETI method has been developed into two-level
FETI method and FETI-DP method to solve more general problems efficiently and

easily.

3.1 A model problem

Let © be a bounded polygonal domain in R2. We consider the following elliptic
problem:
For f € L*(Q), find u € H}(Q) such that

—Au=f in
u=0 on 0.

(3.1)

Let Q" be a regular triangulation of . With the triangulation Q", we consider the

following P;-conforming finite elements
X = {u c HX Q)N CYQ) : v|, e Pi(r) Vre Qh} . (3.2)

Then, the Galerkin approximation of (3.1) becomes:
Find u € X such that
a(u,v) = f(v) Y e X, (3.3)

where

a(u,v) :z/ﬂVu-Vvda: and f(v) ::/vadx.

We decompose 2 into nonoverlapping subdomains § = Uf\; 1 Q; and assume that

the boundaries of each subdomain do not divide the triangles in Q. Hence, we obtain
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0, 4 Q; Q

Figure 3.1: Geometrically nonconforming(left) and conforming(right) partitions

the triangulation Q7 from Q") that is, Q? = Q" N Q;. Moreover, we assume that the
partition is geometrically conforming, which means that each subdomain intersects
with neighboring subdomains on the whole edge or at a vertex (see Figure 3.1). From
the triangulation QZ}-L, we define the following finite element space in each subdomain
Q;:

X; = {v e HL(Q) NC%Q) : v|, € Pi(r) Vre Q?} ,

where H1(€;) is the set of Sobolev H!-functions in (2; with zero trace value on

0Q; N 0N, that is, U|8Qm8§2 = 0.

3.2 FETI method

Let
X =[x (3.4)

Then, for v € X , the function values are not continuous across the subdomain
interfaces. FETI method was developed from the idea that the solution u of (3.3)
is obtained by solving a constraint minimization problem in X.

Let 00 denote a set of nodes in 9€; from the triangulation Q7. Note that
X C X and X ¢ H}(S2). Hence, we consider the following matching conditions for

14



v=(v1, - ,on) €X
vi(x) = vj(x) Vool ﬂ@ﬂ?, Vi,j=1,---,N, i #j. (3.5)
Since Qf is inherited from Q", we have
X = {v € X : v satisfies (3.5) } (3.6)

The bilinear form a(-,-) is s.p.d. on X. Hence, the problem (3.3) can be written
into the following minimization problem in X

J(u) = Umel)I(l J(v), (3.7)

where J(v) = 2a(v,v) — f(v). For v € X, we can rewrite a(v,v) and f(v) into

N
a(v,v) = Z ai(v,v), [f(v)= Z fi(v), (3.8)
1=1

i=1
with
ai(u,v):/ Vu-Vudez, fl(v):/ fvdz.
Qi Qz‘

Then, from (3.6), we write (3.7) into the following constraint minimization problem
in X:
Ju)= min J(v). (3.9)
veX,
v satisfies (3.5)
In the FETI method, we solve the problem (3.9) with a saddle point formulation.
Now, we define notations of matrices. Let K; be the stiffness matrix from the
bilinear form a;(-,-) and f; be the load vector from f;(-). Then we rewrite the

functional J(v) into the following matrix vector product form:

N N
1
J(v) = 5 ZUwai — vafz (3.10)
i=1 i=1
We also rewrite the matching condition (3.5) into the following matrix vector product

form:
Bu =0, (3.11)
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where B = ( §1 e EN) and each Ez is a matrix which has -1,0 and 1 as entries,
with the number of columns equal to the number of nodes in the triangulation Q?
and the number of rows equal to the number of constraints in the matching condition

(3.5). Let M be the Lagrange multiplier space defined by
M = Range(B).

Then, the constraint minimization problem (3.9) can be written as the following
saddle point problem:
Find (u,\) € X x M such that

L(u, \) = maxmin L(v, u), (3.12)
peM yex
where
N 1 _
Do) = 3 (ot = oif) + (Bo)'
i=1

Taking Euler-Lagrangian in the above saddle point problem, we get

K +BA=f; Yi=1,--- N, (3.13)
N ~

> Biu; =0. (3.14)
i=1

For the floating subdomain €;, that is, 99, N9 = 0, (3.13) becomes a full Neumann
boundary value problem and the matrix K; has a null space. Hence, to solve (3.13)

for u;, we need the following admissible condition for A:
fi — B‘A € Range(K;) Vi=1,---,N.
From the fact that K;’s are symmetric, the above condition is equivalent to
fi — BIA L Ker(K;) Vi=1,---,N. (3.15)
Now, we define the admissible set

A::{MGM : fi—épr_Ker(Ki) Vizl,--~,N}
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and
V= {MEM : By L Ker(K;) Vi=1,--- ,N}.
Then, taking some \g € A, we have
A={X+v : veVv}. (3.16)

The solution A of the saddle point problem (3.12) should be in the admissible
set A, so that we consider the saddle point problem (3.12) in X x A. Let P be
a projection operator from M onto V. Then, from the relation (3.16) and taking
Euler-Lagrangian in the saddle point problem (3.12) on the set X x A, the solution
(u,\) € X x A of the problem (3.12) satisfies

K+ BA=f; Yi=1,--- N, (3.17)
N ~

P'> " Biu; =0. (3.18)
=1

Define K Z+ as a pseudo inverse of K; and R; as the matrix whose columns are basis
of Ker(K;). Then the solution u; of (3.17) has the following form:

ui = K (fi = BIA) + Riou, (3.19)
where «; is a vector, which will be chosen later and determine solution w; uniquely.
Substituting u; into (3.18) with P/(32N | B;R;) = 0 and letting A = \g + v with

v € A, we obtain the following equation for v:
Fv=d, (3.20)

where

N N
F=P'y BK/BIP, d=P"Y Bi(Kfi—K'BlX\).
i=1 i=1
We call F' the FETI operator. In the FETI method, after solving for v in (3.20) and

then substituting v into (3.19), we obtain the solution w;’s.

Remark 3.1 The projection operator P and Ao € A can be chosen in the following
way. Let R = diag,_; .. y(R;) and G = BR. Then it can be shown that G'G is

invertible. Since \g € A, we have

RIBiXo=Rlf; Vi=1,--- N.
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From the above relation, Ao satisfies

G')\o = R'f, (3.21)
t
with f = (ff f}v) . Let \g = GG for some (3 and then substituting Ao in
(3.21), we obtain
G'Gp = R'Yf.

Hence, we can find A\g € A such that
Ao = G(G'G) Rt f.

Moreover, we can compute the projection operator P = I — G(G'*G)~'G*. Then P

is the 1?-orthogonal projection from M onto V.

Remark 3.2 After solving v in (3.20), u;’s are computed from (3.19). In (3.19),
each «; is obtained from the condition that u = (ul,--- uly)! satisfies Bu = 0.
Hence, we get

a=—(G'Q)'G'BK*(f — B')),

where a = (at, -+, ayn)t.

Since By L Ker(K;) for v € V, it can be shown that F' is a s.p.d. operator on
V. Hence we use the conjugate gradient method(CGM) to solve (3.20). In CGM,
the condition number of the operator F' determines the reduction of relative errors

at each iteration. More precisely,

R(F)—1)" .
SC(W) (F(v —1o),v —10)2,

where (-, -) denotes the [?-inner product, vy is the initial iterate, v, is the n-th iterate

of CGM and k(F') is the condition number of the operator F'. The smaller x(F) is,

N

(F(v—uvp), v —up)

the faster CGM converges. Therefore, we consider a preconditioner F~! for F to

reduce the condition number of the system
ﬁ71/2Fﬁ—1/2C _ ﬁ71/2d7 Y= ﬁq/zg

The following is the preconditioned conjugate gradient method (PCGM) to solve
(3.20).
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k=0
Vg is given
ro =d — Fuy.
while (rg # 0)
Solve ﬁzk =71 (2 = ﬁ_lrk)

k=k+1
if k==

P1 = 20
else

Be =1t _1zk—1/Th_92k—2
Pk = 2k—1 + BrPr—1

end

ap = 1h_1 21/ FPk

Vg = Vg—1 + QgPk

T = Tk—1 — apF'py

Preconditioned Conjugate Gradient Method(PCGM)

The FETI method was first introduced by Farhat and Roux [29] for second order
elasticity problems in 2D. They observed that this method is numerically scalable
without considering a coarse space that is essentially needed for other domain de-
composition methods to achieve the scalability. It was realized that the projection
operator P plays the role of coarse solver in the FETI method.

After then, Farhat, Mandel and Roux [28] showed that the following condition

number bound for the FETI operator F' for second order elasticity problems:
H
K(F)<C T

where H and h denote the size of subdomains and meshes, respectively and C' is a

constant independent of H and h. From this bound, we can see that the condition
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number of the FETI operator does not grow when the number of subdomains in-
creases maintaining the ratio of H and h, that is, the sizes of subdomain problems
are fixed. Hence, we can solve the problem (3.1) more accurately adding more sub-
domains with fixed bound of condition number for the operator F'. This property
is called scalability. Furthermore, they introduced the Dirichlet preconditioner F D !
such that
. No_ (o 0) -~
Fy'=PD7'P' with D™'=> B (o o ) B!
=1 bb
Here, Sgb is a Schur complement matrix which is obtained from K; after eliminating
interior unknowns.

Mandel and Tezaur [37] analyzed that the condition number of FETI operator
with Dirichlet preconditioner is bounded by C' (1 + log(H/h))™ with m = 2 or 3, for
second order elliptic problems in 2D. With a different preconditioner, Klawonn and
Widlund [31] showed that the bound of the condition number is C (1 + log(H/h))?
and generalized the result for the elliptic problems with heterogeneous coeflicients.

FETI method was extended to time dependent problems [24], advection-diffusion
problems [51] and plate-bending problems [39]. For plate-bending problems, the
condition number of the FETI operator with Dirichlet preconditioner grows faster
than O((1 + log(H/h))3). Since the plate-bending problems are of fourth order,
tearing the approximate solution at the cross point causes the drawback compared
with second order problems.

Farhat et al. [25, 27] introduced the two-level FETI method, a modification of
FETT method, for the fourth order problems. Adding additional Lagrange multi-
pliers, which makes the solution continuously at cross points(corners) in each CGM
iteration, to the original FETT formulation, they obtained the numerical scalability.
Tezaur [50] analyzed that the condition number bound of the two level FETI method
with Dirichlet preconditioner is C'(1 + log(H/h))™ with m =2 or 3.

3.3 Dual-Primal FETI(FETI-DP) method

The dual-primal FETI(FETI-DP) method was first introduced by Farhat et al. [26]

with the similar idea to the two-level FETI method. However, the implementation
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Figure 3.2: FETI vs. FETI-DP

is easier and the performance is better than existing FETI methods. The idea is
using primal variables at subdomain corners to match solutions directly across the
subdomain interfaces and using Lagrange multipliers to match solutions indirectly
across the remaining parts of the subdomain interfaces. Hence, the continuity of the
solutions at the subdomain corners holds for overall FETI-DP iterations.

In the FETI-DP method, we consider the following discrete space

X. = {v € X : v is continuous at subdomain corners } ,

where X is the space defined in (3.4). For v = (vl ol € X, we may write

’Ui
vi=|" fori=1,---, N,
Ve

where v’ and v? are vectors corresponding to the d.o.f. on the interior or edges, and
at the corners of the subdomain €2;, respectively. For v € )Z'C, since v is continuous
at subdomain corners and {Qz}fvzl is geometrically conforming, there exists a vector
ve such that Liv. = v for i = 1,--- , N where L% is a matrix with entries 0 and
1, which restricts v. on the corners of subdomain €2;. The vector v, has the d.o.f.
corresponding to the number of subdomain corners. To match v continuously on
the remaining parts of the subdomain interfaces, we need the following conditions:

vi(z) =vj(x) Vo €0Q NIV NTY, Vi,j=1,--- N, (3.22)
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where F?j is the interior part of I';;. Then we write (3.22) as

Byv, =0, (3.23)

where B, = (ég Eﬁ) and v, = | ¢ |. The matrix Eﬁ has 0, 1 and -1 as
vy

components, with the number of columns equal to the number of nodes on GQ?

excluding corners and the number of rows equal to the number of constraints in

(3.22). Then we have

X = {v e X, : B, = 0} , (3.24)

where X is the finite element function space defined in (3.2). From (3.24), the
solution u of the problem (3.7) satisfies
J(u) = min J(v). (3.25)

v E Xe
Brv,‘ =0

We introduce

M = Range(B, ).

Then, M is equal to a space of vectors which have a d.o.f equal to the number of
constraints in (3.22).

In a saddle point formulation, (3.25) becomes: Find (u,\) € X, x M such that

L(u, \) = max min L(v, u), (3.26)
,LLEM UEXC
where
N oy N
Do) = Y- { qasto:0) = i)} + < Brovan >
i=1

Let K; be the stiffness matrix from a;(-,-) and f; be the load vector from f;(-). We

may assume that K; and f; are ordered with
o <K K> . (ﬂ)
[ . . ) T T . )
Ko Ko e
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where the subscripts r and ¢ denote the d.o.f. on interior or edges, and at corners,

respectively. Let

K3,
Krr - 5
K}
KoL
Krc = ;
KNLY
e (3.27)
KCT’ - Kﬁc?
Kee = (ch)tKéchn
i=1
ul i .
Up = : ) fT: ) fc:Z(L’(Lz)tfé
=1
uyl o ’
Using (3.27), L(v, u) is written into
t I t
1 -
L(v,,u) _ 5 Uy rr re Ury [ Ur fr + (Br’l)r)t,U,
Ve Ko Kee Ve Ve fe
where v, is a vector that satisfies
Live=v. VYi=1,---,N
and Ur = ((U%)ta e 7(U1jﬂv)t)t'
Taking Euler-Lagrangian in (3.26), (u, \) satisfies
Kty + Kypette + BIX = f, (3.28)
Keur + Keeue = fe, (329)
Byu, = 0. (3.30)
Since K, is invertible, solving (3.28) for u, we have
up = KN (fr — Kypeue — BUX). (3.31)
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Substituting u, into (3.30) and (3.29), we obtain

Fud + Freue = dy, (3.32)
F' X\~ F.u. = —d,, (3.33)

where
Frr = ETK;}E;E’
Fre = ETK;}KTQ

Fee = Kee — KCTK;}KT&
dr = ErKﬁlfm
de = fc - Kchq;lfr-
It can be shown that Fp. is invertible. Solving (3.33) for u., we obtain
Ue = F N (Fop X+ d,). (3.34)
Then, substituting u. into (3.32), we obtain the following equation for A:
(Fpr + Fpe F For)\ = dy — FroFo N, (3.35)
We call
FDP :Frr‘i‘Frch;chr

a FETI-DP operator. It is shown that Fpp is a s.p.d. operator. Hence, with a
suitable preconditioner, (3.35) is solved for A using the PCGM. After solving for A,
u. and u, are obtained from (3.34) and (3.31). As a preconditioner for the operator
Fpp, we consider the following Dirichlet preconditioner:
N
~ ~. (0 O ~.
-1 _ 7 i\t
FDP_;B’F (0 Sl ) (Br) ’
where S, is a Schur complement operator obtained from K!, after eliminating
interior unknowns.

For second and fourth order elastostatic problems, FETI-DP method with Dirich-

let preconditioner is more robust and computationally efficient than existing FETI
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methods, particularly when the number of subdomains is very large. In the FETI-DP
method, gluing the solution at corners, we do not have floating subdomain problems
as in the FETI methods. Hence we do not need a projection operator to eliminate
the null space of the floating subdomain problems. It was observed that F..! plays a
role of coarse solver in the FETI-DP method. That is, F.! globally transmits infor-
mation among the subdomains at each FETI-DP iteration. The bound of condition
number for the FETI-DP operator with Dirichlet preconditioner is

. H\ 2
k(FppFpp) < C <1 + log E) :

which was analyzed by Mandel and Tezaur [38] for both second and fourth order
elliptic problems.

For 3D problems, the FETI-DP method with the Dirichlet preconditioner needs
modifications to get the optimal condition number bound as in 2D problems. Farhat
et al. [26] extended the FETI-DP method to 3D problems by adding redundant
constraints to the coarse problem and obtained the numerical scalability as in 2D
problems. The Lagrange multipliers corresponding to the redundant constraints
are treated as the primal variables in the FETI-DP formulation. Hence, the coarse
problem is enlarged compared with the original FETI-DP method. They called
the FETI-DP method with redundant constraints, which are added to the coarse
problem, as the augmented FETI-DP method.

Klawonn, Widlund and Dryja [32] showed that with a different preconditioner
the condition number of the FETI-DP method is bounded by C(1 + log(H/h))?
for heterogenous coefficient elliptic problems in 3D. From the connection with the
existing substructuring iterative method for 3D problems, they showed that when
using only the d.o.f. at corners as primal variables, FETI-DP method is not effective.
They also, as Farhat et al. did in [26], added the redundant constraints to the coarse
problem and showed that FETI-DP method for 3D elliptic problems has the same
condition number bound as 2D problems. Moreover, they proposed an algorithm
choosing optimal primal variables with respect to the jumps of coefficients of elliptic
problems. The condition number bound was also shown to be C(1 + log(H/h))? for

the case with the optimal primal variables.
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Extensions of the FETI-DP method to the (Navier-)Stokes problem were done
by Li[34, 35] both in 2D and 3D cases. In the FETI-DP formulation, to solve
the Stokes problem more correctly and effectively at each FETI-DP iteration, the
redundant constraints are added to the coarse problem. Moreover, it is shown that
with a Dirichlet preconditioner, the bound of condition number of the FETI-DP
operator is C(1 + log(H/h))?. The Dirichlet preconditioner consists of local Stokes

problems on each subdomain.

3.4 Augmented FETI-DP method

In this section, we briefly review the augmented FETI-DP method, which was devel-
oped for solving 3D problems more efficiently. Further, we will use the augmented
FETI-DP formulation for solving the Stokes problem. In the FETI-DP formulation,
the continuity of the solution across the subdomain interfaces is enforced by the
Lagrange multipliers:

Byu, = 0. (3.36)

Hence, the continuity of the solution holds when the FETI-DP iteration has con-
verged.
To accelerate the convergence of the FETI-DP method, we consider redundant

constraints

Q'Byu, =0, (3.37)
where Q is some chosen matrix with a full column rank. Let N = Range(Q'B,) and
M = Range(B,). Define

Mo={ eM : Q'X=0}.

Then, introducing the Lagrange multipliers g € U and A € M for the constraints
(3.37) and (3.36), respectively, and then taking the Euler-Lagrangian to the saddle

point formulation

max min {J(v)—!— < thrvr,,u >4+ < Ervr,)\ >} )
MGU,AEM ’UEXC

we obtain the followings:
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Find (u, A, 1) € X. x M x U such that

Kty + Kpete + B+ BLQu = f,,
Keur + Keeue = fe,

Q'Byu, =0,

Erur =0.

Let

Kye = (Krc Eﬁ@) ) I?CT = I?:C

(3.38)

We consider 4. as a primal variable like in the original FETT-DP formulation and

rewrite (3.38) into

Kpru, + I?rcac = fra
f{—crur + Eecac = ]A{Ca

B,u, = 0.

Then, eliminating unknowns u, and then ., the FETI-DP operator follows:

(Frr + ﬁrcﬁczlﬁqfc))\ = dr - ﬁrcﬁc_clgw
where

ﬁrc = ETK;}I?T&

Fcc = kcc - kcrkq;lkrw
Jc = J?c - I?chﬁlfm

(3.39)

and the other terms are the same as those of the original FETI-DP formulation.
The invertibility of EC follows from the fact that () has full column rank. Since ﬁcc
contains F,. as a diagonal block, we call this method as the augmented FETI-DP
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method. When @ = 0, the augmented FETI-DP formulation degenerates to that
of the basic FETI-DP method. Let Fﬁp =, + frcﬁc_clﬁ’fc. It can be shown that

F{p is s.p.d. on Mg. Therefore, the solution A in (3.39) is uniquely determined in
M.
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4. Mortar methods

Mortar methods were first introduced by Bernardi, Maday and Patera [11] for non-
conforming discretizations of the elliptic problems in 2D coupling finite element and
spectral methods. The methods were extended to coupling the finite elements with
nonmatching triangulations across subdomain interfaces and the spectral methods
with different orders between subdomains. In this dissertation, we consider the
mortar method for the finite elements with nonmatching triangulations across sub-
domain interfaces and call it the mortar finite element method. Nonmatching dis-
cretizations are important for multiphysics simulations, contact-impact problems,
the generation of meshes and partitions aligned with jumps in diffusion coefficients,
hp-adaptive methods, and special discretizations in the neighborhood of singularities
(corners or joints).

In the mortar methods, the orthogonality relations between jumps in the traces
across subdomain interfaces and Lagrange multipliers are imposed to obtain the
optimality of approximation like as conforming discretizations. Hence, the choice
of Lagrange multiplier space is crucial in the mortar methods. Until now, several
Lagrange multiplier spaces have been developed for the mortar finite element meth-
ods. Among them, the standard Lagrange multiplier space was naturally induced
from the finite elements on nonmortar sides. However, the basis of the mortar fi-
nite elements obtained from the standard Lagrange multiplier space are not locally
supported like as the finite element basis. In a mixed formulation of the mortar
methods, the Lagrange multipliers approximate the normal derivative of the solu-
tion. From this observation, the normal derivative of the solution can not be well
approximated by using the standard Lagrange multiplier space which consists of
continuous functions. Hence, a Lagrange multiplier space with dual basis was intro-
duced by Wohlmuth [53]. The locality of basis for mortar finite elements holds for
this type of Lagrange multiplier space. Hence, the implementation and the analysis

of the mortar methods are easier than those of the standard Lagrange multiplier
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space.

4.1 Nonconforming approximation

In this section, we give two formulations of mortar method. They are the non-
conforming formulation and the saddle-point formulation. We consider a simple
elliptic problem (3.1). We assume that Q is bounded polygonal(polyhedral) do-
main in R"(n = 2,3) and decomposed into nonoverlapping polygonal(polyhedral)
subdomains {€;}%,, which are geometrically conforming. Each subdomain €; is
associated with a quasi-uniform triangulation QZ“ with maximum diameter h;. On

the subdomain interfaces, these triangulations may not be aligned. Let

N
Xp=]]X%
i=1

with X; defined in Section 3.1. Since the meshes are nonmatching across the sub-
domain boundaries, X} is not contained in H&(Q) Hence, we need an appropriate
condition to find a good approximation uy, in Xj, for the solution u € HE(Q2) of the
problem (3.1). The mortar finite element method was developed for this purpose.
Before going into the mortar element method, we give a brief review where the idea
comes from.

In the following, we regard |- ||1,0, and ||-[|1 /2,0, as usual Sobolev norms without

scaling factor. Let us define

equipped with the norm

1/2
2
1,97; °

Hy(div, Q) = {q € [L*(Q)]* : V-q€ L*(Q), q - n|pg =0}

N
ol = (z o
=1

We introduce the following Sobolev space:

normed by

1/2
lall z(div,0) = (||OIH(2),Q +[|V- QH%,Q) .
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Define

N
= {w € (Wi)iLy € [[H ?(0€%) : 3q € Ho(div, Q) such that ¢; = q - n;, w}
=1

normed by

q € Hg(div,

Wllae = i - llall s
a-ng=v, Vi
Note that H~1/2(98;) is the dual space for H'/2(99;) and H'/?(9Q;) is a function
space that is composed of traces of functions in H'(£;). We consider bilinear form
b(-,-) : H x M — R such that

N N
b(v, 1) = ;/892 vit; ds.

Then we can characterize H{(Q) as (see [43])
HY(Q) = {veﬁ - b(u, ) =0 vweM}. (4.1)

Using the same idea as (4.1), we consider the following condition on X with suitable
Ml’ji

/ (Ui — Uj))\ij ds =0 V)\U € M, i Vi,j=1,---,N, (4.2)

Fij
where (vy,---,vny) € X. The space M;;’s will be defined later. On each interface
Iij(= 2 N Q; ), we determine one as a nonmortar side and the other as a mortar
side. Then, we define
m; :={j : Q; is the nonmortar side of I';;},

(4.3)
s; = {j : € is the mortar side of I';;}.

Let

N
Mh:HHMij

i=1jEm;
and a bilinear form b(-,-) : X, x M, — R

b(v, ) Z Z / v; — vj)pds. (4.4)

=1 jEmM,
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Then we define
Vii={ve Xy : blu,u) =0 VYueM,}. (4.5)

Recall the definitions of a(v,v) and f(v) in (3.8). Then the nonconforming formu-
lation of the problem (3.1) becomes:
Find up, € V}, satisfying

a(up,v) = f(v) Yo € V. (4.6)

This formulation was first introduced by Bernardi et al. [11]. After then, considering
the mortar matching condition as constraints, the following saddle-point formulation
was introduced in [5]:

Find (up, A\n) € (X, My) such that

a(up,v) +b(v, A\p) = f(v) Yve Xy,
b(p,up) =0 V€ My,

(4.7)

If the space Mj is suitably chosen, both of these two formulations have unique
solutions and those solutions are the same. The space Mj, is associated with the tri-
angulations inherited from the nonmortar sides of interfaces. The inf-sup condition
of the space X}, x My, is essential for the unique solvability of the formulation (4.7).
The solution Aj, in (4.7) approximates A, the normal derivative of the solution u on
the subdomain interfaces. Further, if the inf-sup constant is not depending on the
mesh size and the space M} has an approximation property like as the standard
finite elements, then the error A — Ay in (Hééz)’—norm has the same order of ap-
proximation as the H'-norm of u — u,. The approximation order of u — uy, is also

determined by the choice of Mj,.

4.2 Lagrange multiplier spaces

In this section, we state the abstract multipliers conditions which will give the suit-
able Lagrange multiplier space ([30], [54]). In the following, C' is a generic constant

which does not depend on the triangulations and I';;.
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Let us define
Wi = {w € Hy(Ty) : w=v|r, forve X;}. (4.8)

Then the abstract conditions for the Lagrange multiplier space M;; are
(A1) 1€ M
(A.2) WZ%- and M;; have the same dimension.
(A.3) There is a constant C such that

H¢H0,Fij < C sup M V(;5 € Wzg
PeEM;; ||¢||O,Fij

(A.4) For u € H*1/2(T;;), there exists pu, € M;; such that

2k—1
e = pnllg,r,, < ChEHulioy o,

where k is the order of finite elements in X;.
Now, we define a mortar projection operator, which is essential in the analysis

of the mortar methods.

Definition 4.1 The mortar projection m;j : L*(T;;) — WZ% is defined by

/ (w—mjjw)pds =0 Y € M.
Dij

The condition (A.1) gives the coercivity of the bilinear form a(-,-) in V}, which
is independent of number of subdomains and mesh size. From (A.2) and (A.3), we
can see that the mortar projection is well-defined. Furthermore, from (A.2) and
(A.3), the continuity of the mortar projection in Héf—norm can be shown. Then,
we can see that the inf-sup constant of X x M, is independent of mesh size from
the continuity of the projection operator. Hence, both problems (4.6) and (4.7) have
unique solutions. The approximation order of the space V}, is calculated by using
the Lagrange interpolation and the continuity of the mortar projection and it is the
same as the conforming finite elements. For the error u — ujp, we can obtain the
optimal order of approximation using the approximation property of the space Vj
and (A.4). For the error A — Ay, the order of approximation can be shown by the
inf-sup condition and (A.4).
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Figure 4.1: Basis functions for W;; and M;;(standard)

Now, we illustrate several Lagrange multiplier spaces that satisfy above condi-
tions (A.1)-(A.4). The standard Lagrange multiplier space was first introduced in
[11] for the elliptic problems in 2D. After then, Belgacem and Maday [9] extended
the result to 3D problems.

First, we consider a two-dimensional case. On I';; with j € m;, we define
Wij :={w : w=vlp, forve X;}. (4.9)

and let
{¢07 ¢1> T 7¢L7 ¢L+1}

be the nodal basis functions for W;;. Moreover, we assume that the basis functions
are sequentially ordered according to the location of the nodes on I';;. From the

basis functions in W;;, M;; is defined as

M;; :=span{¢o + ¢1, ¢2, - ,drL—1,PL + Pr41}-

The basis for W;; and M;; are illustrated in Figure 4.1. The standard Lagrange
multiplier space is similarly defined for the higher order finite elements or three-
dimensional cases. For the case of higher order finite elements, let us assume that
each subdomain €); is associated with Pj-conforming finite elements. Let T;; be the
triangulation of I';; inherited from the nonmortar side of I';;. Then, M;; is defined
by

Mij={p : plr € B(r),if TNl =0,l=k
otherwise, = k — 1,V € Tj;}.
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For the three-dimensional cases, common faces are considered as the interfaces
of subdomains. Let us assume that §2; is equipped with the P;-conforming finite
elements. The interface I';;(= 0€Q; N 0€;) consists of triangulations induced from
the nonmortar side. We distinguish nodes on the interior of I';; and the boundary
of I';;. Let I and B be the sets of nodes on the interior and the boundary of I';;,
respectively. For each a € B, we assume that there exist N,(> 1) interior nodes
which are vertices of triangles with a as a vertex and denote them by {aq}évz’ll. For
each a € B, we choose positive real numbers {cg}(];]:‘ll such that Ef]\fgl ¢q = 1. Then
the Lagrange multiplier space is defined as

Na
Mij:=peWy : p= Zﬂ(a)(lsa + Z(Z Cgﬂ(aq))% )

a€l a€B ¢=1
where ¢, is the nodal basis function at the node a.

The standard Lagrange multiplier space M;; is contained in the finite element
space on the nonmortar side of I';;. Hence, it consist of continuous functions. From
the observation that )\; approximates the normal derivative of the solution on the
interfaces, the standard space M;; is not correct one to approximate the normal
derivative because the normal flux of u may not be continuous on the interfaces
even though u € H?(2). To overcome the discrepancy, the Lagrange multiplier
space with dual basis was developed by Wohlmuth [53]. The concept of dual basis
was first introduced in [46]. In [53], it was also shown that the Lagrange multiplier
space with the dual basis gives the same approximation property as the standard
one. Further, Kim et al. [30] generalized the result to three-dimensional problems.

First, we consider 2D case. The interface I';; is equipped with the triangulation
T;; from the nonmortar side. Let {¢;}; be the nodal basis for Wg These basis
functions are sequentially ordered according to the location of nodes. Then, the dual
basis {41} is defined by

/¢l¢kd8—5lk/ ¢ds Vi, k=1,---,n,
L Ty

and 1 € span {1, - ,¥n}.
We follow [53] to give an example of dual basis. For 7 € Tj;, let ¢ and ¢4

be the nodal basis functions at the end points of 7. On 7 whose end points do not
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Mljo Wc ®
I

Figure 4.2: Basis functions for W;; and M;;(dual)

L
i

intersect with OT';;, we find ¥y = a1 + a2¢i1|r and Vi1 7 = bigy|r + badyi1|r
such that

/(ﬁmw&f ds = Oms / Om ds for m,s = 1,1 + 1. (4.10)

Then, we obtain (a1, a2) = (2,—1) and (b1,b2) = (—1,2). On 7 whose one end point
intersects with OI';;, we let, say [, be the index of the point which does not intersect

with O';;. Then, 9 ; is given by

which satisfy the condition (4.10). For ¢; € Wl%-, whose support consists of triangles

7i—1 and 7; in T;; with m =1 or 2, ¢y is defined as

wl|7'i = ¢l,7’i fori=1-1,1,

and zero on the remaining part of I';;. From the construction, it can be seen easily
that {1;}I"_; is a dual basis of {¢;}};. The dual basis of M;; and nodal basis of W;;
are illustrated in Figure 4.2.

The dual basis can be extended to 3D problems similarly. In 3D case, the
interface I';j(= 0€Q; N 0Q;) consists of two-dimensional triangulations. For 7 € Tjj,
we label the vertices of 7 by {1,2,3}. There are four possible cases: First case is
that all of three nodes are on the interior of I';;. Second, one of them is on the
boundary of I';;. Third, two of them are on the boundary of I';;. Fourth, all vertices

are on the boundary of I';;.
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For the first case, let {(;57,[}?:1 be a nodal basis for three vertices. We want to
find ¥r; = Zzﬂ aipPrk, | =1,2,3 such that

[ bestrads =6 [ ods, Ri=1.23

Then, we obtain
3 -1 -1
(ag)=1 -1 3 -1
-1 -1 3
For the second case, we may assume that the node with the label 3 is on the
boundary of I';;. Let ¢, = 22:1 aipdr i, | =1,2. Then we find a;’s

- [ B2 3212
N 32 52 12 )

which satisfy

/Cbr,kT/JT,l ds = Oy / brrds, k,l=1,2,
Yr1 + Yo = 1.

For the third case, we assume that the node with the label 1 is on the interior
of I';;. Then, we let ;1 = 1.

For the fourth case, there is no interior node. Hence, we do not have an extra
7. Instead, we find an interior node x,, which is a vertex of a triangle 7 that
shares a common edge with 7. Then, for p € M;;, we let p|; = plz.

We consider nodal basis functions {¢;}7 ; for Wi(;- and obtain {v;}" ; using the
local dual basis {t;;} similarly as is 2D case. If there is a triangle 7 of the fourth
case, we modify the dual basis function ; corresponding to the interior node x, by

extending 1); = 1 on the triangle 7. Then, M;; is given by

M := Span{¢17"' ﬂpn}

From the construction of the local dual basis, we can also see that {1}, is a dual
basis for {¢;}] ;.

37



There have been various extensions of the mortar element methods. To prob-
lems other than elliptic problems, such as advection-diffusion problems, Stokes prob-
lem, Maxwell equations and plate problems, the mortar element methods are also
applicable[l, 6, 7, 40]. Due to its generality and optimality, the mortar methods

have been widely used for problems with realistic importances|2, 4, 8, 18].

4.3 A priori error estimates

In this section, we provide proofs for the approximation properties of the mortar
methods. As mentioned before, using the Lagrange multipliers satisfying (A.1)-
(A.4), we can obtain the same order of approximations as conforming finite elements.

The space V}, is not a subspace of H}(Q2). Hence, we are in a nonconforming
setting. The uniform ellipticity of the bilinear form a(-,-) on V3, x V}, is well known for
the standard mortar space V},; see [11]. In [10], it was shown that a(-,-) is uniformly

elliptic on Y x Y, where

N
Yi={ve[[Hb) : / (vi —v;)ds =0, ¥i=1,--- ,N, j € m;}.
i=1 Y

Further, the ellipticity constant on the space Y was shown to be independent of the
number of subdomains in [47]. The approximation property of V" to HJ(Q) was also
shown in [11]. In addition to the uniform ellipticity and the approximation property
of V", we need to consider the consistency error to obtain a stable and convergent
finite element discretization. In the following, C is a generic constant independent
of the number of subdomains and mesh size.

Now, let us show the following stabilities of the mortar projection:

Lemma 4.2 We have

Imijwllor, < Cllwllor, Yw € L*(Ty;),

ij —

and

Imijwllir, < Clwllir, Ywe Hg(Ty).
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Proof. First, we show the L2-stability. From (A.3), the definition of 7;; and Holder

inequality, we obtain

Imiwlor, < C sup M
HEM;; HMHOIij

w L.
vewd llillory

< CH’LUHO,FU-
For w € H}(T;;), there exists Qu € WZ% such that

[w = Qullor;; < Chil|wl1r;;, [|Quw

ij =

l1,r;; < Cllw|lir,; (see Lemma 2.4).

Using the fact that 7;;(Qw) = Quw, the inverse inequality in (2.2) and the L2-stability

of the mortar projection, we have

|73 (w — Qw)

1,0 < Chz_lnw - QwHO,Fij

ij =

< CHwHLFij'

Then, from the triangle inequality, the above inequality and the approximation

property of @@, we obtain
Imijw — wllir, < Clwllyr, Yw € Hy(Ty).
This completes the proof. l
Remark 4.3 Using an interpolation between L?*(Ty;;) and Hg(Tyj), we have
1/2
Il e,y < Clwl g, Yo € Heg'(Ti). (4.11)
This result also holds for 3D case.

For v € Hf\il H1(9;), let us define a broken H!-norm as

N
ol = vl o
i=1

From the stability of mortar projection, we have the following approximation prop-

erty of the space V.
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Lemma 4.4 Assume that v|q, € H*(;) fori=1,---,N. Then we have

N
lv—wnllZ < CY REllv5q,

inf
v EVY i—1

Proof. Let I"v € X}, be the Lagrange interpolation of v. Take

N

X = Ih’U + Z Z Ez'j’ﬂ'l'j[fh’u] € Vi,

i=1 jem;
where [I"v] = (I"v); — (I"v); and Ej; is an extension operator from Wig- to X,
which is continuous

1Ewline: < Cllwll gy

and E;jw = 0 on 8Qi\Fij. The discrete harmonic extension can be such an extension

operator.

Then, we have
N N
1323 Bymgll2 < OS2 S gl el e
i=1 jem; i=1 jem; ©Y
We observe that I"v € HééQ(I‘ij) for 2D case, but not for 3D case. So that we
analyze each case differently.

For 2D case, using the stability of mortar projection in HOI({Q—norm and coloring

argument, we obtain

N N
1YY EymiglI™)|2 < Y hillv
=1

=1 jEm,

2
Q,Qi °

For 3D case, using the inverse inequality, the stability of mortar projection in

L?-norm and coloring argument, we get

2
27Qi.

N N
1Y EymiglI™)|2 < ¢ max {1+ hi/hi)} Y B |v|
i=1

1, \N,jem;
i=1 jEm; JEm

Then, using the above inequalities, approximation property of I"v and triangle
inequality, we obtain
N
2 201,112
lv = x[IF < CY hlvl3q,
i=1
This completes the proof. l
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Remark 4.5 For 3D case, the constant C in the approximation property depends

on the ratio of meshes between mortar and nonmortar sides.

From the second Lemma of Strang [13], we have the following well-known result:

Lemma 4.6

S e Jrn St[va] ds
lu—wuplle <C | inf u—oplle + sup == ZIEmi 2Ly On
v €VRY

v EVY ||Uh||*

The first term is called an approximation error and the second term is called a
consistency error.

For the consistency error, we have

Lemma 4.7

1/2
ity 2jem fr an [Un] ds 9
sup Z h; ||UH2 Q) .

oneVh thH*

Proof. Since vy, € V}, we have

ou ou
r; on ——[vn] ds = /F”(a—n — pp)on]ds Yy € M;;.

From (A.4) with k = 1 and the definition of dual norm (H/2(T;;))’, we get

8u 8’&
H% - ,uhH(Hl/2(pij))/ < Chi’a_nh/lrij?

where j, is chosen as the L?-projection of % onto M;;. It follows that
ou ou
— (vl ds < Ch;|— y . .
. gulendds < OnI e, (ol + s,
Using the above inequality, a coloring argument and a trace theorem, we obtain
2 1/2
Y / Out 1 as) < C(S Kol 2ol
i=1 jem; =1
and complete the proof. B

From Lemma 4.6, Lemma 4.4 and Lemma 4.7, we obtain the following a priori

estimate for u — up:
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Theorem 4.8 Assume that ulg, € H*(;) fori=1,--- ,N. Then, we have

N 1/2
lu—upll. < C (Z h?”“”%,m) ~

i=1
Now, we derive a priori estimate of A— A\, with a suitable norm, where A = g“ on
the interface of subdomains and Ay, is a solution of the saddle-point formulation (4.7).

Let us define a norm for u, € M by

lpnl? L2 Z > HuhH(Hl/z Wy

i=1 jem,;
The following inf-sup condition is essential in the a priori estimate of A — Aj,. From
1/2

the continuity of mortar projection in H,;” norm, we can easily obtain the following

result.

Lemma 4.9 There exists a constant 3 independent of mesh sizes and the number

of subdomains such that

nf  sup b(vn, i) =6

02 &M oz0ne X, [l10nll 512y, @(Vn, vR)

From the above result and Lemma 4.7, we have
Theorem 4.10 N
A= Apl? <CY h2ul3q.,
1A= 0 cyy < € 3 A2l
where C' depends on the inf-sup constant (3.

Until now, we review the a priori error estimates of mortar methods for the
elliptic problem (3.1). For an elliptic problem with heterogeneous coefficients, we
also obtain the similar a priori error bounds by following [53]. For that case, we

obtain

N
lu—unl|? < CY CibZ|lull3q,,
=1

I~ m%ww_OECMMN,
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where

. B\ 2 . B\ 2
C; = max | sup min 1—{—&,1—}— <—Z> , sup min 1—1—a—]71+ (—J>
kem; ag hk 1<j<N a; h’L

'Lemj

Here, the constant a; is the positive coefficient of the elliptic problem in €2;. On
I';;, if we choose nonmortar side with smaller a;, then we always have C; < 2 for all
i. For 3D case, the ratio of meshes between mortar and nonmortar sides occurs in
the constant C of the a priori estimates. We can also see that the term dose not
give significant effect when it is multiplied by C;’s even though we choose smaller
mesh size on nonmortar side. The elliptic problems with discontinuous coefficients
can be approximated by the elliptic problems with heterogeneous coefficients. For
the problems with continuous coefficients, the assumption of comparable sizes of
meshes is reasonable in practice. Hence, the ratio of meshes can be bounded by

some number in this case.
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5. Elliptic problems in 2D

5.1 A model problem and finite elements

Let © be a bounded polygonal domain in R?. We consider a FETI-DP method on
nonmatching grids for the following elliptic problem:
For f € L?(Q), find u € H(Q) such that
=V (A(x)Vu(z)) + (x)u(z) = f(z) nQ,
u(z) =0 on I'p, (5.1)
n - (A(z)Vu(z)) =0 on I'y.

Here, A(z) = (a;j(z)) € R?*? and n is the outward unit vector normal to I'y. We
assume that o;;(z), B(x) € L™ (), A(z) is uniformly elliptic, 8(x) > 0 for all z € Q
and |I'p| # 0, where |I'p| denotes the measure of I'p.

Let Q be partitioned into nonoverlapping polygonal subdomains {Q;}Y,. We
assume that the partition is geometrically conforming, which means that the sub-
domains intersect with neighboring subdomains on the whole edge or at a ver-
tex(corner). Let Qf“ be a quasi-uniform triangulation of the subdomain Q; with
the maximum diameter h;. The meshes may not be aligned across the subdomain
interfaces. For each subdomain €2;, we introduce a Pj-conforming finite element
space

X;:={ve HH(Q) : v|, € Pi(r), T € Q!},
where HH(Q;) == {v € HY(Q;) : v =0 on I'p N} and Pi(7) is a set of

polynomials of degree < 1 in 7. For (u;,v;) € X; x X;, define a bilinear form
a;(u;,v;) ::/ A(z)Vu; - Vu; dx—i—/ B(x)u;vidx.
Qi Qi

To get the FETI-DP formulation, we need a finite element space in €2 as follows:

N
X = {v € HXi : v is continuous at subdomain Vertices} .
i=1
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By restricting the space X;’s on the boundaries of each subdomains, we define
Wi = Xilpq, Vi=1,---,N.

Then we let

N
W = {w € H W, : w is continuous at subdomain corners} . (5.2)
i=1

Let S° be the Schur complement matrix of the bilinear form a;(-,-) over the finite
elements X;. That is,
St = App — A(A) " Alp,

where A’ is a stiffness matrix associated with the bilinear form a(,-) and ordered

with A A
Apr Agp

Here, the subscripts I and B represent the d.o.f. on interior and boundary of €2;,

respectively. Then, a semi-norm is defined for w; € W;
) ,
lwi|gi =< S'w;, w; >,

where < -,- > is the {*>-inner product of vectors. For w € W, since w is continuous

at subdomain vertices, by summing up these semi-norms, we define a norm

N

lwlfy = Z wil%,  wi = wlag, (5.3)
=1

Moreover, we define a subspace of W
W, :={w € W : w vanishes at subdomain vertices} . (5.4)

We note that the space X is not contained in H'(Q). To approximate the solution
of the problem (5.1) in X, we impose the mortar matching condition (4.2) on v € X
with a suitable Lagrange multiplier space satisfying the assumptions (A.1)-(A.4) in
Section 4.2. On each I';;, we determine mortar and nonmortar sides and define
the index sets m; and s; as (4.3). We define the spaces Wi, Wz% and M;; as in

45



Section 4.2. Especially, we consider the standard Lagrange multiplier space M;;.
However, our theory can be extended to a general Lagrange multiplier space which
satisfies the assumptions (A.1)-(A.4). Then the global Lagrange multiplier space is
defined by
N
M = H H Ml]
i=1jem;

Similarly, we let
N

wo .= H H Wg

i=1jEm;

Now, we define norms for the spaces W% and M. For wij € WZ%, w;; € W is the
zero extension of w;; into 0€);. Let w; = Zjemz- w;j and w = (wy, - -+ ,wWy). Since w
is continuous at subdomain vertices, w € W. Hence, we define a norm for w € W9
as

[wlwo == [lw]lw- (5.5)

Let < -,- >,, be a duality pairing between M and W9 such that

N
<A W >pi= Z Z / Aijwij ds for (A, w) € M x W°. (5.6)

i=1 jem;

Using this, we define a dual norm on M by

< Aw >
Ay o= max —ro=m (5.7)
wewo\{0}  [|wllyo
Recall the following mortar matching condition for (vy,--- ,vy) € X:
/ (Ui — ’Uj))\ij ds =20 V)\ij € Mij, Vi=1,---,N, 7 €m,. (5.8)
r

ij
Now, we rewrite the mortar matching condition (5.8) into a matrix form. Let
{¢21},§:”E)+1 be the basis function for Wy, |p,; with m =i, j and {1}, be the basis

function for M;;. Then we define matrices ij and B;j with entries

(B;{)lk:i/“wlgﬁkmds, l=1,---,L, k=0, Ky, +1form=1,5, (5.9)

Iy
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where the + sign is chosen if m is the nonmortar side of I';;, otherwise, the — sign

is chosen. Then we rewrite (5.8) into
B;;L]'Ui’l"ij_‘_B;jUj’Fij:Oa Vi=1,---,N, j €m;.

Let E;; : M;; — M be an extension operator from M;; to M by zero and Rﬁj W, —

Wl‘rij for I = i,j be a restriction operator. Using these operators, we define
B; = Z EiszjRéj + Z Eszilez
jeEmM; JESs;

Then the mortar matching condition (5.8) becomes
Bw =0,

t
WhereB:<B1 BN> andw:<w’i wf\,) with w; = v;a0,-

5.2 FETI-DP formulation

5.2.1 FETI-DP operator

In this section, we construct the FETI-DP operator for the problem (5.1) with the
mortar matching condition as constraints. The derivation of FETI-DP equation for
the Lagrange multipliers follows [38]. However, the FETI-DP operator with mortar
matching condition is new. Dryja and Widlund[21, 22] eliminate unknowns both
on interior and vertex nodal points, and impose a mortar matching condition over
W, in (5.4). Hence, the resulting solution u does not satisfy the mortar matching
condition (5.8). We only eliminate interior nodal points, and impose the mortar
matching condition on the function over W in (5.2).

For w; € W; we write

where r and ¢ stand for the nodal values on the edges and vertices. From now on,
we use the subscript symbol r and ¢ to represent the degrees of freedom(d.o.f.) on

edges and at vertices, respectively. Define W, as the set of vectors which have d.o.f.
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corresponding to the union of subdomain vertices, that is, global corner points. For
w = (wy, - ,wy) € W, since w is continuous at subdomain vertices, there exists
we € W, such that Liw, = w! for i = 1,--- , N, where the matrix L% consists of
0 and 1 and restricts the value of w. on the vertices of subdomain €2;. Hence, for

w = (wy, - ,wy) € W, we write

wi\

w; = , Vi, for some w, € W.,.
Liw,

Recall that S? is the Schur complement matrix obtained from the bilinear form

a;(-,-) and let g’ be the Schur complement forcing vector obtained from Jo. fvidaz.

The matrix S° and vector g* are ordered into

si= |7 e} g = (7).
Str Sk g

Let B;, and B; . be matrices that consist of the columns of B; corresponding to the
nodal points on edges and at vertices, respectively.

Then, the saddle-point formulation of the problem (5.1) with the mortar con-
straints gives:

Find (wy, we, \) € W, x W, x M such that

Syrwy + Spewe + BIX = gy, (5.10)
Serwy + Secwe + BIX = ge, (5.11)
B,w, + B.w. = 0, (5.12)

where

Syr = diagi:17...7]v (S:“r) ’

SpeLe

Src = : )
SnLy

Scr = Sqtnc)
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N
See = Z(Lé)tSﬁCLi,
i=1

N
B, = (Biy, -, Bny), Be= Y Bi L,

=1
9r N w,
g=1 i | =D L) g w =
" - wy

Since S, is invertible, we solve (5.10) for w, to get

wy = 5,1 (gr — Srewe — BEA) .
After substituting w, into (5.12) and (5.11), we obtain

B, Sy,  BEX + (B,S;,1Spe — Be) we = BrSy gy,
(SerSp! By = Be) A = (See = SerSpt Sre) we = = (ge = SerSyy gr) -

Let

Fy,. = B,.S,,' B,

Fi,. = B;S,,' Sre — Be,

F1, = SeSy' Bl = BL (= F1,,) |

Fr.. = Sec — Ser Syt Spe,

d, = BS,,'gr,

(5.13)

de = ge — Scrsr_rrlgr-
Then (A, w.) satisfies

Eliminating w, in the above equation, we obtain
(F1,, + F1,.F; ' Fr,.) A = d, — F1, F} 'd.. (5.14)

Here, Fpp = Fr,, + F1, . F], CIFICT is called the FETI-DP operator for the prob-
lem (5.1). In Section 5.3, it will be shown that Fpp is a s.p.d. operator. Hence, the
equation (5.14) will be solved by the PCGM.
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Remark 5.1 In the formulation by Dryja and Widlund [21, 22], the mortar con-
straints are

B,w, = 0.
Hence, letting B, = 0 in (5.13), (5.14) gives the FETI-DP operator developed by
Dryja and Widlund.
5.2.2 Preconditioner

From now on, we find an operator ﬁD p that gives
< FppA, A >= | A3yoy - (5.15)

Then, the operator F 5]13 will be proposed as a preconditioner for Fpp.
Let EZZ] : WZ% — W; be an extension operator by 0 and R;; : W° — W,L% be a

restriction operator. We have

~ i 0
Wij = Eijwij for Wi € VVU’

where w;; € W is the zero extension of w;; into 0€2;. Then, by (5.5) and (5.3), we

get
N
lwlifo = <51 Y EjRjw |, Y Eijijw>-
=1 jEM; JjEM;
Let B! = Zjemi E%Rij, then the above relation is written into

N
[wlfy =< Sw,w> with §=> (E)'S'E" (5.16)
i=1
Assume that €; is the nonmortar side of I';;. We recall that

Since ); is the nonmortar side of I';;, we have K; = L. We take (B:]r)lk = (ij)lk
forl,k=1,---,L and it gives

T

t i, . _ oy - 0
Aij Biwij —/ Aijw;j ds for w;; € Wi
1

]

50



Let
B = diag;—; ... y (diangmi (Bﬁ)) :

Then, the following holds for (w, \) € W° x M:

A Bw = Z > / Aijwi; ds, (5.17)

=1 jem,;
where \i; = Alr,; and w;; = wr,;.

From the definition of the dual norm (5.7), (5.6), (5.17) and (5.16), we have

) < A\, Bw >?
N3, = max —X——
weWO\{0} < Sw w>

Since S is symmetric and positive definite on W9, the maximum in the above equa-

tion occurs when B‘A = Sw. This gives that
A3, =< BST'BIA X > .
Therefore, we have
Fop — BSLB,
~ PN |
Then we take F' 5113 = (BS_IBt> as a preconditioner for Fpp and we call it a

Neumann-Dirichlet preconditioner. Since B consists of diagonal blocks Bf’jr’s, which

are invertible and symmetric, we get

Frp = Z > RLBI)THEDT) ST D EL(BY) T Ry
=1 \jeEm; jeEmM;
Hence, the work for multiplying ﬁg}g by a vector can be done parallely in each

=Y R} EL)'.

jeEM;

subdomain. Let

Moreover, from the operator Bi, we can see that the preconditioner ﬁD_}, is different
from the preconditioners in [21, 22, 29, 31, 38]. Only on the slave sides of interfaces,
the function values are transferred between the spaces W; and M. Hence, the cost
needed to compute Bjw; and Ef)\ is reduced by half compared with other FETI(-DP)

preconditioners.
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5.3 Condition number bound estimation

The following well-known result is given when a;(u, v) = [ Vu-Vov dz (see Theorem
4.1.3 in [41]). With slight modification, we can obtain the similar result for a general

case.
Lemma 5.2 For w; € W;, we have
2 j 2
Crlwili .90, < < S'wi, wi > < Cal|lwill 2 90,

where Cy and Cy are constants depending on A(x) and 5(x), but not depending on
HZ' and hi.

In the following, we obtain a formula that is useful to analyze the condition
number bound of the FETI-DP operator and the result is the same as Lemma 4.3
of Mandel and Tezaur [38]. However, in our formulation, the continuity constraints

are imposed on w € W, that is, the d.o.f. on edges and global corners; see (5.12).

Lemma 5.3 For A € M, we have

Bw, X >?
max # =< FppA\, A >.
weW\{o}  [[wllyy
Proof. We rewrite the equations (5.10)-(5.12) into

Spwy, + Blt))\ = Gp,
Bywy = 0,

where

Since Sy is invertible, elimination wy in the above equations, we obtain

Bbsngi)\ = Bnglgb,
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which is the same as (5.14). Therefore, we have
Fpp = B,S, ' B}. (5.18)
For w € W, using the notations in Section 5.2, we write

< Bw, A > =< Byw, + Bewe, A >,
t
2 Wy Srr Src Wy
wlliy = :
wC SCT SCC wC

b(w, )\)2 < Bpwy, A >2
max 2 = max — ta ..
weW\{0} [|wl][fy  weeWrxWo\{0}  wpSpywy

Then, we have
(5.19)

Since Sy is s.p.d. on W, x W,, in the R.H.S. of (5.19) the maximum occurs when

Spwp = BptA. Hence we have

< Bw, A >?

max =< ByS7 ' Blwp, A > . 5.20
wewh(oy |l b T (5.20)

Combining (5.20) and (5.18), we complete the proof. Il

Remark 5.4 Since Sy is s.p.d. on W, x W, from (5.18), we can see that Fpp is
s.p.d. on M.

Now, we estimate the lower bound of the condition number for the operator

-1
FrLFpp.

Lemma 5.5 For any A € M, we have

< Bw, A >?
max ———o—— > [|A||ar.

wew\{0}  [lwl[{
Proof. For w € WO, let w = (wy,--- ,wy) be the zero extension into W. Then, it
follows that

< Bw, \ >2 < Bw, \ >2

max ——m—— > Max o (5.21)
weW\{o}  [Jwl|Fy wewO\{0}  [|wllf
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Since w; = 0 on I'y;, for j € m;, we have

N
< Bw, A >= Z Z / wij)\ij ds =< M\, w >, (522)
i=1 jem; Y Lis
where w;; = wlr,;. Combining (5.22), (5.5) and (5.7), we obtain
Bw, A >2 A 2
max ATy S0 Tm o2 (5.23)
wewo\{o}  [lw]lf, wewo\{0} w0

From (5.21) and (5.23), we complete the proof. l

To estimate the upper bound of < FppA, A >, we need the following estimate

2

f C— W, .
or |lw; w]HHééQ(Fij)

Lemma 5.6 Forw € W, let w; = w|sq, and wj = w|gq,. Then we have

2
|w—wmg5mﬂ§o£gﬁ{(ru%$§)}Qwﬁmmgwwﬁmm),
where C' is a constant independent of h;’s and H;’s and may depend on A(x) and

B(x).
Proof. Let Iw be a linear function on I';; that has the same value with w at the
end points of I';;. From Lemma 2.11, we have

H,

_J7H < -t
|w; — I leH(%Q(Fij)—C 1+ log 3

> [wil1 /2,00, for L =1, j.
Using this, we prove the lemma. B

Recall the definition of the mortar projection m;; in Section 4.2 and the stability
of T45:
g 2
Imigolgageqry < Cloll g, Vo € Hof’(Ti), (5:24)
where C' is a constant independent of H;’s and h;’s. Now, we estimate the upper

bound of the operator ﬁBIIDFDp.

Lemma 5.7 For A\ € M, we have

R T | (AL B YN
wew\{0}  Jlwl|?, i=l N hi

where C' is a constant depending on A(x) and B(x), but independent of h;’s and
H,L' ’s.
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Proof. From the definitions of the matrix B and 7;; in (4.1), we have

2

< Bw, )\ >%= Z Z /F mij(wi — wj)Aij ds

We let z € WO be such that z|r,; = mij(w; —wj). Then the above equation is the
duality pairing between A\ and z. Hence, using the definition of dual norm on A, we
get

< Bw, A >2< [MEll2l30. (5.25)

Let z = (z1,--- ,2n) € W be the zero extension of z. Then, from (5.5), (5.3),
Lemma 5.2, (2.1), (5.24) and Lemma 5.6,

N
Izl =D < 8%, % >
=1

N
< CY ER 200,

=1
N
<CY Y mij(wi — wj)llzééz(mj)
=1 aem (5.26)
N
2
= CZ Z i = ijHSéQ(Fz‘j)
=1 jEm;

gA\2) N
2

<c 1108 B\ g

Here, C denotes a generic constant independent of h;’s and H;’s, which may vary
from occurrence and occurrence. Combining (5.25) and (5.26), we complete the

proof. H

Since the preconditioner F > p follows from the dual norm of A € M (see (5.15)),

combining Lemma 5.3, Lemma 5.5 and Lemma 5.7, we obtain the following estimate.
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Theorem 5.8 For A € M, we have

~ H, 2 N
< FppA A ><< FppA\ A >< C"_max {<1—|—log7> }<FDP)\,)\>,

1_17 ) 7

where C' is a constant depending on A(z) and [((z), but independent of H;’s and
hi ’s.

Corollary 5.9 We have the condition number estimate

N H;\?
w(Fop Fior ) SCi:f{l%XN{(1+1°gﬁ> }

)

where C is a constant depending on A(x) and [(x), but independent of H;’s and
hi ’s.

Remark 5.10 On each I';j, the choice of master and slave side is arbitrary.

Remark 5.11 In Corollary 5.9, the condition number depends on A(z) and B(x).

Now we consider a problem:

=V (a(x)Vu(z)) = f(z) in €,
u=0 on 01,

where a(x) is a piecewise constant and has jumps across the subdomain boundaries,
i.e., a(x) = p; for all x € Q; for some constant p; > 0. On I';;, we choose Qﬂpij as
the slave side if p; < pj. Otherwise, we choose Qﬂpij as the master side. Then we
have

C’1pi|wi\%/2,am < < Swi,wi > < CZPinZ'”%/Z@QN

where C and Co are constants independent of p;’s, h;’s and H;’s. Following the proof
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of Lemma 5.7 and using the above inequalities instead of Lemma 5.2, we obtain

N
2 2
[2[l330 < CZ Z pillwi — ijHééZ(Fij)

i=1 jem;

N Hl 2
<C 1+ log —
: ZZ{{( +°gm>}

X (ﬂi\wiﬁ/zagi + Pi\wjﬁ/g,agj) }

N H 2
<C 1+ log —%
<oy 5 Lo { (1ot}

X << Slw;, w; > +& < Sjwj,wj >) } )

Pj
where C is a generic constant independent of p;’s, H;’s and h;’s. Since p; < pj, we
can see that the constant C in Lemma 5.7 is bounded independently of the coeffi-

cients. Hence, the condition number bound is independent of p;’s.
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6. Elliptic problems in 3D

6.1 A model problem and finite elements

Let © be a bounded polyhedral domain in R3. We consider the same elliptic prob-
lem (5.1) with A(z) € R3*3. The domain (2 is partitioned into nonoverlapping
polyhedral subdomains {Q;}¥,, which are geometrically conforming. This means
that each subdomain intersects with neighboring subdomains on the whole face,
whole edge or at a vertex. Among them, we call faces the interfaces of subdomains
and use I';; to denote the interface of subdomain €2; and €2;. Let Qi” be a quasi-
uniform triangulation of {2; with the maximum diameter h;. These meshes may not
be aligned across the subdomain interfaces.

For each subdomain €;, we introduce a finite element space X;, W;, X and W

as in 2D case in Chapter 5. We define a bilinear form
a;(ui, v;) ::/ A(z)Vu; - Vu; dm—|—/ B(x)u;vidx.

and let S’ be the Schur complement matrix obtained from the bilinear form a;(-,-)

over the finite elements X;. Using this operator, a semi-norm is defined for w; € W;:
) .
[wilgi =< S*wi, w; >,

where < -,- > is the {?>-inner product of vectors. For w € W, since w is continuous

at subdomain vertices, by summing up these semi-norms, we define a norm

N

lwllfy = lwilf,  wi = wlog,. (6.1)
i=1

On each I';j, we determine a nonmortar side and a mortar side and define the

index sets m; and s;; see (4.3). The spaces Wi, Wg and M;; are defined as in

Section 4.2. For 3D case, examples of M;;, which satisfy the assumptions (A.1)-
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(A.4), are given in Section 4.2. Then, we define

N
wo =11 IT w5 (6.2)

i=1jem;
N

M =T [T M- (6.3)
i=1jem;

The space W' is equipped with the norm || - ||yo
lwllwo := llwllw, (6.4)

where w € W is the zero extension of w.

Using the Lagrange multiplier space M, we impose the mortar matching condi-
tion (5.8) on the space X. It is already known from the numerical results in [26]
that using the primal variables at corners is not enough to get the same condition
number bound as 2D problems. Hence, we add redundant continuity constraints to

the coarse problem and follow the augmented FETI-DP formulation. The redundant

J

That is, the averages of functions are the same across the common face I';;. Since

constraints are

’uids:/ vijds Vi=1,---,N, j€m,. (6.5)
r

%) ij
1 € M;;, the above constraints are redundant to the mortar constraints (5.8). Then,

those constraints are written into the following algebraic equations:

Bw =20
R'Bw =0,

where the matrix B is defined similarly as 2D case and R is a matrix that gives the
redundant constraints. More precisely, R‘\ = 0 means that sum of )\|Fij is zero for
each I';; and R has 0 or 1 as entries.

For the 3D elliptic problems with conforming discretizations, Klawonn et al. [32]
developed FETI-DP methods with various redundant constraints. They showed
that the method is not competitive when only using the primal variables at corners.

Additional continuity constraints on edges or on faces are needed to obtain the same
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condition number bound as 2D elliptic problems. The continuity constraints on an
edge is that the averages of functions across the common edge are the same. The
same is applied to a face also. From their results, it seems that the continuity
constraints on edges are essential. Further, in [33], they extended the results to
the case with face constraints only. In mortar context, the constraints on edges
are not redundant to the mortar matching condition. We will only impose the face
constraints as the redundant constraints. This is a different feature of our method

from that of Klawonn et al. [32].

6.2 FETI-DP formulation

6.2.1 FETI-DP operator

In 3D, we have a face, an edge or a vertex as an intersection of subdomains. Hence,
we use the symbol r to represent the d.o.f. on faces and edges and c to represent the

d.o.f. at corners(vertices). Then, we write

and define w. and w, for w € W as in Section 5.2.1. The spaces W, and W,
consist of the vectors w, and w,, respectively. Let U be a Lagrange multiplier space
corresponding to the redundant constraints (6.5). We use that same notations of
matrices and vectors as in Section 5.2.1 except that the symbol r represents the
d.o.f. on faces and edges. Then, we have the following saddle point formulation of
the problem (5.1):

Find (wy, we, p, \) € W, x W, x U x M satisfying

Srrwy + Spewe + Bf,Ru + BL\ = g,
Serwy + Secwe + BER,U + B(t;)\ = e,

. . (6.6)
R'B,w, + R*"B.w. =0,

B,w, + B.w. = 0.
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w
In the above equations, we regard w, = ( C) as the primal variables in the FETI-
7

DP formulation and follow the augmented FETI-DP formulation introduced in Sec-
tion 3.4. Let

K,y Srra
K= (S, BIR), Ko=K!

re)

Then we have

Krr Krc Bf, Wy gr
Kcr ch Bg wc = gc : (67)
B, B. 0) \x 0

Since K,, is invertible, after eliminating w, in (6.7), we obtain
—Fee Fuy wc . —d.
Fl,  Fy A 4 )’

Fcc = ch - KCTK;}KCT;

where

Fo=B.K,'K,.— B, Fy=F],
Fy = BrKr_rlet"

d; = BTSr_rlgra de = ge — Kchr_rlgr'

From the fact that BER has a full column rank, we can show that F,. is invertible.

Hence, eliminating w,. in the above equation, the FETI-DP equation of (6.6) follows
FppA = d; — FyF,'d,, (6.8)

with Fpp = Fj; + Fctchlecl. we call Fpp the FETI-DP operator. Since, we added
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the redundant mortar matching constraints to the FETI-DP formulation, the solu-

tion of FETI-DP equation is not uniquely determined in M. Let us define
Mp:={AeM : R'A=0}. (6.9)

In Section 6.3, we will show that Fpp is s.p.d. on Mp. Hence, the solution A € Mg

is uniquely determined.

6.2.2 Preconditioner

Since Fpp is s.p.d. on Mg, we will solve (6.8) by preconditioned conjugate gradient
method using a suitable preconditioner. We derive a preconditioner from the similar
idea with 2D case.

Let us define the following subspaces equipped with the norms induced from W
and W9:

Wgi={weW : R'Bw=0}, (6.10)
Wi ={weWw’ : R'Bo =0}, (6.11)

where w is the zero extension of w into the space W. Recall the definition of the

space Mg in (6.9). A duality pairing between the spaces Mp and W}% is defined as

N
< )\,w >m= Z Z / )\ijwij ds. (6.12)

=1 jEm,
Then, a dual norm on A € Mp is given by

< Aw >
IA|[az, == max — 27 (6.13)
wewd  [lwllwo

Similarly to the 2D problems, we will find an operator ﬁD p which gives
< FppM A >= A3, (6.14)

and propose F 5113 as a preconditioner for the operator Fpp.
Now, we derive a matrix form of the operator F 5},. Since the dual norm is defined

on the subspaces My and W}, we need the following lo-orthogonal projections:
P;g% WO, — Wl

157

P]Z\jR : M|Fij - MR|F¢J"
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From the above projection operators, the lo-orthogonal projections PWI(% W — Wpg
and Py, : M — Mg are obtained

PWI(% = diagi]\ildiagjemi (P;[]/I%)’

Py, = diagl diagc,p,, (Py])-

We recall the following restriction and extension

Ri]’ : Wo — VV@%?

and the matrices B;j and B;.j in (5.9). We obtain the matrices BZJT from ij after

deleting columns corresponding to the d.o.f. on the boundary of I';;. Let

N

§= () EyRyjS () EjRy),
i=1 jem; jem;

B= diagf\ildiagje% (BZ])

Then we have

w30 =< Spw,w > for w e W,

< AW >y = )\tﬁpw for A € Mg, w € WI%,
where
Sp = PéV%SPWo,
By = Py, BPyo.

It can be shown that §p and Ep are invertible on WI% and Ef) is invertible on Mp.

Hence, the maximum in (6.13) occurs when §pw = Ef)/\ and this gives

< B,S;'BINA >= A3y, for A € Mg.
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As a result, we have F Dp = E §_1§t From the observation that Ep consists of
invertible block matrices BU = (PU )EBY P we get

o, WO’
R N
15113 - Z( Z ( 1Rw SZ Z Bw 1R”LJ) (6.15)
i=1 jem; jem;

Hence, the computation of ﬁg}p)\ can be done parallely in each subdomain.

6.3 Condition number bound estimation

We have the following result as in 2D problems.

Lemma 6.1 For w; € W;, we have
2 j 2
Crlwil{ ), 90, < < S'wi,wi > < Caollwilly /3 00,

where C1 and Cy are constants depending on A(x) and 5(x), but independent of H;
and h;.

Lemma 6.2 For A € Mg, we have
< Bw, \ >2

max =< FppA\, A >.
weWr\{0}  [Jw|3,

Proof. The saddle-point problem (6.7) is equivalent to solving the following prob-
lem

1
max min (—thw +wlg + )\th> ,
AeB(Wg) wEWR \ 2

where g is a vector composed of the vectors g, and g. in (6.6). It can be shown
easily that B(Wg) = Mp. We recall the [?-orthogonal projections Py, : M — Mg
and Py, : W — Wg. Then, taking Euler-Lagrangian in the above problem, we get
Spw + ByA = Py, g,
Byw =0,

where

Sp = Py, SPiwy,

B, = Py, BPy,.

64



We can see that S, is s.p.d. on Wg. Hence, eliminating w in the above equations,

we obtain

ByS, 'BA =d,

where d = B),S,; 1PI§VR g. Since this equation is obtained from the same problem with
(6.7), we have
Fpp = B,S, ' B, (6.16)

Using the identity
lwllfy =< Sw,w >
and the projections Py, and Py, we can see that

< Bw, \ >?2

max =< B,S7'BIA A > for A € Mp. 6.17
w0y Tl pSp By (6.17)

From (6.16) and (6.17), we prove the lemma. H

Remark 6.3 For A € Mg, thj)\ =0 gives A = 0 and S}, is s.p.d. on Wg. Hence,

from (6.16), we can see that Fpp is s.p.d. on Mp.
Now, we estimate the lower bound of the operator Fpp.

Lemma 6.4 For any A\ € Mp, we have

< Bw, A >?

max > |[A 2.
weWr\{o}  [wll, M

Proof. Let w € W be the zero extension of w € W}%. Then, we can see that

w € Wg. Using the definitions of || A||ary, [|w|lwo and < A\, w >, we get

<\ w >2
M3y, = max =S Zm
wew 9\ {0} [lwl[f0

< Bw, A >?

- max ~72
weWd\{0}  [|@]lf

< Bw, \ >2

< max — 5
weWr\{0}  [lwlljy

This completes the proof. l
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To estimate the upper bound of the operator Fpp, we define an interpolation
Iéwi e Ww; by
, wi(z), =€ OF NN,
(Tw)(@) = { K
Cr, rze FN 891- ,
where 8(2? is the set of nodes on the boundary of €; and C'r is an average of w; on

the face F' C 0€);, that is,

_ S, P Wids

- Jpds

Note that faces and edges are open sets which do not include their boundaries. In

Cr

the following, C'is a generic constant which does not depend on the mesh size or the
number of subdomains and may depend on A(z) or S(z). Recall the definition of

norms || - || ) and [ - [[1/2,90, in Section 2.1. Using the definition of C'r, Holder

1/2
HYP(F
inequality and the definition of || - ||;/2,90,, we obtain

ICr| < CH; Y |Jwill1 2,00, (6.18)

For a set A C 0%);, I Zwi denotes a nodal value interpolation of w; on the set A. The

interpolation Iéwi has the following approximation properties.

Lemma 6.5 For w; € W;, we have

A H;
s = Tyl < € (14108 5 ) iy, (6.19)
| 172
15w; — Crllor < Chy’? (14 log h_2> lwil1/2,00 (6.20)

Proof. First, we consider
[Jwi — ISwz‘HHééz(F) = |[[fw; — I?CFHH%z(F)
< HfﬁwiHHééQ(F) + !CF|HI?*1HH352(F)-
Then from the Lemma 2.9, Lemma 2.10 and (6.18), we get
e = Bl gy < € (1410852 ) sl
00 h;

Since w; — Ijw; is invariant to a constant addition, we can replace the norm ||-||1 /2 90,

by the semi-norm | - |1 /5 g0, -
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Now, we consider the second estimate. From the definition of Ijw; and the
quasi-uniform assumption on the triangulation, we get
15w — Crllo,r = 155 (wi — CF)llo,r
1/2
< O hp(wi = C)loar

<on S |Ih(wi — Cp)llo.e

ECOF
1/2
gChi/ (Z lwillo,z + Z ”CFHO,E>v
ECOF ECOF

where F is a closed edge on OF. Using the Lemma 2.8, we have

g\ Y2
|willo,g < C (1 + log h—l> |will1/2,00; (6.21)

and
ICFllo.e < |E|Y?|Cpl.

From (6.18) and |E| < CH;, it follows that
1CFllo,e < Cllwilli/2,00,- (6.22)

From (6.21), (6.22) and the invariance of Ijw; — Cr to the constant addition, we

complete the proof of (6.20). M
Using the above estimates, we have the following result similarly to the 2D case.

Lemma 6.6 For w € Wg, we have

H h\ V2
i) e, < O { (14108 2 ) (s, + (B2) ushnam,

27‘7

N———

Proof. Using the interpolations Ijw; and Igwj, the inverse inequality (2.3) and
the continuity of m;;, we get
g (wi = will s,y < i (wi = Towi)ll e,y + lImi (wi = Tgwi)ll gae

+ i (Tywi — Lowi)ll gz,

< Jlw; — I(Z]leHéé?(Fm) + ij - Iéwj”Héf(FU)

+ O P i — T,

0,0y -
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Since w € W, we have the same Cr for w; and w; on F'(=I';;). Then, we have

< HIOiwi - CFHOIU‘ + ”Igwj - CFHO,FU'

[ 15wi — Ijw;llor,, <

From the above equation and the approximation properties of [ 8wi in Lemma 6.5,

we obtain
H; h; H;
||7Tij(wi_wj)||Hé(§2(pij) <C <(1 + log h—i)|wz'|1/2,am + (#)1/2(1 + log h—j)|wj|1/2,aﬂj>

and complete the proof. l

Now, we estimate the upper bound of the operator Fpp. Let us define
jemi 7

ri:max{l—i—%} forz':L...)N_

Lemma 6.7 For A\ € Mg, we have

< Bw, \ >2 H:\ 2
max 71“72 <C max <{r7; (1 + log —Z> ||)\||?\4R,
weWgr\{0} HwHW i=1,--,N hZ 4

where C' is a constant depending on A(zx) and ((x), but independent of h;’s and
Hi ’s.

Proof. From the definitions of B and m;;, we have

2

We consider z € W such that z|p,, = m;(w; — w;). Since w € W, we can see
that z € W}%' Then the above equation is the duality pairing between A € Mg and

z € Wg. Hence, using the definition of dual norm on A, we get

< Bu, A >2< Ny 12130 (6.23)
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Let z = (z1,--- ,Zn) € W be the zero extension of z. Then from (6.4), (6.1),
Lemma 6.1, (2.1), (4.11) and Lemma 6.6,

N
2030 =D < 8%, % >
=1

N
<O NIz 200,
=1
N
<CY N mig(wi — wa‘)llzlm(p_)
i=1 jEm, 00 Y
al H; hj H,
<Cy > ((1 + log #)2|wi|%/2,ani + #(1 + log #)2wj|%/2,agj>
i=1jem; v v J

H;\?
(2
< Ci:?§?fN { (1 + log h_7,> n} w3

Here, C' denotes a generic constant independent of h;’s and H;’s, which may vary

(6.24)

from occurrence and occurrence. Combining (6.23) and (6.24), we complete the

proof. B

Remark 6.8 When the coefficients A(x) and [(x) do not change rapidly across
subdomain interfaces, it is appropriate to use triangulations which have similar mesh
sizes between meighboring subdomains. Hence, in this case, we may assume that r;

is bounded independent of the mesh sizes.

Now, we consider the following elliptic problem with discontinuous constant co-

efficients:
-V - (a(x)Vu) = f in Q,
(a(z)Vu) (6.25)
u=0 on 01,
with a(z)|o, = pi(>0) for all i = 1,--- , N. Then, we have the similar estimates to
Lemma 6.1

Crpilwil1 2,00, << S'wi, w; >< Capil|lwilli 2,60,
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where (7 and Cy are constants not depending on p;, h; and H;. Using the above

bound, we follow the proofs of Lemma 6.7 and obtain

H; h; p; H;\?
B Hwo <CZ Z (( + log — ) |wz|1/zag + h] : <1+1 0g - I ) ’%\1/289)
i=1 jem, i Pj
(6.26)
where C' is a constant independent of p;’s, h;’s and H;’s. For the same ellipt/ic
1/4
problem in 2D, Wohlmuth [52] observed that the ratio Z—; tends to become (;’—;)
as an adaptivity strategy is applied successively. In this stage, we make a reasonable

assumption on the ratio of meshes for 3D problems.

Assumption on meshes: For each I';;, we assume that

hj P\ .

where C' is a constant independent of h;’s, p;’s and H;’s.

On I';j, if we choose (); with smaller p; as a slave side, then from the above

assumption and (6.26) we get

N H 2
el <O>2 S ((mog 20ttt

=1 jemi

() ()
= og w
p;i h J11/2,09;

where C' is a constant independent of p;’s, h;’s and H;’s. Since the slave side has

N\ 1=
smaller p;’s, in the above equation (Z—;) < 1. Therefore, we obtain the following

result.

Lemma 6.9 With the assumption (6.27) on meshes, for the elliptic problem (6.25)

< Bw, A >? H:\?
max 71072 < C max (1 + log—z> ||)\||?WR,
weWr\{0}  |lw|ly} i=1,- N h; ,

where C' is a constant independent of p;’s, h;’s and H;’s.

we have
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Remark 6.10 The result is the same as 2D case. However, we need an additional

assumption on the ratio of meshes for 3D problems.

Now, we restrict ourselves to the elliptic problems with coefficients A(x) and
B(z) that do not change rapidly across subdomain interfaces or with discontinu-
ous coefficients p;’s. From Remark 6.8 and Lemma 6.9, we can see that the term
r; disappears on the condition number bound for those cases. From Lemma 6.2,

Lemma 6.4, Lemma 6.7 and Lemma 6.9, we have the following result.

Theorem 6.11 Assume that the elliptic problem has coefficients A(z) and ((x)
which do not change rapidly across subdomain interfaces or the elliptic problem has

discontinuous coefficients p;’s. Then, for A € Mpg,

~ H;\? ~
< FppA A ><< Fpp\A>< C'_I{Ia N{(l—i—lOgF) }<FDP/\,)\ >,

where C is a constant depending on A(xz) and [(x), but independent of H;’s and
h;’s. For the elliptic problems with discontinuous coefficients p;’s, the constant C is

independent of the coefficients.
From (6.14) and the above theorem, we obtain the condition number bound:

Corollary 6.12 Under the assumption of Theorem 6.11, we have

7’_1’" )

~ H; 2
k(FppFpp) < C max {(1+log F) }

where the constant C' is the same as one in the above theorem.
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7. Stokes problem in 2D

In this chapter, we consider a FETI-DP formulation of the Stokes problem with
mortar methods. Under the conforming discretizations, Li [34, 35] extended the
FETI-DP methods to the Stokes problem and linearized Navier-Stokes problem both
in 2D and 3D. The analysis of the mortar methods for the Stokes problem was done
by Belgacem [6].

7.1 A model problem and finite elements

Let © be a bounded polygonal domain in R2. In the following, we consider the
Stokes problem: For f € [L*(Q)]?, find (u,p) € [H}(Q)]? x L3() satisfying

—Au+Vp=1 in Q,
—V-u=0 inQ, (7.1)
u=0 on 0.

We assume that 2 is partitioned into nonoverlapping bounded polygonal subdomains
{Qz}f\il and the partition is geometrically conforming. For each subdomain, we

introduce the following Sobolev spaces:
Hp() == {ve H' () : v=0on 0NN},
L) = {q e )+ [ qds- o} ,
.= {qo € L) : ¢Yq, isf a constant for each i} .

Then, the variational form of the Stokes problem (7.1) is:
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Find (u,pr,p°) € [I1, [HH(Q Z)] x [TN, L3(€%) x T° such that

N N

Z(Vu7 Vo), — Z(pf +p07 V-v)g, = Z(fv v)o,

i=1 =1

(V-u,qr)o,

‘MZ

s
Il
—

(V- u,q)q,

'MZ

@
Il
—

N N
voe [][EH@)]°,
=1 =1
N
=0 Vg e]L3() (7.2)
=1
=0 Ve,

and the velocity u is continuous across the subdomain interfaces I' = Ul = (09, N

09Q;). Here, (-,-)a

. denotes the inner product in [L2(£2;)]" for n = 1 or 2.

For each subdomain €2;, we consider a quasi-uniform triangulation Q?hi with the

maximum diameter 2h;. After bisecting each edge of triangles in QZQ

hi , we obtain

a finer triangulation Qi“ from Q?hl Note that these triangulations need not match

across the subdomain interfaces. From these triangulations, we consider the inf-sup

stable P;(h;)

X, = {'Uz €
Qi = {Qi € L* ()

[H () N CO()]?

— Py(2h;) finite elements in each subdomain €; and let

il € [P Yreq)],

L gl € Po(r) VT € Q?hi},

where Pj(7) is a set of polynomials of degree <[ in 7.

To get a FETI-DP formulation, we define the following spaces:

X = {'v € H X; : v is continuous at subdomain corners} ,

N
Q=]

fori=1,---

7N7

N
W = {'w € H W, : aw is continuous at subdomain corners} .
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For v = (v}, - ,v%)! € X, we write
i
U1
vV = U;Ln ’
i
UC

where the symbol I, » and c represent the d.o.f. on interior, on edges and at cor-
ners(vertices), respectively. Since v is continuous at subdomain corners, there exists
a vector v, satisfying v’ = Liv. for alli = 1,--- , N, with a restriction map L%. The

vector v. has the d.o.f. corresponding to the union of subdomain corners. Let

of = (@t o @)) k= (o @M)).
We define the spaces X, W,. and W, which consist of vectors vy, v, and v, respec-
tively. Similarly, for w € W, we define w, € W, and w,. € W..

Note that the space X is not contained in [H{ ()], To approximate the solution
of the problem (7.1) in the space X, we impose the mortar matching condition on
the velocity functions. Let I';; = 9€; N 0€);. Since the triangulations are different
across I';;, we distinguish them by choosing one as a mortar side and the other as a
nonmortar side. Then the index sets m; and s; are defined as (4.3). We may write

00\ 02 = (|J i JJ Tip)-
jem; JES;
Now, we define the following spaces from the finite elements on the nonmortar sides

of interfaces:

Wij = Wz‘|rij forj€m;, i=1,---,N,
Wig' = {w;; € Wj; : w;; vanishes at the end points of I';;},
N
wo=11 I w3
i=1jEm;
and consider the Lagrange multiplier space M;; introduced in Section 4.2. More

precisely, the standard Lagrange multiplier space M;; is defined as

My = {3 € [COMT)]* : |, € [R()2, i rnoTy,; =0, 1 =1,
otherwise [ = 0,V7 € Tj;},
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where Tj; is a triangulation on I';; inherited from the nonmortar side of I';;. Then

we take the Lagrange multiplier space

AﬁzﬁIIMﬁ

i=1 jem;
and impose the following mortar matching condition on the velocity functions:
For v = (vy, -+ ,vn) € X, v satisfies that
/ ('Ui — Uj) . Aij ds =0 V)\ij S Mij,Vi = 1, s ,N,Vj € m;. (73)

Let us define the spaces

V:={ve X : v satisfies (7.3)},
P:={qeL}Q) : qlo,€Q; Yi=1,--- N}

for the velocity and pressure, respectively. The space P is written into a direct sum

of the L?-orthogonal spaces @ and II?, that is,
P=QoIl.

When Hood-Taylor finite elements P(h) — Py (h) are used for each subdomain, the
spaces M, V and P are defined similarly to the P;(h) — Py(2h) finite elements. It
was shown in [6] that the best approximation property holds for the approximation
space V x P with Hood-Taylor finite elements. The inf-sup constant of the space
V x P is crucial in the analysis of the approximation order. If the inf-sup constant is
independent of mesh size and subdomain size then the best approximation property
holds. In [6], it was shown that the inf-sup constant is independent of the mesh
size. However, it was not proved for the subdomain size. Following the similar
idea to Belgacem [6], we can see that the inf-sup constant of the space V' x P with
Py (h) — Py(2h) finite elements is independent of the mesh size . For the subdomain
size H, we compute the inf-sup constant numerically and observe that the constant
seems to be independent of H (see Section 8.2).

Now, we rewrite (7.3) into a matrix form. Let ij be a matrix with entries

(ijm:i/ P ppds V=1, LVk=1 K, (7.4)
Fij
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where {4}, is a basis for M;; and {¢;}r, is a nodal basis for Wj|p,,. Here,
Wilr,, means the restriction of functions in W; on T'j;. In (7.4), the +sign is chosen
if Q4|r,; is a nonmortar side, otherwise the —sign is chosen. Then we rewrite (7.3)
as

BYvilr,, + BYvjlrij =0 Vi=1,--- N,Vj €m. (7.5)

Define Fj;; : M;; — M to be an extension operator by zero and Réj W — VVl]pij

for I =i, 7 to be a restriction operator and let B; = ZjEW’LiUSi Eijijjo. Then (7.5)

becomes
Bw =0, (7.6)

where
B= (B - BY).
t
'w:(wﬁ w’}v) with w; = v;laq,, Vi=1,---,N.

Let B;, and B; . be matrices that consist of the columns of B; corresponding to the
d.o.f. on edges and corners, respectively. Then, using the notations introduced in

Section 7.1, (7.6) is written into
B,w, + B.w. =0, (7.7)

where B, = (Bl,r BN,T) and B, = YN, B, Li.

7.2 FETI-DP formulation

7.2.1 FETI-DP operator

In this section, we formulate a FETI-DP operator with the continuity constraints (7.7)
which are obtained from the mortar matching condition (7.3). To solve the Stokes
problem efficiently and correctly, we will add the redundant continuity constraints

to the coarse problem:

/ (’l)i—’l)j)dS:O Wzl,---,N,VjEmi. (78)
T

ij
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In the FETI-DP method, the mortar matching condition holds when the solution
has converged. Hence, the convergence of the FETI-DP method is enhanced by
adding the redundant constraints to the coarse problem. When preconditioning the
FETI-DP operator, we solve a Dirichlet problem, i.e. a local Stokes problem, in each
subdomain. Furthermore, the compatibility condition of the local Stokes problem
follows from the redundant constraints.

We rewrite (7.8) as

RY(B,w, + B.w,.) = 0, (7.9)

where the matrix R has the number of columns corresponding to two times of the
number of I';;’s(interfaces) and rows corresponding to the d.o.f. on the space M and
has entries 1 and 0. For A € M, at each interior nodal point of I';;, )\\pij has two
components corresponding to horizonal and vertical parts of velocity function. For
A € M, R'XA = 0 means that for all [';;, the sums of )\\pi]. corresponding to each
horizonal and vertical parts of velocity function are zero.

Let U be the Lagrange multiplier space corresponding to the constraints (7.9)
and for u € U, u\pij has two components that correspond to the constraints for
horizontal velocity and vertical velocity. Introducing Lagrange multipliers A and
p to enforce the constraints (7.7) and (7.9), the followings are induced from the
Galerkin approximation to (7.2):

Find (wr,pr, wr, e, p°, pu, A) € X1 x Q x W, x W x II? x U x M such that

A G A A G 00 uy fr
G, 0 G, G, 0 0 o0]|]|p 0
Ay Gy Ay A Gy BIR B! U, fr
A Ger Ao Aee G BIR Bl |uc|=|Ff.|> (7.10)

Gy 0 GYy GYy o0 0 0 p°
0 0 R'B, R'B. 0 0O ©0 o
0 0O B B 0 0 © A
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where

A A Ape N

A A, A, | is astiffness matrix induced from Z(Vu, Vv)q,,
Acl Acr Acc =1

Grr N

G, | is a matrix induced from Z(—V “V,DI)Q;

Gc[ =

GIO N

G,o | is a matrix induced from Z(—V -v,%)q,

GCO =1

and the subscripts I, r and ¢ denote the interior, edges and corners, respectively.

Since polgi is constant, we have Gy = 0. Let

ur U,
_ — 0

Zr = pr y2e= | P
(™ M

We regard z. as a primal variable. Then (7.10) can be written as

K. K. Eﬁ Zr }r
Kﬁc KCC Bg Zc = fc
B, B. 0]\ 0

After eliminating z,, we obtain the following equation for z. and A:
_Fcc Fcl Zc o _dC
Foy o Fu) \A di

Fy = B,K,,' B,
F,=K! K.'Bt — B,
Fcc = Nee — Kf«cK;anrc’

where

d, = B.K;'f,,
d.=f,— K!.K.'f..
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Gro BLR\ (p° - P . -
Note that = 0 implies that = 0. Using this it can be
G.o B!R 7 7

shown easily that Fp. is invertible. Hence eliminating z., we obtain the following
equation for A:

(Fy + FLE P F)N =d; — FYF .. (7.11)
Let Fpp = Fj + thch_chcl and call it the FETI-DP operator. Since we add the

redundant constraints to the coarse problem, A is not uniquely determined in M.

Let us define
Mp={XxeM : R'IA=0}. (7.12)

In Section 7.3, we will show that Fpp is s.p.d. on M and A € Mp is uniquely
determined. In the following section, we define several norms on the finite element
function spaces and propose a preconditioner for the operator Fpp.

7.2.2 Preconditioner

For w; € W;, we define S;w; by

A Gy AL AL Uy 0
it it it i

Gy 0 G Gy Pr| _ 0
Arl rl Arr Arc w

=S
2
VRS
g &
AESES
N~

Ac[ Gc[ Acr Acc w

¢
where the superscript ¢ denotes submatrices corresponding to the subdomain 2;.
Let us define
S :=diag(S1, - ,SN)

and it can be seen easily that S is s.p.d. on W. Hence, we define

N 1/2

|w]w = (Z < Syw;, w; >> (7.13)
i=1

as a norm for w € W. For a function w;; € I/Vg with j € m;, let w;; be the zero

extension of w;; into W;. Using this, for w € WO we define an extension w € W by

jem;
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and define a norm on W0 as
wl[yo == [Jwllw. (7.14)

We introduce the following subspaces with the norms induced from the spaces W
and W0:

Wg:={weW : R(Bw, + Bow,.) =0},
WR’G = {'LU € WR : Gf‘owr + Giowc = O}
Wh={weW": we Wg}.

Recall the definition of Mg in (7.12) and let < -, >, be a duality pairing between
Mp and WI% defined as

N
<A w >m:Z Z / )\ij-'wijds.
Fij

=1 jEmi

Then we define a dual norm for A € Mg by

<A w >2
H)\H?MR ‘= max — (7.15)
weWp\{o}  [lwl[fo
Now, we will find an operator F 'pp which gives
< FppA, A >= |Al3, (7.16)

and propose F 5113 as a preconditioner for the FETI-DP operator in (7.11). Define
R;j : wo — Wl% as a restriction operator and Efj : WZ% — W, as an extension

operator by zero. Then for w € WI%,
lwlffyo = llwlly

N
= Z < SZ’E)Z,G)Z >

1=1
N

=D < S EjRyw), Y EjRijw>.
1=1

JjEM; jEM;
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Let S = Zi]\il(zj@m Eijij)tSi(Zjemi Eijij). Moreover, we have

<A w >p=< Bw,A > (7.17)
where B = diag;_; ... y <diagj€mi gl”) and B\Zj is a matrix obtained from ij after
deleting the columns corresponding to the d.o.f. at the end points of I';;. Note that

EZ” is invertible. Since, we restrict A € Mg and w € W}%, to find ﬁDp in a matrix

form we need the following [2-orthogonal projections:
Py WY — Wy,
Py, M — Mp.
For A € Mg and w € WI%, we may write
<A W >p=< Bw,A>, |w|?, =< Sw,w >, (7.18)
where

0
R’

B, = P}, BPyo.

Then it can be shown that the operators

)

WO —>W1%,

hS]

EP:WOHMR

are invertible on ng and §p is s.p.d. on Wg. Hence, using (7.18), the maximum in

(7.15) occurs when w € W} satisfies §pw = Ef,)\. Therefore, we have
2 5 a-1n
A3, =< BpS, 'BIA X > .
Let
-1 D g-1pty—1 nty\—-1g p-1
Fpp=(BpS, B,)" = (B,) " SpB,".
and we call it a Neumann-Dirichlet preconditioner for the operator Fpp. Define
I2-orthogonal projections
ij 0 0
PIZ/{]/}% W ’Fij - WR‘FUW

P]z\glR : M|Fij - MR|Fij'
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Then the projection operators PW;% and Py, are composed of diagonal blocks of

Pé{}o ’s and P;&R’S, respectively. Moreover, it can be shown easily that
R
G Nt i 0

(P]l\g[R) B;JP;[J/I% : WR’Fij - MR‘Fij
is invertible. Hence, it follows that

B! = diag; diag . (Bt

p T dagi—q ... NAAGicm, | Dy )
D _ (Pl \tRY pt

where B;; = (Py;.)"B; ng and

t
N

Fob=>_ | 22 EyBy'Rig | Si| X2 BBy Ry

=1 jemi jemi

Therefore, the computation of F B}DA can be done parallely in each subdomain.

7.3 Condition number bound estimation

Lemma 7.1 We have
B(Wg) = B(Wg) = Mg.

Proof. Since Wr g C Wg, B(Wg,a) C B(WRg).
Now, we will show that B(Wg) C B(Wg). Let w = (w1, -+ ,wy) € W be the
zero extension of w € W9, Since wj|p,, = 0 for j € m; and w is zero at subdomain

corners, we have
Bw = Bw, (7.19)

with B as defined in (7.17). From the fact that Bisal—1 mapping from W onto
M and the definitions of W,% and Mp, we get

B(WY) = Mg. (7.20)
For w € W}, the zero extension w = (w1, -+ ,wy) satisfies

w;ds=0 Vi=1,---,N
o0Q;
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and then applying the divergence theorem
Grow, + Glywe =0
holds for w. Hence, for w € WI%, we have w € Wg ¢ and from (7.19) we obtain
B(W3) € B(Wr). (7.21)
From the definitions of W and Mg,
B(Wg) = Mpg. (7.22)
Combining (7.22), (7.20) and (7.21), we have B(Wg) C B(Wgr). B
Remark 7.2 For w € W}%, we have w € Wg .

Lemma 7.3 For A € Mp, we have

Bw, A >2
< FppA, A >= max #
weWr ¢\{0} ]|

Proof. The problem (7.10) is equivalent to solving the following min-max problem:

N
1
a i — < Sywi,w; > — <dj,w; > |+ < Bw,A>,, (7.23
)\GEI(lW};,G) wénl/ll/gyg {; (2 ;Wj 3 i 3 > } ( )

where d; is the Schur complement forcing vector obtained from ( fioot f fi)t
after solving Stokes problem in each subdomain ;.

Let PWR,G be the [?-orthogonal projection from W onto Wg,a. Recall that
B(Wga) = Mp from Lemma 7.1 and Py, is the projection operator from M onto
Mp, introduced in Section 7.2.2. Then taking Euler-Lagrangian in (7.23), we obtain

EOO-(5)
B, 0)\\ 0

Sp = Pl oSPwra:  Bp= PiryBPws g,

d:(dg dgv)t.

where
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Since S), is s.p.d. on Wg g, the equation for A follows by eliminating w in (7.24):
BpS, 'BIA = B,S,'d, (7.25)

which is the same as (7.11). Therefore we have

ByS, ' Bl = Fpp. (7.26)
For A € Mg, we consider
B 2
max — oW 'w,2)\ > (7.27)
weWra\{0}  [Jw|ly

From (7.13), the definition of || - ||y, we may write
|wl||}, =< Syw,w > for w € Wge.

Since S, is s.p.d. on Wg g, the maximum in (7.27) occurs when w € Wg ¢ satisfies
Spw = B;,)\. Hence, we have

max —————— =< B,S;'BIA X > . 7.28

welido  wl, o 72

Combining (7.26) and (7.28), we complete the proof. l

Remark 7.4 For A € Mp, BIZ)\ =0 gives A =0 and S is s.p.d. on Wr . Hence,
from (7.26), we can see that Fpp is s.p.d. on Mp.

Lemma 7.5 For A € Mg, we have

< Bw,\ >?

max > A3,
wele o Tl 2 M

Proof. By definition, we have

2
<A w >

max (7.29)
wewd\[o}  [lwl|Z

A3, =
Let w € W be the zero extension of w € W}%- Then, w € Wg . Moreover, we get
<A w >p=< Bw,\ >. (7.30)

From (7.29) and (7.30), we prove the lemma. H

Let us define a notation |- |g, :=< S;-, - >'/2. Then the following lemma can be
found in Bramble and Pasciak [16].
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Lemma 7.6 For w; € W;, we have
C1Blwils; < |wily/2.00, < Cowils;,

where (3 is the inf-sup constant for the finite elements of subdomain §2; and the

constants C1 and Co are independent of h; and H;.

Since we have chosen inf-sup stable P;(h) — Py(2h) finite elements for each sub-

domain, the constant 3 is independent of h; and H;. Therefore, we have
Cilwils; < |wil12,00, < Calwils;, (7.31)

where C7 and C5 are constants independent of h; and H;.

From Lemma 2.11, we have the following result for the space W.

Lemma 7.7 For w € W, we have

H\?
112 41 12 12
[|w; wJHH(%?(Fij) < Cllen{?;(} { (1 + log i > } (‘wz|1/2,8§2i ‘wj‘1/2,8§2j) )

where w; is the restriction of w onto 9Q; fori = 1,--- /N and C is a constant
independent of h;’s and H;’s.

Definition 7.8 We define a projection mj : [Hy)*(Ti;)]% — W forv e [Hy 2 (Ti)]?
by

/F (’U — mjv) . Aij ds =0 V)\ij € Mij-

ij
From (4.11), m;; is a continuous operator on Hol({Q (I';j). By extending the result to

the product space [HééQ(Fij)]Q, we obtain
1/2
Hﬂ_ijv”Héop(I‘ij) < CH,UHHDIéz(Fij) Vv € [HOé (Fij)]Qv (732)
with the constant C independent of H;’s and h;’s.

Lemma 7.9 For A € Mg, we have

Bw, \ >2 Ho\ 2
max # < (C max <1 + log _1> ||)‘H?\4R,
weWra\{0}  [lw|y i=1,+",N hi

where C is a constant independent of h;’s and H;’s.
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Proof. Note that

< Bw,\ >= ZZ/ ) - Aij ds.

i=1 jEm;

Since w; — w; € [HééQ(Fij)]Q, from the definition of 7;;, we have

< Bw, A >= Z > / mij(w; — w;) - Ay ds. (7.33)

=1 jEm,

1 0
Let z;; = mj(w; — w;) and z € WO with z|r,; = zij. Since < ) , ( ) € M;; and
0 1

w e WR,G7

/F zijds = /F (w; —w;)ds =0. (7.34)

From (7.34), we can see that R'BZ = 0 with Z € W as the zero extension of z.
Hence, z € W5 and (7.33) is the duality pairing between z € W5 and A € M.
From (7.15), we get

< Bw, A >*=< X,z > < A3, 12]50- (7.35)
From (7.14), (7.13), (7.31), (2.1), (7.32) and Lemma 7.7, we obtain

12150 = IZ15
N
=~ 12
= Z |Zils,
i=1
N
< CZ Zil¥/2.00,

<O Y 2 o)

i=1 jEm,;
N
< 1+ log —
—Cii{f???fzv{< tlog > }Zm’zh/wﬂ

<C 1+1 Hi i [|w]|?
z—qla}fN i h; Wiw-
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Here, C' is a generic constant which is independent of h;’s and H;’s. Combining
(7.35) and (7.36), we complete the proof. l

From Lemma 7.3, Lemma 7.5 and Lemma 7.9, we have

Theorem 7.10 For A € Mp,

H;\?
H)‘H%\/[R < < FppAA><C max {(1 + log h_> } H)‘H%\/lm

=1,
where C' is a constant independent of h;’s and H;’s.
Consequently, from (7.16) we obtain the following condition number estimate:

Corollary 7.11

i=1,--,N

~ H:\ 2
w(FppFpp) < C _max {(1 + log h_z> } .
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8. Numerical results

In this chapter, we provide numerical tests for the FETI-DP formulation developed
in this dissertation. The numerical tests are done for elliptic problems in 2D and
Stokes problem in 2D. Especially for the elliptic problems, we compare our results
with the previously developed FETI-DP formulation and FETI-DP preconditioners.

We present the approximate errors as well as the number of iterations in CGM.

8.1 Elliptic problems in 2D
Let Q = [0,1] x [0,1] € R%. We consider the following model problem:

V- (a(z,y)Vu) = f in 9,
u=0 on 01,

(8.1)

where a(z,y) >0 and f € L?(Q2). As mentioned in Section 5.2.1, our formulation is
different from that of Dryja and Widlund [21, 22]. We compare these two formula-
tions for the same problem on matching and nonmatching discretizations both. To
compare them, we consider the elliptic problem with continuous coefficients. Fur-
ther, we show the efficiency of the Neumann-Dirichlet preconditioner compared with
the existing FETI preconditioners for the elliptic problems with highly discontinuous
coefficients.

To distinguish our FETI-DP formulation from that of Dryja and Widlund, we
denote them by Fir, and Fpywy, respectively. Also, for the preconditioners, we use the
notation ﬁ[}i for our preconditioner, that is, the Neumann-Dirichlet preconditioner,

and F 55[, for Dryja and Widlund’s. The preconditioner F BI}V has the form
Foiy = (B,B}) ™ B,Sy, BB, B}) ™,

where B, is the scaled matrix of B, divided by the mesh parameters of each subdo-

mains (see (3.13) in [22]). We also consider a preconditioner F 1 by Klawonn and
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QOI

QOO QIO

Figure 8.1: Partition of subdomains when N =4 x 4

Widlund [31], which was developed for solving the heterogeneous coefficient elliptic
problems with FETI formulation. Stefanica [48] observed that this preconditioner
is the most efficient one for the FETI formulation with mortar constraints. We
adapt the preconditioner to the FETI-DP formulation with mortar methods and
compare it with the preconditioners ﬁ}?i and F [}‘I,V for elliptic problems with highly

discontinuous coefficients. The preconditioner ﬁ};xlzv is given by
Fity = (B,D;'BY)™'B,D;*S,,D; ' BY(B,D; ' Bt) ", (8.2)

where D, is a diagonal matrix whose entries are determined by the coefficients of

the elliptic problem. The matrix D, will be described later.

8.1.1 An elliptic problem with smooth coefficients

We consider an elliptic problem with smooth coefficients. Simply, we take a(z,y) = 1
and the exact solution u(x,y) = y(1—y)sinzz in (8.1). In CG(Conjugate Gradient)
iteration, the stopping criterion is when the relative residual is less than 1076. We
use n to denote the number of nodes on edges including end points and IV to denote
the number of subdomains. In this problem, we use the same n for all subdomains,
divide €2 into rectangular subdomains as Figure 8.1 and denote each subdomain by
Q5.

To make nonmatching grids across subdomain interfaces, we generate triangula-

tions in each subdomain in the following way: For each subdomain, we have chosen
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Figure 8.2: Matching grids(left) and nonmatching grids(right) when n =5

n random quasi-uniform nodes on each horizontal and vertical edges. Using these
nodes, we generate nonuniform structured grids in each subdomain. Since we use the
same n for all subdomains, the sizes of meshes between neighboring subdomains are
comparable. For matching grids, we use uniform meshes. Figure 8.2 shows examples
of matching and nonmatching grids.

First, we divide 2 into N = 4 x4 subdomains and increase the number of nodes n.
Table 8.1 shows L? and H'-errors and the number of CG iterations between those two
formulations on both matching and nonmatching discretizations. For the H!-error,
we compute the broken H'-norm of errors over all subdomains. Table 8.2 shows the
numerical results when we fix n — 1 = 4 and increase the number of subdomains
N. For the cases N = 8 x 8, 16 x 16 and 32 x 32, we divide €) into subdomains
as the same manner with N = 4 x 4. In the case of matching grids, B, = 0 in the
FETI-DP formulation. Hence, two formulations are the same. However, they are
different on nonmatching grids. From the Tables 8.1 and 8.2, we can see that in
Fpw-formulation the approximated solution does not converge to the exact solution
under nonmatching grids as n and IV increase. Since the mortar matching condition
is imposed incorrectly, Fpy-formulation dose not give the correct approximation. In
Fgp-formulation, O(h?) and O(h) convergences are observed for L? and H!-errors,

respectively. Furthermore, we can see that both preconditioners seem to give log?-
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Fyx1, Fpy-formulation
n-l L?-error | H'-error ﬁ};i Al;é[,
4.1293e-4 | 5.7497e-2 | 10 5
1.0399¢-4 | 2.8798e-2 | 12 6
16 | 2.6046e-5 | 1.4405e-2 | 14 6
32 | 6.5127e-6 | 7.2036e-3 | 15 7
Frr-formulation Fpw-formulation
n—1 L?-error | H'-error F\I;i ﬁD_I}V L?-error | H'-error F\[_)I%V
4 5.0850e-4 | 6.0126e-2 | 10 7 8.2409e-3 | 1.4987e-1 7
1.2865e-4 | 3.0128e-2 | 13 8 9.4588e-3 | 1.5738e-1
16 | 3.2235e-5 | 1.5072e-2 | 15 10 | 9.6715e-3 | 1.5766e-1
32 | 8.0627e-6 | 7.5374e-3 | 16 10 | 9.5528e-3 | 1.5599¢-1 10

Table 8.1: Comparison between Fi and Fpy on matching(up) and nonmatch-

ing(down) grids when N =4 x 4

growth of the condition number bound and the CG iteration of F D_év is smaller than

Frl
8.1.2 Elliptic problems with highly discontinuous coefficients

We consider the problem (8.1) when a(x, y) is highly discontinuous across subdomain
interfaces and the mesh sizes are not comparable between subdomains. Under this
situation, we will compare preconditioners F\I}i, F 5‘}[, and F\I;II/V in Fr-formulation.
Recall the preconditioner F 1;11/1/ in (8.2). The diagonal matrix D, consists of diagonal
matrices D%’s:

D, = diag;_, ... n(D}).

Here, we describe the matrix D! precisely. For each subdomain €;, let N; be the set

of nodes on the boundary of 2; except 0f2. Let us define

wi(z) = Z p; for z € N;,
3Qj or

91



Fkr, Fpw-formulation
N L?-error | H'-error ﬁ}?i AD_&V

4 x4 | 4.1293e-4 | 5.7497e-2 | 10 )

8x 8 | 1.0399e-4 | 2.8798e-2 | 11 6

16 x 16 | 2.6045e-5 | 1.4405e-2 | 11 6

32 x 32 | 6.5144e-6 | 7.2036e-3 | 11 6

Fip-formulation Fpy-formulation
N L?-error | H'-error F};i ﬁfi}v L?-error | H'-error F\E)I}V
4 x4 | 5.0850e-4 | 6.0126e-2 | 10 7 8.2409e-3 | 1.4987e-1 7
8 x 8 | 1.1744e-4 | 2.9900e-2 | 11 8 2.5171e-2 | 2.5418e-1

16 x 16 | 2.9743e-5 | 1.4980e-2 | 12 8 6.8789e-2 | 4.2452¢-1 9
32 x 32 | 7.4318e-6 | 7.4917e-3 | 12 8 1.0531e-1 | 5.2951e-1 | 12

Table 8.2: Comparison between Fxr, and Fpy on matching(up) nonmatching(down)

grids whenn — 1 =4
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where a(z) = p;(> 0) for z € ; and v € [1/2,00). Then the matrix D is given by
D! = diag (p—7>
P e )
We consider the cases of N = 2x 2, 4 x4, 8 x8 subdomains. For each subdomain

Q;, we choose the coefficient «(z,y) in the following way:

(1 if both ¢ and j are even,

250  if i is odd and j is even,
a(z,y) =
5000 if 7 is even and j is odd,

10 if both ¢ and j are odd,

\

and denote them by p;;. In addition, we consider the exact solution u(z,y), which

belongs to H'(), according to the partition of the domain:

pi1(z,y)sin(rz) sin(ry)/a(x, y) when N =2 x 2,
uw(z,y) = po(x,y)sin(2rz) sin(2ry)/a(z,y) when N =4 x 4,
sin(87z) sin(87y)/a(x, y) when N = 8 x 8,

where

pi(z,y) = (z —1/2)(y — 1/2),
p2(z,y) = (z — 1/4)(x — 3/4)(y — 1/4)(y — 3/4).

Following [54] (see Section 1.5.3), we have chosen different mesh size in each

subdomain according to the ratio of coeflicients between neighboring subdomains,

that is,

hij \/Z

i PRl
where h;; is the mesh size of the subdomain €2;;. Using the mesh sizes of these ratios,
we divide each subdomain into uniform meshes. Let H;; be the size of the subdomain
5. When N = 2x2 and max(H;;/h;j) = 16, we obtain triangulations as Figure 8.3
and the triangulations are not comparable between neighboring subdomains.

In Section 1.5.3 of [54], it was shown that a good approximation of the solution is

obtained when the slave side is chosen to give a Lagrange multiplier space of higher
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Qo — T =— Qu
901:5000 p1 ]=10
Qyp — F T Qp
POOZI 910:250

Figure 8.3: Triangulations for the case N = 2 x 2 and max(H;;/h;j) = 16

dimension. Hence, choosing the subdomain with smaller h;; (smaller p;;) as the
slave side, we can approximate the exact solution more accurately. This observation
coincides with the choice of master and slave sides in Remark 5.11.

Table 8.3 shows L2 and H'-errors and CG iterations with F I}i, F Bév and I 1}11,1,
as preconditioners under the Fxj-formulation. In CG iteration, we use the same
stopping criterion 107% as before. Increasing max(H;;/h;j), we observe the O(h?)
and O(h) convergences of L? and H!-errors, respectively, for all cases of N. Further-
more, we see that the CG iterations of F I}i and F' [}‘1,[, are much smaller than I Bév.
The number of iterations of ﬁlgi and F\I}é‘, show similar behaviors in Table 8.3.

In Table 8.4, we compare the number of iterations and condition numbers of ﬁgi
and F\I}‘l/v with various +. From the results, we can observe that as v goes to the
infinity, the number of iterations and condition numbers of ﬁg‘l/v converge to those
of I}}J Moreover, we can show that

ﬁEII/V Hﬁ}?i as y — 00.

Since the nonmortar sides have smaller p;’s on the interfaces, the followings hold:

(Di)_1|rij — 00 asy — oo, if j € my, 8.3
(Di)_1|mj — 0 as vy — 00, otherwise. .
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We rewrite

o Din 0 t
BB = (B Bow) | " ) (Ben Bo)

where the subscripts n and m represent submatrices on nonmortar and mortar sides,

respectively. From (8.3), it holds
B.D;'Bl. — By, D; B, asy— oo.
Hence, we have

(B,D,'BL)™" — (B, ))'D; B, as y — . (8.4)

r,n rn

Similarly, we obtain

D7l o
B,D:! = (Bm Bnm) ( S,n D_1> - (Br,nD;,% 0> asy — oo, (8.5)

Therefore, from (8.4) and (8.5), it follows that

Bfl t N
Fily = (B2 0) 5o << o) ) (= Fr) as 7 — o0,

From our numerical results, we conclude that our formulation gives the cor-
rect approximation of the model problem with nonmatching grids. For the case of
continuous coefficients and comparable meshes between subdomain interfaces, the
preconditioner ﬁfn}v by Dryja and Widlund gives smaller number of iterations than
our preconditioner ﬁ[?i However, the preconditioner ﬁ[}i turns out to be much
more efficient than F' [_N}V for the problem with highly discontinuous coefficients on
noncomparable meshes. Furthermore, the preconditioner ﬁ[}i is the limit of ﬁEII/V

as 7y goes to the infinity.

8.2 Stokes problem in 2D

In this section, we present numerical results for the FETI-DP formulation of the

Stokes problem. Let Q = [0,1] x [0,1] € R? and consider the following Stokes
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)

N | max(H;j/hi;) | L*-error | H'-error ﬁBI}V Afzi e
16 3.0571e-5 | 7.6362¢-3 | 17 3 3
32 7.8276e-6 | 3.8249e-3 | 26 3 3
2x2 64 1.9747e-6 | 1.9133e-3 | 39 4 3
128 4.9571e-7 | 9.5675e-4 | 50 4 4
256 1.2421e-7 | 4.7839%-4 | 60 4 4
16 2.1574e-6 | 1.093%-3 | 75 4 3
4x4 32 0.4460e-7 | 5.4805e-4 | 81 4 4
64 1.3799e-7 | 2.7415e-4 | 111 4 4
128 3.4810e-8 | 1.3709e-4 | 130 4 4
16 1.0262e-3 | 8.8753e-1 | 113 3 3
8§ x 8 32 2.4870e-4 | 4.4462e-1 | 136 4 4
64 6.4579e-5 | 2.2240e-1 | 168 4 4

Table 8.3: Comparison of preconditioners ﬁgi, F Bév and ﬁgll/v(fy = 2.0) for the

problem with highly discontinuous coefficients
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Freiy
N max(Hy/hi) | g v=10 | y=20 |~v=10.0 Fii
16 5.26e+1(12) | 1.09(4) | 1.03(3) | 1.04(3) | 1.04( 3)
32 7.48¢+1(17) | 1.15(4) | 1.04(3) | 1.04( 3) | 1.04( 3)
2% 2 64 0.79e+1( 21 ) | 1.22(4) | 1.05(3) | 1.05(4) | 1.05( 4)
128 1.24e4+2( 28 ) | 1.30( 4 ) | 1.06(4) | 1.07(4) | 1.07(4)
256 1.54e42(32) | 1.39(5) | 1.08(4) | 1.08(4) | 1.08( 4)
16 1.31e+1(33) | 1.25(5) | 1.05(3) | 1.06(4) | 1.06( 4)
4x4 32 2.06e+2( 38 ) | 1.42(5) | 1.08(4) | 1.09( 4) | 1.09( 4)
64 2.84e+2(51) | 1.62(6) | 1.12(4) | 1.13(4) | 1.13(4)
128 3.44e+2( 56 ) | 1.85(6) | 1.17(4) | 1.17(4) | 1.17( 4)
16 1.42e+2( 45 ) | 1.28(5) | 1.05(3) | 1.05(3) | 1.05(3)
8 x 8 32 92.16e+2( 56 ) | 1.48(6) | 1.08(4) | 1.09( 4) | 1.09( 4)
64 2.94e4+2( 65 ) | 1.72(7) | 1.12(4) | 1.12(4) | 1.12( 4)

Table 8.4: Condition numbers (number of iterations) of ﬁlgll,v(fy = 0.5, 1.0, 2.0, 10.0)

and F' I;i for the problems with highly discontinuous coefficients
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problem:

—Au+Vp=f in Q,
V-u=0 in Q, (8.6)
u=0 on 99,

where f is chosen so that the exact solution of the problem becomes

( sin®(mx)sin?(y)cos(my) ) 9 o
u= and p =z —y~.
—sin?(7x)sin®(7y)cos(mz)

Let N denote the number of subdomains. We only consider the uniform parti-
tion of 2 as mentioned in Section 8.1.1. With this partition, we triangulate each
subdomain in the following manner. For all subdomains, we take the same number
of nodes n, including end points, in horizontal and vertical edges with n = 4k + 1
for some positive integer k. We solve (8.6) on matching and nonmatching grids
both. For matching grids, we make uniform triangulations in each subdomain with
(n —1)/2 4+ 1 nodes on horizontal and vertical edges of the subdomain and denote
it by Q?h", a triangulation for the pressure. After bisecting each edge of triangles

in Q?hi, we obtain Q"

;> a triangulation for the velocity. For nonmatching grids, we

take (n—1)/241 random quasi-uniform nodes on each horizontal and vertical edges
of subdomain, and generate nonuniform structured triangulations. We denote it by
Q?h’ The triangulation Qf“ is obtained from Q?hi similarly to matching grids. For
example, see Figure 8.4.

Now, we solve the FETI-DP operator with and without preconditioner varying
N and n. Those cases are denoted by PFETI-DP and FETI-DP, respectively. The
CG(Conjugate Gradient) iteration is stopped when the relative residual is less than
1076

In Tables 8.5-8.7, the number of CG iterations and condition numbers are shown
varying N and n. In Table 8.5, N = 4 x 4 and n — 1 increases by double. On
both matching and nonmatching grids, PFETI-DP performs well and the condition
numbers seem to behave log?-growth as n increases. Especially on nonmatching
grids, the CG iteration stops quickly with the preconditioner. In Tables 8.6 and 8.7,
N increases with n = 5 and n = 9. For both cases of FETI-DP and PFETI-DP, the
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Figure 8.4: Triangulations Q" (left) and Q" (right) when n = 5

Matching Nonmatching
" FETI-DP | PFETI-DP FETI-DP PFETI-DP
5 12(5.23) 9(2.62) 16(8.35) 12(3.75)

9 || 24(2.50e+1)

17 || 37(6.68e+1) (

33 || 45(1.45e+2) | 17(7.75
65 | 58(2.69¢+2) (

) | 50(1.15e+2) | 15(5.79)
5.94) | 86(5.01e+2) | 17(7.93)

) | 119(1.31e+3) | 20(9.88)

) | 153(3.29¢+3) | 22(1.20e+1)

Table 8.5: CG iterations(condition number) when N =4 x 4

CG iteration becomes stable as N increases. From the results, we can see that the
developed preconditioner gives the condition number bound as confirmed in theory.

Moreover, we have observed the convergent behaviors of the approximated so-
lutions. The H' and L2-errors for velocity and pressure are examined. w” and p”
denote the approximated solutions for the velocity and pressure, respectively, and
|w — u”||1 + means the square root of Zf\il lu — uh||%Qz The errors and reduction
factors are shown in Table 8.8 for various N and n with matching grids. Three cases
are considered: when n — 1 increases by double with N = 4 x 4, when N increases
by double in both edges of €2 with n = 5, and when N increases by double in both
edges of Q with n = 9. For all cases, we can see that the H'-error for velocity,

|w — u”||1 4, and L2-error for pressure, ||p — p"||o, reduce by half and L2-error for
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Matching Nonmatching
N FETI-DP | PFETI-DP | FETI-DP | PFETI-DP
4 x4 12(5.23) 9(2.62) 16(8.35) 12(3.75)
8 x 8 12(5.42) 9(2.62) 16(9.18) 12(3.68)
16 x 16 || 10(5.54) 9(2.55) 16(9.57) 11(3.42)
32 x 32| 10(5.61) 9(2.53) 16(10.88) 12(3.78)

Table 8.6: CG iterations(condition number) when n =5

Matching Nonmatching
N FETI-DP | PFETI-DP | FETI-DP | PFETI-DP
4 x4 | 24(2.50e+1) 13(4.39) 50(1.15e+2) 15(5.79)
8 x 8 5(2.60e+1) 13(4.35) 53(1.19e+2) 15(6.21)
16 x 16 || 24(2.62e+1) 12(4.27) 57(1.34e+2) 16(6.27)
32 x 32 || 23(2.62e+1) 12(4.27) 56(1.25e+2) 16(6.24)

Table 8.7: CG iterations(condition number) when n =9
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axa | "7 TN st | e—wtle | - pPlo
n N N
5 4 x4 3.37e-1 3.75e-3 1.07e-1
9 | 8x8 | 4x4 | 1.72-1(0.510) | 1.02e-3 (0.272) | 5.99e-2 (0.559)
17 | 16x16 | 8x8 || 8.64e-2 (0.502) | 2.64e-4 (0.258) | 3.08e-2 (0.514)
33 32x32 | 16 x 16 || 4.32¢e-2 (0.500) 6.65e-5 (0.258) 1.55e-2 ( )
65 32 x 32 || 2.16e-2 (0.500) | 1.66e-5 (0.249) | 7.79¢-3 (0.502)

Table 8.8: H! and L?-errors(factor) on matching grids

no | Jlu—uts lw — u”[lo lp — p"[lo
3.41e-1 3.79¢-3 1.05¢-1

9 | 1.78e-1 (0.521) | 1.10e-3 (0.290) | 6.08¢-2 (0.579)

17 || 8.95¢-2 (0.502) | 2.85¢-4 (0.259) | 3.16e-2 (0.517)

33 || 4.48e-2 (0.500) | 7.21e-5 (0.252) | 1.58¢-2 (0.500)

65 | 2.24e-2 (0.500) | 1.81e-5 (0.251) | 7.93e-3 (0.501)

Table 8.9: H! and L?-errors(factor) on nonmatching grids: N =4 x 4

velocity, ||u—u"||o, reduces by quarter. For the finite elements Py (h)— Py(2h), these
convergent behaviors are optimal.

For the case of nonmatching grids, the errors and reduction factors are shown
in Tables 8.9-8.11 with various N and n. In Table 8.9, we observe that the error
|w— "1 and ||p—p"||o reduce by half and the error ||u —u" ||y reduces by quarter
as n — 1 increases by double with N = 4 x 4. Whenn =5 andn =9, as N
increases, the errors also show the optimal convergent behaviors in Tables 8.10 and
8.11. These numerical results confirm that the stopping criterion for CG iteration
in Tables 8.5-8.7 is sufficient.

As mentioned in Section 7.1, if the inf-sup constant for the space V x P is
independent of N and n, then the optimality of approximation can be shown. Let

B* and ( be the inf-sup constants for the space V x P and the Pj(h) — Py(2h)
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N [ — w1, [u —u"lo lp —"llo
4x4 | 1.78e-1 1.10e-3 6.08¢-2
8x8 | 8.95e-2 (0.502) | 2.94e-4 (0.269) | 3.28¢-2 (0.539)
16 x 16 | 4.49¢-2 (0.501) | 7.33¢-5 (0.249) | 1.63¢-2 (0.496)
32 x 32 || 2.25e-2 (0.501) | 1.84e-5 (0.251) | 8.18¢-3 (0.501)

Table 8.10: H' and L?-errors(factor) on nonmatching grids: n =5

N [ — w1, lu —u"lo lp = p"lo
4x4 | 3371 3.75e-4 1.07e-1
8x8 | 1.72e-1 (0.510) | 1.02¢-3 (0.272) | 5.99e-2 (0.559)
16 x 16 || 8.64e-2 (0.502) | 2.64e-4 (0.258) | 3.08¢-2 (0.514)
33 x 32 || 4.32e-2 (0.500) | 6.65¢-5 (0.258) | 1.55¢-2 (0.503)

Table 8.11: H' and L2-errors(factor) on nonmatching grids: n = 9

finite elements, respectively, and By be the inf-sup constant for the space V x II°.
Then the constant 8* depends on ( and (y from the trick conceived by Boland
and Nicolaides [12]. Hence, if the constant fy is independent of n and N, then the
same holds for 3*. In [6], for V x 1 which is obtained from the Hood-Taylor finite
elements, it was shown that the constant 3y is independent of n, but not shown for
N. Following the proofs in [6], we can obtain the same results for the space V x II°
of the Pi(h) — Py(2h) finite elements. We have no proof that 3y is independent of
N. Instead, we compute the constant By numerically as N increases. The results
are given in Table 8.12 both for matching and nonmatching grids when n = 5 and
n = 9. We observe that the constant §y becomes stable as IV increases. Table 8.13
gives the constant By as n increases with N = 4 x 4. This confirms that the constant

Bo is independent of n.
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n=>5 n=9
N Nonmatching | Matching || Nonmatching | Matching
4 x4 0.5780 0.5785 0.5921 0.5924
8 x 8 0.5293 0.5294 0.5352 0.5353
16 x 16 0.5008 0.5010 0.5041 0.5042
32 x 32 0.4827 0.4828 0.4854 0.4848

Table 8.12: Inf-sup constant Sy when n=5and n =9

n || Nonmatching | Matching
0.5780 0.5785
9 0.5921 0.5294
17 0.5966 0.5967
33 0.5973 0.5979
65 0.5983 0.5983

Table 8.13: Inf-sup constant Sy when N =4 x 4
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Appendix

In the following, we show that how we approximate the inf-sup constant 3y of the

space V x II. By definition, the inf-sup constant fy is

2
inf sup (fQ Vv dx)

= >
qGHOUGV'<§:i:1HU”%£h) anaﬂ

Since v € V, there exist a constant C' not depending on h;’s and H;’s, such that

(A1)

N N
o lolfa, <CY lolig, (A2)
i=1 i=1

Using the above relation, we replace the H'-norm in (A.1) by the semi H!-norm

and we will compute the constant 3y such that

2
inf sup (fﬂ Vv d:c)

J >
ey (TN ol ) el

Our objective is to see that the constant 3 is independent of h;’s and H;’s. Hence

(A.3)

it suffices to consider the above inequality to estimate the inf-sup constant. For
this purpose, we will give a matrix whose second smallest eigenvalue is the inf-sup
constant (.

For v € X, we split it into four parts, that is, the interior parts of subdomains,
the mortar sides of interfaces without end points, the nonmortar sides of interfaces
without end points and the global corners, and denote them by v, v,,, v, and v,
respectively. Since g € 119 is constant in each subdomain, the denominator of L.H.S.

in (A.3) is independent of v;. We eliminate v using

N N
iqr)lf E |%|%QL = E < S'w;, w; >,
H—) i—1

N
V- -wvgdr = / w; - n;qds,
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where v; = v|q, and w; = v;|aq;.

Let us define
Z;:{w:(wl’--- ,wN) : wi:'U’i|8Qi fori=1,---,N, V’UGV}.

Similarly, we define w,,,, w. and w,, for w € Z. Then, we rewrite (A.3) into

2
(21\41 faﬂr w- niqd8>
inf sup 7 : i Z BO- (A4)
4€IT pe 7 (Zij\il < Stwi, w; >) a3 o

w
The space W, . is defined as a space with vectors w,, . = ( m) .
We

Since w € Z satisfies

(w; —w;)-Ads=0 Vi=1,---,N, Vj €m,, (A.5)
. J

ij

we can see that w,, is determined by wy, . € W, .. We rewrite (A.5) into
Bhw, = Bhwn, + (Bm,c - Bn,c)'wc- (AG)

Let
B = (Bm Bm,c - Bn,c> :

Using (A.6), w € V is obtained from wy, . € Wi, .

W) I w
- m,c-
wy, B ' Bone

%
. Lm,cwm»C
w | Qz - i Y
Ly wy,

where the maps Lfn’c and Lil restrict w,, . and w, on the subdomain €);. Let us

define E!, : Wy, . — Z|sq, by

. Li .0 I
E = <" .
0 L) \B;'Bne

105

More precisely, we have



We may write

S Sin)

where m and n denote the d.o.f. on mortar sides and corners ,and the d.o.f. on

nonmortar sides without end points, respectively. Then, we have

N
Z < Siwia w; >=< Smwm,mwm,c >, (A7)
i=1
with
N
Sm =Y (E,)'S'E},.
i=1
Let G* be a matrix that gives
< Glw;, q >= w; - n;qds.

ey

We may consider the matrix G’ to be ordered as in S* and write

N
< GnWme,q >= Z w; - n;q ds, (A.8)
=1 z

with
N
Gm =) GEj,
i=1
In addition, a matrix M is defined as

< Mg, q>=|ql§e- (A.9)

Since g € II° is constant in each subdomain, the matrix M is diagonal.
From (A.7), (A.8) and (A.9), we have the following identity:

2
N
(Zi:l Jog, w - mig ds) _ < GmWpe,q >?
<Z£V:1 < SZu;“ru)Z >> HquQ < Smwm,cawm,c >< Mq,q >

Hence, we consider

. < Gpw >2
min  max mWm,c, q (A.10)
GEIO W, c €W e < Smwm,a Wm,e >< Mgq,q >
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to estimate the inf-sup constant fGy. From (A.2), we can see that S,, is a s.p.d.
operator on Wy, .. Therefore, in (A.10), the maximum occurs when Sy, w, . = Gt q

and (A.10) is reduced into

iy S Gy Glg g >
q€I° < Mgq,q >

Since ¢ € II° is constant in each subdomain and qud:E = 0, the d.o.f. of IV is
exactly N —1 and 1 L Y. We may assume that there exist constants C; and Cy

independent of the number of subdomains and meshes such that
Ci1H?q'q << Mg,q >< CyH?¢'q,
where H = max;—1,... vy H;. Let
1 —1

Hence, we consider

min < Crhq,q > (A.11)
q€ell0

to estimate the constant 3. From the fact that S, is s.p.d. and Null(G?,) = {1} (see
[6]), the matrix C), is symmetric and semi-positive definite and it has 0 eigenvalue
associated with the eigenvector 1. Therefore, to estimate the inf-sup constant (g of

the space V x II°, we compute the second smallest eigenvalue of the matrix C,,.
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preconditioner®f| 2ot 21+

FETI(-DP) ¢ 232 48 §394 = o3ty n& JAFAS 7] 9319
M=o, B8 EAES HE AR F=0 3loA 7F 2&F o8t
G A Ut} o] YR AL 71EY F o Bl o] o BA A BY
o A& e AFALE FHSA ¢ 2BAFA STE EYete] Ao r gt
Fol Et+= Al Atk ol T BHAFA STE EYTLEA FETI Wl =
mixed problem . ZHE] TEH AP A S QA Y o] AF YA oA 2t
2l 4 0199 tE vATES aATY SaFA st AHE AFWAEAS

= R4
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