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Motivation
Extension of online learning to vectorial payoffs. 

Extension of zero-sum games theory to vectorial payoffs. 

Repeated games.
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von Neumann’s Theorem
Theorem (von Neumann’s minimax theorem): for any two-
player zero-sum game with finite action sets, 

• single strategy good against any strategy by other player. 

• order of play does not matter. 

• mixed Nash equilibria, same payoff (value of the game).

3

(von Neumann, 1928)

<latexit sha1_base64="fUkNwFZ+nUx/Wx539zceXq+T93k="></latexit>

max
p2�1(A1)

min
q2�1(A2)

E
a1⇠p
a2⇠q

[u(a1, a2)] = min
q2�1(A2)

max
p2�1(A1)

E
a1⇠p
a2⇠q

[u(a1, a2)].
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Sion’s Minimax Theorem
Theorem (simplified version): let     and    be convex and 
compact sets and                         a function that is convex 
with respect to its first argument and concave with respect 
to its second argument. Then,

4

(Sion, 1958)

<latexit sha1_base64="nWkxojLJtcONKmT2956NcYSXd0I="></latexit>

f : X⇥ Y ! R

<latexit sha1_base64="CXv7RH7SBmiq2QZV4U7dMb2vqMs=">AAACDnicbVC7SgNBFJ31GeMrainIYBCssrsims6AjWWCbhJIljA7mU2GzOwsM7NCWFJaClb6J5JGbf0Fv8He2smjMIkHLhzOuZd77wliRpV2nC9raXlldW09s5Hd3Nre2c3t7VeVSCQmHhZMyHqAFGE0Ip6mmpF6LAniASO1oHc98mv3RCoqojvdj4nPUSeiIcVIG+m2qeqtXN4pOGPAReJOSf7qfVj5fjgallu5n2Zb4ISTSGOGlGq4Tqz9FElNMSODbDNRJEa4hzqkYWiEOFF+Oj51AE+M0oahkKYiDcfq34kUcaX6PDCdHOmumvdG4n9eI9Fh0U9pFCeaRHiyKEwY1AKO/oZtKgnWrG8IwpKaWyHuIomwNunMbLE9ZSSbi66ktuaxzVkgRG9ggnLnY1kk1bOCe1E4rzj5UhFMkAGH4BicAhdcghK4AWXgAQw64BE8gxfryXq13qyPSeuSNZ05ADOwPn8BcfKhDQ==</latexit>

X
<latexit sha1_base64="aXWV2x2p7XC85DwBmTqPqxEao4M=">AAACDnicbVC7SgNBFJ2NrxhfUUtBBoNgld0V0XQGbCwTdJNIsoTZySQZMrOzzMwKYUlpKVjpn0gatfUX/AZ7ayePwiQeuHA4517uvSeIGFXacb6s1NLyyupaej2zsbm1vZPd3asoEUtMPCyYkLUAKcJoSDxNNSO1SBLEA0aqQe9q5FfviVRUhLe6HxGfo05I2xQjbaSbhrprZnNO3hkDLhJ3SnKX78Py98PhsNTM/jRaAsechBozpFTddSLtJ0hqihkZZBqxIhHCPdQhdUNDxInyk/GpA3hslBZsC2kq1HCs/p1IEFeqzwPTyZHuqnlvJP7n1WPdLvgJDaNYkxBPFrVjBrWAo79hi0qCNesbgrCk5laIu0girE06M1tsTxnJ5qIrqa15ZHMWCNEbmKDc+VgWSeU0757nz8pOrlgAE6TBATgCJ8AFF6AIrkEJeACDDngEz+DFerJerTfrY9KasqYz+2AG1ucvc5qhDg==</latexit>

Y

<latexit sha1_base64="0GZF7HNAj1EMpl+f3+R4JDN5Vsc="></latexit>

inf
x2X

sup
y2Y

f(x, y) = sup
y2Y

inf
x2X

f(x, y).
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Biaffine functions
Definition: let              and              be convex and compact 
sets, then biaffine is                          is biaffine if 

• for all 

5

<latexit sha1_base64="7bS312AlK2GuG11Sz1nnUceGCto="></latexit>

u : X⇥ Y ! R

<latexit sha1_base64="pd0k8P5wpWpTdM0R1hf+lDTPBjw="></latexit>

X ⇢ Rn
<latexit sha1_base64="3tJSSi4n1OUjDoucXfQc3FwpQpw="></latexit>

Y ⇢ Rm

<latexit sha1_base64="mv4VMkiWTza5cwk//REjntEOHX0="></latexit>

u(↵x+ (1� ↵)x0,y) = ↵u(x,y) + (1� ↵)u(x0,y)
<latexit sha1_base64="eQyqfWj4W7IviozwUYc/4gDKG/s="></latexit>

u(x,↵y + (1� ↵)y0) = ↵u(x,y) + (1� ↵)u(x,y0)

<latexit sha1_base64="XuROSs95qln2AmLJTOa45FWa0T0="></latexit>

↵ 2 [0, 1],x,x0 2 X,y,y0 2 Y.



pageMohri@

Equivalent Statement
Equivalent formulation of Sion’s theorem for biaffine 
function: for all           ,

6

<latexit sha1_base64="xDHJdFdOjVuZQPrCiiyhNDkNpjg=">AAACFnicbVC7SkNBEN3rM8ZX1NJmMQhWyb0iGrAwYGMZxTwgCbJ3s0mW7OOyO1cIIeBPCFb6J3aS1tZ/ELHR2s2j0MQDA4dzZpiZE0aCW/D9N29ufmFxaTmxklxdW9/YTG1tl6yODWVFqoU2lZBYJrhiReAgWCUyjMhQsHLYOR/65VtmLNfqGroRq0vSUrzJKQEnVSmucYVrV5bBTSrtZ/wR8CwJJiR99vnx9X43OC3cpL5rDU1jyRRQQaytBn4E9R4xwKlg/WQttiwitENarOqoIpLZem90ch/vO6WBm9q4UoBH6u+JHpHWdmXoOiWBtp32huJ/XjWGZq7e4yqKgSk6XtSMBQaNh//jBjeMgug6Qqjh7lZM28QQCi6lP1uyReukrNRtw7Mgo6wUodadvgsqmI5llpQOM8Fx5ujST+dzaIwE2kV76AAF6ATl0QUqoCKiSKN79IievAfv2XvxBuPWOW8ys4P+wHv9Ad5SpTo=</latexit>

c 2 R

8y 2 Y 9x 2 X : u(x,y) 2 [c,+1) =) 9x 2 X 8y 2 Y : u(x,y) 2 [c,+1);
<latexit sha1_base64="lY8Drjh3aCAqlXImRavKur4xXDY=">AAACsnicjZHLahsxFIY107TNpRc32RSyEQ2BlBp7Ji00JJvQbrJMIE6cWsZoZE0srMsgnQlxjaEv0xfo2xT6HF33zNiLJM6iBwQ/37n8h6Os0CpAkvyO4icrT589X11b33jx8tXrxpvNi+BKL2RHOO18N+NBamVlBxRo2S285CbT8jIbf63ylzfSB+XsOUwK2Tf82qpcCQ6IBo2fLHeea01ZNqFMWcrCFWVNyuQtmgfEtwvcZZ WbpeUesmZV/77O9ESTfkCRQw0Mbi3DY/312GW3/xh7NGjsJK2kDros0oXYOX77/c/aj19fTgeNv2zoRGmkBaF5CL00KaA/5R6U0HK2zsogCy7G/Fr2UFpuZOhP63PO6C6SIcVN8VmgNb3bMeUmhInJsNJwGIWHuQo+luuVkB/0p8oWJUgr5kZ5qSk4Wv0NHSovBegJCi68wl2pGHHPBeAP3nNpdwKitnEjr9pgirbRmXPjGR4qfXiWZXGx30o/tvbP8GIHZB6rZJu8I3skJZ/JMTkhp6RDRLQRpdFhdBR/ir/FPBbz0jha9GyRexHrfz4u0/Y=</latexit>

<latexit sha1_base64="z/yPvTc055SIcOFVREImdIXD5gU="></latexit>

min
y2Y

max
x2X

u(x,y) � c =) max
x2X

min
y2Y

u(x,y) � c.or
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Vectorial Payoffs
Vector valued games: biaffine function                          . 

Question: can the result be extended? Given convex set   , 

Counter-example:  

• clearly,  

• but, 

7

<latexit sha1_base64="9mzam/2D5KEhXk9Y3SYUxLviSm4="></latexit>

u : X⇥ Y ! Rd

S
<latexit sha1_base64="fQyQ4tQCbMx+7KEa0BhJ+cc77EQ=">AAACDHicbVC7SgNBFJ2NrxhfUUtBBoNgld2NhekM2Fgm6CaBuITZyWwyZGZnmZkVwpLSSrDSP7EIiJb+g99gb+3kUZjEAxcO59zLvfcEMaNKO86XlVlZXVvfyG7mtrZ3dvfy+wd1JRKJiYcFE7IZIEUYjYinqWakGUuCeMBII+hfjf3GPZGKiuhWD2Lic9SNaEgx0kaq3bTzBafoTACXiTsjhcuPUe374XhUbed/7joCJ5xEGjOkVMt1Yu2nSGqKGRnm7hJFYoT7qEtahkaIE+Wnk0OH8NQoHRgKaSrScKL+nUgRV2rAA9PJke6pRW8s/ue1Eh2W/ZRGcaJJhKeLwoRBLeD4a9ihkmDNBoYgLKm5FeIekghrk83cFttTRrK56Elqax7bnAVC9IcmKHcxlmVSLxXd82Kp5hQqZTBFFhyBE3AGXHABKuAaVIEHMCDgETyDF+vJerXerPdpa8aazRyCOVifv8XXoCA=</latexit>

X = Y = [0, 1], u(x,y) = (x, y), S = {(z, z) : z 2 [0, 1]}.
<latexit sha1_base64="vMcrMnd4atBsWVRMO0vsGFvTjk8="></latexit>

<latexit sha1_base64="Jl6OpBHmLtrH9UnfJ5pqplGoTYY="></latexit>

8y 2 Y, 9x = y, u(x,y) 2 S.
<latexit sha1_base64="tlPsrjeUvtQUuIMa9IVFOUw3FKk="></latexit>

6 9x 2 X, 8y 2 Y : u(x,y) 2 S.

<latexit sha1_base64="FQVx/vw6QXjMBdadd2FV1Wd8HfY="></latexit>

8y 2 Y, 9x 2 X : u(x,y) 2 S =) 9x 2 X, 8y 2 Y : u(x,y) 2 S.
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Approachability
Assumptions:              and              convex and compact sets, 
biaffine vectorial payoff                          ,              a closed 
convex set. 

Definition:    is approachable if there exists an algorithm     
such that for any sequence                         and                          
with                                   , 

• for any            ,  

• repeated game, adaptive player strategy.

8

<latexit sha1_base64="pd0k8P5wpWpTdM0R1hf+lDTPBjw="></latexit>

X ⇢ Rn
<latexit sha1_base64="3tJSSi4n1OUjDoucXfQc3FwpQpw="></latexit>

Y ⇢ Rm
<latexit sha1_base64="9mzam/2D5KEhXk9Y3SYUxLviSm4="></latexit>

u : X⇥ Y ! Rd
<latexit sha1_base64="uVqdRd3EsiBjPu6woMsytNK3LQs="></latexit>

S ⇢ Rd

S
<latexit sha1_base64="fQyQ4tQCbMx+7KEa0BhJ+cc77EQ=">AAACDHicbVC7SgNBFJ2NrxhfUUtBBoNgld2NhekM2Fgm6CaBuITZyWwyZGZnmZkVwpLSSrDSP7EIiJb+g99gb+3kUZjEAxcO59zLvfcEMaNKO86XlVlZXVvfyG7mtrZ3dvfy+wd1JRKJiYcFE7IZIEUYjYinqWakGUuCeMBII+hfjf3GPZGKiuhWD2Lic9SNaEgx0kaq3bTzBafoTACXiTsjhcuPUe374XhUbed/7joCJ5xEGjOkVMt1Yu2nSGqKGRnm7hJFYoT7qEtahkaIE+Wnk0OH8NQoHRgKaSrScKL+nUgRV2rAA9PJke6pRW8s/ue1Eh2W/ZRGcaJJhKeLwoRBLeD4a9ihkmDNBoYgLKm5FeIekghrk83cFttTRrK56Elqax7bnAVC9IcmKHcxlmVSLxXd82Kp5hQqZTBFFhyBE3AGXHABKuAaVIEHMCDgETyDF+vJerXerPdpa8aazRyCOVifv8XXoCA=</latexit>

A
<latexit sha1_base64="nzkg3aHsT54/136kFMVQNJMKr7Y=">AAACDnicbVC7TgJBFJ3FF+ILtTQxG4mJFexiIZ0YG0uILpDAhswOszBhHpuZWROyobQ0sdI/MTRq6y/4DfbWDo9CwJPc5OSce3PvPUFEidKO82WlVlbX1jfSm5mt7Z3dvez+QU2JWCLsIUGFbARQYUo49jTRFDciiSELKK4H/euxX7/HUhHB7/Qgwj6DXU5CgqA20m1LXbWzOSfvTGAvE3dGcpfvo+r3w/Go0s7+tDoCxQxzjShUquk6kfYTKDVBFA8zrVjhCKI+7OKmoRwyrPxkcurQPjVKxw6FNMW1PVH/TiSQKTVggelkUPfUojcW//OasQ5LfkJ4FGvM0XRRGFNbC3v8t90hEiNNB4ZAJIm51UY9KCHSJp25LQVPGanARE+SgmZRgdFAiP7QBOUuxrJMasW8e54vVp1cuQSmSIMjcALOgAsuQBncgArwAAJd8AiewYv1ZL1ab9bHtDVlzWYOwRysz19KOqDx</latexit>

<latexit sha1_base64="qiAxuOx2GtAdLFYGtA2lRodi1e8="></latexit>

y1, . . . , yT 2 Y
<latexit sha1_base64="YDFn78o2GLORjm79xy/X+NnF1w8="></latexit>

x1, . . . , xT 2 X
<latexit sha1_base64="bDC/0aMb6XZggKnghDPysyf9Tyw="></latexit>

xt = A(y1, . . . , yt�1)

<latexit sha1_base64="omSDRMiIw68ZEVf7l+z8MKwsrOs=">AAACGHicbVC7SgNBFJ31Gd9RS5vBIFgluyIasDBgYxnFRCFZZXYyMUPmsc7cFWII+BeClf6JXbC18x9EbLR2klgY44ELh3Pu5VxOFAtuwfdfvbHxicmp6dTM7Nz8wuJSenmlbHViKCtRLbQ5i4hlgitWAg6CncWGERkJdho1D3r+6TUzlmt1Aq2YhZJcKl7nlICTwhtc5QpXjy2D89pFOuNn/T7wKAl+SGb/4/3z7ba7V7xIf1VrmiaSKaCCWFsJ/BjCNjHAqWCd2WpiWUxok1yyiqOKSGbDdv/pDt5wSg3XtXGjAPfV3xdtIq1tychtSgIN+9frif95lQTq+bDNVZwAU3QQVE8EBo17DeAaN4yCaDlCqOHuV0wbxBAKrqehlFzJOikndcPwHMg4J0WkdbPjigr+1jJKylvZYCe7feRnCnk0QAqtoXW0iQK0iwroEBVRCVF0he7QA3r07r0nr+s9D1bHvJ+bVTQE7+UbmSSmJw==</latexit>

z 2 Rd
<latexit sha1_base64="oI3bvkczZmUnqY+JDK0xgraZjBU="></latexit>

d(z, S) = inf
s2S

kz � sk2.

(Blackwell, 1956)

<latexit sha1_base64="7QKmJFfa5Xjz29GDVVyXVap+uKQ="></latexit>

lim
T!+1

d

 
1

T

TX

t=1

u(xt, yt), S

!
= 0.
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Blackwell’s Theorem
Theorem: let  be a closed convex set with                      
Assume that:                                                 Then,    is 
approachable and there exists     such that  

Proof: let                                           be a halfspace that 
contains    . By assumption:                                         By Sion’s 
theorem, this implies: 

• thus, 

<latexit sha1_base64="uVqdRd3EsiBjPu6woMsytNK3LQs="></latexit>

S ⇢ Rd

9

S ✓ B(0, R).
<latexit sha1_base64="JUiuR0jhFKi1eY59i0ciuSiVmxI="></latexit>

8y 2 Y, 9x 2 X : u(x, y) 2 S.
<latexit sha1_base64="389ugj4tesZMnlkMHxtwsB0w2bA="></latexit>

S
<latexit sha1_base64="fQyQ4tQCbMx+7KEa0BhJ+cc77EQ=">AAACDHicbVC7SgNBFJ2NrxhfUUtBBoNgld2NhekM2Fgm6CaBuITZyWwyZGZnmZkVwpLSSrDSP7EIiJb+g99gb+3kUZjEAxcO59zLvfcEMaNKO86XlVlZXVvfyG7mtrZ3dvfy+wd1JRKJiYcFE7IZIEUYjYinqWakGUuCeMBII+hfjf3GPZGKiuhWD2Lic9SNaEgx0kaq3bTzBafoTACXiTsjhcuPUe374XhUbed/7joCJ5xEGjOkVMt1Yu2nSGqKGRnm7hJFYoT7qEtahkaIE+Wnk0OH8NQoHRgKaSrScKL+nUgRV2rAA9PJke6pRW8s/ue1Eh2W/ZRGcaJJhKeLwoRBLeD4a9ihkmDNBoYgLKm5FeIekghrk83cFttTRrK56Elqax7bnAVC9IcmKHcxlmVSLxXd82Kp5hQqZTBFFhyBE3AGXHABKuAaVIEHMCDgETyDF+vJerXerPdpa8aazRyCOVifv8XXoCA=</latexit>

H = {z 2 Rd : w · z � c}
<latexit sha1_base64="RQT041RSYRpNjgac9PMupt1CyPM="></latexit>

S
<latexit sha1_base64="fQyQ4tQCbMx+7KEa0BhJ+cc77EQ=">AAACDHicbVC7SgNBFJ2NrxhfUUtBBoNgld2NhekM2Fgm6CaBuITZyWwyZGZnmZkVwpLSSrDSP7EIiJb+g99gb+3kUZjEAxcO59zLvfcEMaNKO86XlVlZXVvfyG7mtrZ3dvfy+wd1JRKJiYcFE7IZIEUYjYinqWakGUuCeMBII+hfjf3GPZGKiuhWD2Lic9SNaEgx0kaq3bTzBafoTACXiTsjhcuPUe374XhUbed/7joCJ5xEGjOkVMt1Yu2nSGqKGRnm7hJFYoT7qEtahkaIE+Wnk0OH8NQoHRgKaSrScKL+nUgRV2rAA9PJke6pRW8s/ue1Eh2W/ZRGcaJJhKeLwoRBLeD4a9ihkmDNBoYgLKm5FeIekghrk83cFttTRrK56Elqax7bnAVC9IcmKHcxlmVSLxXd82Kp5hQqZTBFFhyBE3AGXHABKuAaVIEHMCDgETyDF+vJerXerPdpa8aazRyCOVifv8XXoCA=</latexit>

<latexit sha1_base64="zBuApydMAwsNBivZ3jXp9rpSzRI="></latexit>

min
y2Y

max
x2X

w · u(x, y) � c.

<latexit sha1_base64="+WhpjHxpXJAO3oLvgxSA8MaP6P4="></latexit>

max
x2X

min
y2Y

w · u(x, y) � c.

9x⇤ 2 X : 8y 2 Y, u(x, y) 2 H.
<latexit sha1_base64="V9ZPFGfUILrPd+VA89Otltjb6FI="></latexit>

A
<latexit sha1_base64="nzkg3aHsT54/136kFMVQNJMKr7Y=">AAACDnicbVC7TgJBFJ3FF+ILtTQxG4mJFexiIZ0YG0uILpDAhswOszBhHpuZWROyobQ0sdI/MTRq6y/4DfbWDo9CwJPc5OSce3PvPUFEidKO82WlVlbX1jfSm5mt7Z3dvez+QU2JWCLsIUGFbARQYUo49jTRFDciiSELKK4H/euxX7/HUhHB7/Qgwj6DXU5CgqA20m1LXbWzOSfvTGAvE3dGcpfvo+r3w/Go0s7+tDoCxQxzjShUquk6kfYTKDVBFA8zrVjhCKI+7OKmoRwyrPxkcurQPjVKxw6FNMW1PVH/TiSQKTVggelkUPfUojcW//OasQ5LfkJ4FGvM0XRRGFNbC3v8t90hEiNNB4ZAJIm51UY9KCHSJp25LQVPGanARE+SgmZRgdFAiP7QBOUuxrJMasW8e54vVp1cuQSmSIMjcALOgAsuQBncgArwAAJd8AiewYv1ZL1ab9bHtDVlzWYOwRysz19KOqDx</latexit>

d
⇣

1
T

PT
t=1 u(xt, yt), S

⌘
 2Rp

T
.

<latexit sha1_base64="iSwthwFmfim+UeD+O2c9HXqJp04="></latexit>
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Proof
Choice of     :                                                                                 ,                                                                                 
where                                     . Define         to be      for      . 

• since                                                       ,

10

H
<latexit sha1_base64="aYwMyUjM5Cv3uYgryr/K5KZKAZU=">AAACDHicbVC7SgNBFJ31GeMrainIYhCssruxMJ0Bm5QJuEkgWcLsZDYZMo9lZlYIS0orwUr/xCIgWvoPfoO9tZNHYRIPXDiccy/33hPGlCjtul/W2vrG5tZ2Zie7u7d/cJg7Oq4rkUiEfSSokM0QKkwJx74mmuJmLDFkIcWNcHA78Rv3WCoi+J0exjhgsMdJRBDURqpVOrm8W3CnsFeJNyf5m49x7fvhbFzt5H7aXYEShrlGFCrV8txYBymUmiCKR9l2onAM0QD2cMtQDhlWQTo9dGRfGKVrR0Ka4tqeqn8nUsiUGrLQdDKo+2rZm4j/ea1ER6UgJTxONOZotihKqK2FPfna7hKJkaZDQyCSxNxqoz6UEGmTzcIWx1dGcpjoS+JoFjuMhkIMRiYobzmWVVIvFryrQrHm5sslMEMGnIJzcAk8cA3KoAKqwAcIYPAInsGL9WS9Wm/W+6x1zZrPnIAFWJ+/s5+gFQ==</latexit>

ut+1 = t
t+1ut +

1
t+1u(xt+1, yt+1)

<latexit sha1_base64="Vy1KHBS9+89+0A7fh4HgSK981Qc="></latexit>

ut =
1
T

Pt
i=1 u(xt, yt)

<latexit sha1_base64="kBpCfPBRS4ilt2+n8FqshKshGtg="></latexit>

Ht =
n
z 2 Rd : [z � ⇡S(ut)] · [⇡S(ut)� ut] � 0

o

<latexit sha1_base64="wvhDCPAVs+rxi5Bo7shNHDpIrbQ="></latexit>

S
<latexit sha1_base64="Ub1wTYvv5gfGPZFUExUNXhR9bW8=">AAACDHicdVDLSgMxFM3UV62vqktBgkVwNY8K2q4suHHZon1AHUomzbShyWRIMkIpXboSXOmfuCiILv0Hv8G9a9NWwfo4cOFwzr3ce08QM6q0675aqbn5hcWl9HJmZXVtfSO7uVVTIpGYVLFgQjYCpAijEalqqhlpxJIgHjBSD3qnY79+RaSiIrrQ/Zj4HHUiGlKMtJEq561szrWLrlc88uBv4tnuBLmT51Hl7Xp3VG5l3y/bAiecRBozpFTTc2PtD5DUFDMyzFwmisQI91CHNA2NECfKH0wOHcJ9o7RhKKSpSMOJ+n1igLhSfR6YTo50V/30xuJfXjPRYcEf0ChONInwdFGYMKgFHH8N21QSrFnfEIQlNbdC3EUSYW2ymdniVJWRHC66kjqaxw5ngRC9oQnqKw34P6nlbe/QzlfcXKkApkiDHbAHDoAHjkEJnIEyqAIMCLgBd+DeurUerEfradqasj5ntsEMrJcPQdagbg==</latexit>

ut
<latexit sha1_base64="sXIsSK8ej4KhraIlSdt+zQ1KbGc=">AAACEnicbVBNS0JBFJ1nX2ZZVss2QyK00vdskUshiJYG+QH6kHnjPB2cefOYuU8Q8UcErWrfj2hXbfsD/ZHWjR+L1A5cOJxzL/feE8SCG3Ddbye1tb2zu5fezxwcZo+OcyenDaMSTVmdKqF0KyCGCR6xOnAQrBVrRmQgWDMY3sz85ohpw1X0AOOY+ZL0Ix5ySsBKzY4a4aQL3VzeLbpz4E3iLUm+mv1ICreZ11o399PpKZpIFgEVxJi258bgT4gGTgWbZjqJYTGhQ9JnbUsjIpnxJ/Nzp7hglR4OlbYVAZ6rfycmRBozloHtlAQGZt2bif957QTCij/hUZwAi+hiUZgIDArPfsc9rhkFMbaEUM3trZgOiCYUbEIrW0p1Y6WSVAPNSyDjkhSBUsOpDcpbj2WTNMpF76pYvreJVdACaXSOLtAl8tA1qqI7VEN1RNEQPaJn9OI8OW/Ou/O5aE05y5kztALn6xcMkKEF</latexit>

⇡S(ut)
<latexit sha1_base64="ipODGqshTrBJLpQfuxuPWr5hLiI=">AAACGXicbVC7SgNBFJ31bXxFbQSbQRFik92NhSlFG0tFkwjZGGYns8mQmZ1l5m4gLgE/Q7DST/AP7MTWSvA7rJ0kFkY9cOFwzr2cywkTwQ143rszNT0zOze/sJhbWl5ZXcuvb1SNSjVlFaqE0lchMUzwmFWAg2BXiWZEhoLVwu7J0K/1mDZcxZfQT1hDknbMI04JWOk6SHjzohCoHk6bsN/M73pFbwT8l/jfZPdo6+Zj8fbp+KyZ/wxaiqaSxUAFMabuewk0MqKBU8EGuSA1LCG0S9qsbmlMJDONbPT1AO9ZpYUjpe3EgEfqz4uMSGP6MrSbkkDH/PaG4n9ePYWo3Mh4nKTAYjoOilKBQeFhBbjFNaMg+pYQqrn9FdMO0YSCLWoixa0YK7lSdTR3QSauFKFS3YEtyv9dy19SLRX9g2Lp3DZWRmMsoG20gwrIR4foCJ2iM1RBFGl0hx7Qo3PvPDsvzut4dcr5vtlEE3DevgCltKQP</latexit>

u(xt+1, yt+1)
<latexit sha1_base64="7AZHHCdHo8gRRXj0x9LoYWQRYAo="></latexit>

x⇤
<latexit sha1_base64="JWMmx0xrK4ABnUYjS0ki+Kia/OU=">AAACDnicbVC7SgNBFJ2NrxhfUUtBFoMgFtndWJjOgI1lgm4SSNYwO5lNhszsLDOzYlhSWgpW+ieSRm39Bb/B3trJozCJBy4czrmXe+/xI0qksu0vI7W0vLK6ll7PbGxube9kd/eqkscCYRdxykXdhxJTEmJXEUVxPRIYMp/imt+7HPm1Oywk4eGN6kfYY7ATkoAgqLR0fX972srm7Lw9hrlInCnJXbwPK98Ph8NyK/vTbHMUMxwqRKGUDceOlJdAoQiieJBpxhJHEPVgBzc0DSHD0kvGpw7MY620zYALXaEyx+rfiQQyKfvM150Mqq6c90bif14jVkHRS0gYxQqHaLIoiKmpuDn622wTgZGifU0gEkTfaqIuFBApnc7MFsuVWrIY7wpiKRZZjPqc9wY6KGc+lkVSLeSds3yhYudKRTBBGhyAI3ACHHAOSuAKlIELEOiAR/AMXown49V4Mz4mrSljOrMPZmB8/gIv3aDh</latexit>

Ht
<latexit sha1_base64="y7dU3WxyIpFJ/l27zF2A9LKI5Lc=">AAACDnicbVDLSgNBEJz1GaPRqEcviyHgKdmNB3MMCJJjRDcJJEuYncwmQ2Z2lpleISz5BMGT/oGf4E0ET/6CP+LZyeNgEgsaiqpuuruCmDMNjvNtbWxube/sZvay+we5w6P88UlTy0QR6hHJpWoHWFPOIuoBA07bsaJYBJy2gtH11G89UKWZjO5hHFNf4EHEQkYwGOmu3oNevuCUnBnsdeIuSKGW+0yKN9nXRi//0+1LkggaAeFY647rxOCnWAEjnE6y3UTTGJMRHtCOoREWVPvp7NSJXTRK3w6lMhWBPVP/TqRYaD0WgekUGIZ61ZuK/3mdBMKqn7IoToBGZL4oTLgN0p7+bfeZogT42BBMFDO32mSIFSZg0lnaUva0kcpCDhUrg4jLggdSjiYmKHc1lnXSrJTcy1Ll1iRWRXNk0Bk6RxfIRVeohuqogTxE0AA9omf0Yj1Zb9a79TFv3bAWM6doCdbXL94Dn08=</latexit>

<latexit sha1_base64="5E9Our6nIy1aD1uxsWZp8uSS8eo="></latexit>

d(ut+1, S)
2

 d(ut+1,⇡S(ut))
2

= kut+1 � ⇡S(ut)k22

=

����
t[ut�⇡S(ut)]

t+1 +
[u(xt+1, yt+1)� ⇡S(ut)]

t+ 1

����
2

2

 t2d(ut, S)2

(t+ 1)2
+

ku(xt+1, yt+1)� ⇡S(ut)k2

(t+ 1)2
.

<latexit sha1_base64="deS5Nu6ZHFD7UmuLCotuDTWapa8=">AAACFHicbVC7SgNBFJ2NrxhfUcHGZjAIgpDsWsQ0QsDGMoJ5SBLC7GSSDJnZWWbuimHJVwhW+huCYCe29pb+hLWTR2ESD1w4nHMv997jh4IbcN0vJ7G0vLK6llxPbWxube+kd/cqRkWasjJVQumaTwwTPGBl4CBYLdSMSF+wqt+/HPnVO6YNV8ENDELWlKQb8A6nBKx0e9+KAZ9ib9hKZ9ysOwZeJN6UZIoH3xfe60tYaqV/Gm1FI8kCoIIYU/fcEJox0cCpYMNUIzIsJLRPuqxuaUAkM814fPAQH1uljTtK2woAj9W/EzGRxgykbzslgZ6Z90bif149gk6hGfMgjIAFdLKoEwkMCo++x22uGQUxsIRQze2tmPaIJhRsRjNbcmVjpZxUPc1zIMOcFL5S/VFQ3nwsi6RylvXy2fy1TayAJkiiQ3SETpCHzlERXaESKiOKJHpAT+jZeXTenHfnY9KacKYz+2gGzucvCo2iOw==</latexit>xt+1
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Proof
This gives: 

• assuming that                                   , this implies 

• Thus,                                    and

11

(t+ 1)2d(ut+1, S)
2  t2d(ut, S)

2 + 4R2;
<latexit sha1_base64="5ozjzjKTFd21g+2/GkroJHCiIY8="></latexit>

ku(xt+1, yt+1)k  R
<latexit sha1_base64="uodK4VrxmYWZiS/4gB2zOWD/ySU="></latexit>

<latexit sha1_base64="ofoAJtkb7jZ0rV6swdtQZs4Kwic="></latexit>

(t+ 1)2d(ut+1, S)
2  t2d(ut, S)

2 + ku(xt+1, yt+1)� ⇡S(ut)k2.

<latexit sha1_base64="uWg+fD2dS1elhHFB7YOnuBA1m4g="></latexit>

d(uT , S) 
2Rp
T
.

<latexit sha1_base64="DSqqtF9PMN6+jfgyTlqEpOMeUi4="></latexit>

T 2d(uT , S)
2  4TR2
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External Regret
   actions,               , losses bounded by one. 

Regret per round of algorithm    : 

Vectorial payoff: 

Approachable set:                      . 

Assumption holds: for any               ,  

Regret bound:                 (suboptimal).
12

K
<latexit sha1_base64="aYV2ee8piWI8aoglEx9SUKepjUM=">AAACDHicbVC7SgNBFJ2NrxhfUUtBBoNgld2NhekM2Ag2CbhJIC5hdjKbDJnZWWZmhbCktBKs9E8sAqKl/+A32Fs7eRQm8cCFwzn3cu89Qcyo0o7zZWVWVtfWN7Kbua3tnd29/P5BXYlEYuJhwYRsBkgRRiPiaaoZacaSIB4w0gj6V2O/cU+koiK61YOY+Bx1IxpSjLSRajftfMEpOhPAZeLOSOHyY1T7fjgeVdv5n7uOwAknkcYMKdVynVj7KZKaYkaGubtEkRjhPuqSlqER4kT56eTQITw1SgeGQpqKNJyofydSxJUa8MB0cqR7atEbi/95rUSHZT+lUZxoEuHpojBhUAs4/hp2qCRYs4EhCEtqboW4hyTC2mQzt8X2lJFsLnqS2prHNmeBEP2hCcpdjGWZ1EtF97xYqjmFShlMkQVH4AScARdcgAq4BlXgAQwIeATP4MV6sl6tN+t92pqxZjOHYA7W5y+4l6AY</latexit> X = �K

<latexit sha1_base64="q3jPkWivbCGDgjSE/x2HEvZxKtY=">AAACGXicbVBNS0JBFJ1nX2ZZVss2QyK00vdskZtAKCJoY5AfoCbzxlEHZ948Zu4L5OH/CFrVov9Rq2jbqj/SuvFjUdqBC4dz7uVcjh8KbsB1v5zEyura+kZyM7W1nd7Zzezt14yKNGVVqoTSDZ8YJnjAqsBBsEaoGZG+YHV/eD7x6/dMG66CWxiFrC1JP+A9TglY6a5lGvgMty6YANK57mSybt6dAi8Tb06y5fRblLtMvVQ6me9WV9FIsgCoIMY0PTeEdkw0cCrYONWKDAsJHZI+a1oaEMlMO55+PcY5q3RxT2k7AeCp+vsiJtKYkfTtpiQwMIveRPzPa0bQK7VjHoQRsIDOgnqRwKDwpALc5ZpRECNLCNXc/orpgGhCwRb1J6VQNVYqSDXQvAAyLEjhKzUc26K8xVqWSa2Y907yxRvbWAnNkESH6AgdIw+dojK6QhVURRRp9ICe0LPz6Lw6787HbDXhzG8O0B84nz9SZaM2</latexit>

A
<latexit sha1_base64="nzkg3aHsT54/136kFMVQNJMKr7Y=">AAACDnicbVC7TgJBFJ3FF+ILtTQxG4mJFexiIZ0YG0uILpDAhswOszBhHpuZWROyobQ0sdI/MTRq6y/4DfbWDo9CwJPc5OSce3PvPUFEidKO82WlVlbX1jfSm5mt7Z3dvez+QU2JWCLsIUGFbARQYUo49jTRFDciiSELKK4H/euxX7/HUhHB7/Qgwj6DXU5CgqA20m1LXbWzOSfvTGAvE3dGcpfvo+r3w/Go0s7+tDoCxQxzjShUquk6kfYTKDVBFA8zrVjhCKI+7OKmoRwyrPxkcurQPjVKxw6FNMW1PVH/TiSQKTVggelkUPfUojcW//OasQ5LfkJ4FGvM0XRRGFNbC3v8t90hEiNNB4ZAJIm51UY9KCHSJp25LQVPGanARE+SgmZRgdFAiP7QBOUuxrJMasW8e54vVp1cuQSmSIMjcALOgAsuQBncgArwAAJd8AiewYv1ZL1ab9bHtDVlzWYOwRysz19KOqDx</latexit>

S = [�1, 0]K
<latexit sha1_base64="CiIoDukwuysqhFVJJVupRQ5DaIc="></latexit>

O

⇣q
K
T

⌘

<latexit sha1_base64="02l2cQtp5S1kF5U9xIJiJdCfako="></latexit>

<latexit sha1_base64="oguct5kbsgYIb88Vi3xfvbYvTf4="></latexit>

RegT (A)

T
= max

a2[K]

1

T

TX

t=1

⇥
pt · `t � `t(a)

⇤
.

<latexit sha1_base64="QqDoPLaLvb5ApZ75VmdC1exbqmM="></latexit>

` 2 [0, 1]K

<latexit sha1_base64="0RwYyriagpSAzRmE40v0FNyUOyY="></latexit>

u(pt, `t) =


pt·`t�`t(a1)...
pt·`t�`t(aK)

�
.

<latexit sha1_base64="BKPjX11o/DZvrCz6i4qeXYRpc8U="></latexit>

u(pt, `t) 2 S for pt = ek, with k 2 argmin
k2[K]

`(ak).
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Approachability Using OCO
Fenchel duality: 

13

(Abernethy et al., 2011; Dann et al., 2023)

d(x, S) = min
s2S

kx� sk2

= min
s2Rd

kx� sk2 + IS(s) (def. of IS)

= max
✓2Rd

�
�
IB2(0,1)(✓) + ✓ · x

 
� sup

s2S
{�✓ · s} (Fenchel duality theorem)

= max
✓2B2(0,1)

�✓ · x� sup
s2S

{�✓ · s} (def. of IB2(0,1))

= max
✓2B2(0,1)

⇢
✓ · x� sup

s2S
✓ · s

�
.

<latexit sha1_base64="77ORQcedlJ93A52y8swM0klHFkg="></latexit> | {z }
<latexit sha1_base64="axJ0Q+9pBKP7pRUq0mtVvYrGTuo="></latexit>

I⇤S(✓)
<latexit sha1_base64="0MMnK1rl68saVX6NMsrMKxqJHdE="></latexit>
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OCO-Based Algorithm

Guarantee:

14

<latexit sha1_base64="XcrghR5syci91NEYlteBOfZeWk8="></latexit>

OCO2APP(A, S)

1 ✓1  Random(B(0, 1))
2 for t 1 to T do
3 pt  p 2 �K : 8y 2 Y, ✓t ·u(p, y)  maxs2S ✓t ·s . exists by sep. assumption
4 yt  Receive(Y)
5 ft  ✓ 7! maxs2S ✓ ·s� ✓ · u(pt, yt)
6 ✓t+1  A(f t

1, ✓
t
1)

<latexit sha1_base64="/KIuYlNuO/xeTZR5sshuRHr9/oI="></latexit>

d(uT , S) = max
✓2B2(0,1)

⇢
✓ · uT �max

s2S
✓ · s

�

= max
✓2B2(0,1)

(
� 1

T

TX

t=1

ft(✓)

)
= � min

✓2B2(0,1)

(
1

T

TX

t=1

ft(✓)

)

=
RegT (A)

T
� 1

T

TX

t=1

ft(✓t)| {z }
�0

 RegT (A)

T
.
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-Approachabilityℓ∞
Assumptions:              and              convex and compact sets, 
biaffine vectorial payoff                          ,              a closed 
convex set. 

Definition:    is -approachable if there exists an algorithm     
such that for any sequence                         and                          
with                                   , 

• for any            ,  

• repeated game, adaptive player strategy.

ℓ∞

15

<latexit sha1_base64="pd0k8P5wpWpTdM0R1hf+lDTPBjw="></latexit>

X ⇢ Rn
<latexit sha1_base64="3tJSSi4n1OUjDoucXfQc3FwpQpw="></latexit>

Y ⇢ Rm
<latexit sha1_base64="9mzam/2D5KEhXk9Y3SYUxLviSm4="></latexit>

u : X⇥ Y ! Rd
<latexit sha1_base64="uVqdRd3EsiBjPu6woMsytNK3LQs="></latexit>

S ⇢ Rd

S
<latexit sha1_base64="fQyQ4tQCbMx+7KEa0BhJ+cc77EQ=">AAACDHicbVC7SgNBFJ2NrxhfUUtBBoNgld2NhekM2Fgm6CaBuITZyWwyZGZnmZkVwpLSSrDSP7EIiJb+g99gb+3kUZjEAxcO59zLvfcEMaNKO86XlVlZXVvfyG7mtrZ3dvfy+wd1JRKJiYcFE7IZIEUYjYinqWakGUuCeMBII+hfjf3GPZGKiuhWD2Lic9SNaEgx0kaq3bTzBafoTACXiTsjhcuPUe374XhUbed/7joCJ5xEGjOkVMt1Yu2nSGqKGRnm7hJFYoT7qEtahkaIE+Wnk0OH8NQoHRgKaSrScKL+nUgRV2rAA9PJke6pRW8s/ue1Eh2W/ZRGcaJJhKeLwoRBLeD4a9ihkmDNBoYgLKm5FeIekghrk83cFttTRrK56Elqax7bnAVC9IcmKHcxlmVSLxXd82Kp5hQqZTBFFhyBE3AGXHABKuAaVIEHMCDgETyDF+vJerXerPdpa8aazRyCOVifv8XXoCA=</latexit>

A
<latexit sha1_base64="nzkg3aHsT54/136kFMVQNJMKr7Y=">AAACDnicbVC7TgJBFJ3FF+ILtTQxG4mJFexiIZ0YG0uILpDAhswOszBhHpuZWROyobQ0sdI/MTRq6y/4DfbWDo9CwJPc5OSce3PvPUFEidKO82WlVlbX1jfSm5mt7Z3dvez+QU2JWCLsIUGFbARQYUo49jTRFDciiSELKK4H/euxX7/HUhHB7/Qgwj6DXU5CgqA20m1LXbWzOSfvTGAvE3dGcpfvo+r3w/Go0s7+tDoCxQxzjShUquk6kfYTKDVBFA8zrVjhCKI+7OKmoRwyrPxkcurQPjVKxw6FNMW1PVH/TiSQKTVggelkUPfUojcW//OasQ5LfkJ4FGvM0XRRGFNbC3v8t90hEiNNB4ZAJIm51UY9KCHSJp25LQVPGanARE+SgmZRgdFAiP7QBOUuxrJMasW8e54vVp1cuQSmSIMjcALOgAsuQBncgArwAAJd8AiewYv1ZL1ab9bHtDVlzWYOwRysz19KOqDx</latexit>

<latexit sha1_base64="qiAxuOx2GtAdLFYGtA2lRodi1e8="></latexit>

y1, . . . , yT 2 Y
<latexit sha1_base64="YDFn78o2GLORjm79xy/X+NnF1w8="></latexit>

x1, . . . , xT 2 X
<latexit sha1_base64="bDC/0aMb6XZggKnghDPysyf9Tyw="></latexit>

xt = A(y1, . . . , yt�1)

<latexit sha1_base64="omSDRMiIw68ZEVf7l+z8MKwsrOs=">AAACGHicbVC7SgNBFJ31Gd9RS5vBIFgluyIasDBgYxnFRCFZZXYyMUPmsc7cFWII+BeClf6JXbC18x9EbLR2klgY44ELh3Pu5VxOFAtuwfdfvbHxicmp6dTM7Nz8wuJSenmlbHViKCtRLbQ5i4hlgitWAg6CncWGERkJdho1D3r+6TUzlmt1Aq2YhZJcKl7nlICTwhtc5QpXjy2D89pFOuNn/T7wKAl+SGb/4/3z7ba7V7xIf1VrmiaSKaCCWFsJ/BjCNjHAqWCd2WpiWUxok1yyiqOKSGbDdv/pDt5wSg3XtXGjAPfV3xdtIq1tychtSgIN+9frif95lQTq+bDNVZwAU3QQVE8EBo17DeAaN4yCaDlCqOHuV0wbxBAKrqehlFzJOikndcPwHMg4J0WkdbPjigr+1jJKylvZYCe7feRnCnk0QAqtoXW0iQK0iwroEBVRCVF0he7QA3r07r0nr+s9D1bHvJ+bVTQE7+UbmSSmJw==</latexit>

z 2 Rd

(e.g., Dann et al., 2023)

<latexit sha1_base64="O3IyCYqZuu5q2GIwZM6BIfHbCeI="></latexit>

lim
t!+1

d1

 
1

T

TX

t=1

u(xt, yt), S

!
= 0.

<latexit sha1_base64="Rt94I0UeGl4qRP8E2IheXd1HDWk="></latexit>

d(z, S) = inf
s2S

kz � sk1.
ut

<latexit sha1_base64="sXIsSK8ej4KhraIlSdt+zQ1KbGc=">AAACEnicbVBNS0JBFJ1nX2ZZVss2QyK00vdskUshiJYG+QH6kHnjPB2cefOYuU8Q8UcErWrfj2hXbfsD/ZHWjR+L1A5cOJxzL/feE8SCG3Ddbye1tb2zu5fezxwcZo+OcyenDaMSTVmdKqF0KyCGCR6xOnAQrBVrRmQgWDMY3sz85ohpw1X0AOOY+ZL0Ix5ySsBKzY4a4aQL3VzeLbpz4E3iLUm+mv1ICreZ11o399PpKZpIFgEVxJi258bgT4gGTgWbZjqJYTGhQ9JnbUsjIpnxJ/Nzp7hglR4OlbYVAZ6rfycmRBozloHtlAQGZt2bif957QTCij/hUZwAi+hiUZgIDArPfsc9rhkFMbaEUM3trZgOiCYUbEIrW0p1Y6WSVAPNSyDjkhSBUsOpDcpbj2WTNMpF76pYvreJVdACaXSOLtAl8tA1qqI7VEN1RNEQPaJn9OI8OW/Ou/O5aE05y5kztALn6xcMkKEF</latexit>

<latexit sha1_base64="tx4ozzq5qcxbSjQkrz9yYRltSb8="></latexit>

d1(ut, S) <latexit sha1_base64="qXifxLyOS5LBry1K5IJ1qXAAkKw="></latexit>

d2(ut, S)

<latexit sha1_base64="Hdfi1Zta6ITfSLguJhv0mMQ3Ets=">AAACDnicdVBNS0JBFJ1nX2ZfVssghiRope9FmK4S2rRU7KmgD5k3jjo48+YxMy+Qh8uWQav6J+Gm2vYX+g3tWzdqQfZx4MLhnHu59x4/ZFRp2361EguLS8srydXU2vrG5lZ6e6emRCQxcbFgQjZ8pAijAXE11Yw0QkkQ9xmp+4PziV+/IlJREVzqYUg8jnoB7VKMtJGqLVVtpzN2tmg7xbwDfxMna0+ROXsaV96u98fldvq91RE44iTQmCGlmo4dai9GUlPMyCjVihQJER6gHmkaGiBOlBdPTx3BQ6N0YFdIU4GGU/X7RIy4UkPum06OdF/99CbiX14z0t2CF9MgjDQJ8GxRN2JQCzj5G3aoJFizoSEIS2puhbiPJMLapDO3JecqI+W46Eua0zzMceYLMRiZoL7SgP+T2nHWyWdPKnamVAAzJMEeOABHwAGnoAQuQBm4AIMeuAF34N66tR6sR+t51pqwPmd2wRyslw/lmqFW</latexit>

S
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-Approachability Using OCOℓ∞
Fenchel duality: 

16

(Abernethy et al., 2011; Dann et al., 2023)

<latexit sha1_base64="b/bbqSI+9jDChljp53/zc7L6P9Q="></latexit>

d1(x, S) = min
s2S

kx� sk1

= min
s2Rd

kx� sk1 + IS(s) (def. of IS)

= max
✓2Rd

�
�
IB1(0,1)(✓) + ✓ · x

 
� sup

s2S
{�✓ · s}

(Fenchel duality theorem)

= max
✓2B1(0,1)

�✓ · x� sup
s2S

{�✓ · s} (def. of IB1(0,1))

= max
✓2B1(0,1)

⇢
✓ · x� sup

s2S
✓ · s

�
.
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-OCO-Based Algorithmℓ∞

Guarantee:

17

<latexit sha1_base64="XcrghR5syci91NEYlteBOfZeWk8="></latexit>

OCO2APP(A, S)

1 ✓1  Random(B(0, 1))
2 for t 1 to T do
3 pt  p 2 �K : 8y 2 Y, ✓t ·u(p, y)  maxs2S ✓t ·s . exists by sep. assumption
4 yt  Receive(Y)
5 ft  ✓ 7! maxs2S ✓ ·s� ✓ · u(pt, yt)
6 ✓t+1  A(f t

1, ✓
t
1)

<latexit sha1_base64="Y47C0udPtDbIn42hO7DQSwZWm6g="></latexit>

d(uT , S) = max
✓2B1(0,1)

⇢
✓ · uT �max

s2S
✓ · s

�

= max
✓2B1(0,1)

(
� 1

T

TX

t=1

ft(✓)

)
= � min

✓2B1(0,1)

(
1

T

TX

t=1

ft(✓)

)

=
RegT (A)

T
� 1

T

TX

t=1

ft(✓t)| {z }
�0

 RegT (A)

T
.
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External Regret
   actions,               , losses bounded by one. 

Vectorial payoff and regret per round of algorithm    : 

Approachable set:                      . 

Choice of     :  

Loss function:  

Algorithm    : use EG algorithm. 

Regret bound:                   .
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K
<latexit sha1_base64="aYV2ee8piWI8aoglEx9SUKepjUM=">AAACDHicbVC7SgNBFJ2NrxhfUUtBBoNgld2NhekM2Ag2CbhJIC5hdjKbDJnZWWZmhbCktBKs9E8sAqKl/+A32Fs7eRQm8cCFwzn3cu89Qcyo0o7zZWVWVtfWN7Kbua3tnd29/P5BXYlEYuJhwYRsBkgRRiPiaaoZacaSIB4w0gj6V2O/cU+koiK61YOY+Bx1IxpSjLSRajftfMEpOhPAZeLOSOHyY1T7fjgeVdv5n7uOwAknkcYMKdVynVj7KZKaYkaGubtEkRjhPuqSlqER4kT56eTQITw1SgeGQpqKNJyofydSxJUa8MB0cqR7atEbi/95rUSHZT+lUZxoEuHpojBhUAs4/hp2qCRYs4EhCEtqboW4hyTC2mQzt8X2lJFsLnqS2prHNmeBEP2hCcpdjGWZ1EtF97xYqjmFShlMkQVH4AScARdcgAq4BlXgAQwIeATP4MV6sl6tN+t92pqxZjOHYA7W5y+4l6AY</latexit> X = �K

<latexit sha1_base64="q3jPkWivbCGDgjSE/x2HEvZxKtY=">AAACGXicbVBNS0JBFJ1nX2ZZVss2QyK00vdskZtAKCJoY5AfoCbzxlEHZ948Zu4L5OH/CFrVov9Rq2jbqj/SuvFjUdqBC4dz7uVcjh8KbsB1v5zEyura+kZyM7W1nd7Zzezt14yKNGVVqoTSDZ8YJnjAqsBBsEaoGZG+YHV/eD7x6/dMG66CWxiFrC1JP+A9TglY6a5lGvgMty6YANK57mSybt6dAi8Tb06y5fRblLtMvVQ6me9WV9FIsgCoIMY0PTeEdkw0cCrYONWKDAsJHZI+a1oaEMlMO55+PcY5q3RxT2k7AeCp+vsiJtKYkfTtpiQwMIveRPzPa0bQK7VjHoQRsIDOgnqRwKDwpALc5ZpRECNLCNXc/orpgGhCwRb1J6VQNVYqSDXQvAAyLEjhKzUc26K8xVqWSa2Y907yxRvbWAnNkESH6AgdIw+dojK6QhVURRRp9ICe0LPz6Lw6787HbDXhzG8O0B84nz9SZaM2</latexit>

A
<latexit sha1_base64="nzkg3aHsT54/136kFMVQNJMKr7Y=">AAACDnicbVC7TgJBFJ3FF+ILtTQxG4mJFexiIZ0YG0uILpDAhswOszBhHpuZWROyobQ0sdI/MTRq6y/4DfbWDo9CwJPc5OSce3PvPUFEidKO82WlVlbX1jfSm5mt7Z3dvez+QU2JWCLsIUGFbARQYUo49jTRFDciiSELKK4H/euxX7/HUhHB7/Qgwj6DXU5CgqA20m1LXbWzOSfvTGAvE3dGcpfvo+r3w/Go0s7+tDoCxQxzjShUquk6kfYTKDVBFA8zrVjhCKI+7OKmoRwyrPxkcurQPjVKxw6FNMW1PVH/TiSQKTVggelkUPfUojcW//OasQ5LfkJ4FGvM0XRRGFNbC3v8t90hEiNNB4ZAJIm51UY9KCHSJp25LQVPGanARE+SgmZRgdFAiP7QBOUuxrJMasW8e54vVp1cuQSmSIMjcALOgAsuQBncgArwAAJd8AiewYv1ZL1ab9bHtDVlzWYOwRysz19KOqDx</latexit>

S = [�1, 0]K
<latexit sha1_base64="CiIoDukwuysqhFVJJVupRQ5DaIc="></latexit>

<latexit sha1_base64="t6p3LUaKVprF1LGjhiiYu+7xFFs="></latexit>����
RegT (A)

T

���� =

�����
1

T

TX

t=1

u(pt, yt)

�����
1

.

<latexit sha1_base64="x73XIWJX2350F1ubI2iEM76BK+0=">AAACEXicbVDLTgJBEJzFF6Io6tHLRkLiCXY9IEcSE+MRExdIYENmh1kYmdnZzPSakA3/YOJJP8B/8Ga4+gX+iGeHx0HASjqpVHWnuyuIOdPgON9WZmt7Z3cvu587OMwfHRdOTptaJopQj0guVTvAmnIWUQ8YcNqOFcUi4LQVjG5mfuuJKs1k9ADjmPoCDyIWMoLBSM2uDuMe9ApFp+zMYW8Sd0mK9fw0Kd3m3hu9wk+3L0kiaASEY607rhODn2IFjHA6yXUTTWNMRnhAO4ZGWFDtp/NrJ3bJKH07lMpUBPZc/TuRYqH1WASmU2AY6nVvJv7ndRIIa37KojgBGpHFojDhNkh79rrdZ4oS4GNDMFHM3GqTIVaYgAloZUvF00aqCDlUrAIirggeSDmamKDc9Vg2SfOq7FbL1XuTWA0tkEXn6AJdIhddozq6Qw3kIYIe0TN6RW/Wi/VhfVrTRWvGWs6coRVYX7+WwKDR</latexit>pt
<latexit sha1_base64="/LyESKfarC2blVUHP+ido0/4NuY="></latexit>

pt = ✓t 2 �K .
<latexit sha1_base64="05js7U20SjZTOvuVqZQtKBjqBQo="></latexit>

ft(✓) = �✓ · u(pt, `t) = �✓ · u(✓t, `t).
<latexit sha1_base64="SabX2D+Yuv8hT5vb1EbASlVM8ag=">AAACDnicbVC7TgJBFJ3FF+ILtTQxG4mJFexaIJ0YG0uILpDAhswOszBhHpuZWROyobQ0sdI/MTRq6y/4DfbWDo9CwJPc5OSce3PvPUFEidKO82WlVlbX1jfSm5mt7Z3dvez+QU2JWCLsIUGFbARQYUo49jTRFDciiSELKK4H/euxX7/HUhHB7/Qgwj6DXU5CgqA20m0LXbWzOSfvTGAvE3dGcpfvo+r3w/Go0s7+tDoCxQxzjShUquk6kfYTKDVBFA8zrVjhCKI+7OKmoRwyrPxkcurQPjVKxw6FNMW1PVH/TiSQKTVggelkUPfUojcW//OasQ5LfkJ4FGvM0XRRGFNbC3v8t90hEiNNB4ZAJIm51UY9KCHSJp25LQVPGanARE+SgmZRgdFAiP7QBOUuxrJMaud5t5gvVp1cuQSmSIMjcALOgAsuQBncgArwAAJd8AiewYv1ZL1ab9bHtDVlzWYOwRysz18x7qDo</latexit>

A
<latexit sha1_base64="6Hu8pC7fL4iWRksyq/2HaqW9P9Q="></latexit>

2
p
T logK

<latexit sha1_base64="jIYKx5nfS5+oY74vWwJqYXy54S4="></latexit>

u(pt, `t) =


pt·`t�`t(a1)...
pt·`t�`t(aK)

�
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