Proof of the uniform convexity lemma
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Fix 1 < p < 2. Our goal is to prove that for every a,b € Ly,
lla + Bl + (p = Dlla = bl < 2([lall; + [|5I]5)- (1)
We require the following numerical lemma:

Lemma 0.1. For 0 <r <1 define

a(r)=1+rP 7 +1—=r)P! and B(r) =

Then for every A, B € R,
a(r)| AP + B(r)| Bl < |A+ BJ” + |A - BJ".

Proof. We may clearly assume that A, B > 0. Observe first of all that 5(r) < a(r) for all r € [0, 1].
Indeed, setting h(r) = a(r) — B(r) we have (since 1 < p < 2) that h(0) = 2 and
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It follows that if 0 < A < B then a(r) AP+ ((r)BP < a(r)BP+ ((r) AP, which implies that it enough
to prove that for 0 < B < A, a(r)AP + 3(r)B? < (A+ B)P + (A — B)P. Dividing by A, it suffices
to show that for 0 < R < 1, the function F(r) = «(r) + RPS(r) achieves its global maximum at
r = R. But
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Thus, the only point in (0,1) at which F’ vanishes is r = R, and since 1 < p < 2, F’(1) is negative.
This implies that F' is maximal at r = R. ]

Corollary 0.2 (Hanner’s inequality for 1 < p < 2). For every f,g € Ly,

A1l = Ngllp[” + (Lfllp + Ngllp)? < 1f +gllp + 1Lf = gllp-

Proof. By symmetry we may assume that r = ||g||,/||f|l, < 1. By Lemma 0.1 the following point-
wise inequality holds:

a(r)[fIP+Br)gl” < [f + 9P +|f — gl”.

Integrating and simplifying gives the required result. O

The following numerical lemma is well known.



Lemma 0.3 (Beckner’s two-point inequality). For every a,b € R,

a4 b|P + \a—b|p>1/p

(a2 + (p— DB/ < ( !

Proof. If |a| < |b| then since p < 2, a® + (p — 1)b? < b? + (p — 1)a®. We may therefore assume that
a| > |b] > 0. Set & = b/a. Our goal is to show that [1 + (p — 1)z2]P/2 < U2)"HA=2)” gy every
2
z € [-1,1]. Now, w =3 (h)z? > 1+ @m{ where we have used the fact that
since p < 2, (£) > 0. Finally, the inequality 1 + =) 52 > [14 (p — 1)z2]P/? follows from the
2% 2
elementary fact that (1 +¢)* <1+ at for every t,a € [0,1]. O

Let’s complete the proof of (1). Fix z,y € L,. Then

(since p < 2)

1/2
(nm +ullp + e — sz) . (||w+y||£ +lz yug)”p
2 2

1/p
x|lp + Pdllz|lp — P
[(! o + ) + |l Hyupil Hammer's nequaliy

2
> [||:UH]2, +(p— 1)Hy||;,2)]1/2 (Beckner’s inequality),

and this is equivalent to (1) (setting a =z +y and b = x — y).



