Contents

0. Definitions and Notations . . . . . . . . . . . . . . . . . . . . . . . 1 1. Density Problems for Packings and Coverings

1.1 Basic Questions and Definitions . . . . . . . . . . . . . . . 5 1.2 The Least Economical Convex Sets for Packing . . . . . 10 1.3 The Least Economical Convex Sets for Covering . . . . . 15 1.4 How Economical Are the Lattice Arrangements? . . . . 19 1.5 Packing with Semidisks, and the Role of Symmetry . . . 23 1.6 Packing Equal Circles into Squares, Circles, Spheres . . 28 1.7 Packing Equal Circles or Squares in a Strip . . . . . . . . 44 1.8 The Densest Packing of Spheres . . . . . . . . . . . . . . . 48 1.9 The Densest Packings of Specific Convex Bodies . . . . . 56 1.10 Linking Packing and Covering Densities . . . . . . . . . . 61 1.11 Sausage Problems and Catastrophes . . . . . . . . . . . . 67 2. Structural Packing and Covering Problems

2.1 Decomposition of Multiple Packings and Coverings . . . 75 2.2 Solid and Saturated Packings and Reduced Coverings . 81 2.3 Stable Packings and Coverings . . . . . . . . . . . . . . . . 88 2.4 Kissing and Neighborly Convex Bodies . . . . . . . . . . . 93 2.5 Thin Packings with Many Neighbors . . . . . . . . . . . . 106 2.6 Permeability and Blocking Light Rays . . . . . . . . . . . 115 3. Packing and Covering with Homothetic Copies

3.1 Potato Bag Problems . . . . . . . . . . . . . . . . . . . . . . 121 3.2 Covering a Convex Body with Its Homothetic Copies . . 131 3.3 Levi-Hadwiger Covering Problem and Illumination . . . 136 3.4 Covering a Ball by Slabs . . . . . . . . . . . . . . . . . . . . 143 3.5 Point Trapping and Impassable Lattice Arrangements . 149

4. Tiling Problems

4.1 Tiling the Plane with Congruent Regions . . . . . . . . . 161 4.2 Aperiodic Tilings and Tilings with Fivefold Symmetry . 170 4.3 Tiling Space with Polytopes . . . . . . . . . . . . . . . . . 176 5. Distance Problems

5.1 The Maximum Number of Unit Distances in the Plane . 183 5.2 The Number of Equal Distances in Other Spaces . . . . 191 5.3 The Minimum Number of Distinct Distances in the Plane 200 5.4 The Number of Distinct Distances in Other Spaces . . . 209 5.5 Repeated Distances in Point Sets in General Position . . 214 5.6 Repeated Distances in Point Sets in Convex Position . . 217 5.7 Frequent Small Distances and Touching Pairs . . . . . . . 222 5.8 Frequent Large Distances . . . . . . . . . . . . . . . . . . . 230 5.9 Chromatic Number of Unit-Distance Graphs . . . . . . . 234 5.10 Further Problems on Repeated Distances . . . . . . . . . 245 5.11 Integral or Rational Distances . . . . . . . . . . . . . . . . 248 6. Problems on Repeated Subconfigurations 6.1 Repeated Simplices and Other Patterns . . . . . . . . . . 259 6.2 Repeated Directions, Angles, Areas . . . . . . . . . . . . . 270 6.3 Euclidean Ramsey Problems . . . . . . . . . . . . . . . . . 280 7. Incidence and Arrangement Problems 7.1 The Maximum Number of Incidences . . . . . . . . . . . . 289 7.2 Sylvester–Gallai-Type Problems . . . . . . . . . . . . . . . 302 7.3 Line Arrangements Spanned by a Point Set . . . . . . . . 311 8. Problems on Points in General Position 8.1 Structure of the Space of Order Types . . . . . . . . . . . 325 8.2 Convex Polygons and the Erdős–Szekeres Problem . . . 329 8.3 Halving Lines and Related Problems . . . . . . . . . . . . 345 8.4 Extremal Number of Special Subconfigurations . . . . . . 354 8.5 Other Problems on Points in General Position . . . . . . 364

9. Graph Drawings and Geometric Graphs 9.1 Graph Drawings . . . . . . . . . . . . . . . . . . . . . . . . . 373 9.2 Drawing Planar Graphs . . . . . . . . . . . . . . . . . . . . 375 9.3 The Crossing Number . . . . . . . . . . . . . . . . . . . . . 383 9.4 Other Crossing Numbers . . . . . . . . . . . . . . . . . . . 389 9.5 From Thrackles to Forbidden Geometric Subgraphs . . . 396 9.6 Further Turán-Type Problems . . . . . . . . . . . . . . . . 401 9.7 Ramsey-Type Problems . . . . . . . . . . . . . . . . . . . . 408 9.8 Geometric Hypergraphs . . . . . . . . . . . . . . . . . . . . 414 10. Lattice Point Problems

10.1 Packing Lattice Points in Subspaces . . . . . . . . . . . . 417 10.2 Covering Lattice Points by Subspaces . . . . . . . . . . . . 422 10.3 Sets of Lattice Points Avoiding Other Regularities . . . . 425 10.4 Visibility Problems for Lattice Points . . . . . . . . . . . . 430 11. Geometric Inequalities

11.1 Isoperimetric Inequalities for Polygons and Polytopes . . 435 11.2 Heilbronn-Type Problems . . . . . . . . . . . . . . . . . . . 443 11.3 Circumscribed and Inscribed Convex Sets . . . . . . . . . 451 11.4 Universal Covers . . . . . . . . . . . . . . . . . . . . . . . . . 457 11.5 Approximation Problems . . . . . . . . . . . . . . . . . . . 466 12. Index

12.1 Author Index . . . . . . . . . . . . . . . . . . . . . . . . . . . 473 12.2 Subject Index . . . . . . . . . . . . . . . . . . . . . . . . . . 491

Table of Contents 1