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PROBLEM
In recent works, general algorithms for the exact reduc-
tions of rule-based models were established. However,
especially in the stochastic setting, the reduced state
space often remains combinatorially large.
Can we quantitatively study the effect of approximate
reductions of rule-based models?
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CONTRIBUTIONS
1. A procedure for running approximate reduc-

tions over a formalism of site-graph-rewrite
rules;

2. Error measure based on KL divergence

X point-wise and trace distributions for
discrete time (can be extended to
continuous-time)

3. Case studies:

X A sound and complete reduction with ex-
ponentially smaller state-space,

X Convergence of completeness error for ran-
dom initial distributions.

METHOD
Site-graph-rewrite rules
The cellular signalling program is executed by ap-
plying the rules according to Gillespie’s algorithm.
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The internal sites are encoded as binding events. For
example, phosphorylation is incorporated in the model
by binding a phosphate group Ph, which is assumed
to be highly abundant.

Fragmentation: overview
A mechanistic model of the network of EGF and insulin
receptor crosstalk is taken from [2].
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ERROR MEASURE
Given a Markov chain and a lumping relation on its
state space, lumpability [1] guarantees that the pro-
jected process remains Markovian, and that the sound
(and complete) reduction is possible.
KL-divergence (relative entropy) between probabil-
ity distributions p and q, over the state space S =
{x1, . . . , xM}:

DKL(p||q) =
∑
x∈S

p(x) log
p(x)

q(x)
.

KL-divergence between distributions over traces of
length n, generated by two discrete-time Markov
chains (DTMC’s) with transition matrices P and Q,
such that P is absolutely continuous with respect toQ:

DKL(p
(1:n)||q(1:n)

) =
n∑

t=1

∑
x∈S

pt(x)f(x)

where f(x) =
∑

xj∈S
P (x, xj) log

P (x,xj)

Q(x,xj)
.

t = k + 2

DKL(pk||qk)

DKL
(p

(1:
n) ||q

(1:
n) )

P
Q

. . .

(pointwise distance)

. . .
{

t = k

t = k + 1

KL-divergance rate [3] between two DTMC’s over the
state space S, given by transition matrices P and Q,
with a unique stationary distribution π, and such that
P is absolutely continuous with respect toQ:

DKL(P ||Q) = lim
n→∞

1

n
DKL(p

(1:n)||q(1:n)
)

=
∑
x∈S

π(x)f(x).
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Summary of reduction properties for c∗3 ∈ {0, c3}.

nA = nB = n S F1 F2

dim. of st. sp. O(4n) 7 6
size of st. sp. O(4n) O(n7) O(n6)
soundness error, c4 = 0
c∗3 = 0, Ω = 10 0 0 0
c∗3 = c3, Ω = 10 0 0([1]) (a)
c∗3 = c3, Ω → ∞ 0 0([1]) 0([4])
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Simulation results: a) the soundness error, b) the absolute error between the
correct and approximated rate, c) the decay of completeness error.
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FUTURE WORK
Extension of the error measure to the
continuous-time case; Developing meth-
ods for error estimation without executing the
species-based model; Estimating error for ODE
fragments.


