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Abstract

The Euler-Maxwell system describes the evolution of a plasma when the collisions are im-
portant enough that each species is in a hydrodynamic equilibrium. In this paper we prove
global existence of small solutions to this system set in the whole three-dimensional space, by
combining the space-time resonance method and energy estimates.
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1 Introduction

1.1 Plasma physics and Euler-Maxwell

There are different models to describe the state of a plasma depending on several parameters such
as the Debey length, the plasma frequency, the collision frequencies between the different species...
Formal derivation of these models can be found in Plasma Physics textbooks (see for instance
Bellan [1], Boyd and Sanderson [4], Dendy [8] and the paper [2] ...)

Since the plasma consists of a very large number of interacting particles, it is appropriate to
adopt a statistical approach to describe it. In the kinetic description, it is only necessary to evolve
the distribution function f, (¢, z,v) for each species in the system. Vlasov equation is used in this
case with the Lorentz force term and a collision term. It is coupled with the Maxwell equations for
the electromagnetic fields.



If collisions are important, then each species is in a local equilibrium and the plasma is treated
as a fluid. More precisely it is treated as a mixture of two or more interacting fluids. This is the
two-fluid model or the so-called Euler-Maxwell system. We refer to [23, 16, 21] for more about
hydrodynamic limits. Another level of approximation consists in treating the plasma as a single
fluid by using the fact that the mass of the electrons is much smaller than the mass of the ions.
This is the model which we are going to consider in this paper.

1.2 The Euler-Maxwell equation
The Cauchy problem for the one fluid version of the Euler-Maxwell system reads
p (O +u-Vu) = —&Wf))Vp— 2 (E+ %u X B)

dhp+V-(pu)=0
OB+ cVxE=0

OE — ¢V x B = 4mepu (1.1)
V- E =4re(p—p)
V-B=0

('LL, P E7B)(t = 0) = (Uo, PO>E07 BO)

\

The unknown functions are: p, the density of electrons; u, the average velocity of the electrons;
E, the electric field; B the magnetic field. The physical constants are: ¢, the speed of light; e, the
charge of the electron; m, the mass of the electron. Finally, p is the uniform density of ions, and
the electron gas is supposed to be barotropic, the pressure being given by p(p).

Let us first recall a few results related to (1.1). Global existence of weak solutions was obtained
for a related 1d model in [5] using compensated compactness. Also, several asymptotic problems
(WKB asymptotics, incompressible limit, non-relativistic limit, quasi-neutral limit...) were studied
to derive simplified models starting from the Euler-Maxwell system [31, 33, 32, 28]. We also refer
to [25] where the incompressible Navier-Stokes system is studied.

Going back to our system (1.1), we notice that the two last equations above can be removed,
as soon as they are satisfied at the initial time, which we assume from now on: they are then
conserved by the flow given by the first four.

1.3 Vicinity of the trivial equilibrium state

An obvious equilibrium state of the above system is (p,u, E, B) = (p,0,0,0). In order to study
its stability, it is instructive to linearize the above system, and compute evolution equations for its
unknowns. It is convenient then to split u into its divergence-free part Pu, and its curl-free part
Qu: v = Pu+ Qu. Similarly, £ = PE + QF. The obtained system reads

QF
(O —EA+w2) | p—p | =0
Qu
PE
(0F = A+ w)) ( V x B + 42 py > =0
k 8t(B—%V><u):O

where the speed of sound ¢, and the plasma frequency w, are given by

=
Cs = P'(p) and wp, =
m m

4me2p




Thus around the equilibrium, and at a linear level, some unknowns are governed by Klein Gordon
equation (with different speeds), whereas the quantity B —“*V xu is conserved. The Klein Gordon
equations entail decay, which is one of the keys of the global stability result which we will prove;
as for the quantity B — “*V x u, no decay is to be expected a priori. We will therefore set it to
zero, which, as it turns out, is conserved by the nonlinear flow.

1.4 Adimensionalization and reductions

In the following, we set for simplicity the physical constants m, e, ¢, as well as p to 1. We also drop
the 4 factors, since they are irrelevant. However ¢2 = p/(p) = p/(1) remains a number less than 1.
In order to simplify a little bit the estimates, we assume

Finally, set

The Cauchy problem becomes

( Ou+u-Vu=—c?pVp—E—uxB
Op+V-(pu) =0
OB+ VXxE=0

(EM) OFE —V x B = pu
V-E=-n
V-B=0

(u,n, E, B)(t = 0) = (ug, no, Eo, Bo).
We shall furthermore assume that, initially,
B =V xu. (1.2)

This condition is conserved by the flow of the above system: in order to see this, use the identity
2
u-Vu=—ux(Vxu) —i—V% to compute

W(B—-Vxu)=Vx(u-Vu+uxB)

2
=V x (—uX(qu)+V|u2|) -V x (ux B)
=Vx(ux(B-Vxu)).
The linearized system reads now
Qu
(0} — 2A+1) n =0
QE
P (1.3)
(0 —A+1)| PE | =0.
B




1.5 Obtained results

. . d . .
Prior to stating our theorem, we need to define the operator A lef % (see Section 2 for the precise

definition of this operator).

Theorem 1.1. Assume that the resonance separation condition 4.1 holds; it is the case generically
in cs. Fix ag > 0. Then there exists Cy, ey, Ng > 0 such that: if € < g, N > Ny and

H(:’E>1+OCU(UO,A7’L0,E0,ABO N <€,

i

then there exists a unique global solution of (EM) such that
" [<t>_coell(u,/1n, E,AB)(®)llp~ + V(D[ (u, An, B, AB)(#) |3 ] < €.

Furthermore, it scatters as t goes to infinity in that there exists a solution (ug,ng, Eg, By) of the
linear system (1.3) corresponding to intial data in HN=2 such that

|(u,n, E, B)(t) — (u¢, ng, Eo, Be)(t)|| gn—2 — 0 ast — 00.
Remark 1.2. A few observations on the hypotheses on the initial data:

o The requirements on Ang and ABy imply necessarily that fng = and f By = 0. In particular
this is consistent with the electric neutrality.

e We did not try to optimize the number of derivatives in L* required (N ), but rather aimed at
a proof as simple as possible. On the other hand, the weight appearing above ({x)'T%) seems
nearly optimal; a more precise analysis would maybe allow (x) instead of (x)1T.

The proof will be essentially split into two parts: controling the H" norm of (u,n, E, B); and
proving the decay in various norms. The former is achieved by an energy estimate; and the latter
by the method of space-time resonances, which was introduced in [12]. It was also used to prove
global existence of small data solutions for water waves [13, 14].

1.6 Stability of compressible Euler and related models in dimension 3

It is instructive to compare the above results to earlier works on compressible Euler in dimension
3, or couplings of compressible Euler with various fields (electrostatic, electromagnetic, gravita-
tional...). For all these models, a fundamental question is whether given data lead to blow up or a
global solution.

A first class of results gives blow up for various types of data. The fundamental work is due to
Sideris [30], who proved finite time blow up for compressible Euler; he was able to obtain this result
for data arbitrarily close to the equilibrium state given by a zero velocity, and a constant density.
Many results followed: finite time blow up was showed for the compressible Euler equation with
compactly supported data by Makino, Ukai, and Kawashima [22]; for the attractive Euler-Poisson
equation with compactly supported data by Perthame [27]; for the repulsive Euler-Poisson equation
with compactly supported data by Makino and Perthame [24]; and for the relativistic compressible
Euler equation by Guo and Tahvildar-Zadeh [19] and Pan and Smoller [26].

All of the aforementioned results rely on a non-constructive proof, and do not say much about
the nature of the singularity. Recently, Christodoulou [6] was able to describe in a very precise
manner the blow up process for the relativistic compressible Euler equation.



Another line of research gives global existence (and scattering) for data close to the equilibrium
state given by constant density, and all the fields (including the velocity) equal to zero. Such of
result was first obtained by Guo [17] for repulsive Euler-Poisson; and by Guo and Pausader [18] for
the ion dynamics in Euler-Maxwell. In both cases, the curl of the data is assumed to be zero, and
this condition is conserved by the flow of the equation. Finally, global existence for Fuler-Maxwell
with relaxation was obtained by Duan [9].

Focusing on the case of small data (i.e. close to an equilibrium), some common features emerge
from the results which have been mentioned. Global existence is only known under the assumption
that the flow is irrotational: this eliminates a mode which is linearly non-decaying. Under this
assumption, a crucial point is then the nature of the linearized equation: roughly speaking, blow
up may occur if it is a wave equation, whereas global existence is expected if it is a Klein-Gordon
equation. The relevant difference between these two situations is that the latter gives a decay
~ ﬁ%, whereas the former only decays ~ %

In the case of Euler-Maxwell, which is treated in this paper, the condition B = V X u is also
meant to restrict the solution to the subspace along which the linearized problem is governed by
Klein-Gordon equations. The novelty is that these Klein-Gordon equations have different speeds,
making the nonlinear interaction more intricate.

2 Notations

We shall use the following standard notations:
e A< Bif A< CB for some implicit constant C'. The value of C' may change from line to line.
e A ~ B means that both A < B and B < A.

e For any real number «, the “japanese brackets” (-), stand for (), = V1 + o222, We also
denote (x) = (x);.
e If f is a function over R3 then its Fourier transform, denoted by f, or Ff,is given by
1 . 1 PN
—ix€ _ 1x€
7(271)3/2 /e f(z)dx thus f(z)= 7(2@3/2 /e (&) d¢.

%/2 since they are not relevant.

(2m)

f©) =Ff€) =
In the text, we systematically drop the constants such as
e The Fourier multiplier with symbol m(§) is defined by
m(D)f = F ' [mFf].
e The bilinear pseudo-product with symbol m(&,n) is given by its Fourier transform
F [T / m(&n)f(mg(& —n) dn

Similarly, the trilinear pseudo-product with symbol m(&,n,v) is given by
a9 () = [ m(en.0) FOIG@RE — 1 = v) dy v

e HY is given by the norm || ||y~ = |[{D)V f|l2.

o W#P is given by the norm || f||ws»r = |[(D)*f||p-



3 A formulation adapted to energy estimates

Our aim here is to rewrite the equation in such a way that its dispersive properties become more
transparent, but energy estimates can also be easily obtained.

Split
U Qu Pu
n B n 0 def
|| oE + PE = Vot Vp
B 0 B

where V), contains the unknowns which (in the linearization (1.3)) propagate as electromagnetic
waves, and V,, the unknowns which (still in the linearization (1.3)) propagate as acoustic waves.
3.1 The acoustic system

We focus here on the evolution of V, = (Qu, n, QE, 0). It is governed by the system

0,Qu = —QE — V£ — 2pv)
on = —V - (pu)
V-E=—-n.

In order to diagonalize this system, let us switch to the unknown function

A (2T )

2\ [D| D]
so that v D)
Qu=—-2—0mA and n=2 ReA.
D] (D)e.
The evolution of A is given by
D c v ) D
20, A = 2i(D)o A — &DS' - (nw) + "2’ (|u\2+c§|n|2). (3.1)

3.2 The Maxwell (or electromagnetic) system

We focus here on the evolution of V, = (Pu, 0, PE, B). By (1.2), it suffices to consider PE and
B. These fields are governed by the equations

(9tB =-VxFE
OPE =V x B+ P(pu)

which implies
O’B — AB+ B = —V x (nu).

Setting
Oy (D)
B=—B+i—B,
|D| D
it satisfies

0B — i(DVB = —— x (nu),

D
and the original unknown functions Pu, PE and B can be recovered by
\Y% v | D]
Pu = xJmB , PE=—— xReB and B=-—0mB.
[DI(D) D] (D)



3.3 Summarizing

The Euler-Maxwell system now reads

—i(D)e, A = =4 EF - (nu) + il D] (Juf? + Inf?)
(EM') —i(D)B % X (nu)
<A B =0) = (hoo )
with
Qu = — WJmA
n =212 gred

(D)e
v
Pu = 1DIDY x JmB.

The data (Ag, By) of (EM’) are easily expressed in terms of the data (ug, no, Eo, Bo) of (EM):

def 1 ((D)e, .V _ (D) o
Ao = <|D\ ot ippy o ) and s Bo= - Ll

Let us finally define the profiles of A and B

\%
’D‘ XEO+Z

a(t) e e=tDles A(t) and  b(t) Y D B(w).

4 A formulation adapted to decay estimates

As we saw, the system (EM') written above is equivalent to (EM); it will be the correct formulation
to perform energy estimates. However, as far as dispersive estimates go, we will not need all the
structure of (EM’): only resonances will play an important role. It will be convenient to write
(EM') in a more compact form.

4.1 Duhamel’s formula in Fourier space

Writing Duhamel’s formula in terms of a and b gives

aft) = Ao+ [y e Phes |~ LT - (nu) + Li| D] (Juf + nf?) | ds

Taking the Fourier transform gives

a(t, &) = :4\0(5) + “nonlinear term”
b(t,&) = Bp(&) + “nonlinear term”.

In order to make notations lighter and estimates easier, we will now give up some of the structure
of the above system.

Convention 1. We will denote indifferently C(t) for A(t) or B(t), or their complex conjugates,
and c(t) for a(t) or b(t), or their complex conjugates. Similarly, we denote =Pl for any of the
groups ¢itD) ¢=it(D) " git(D)es  op g=it(D)e,
For instance, u or n are a linear combination of terms of the type e
It is always understood that, in an expression of the form eXt(D)e c(t), the meanmg of e
is consistent with that of c. For instance, if ¢ stands for a, then eF*P)e stands for ¢'(P)es

+it(D)e .
+it(D)y



With this convention, it is easy to see from the above that the “nonlinear terms” can all be
written as a linear combination of terms of the following type (which we denote generically by g)

t .
3.6 = [ [ i ctn, (e ~ ) dn s, (4.1)
0
where m is such that
8?7”0(5) /S |£ﬁa\ if |£| <1
m(€,m) = mo(©mi(mma(E —n)  with{ |0pmo()| £ gk i [ > 1 (42)
ogmi(©)|, |0gma(©)| S ey for any ¢

and ¢ is one of the ¢e1, given by

2. (Em) i+ e+ ele —

where €1,e2 = £ and k, £, m are either 1 or cs.

4.2 Space-time resonances in the context of Euler-Maxwell

Seeing (4.1) as an oscillatory integral, it becomes clear that the cancellation properties of ¢ and
Op¢ will provide a key to understanding the large time behaviour of our system: this is the idea
of space time resonances. See [11] for a general presentation, and [10] for the case of (semilinear)
Klein-Gordon equations with different propagation speeds.

Recall that the phase functions corresponding to all possible quadratic interactions are given
by

o2 (6m) (O + ern)e + 26 — i (4.3)

Next define for each interaction the space, time, and space-time resonant sets

Silitm = (&) 4 im =0} ("space resonances”)

7;1552 = {(& )| 577052126,2% =0}  (”time resonances”)

R?ﬁ% = 5;2(2;2 N 77;1(2 ("space-time resonances”)
The set of all space-time resonances is

_ €1,€2
R = Uee0,k,tm R g

it is compact and hence it is bounded. We denote by C'r — 1 the radius of a ball that contains R.
Finally, define the outcome and germ, or source frequencies for space-time resonances: these are
simply the projections of R61’€2 in the & variable, respectively the union of the projections in the n
and & — 7 variables. More premsely if me(&,n') =€, my(&,n) =" and me_p (&, 1) =& — 1, we set
d
0 r ()
def
g = m(R)Umep(R).
Definition 4.1. Space-time resonances are said to be separated if no outcome frequency is also a
germ frequency. In mathematical terms, GN O = ().



5 Some linear and bilinear cutoff Fourier multipliers

We overtake here some of the cut-off functions defined in [10]; see Proposition 12.1 for results on
the boundedness of the associated operators.
5.1 Low or high frequency cutoff: 7;, 7,

First pick My large enough (the precise value of My will be fixed in the following, for the moment
it is simply > C'r defined in Section 4.2).

It will be necessary in the proof to distinguish between high and low frequencies. To this end,
we introduce the cut off function 6(£,7n), which is such that

0eCy® , O0=1onB(0,1) and 6 =0on B(0,2). (5.1)

Restricting to high, respectively low frequencies, is achieved by the operators

. D . D
7,10 <Mo> 7, % g <Mo) .

5.2 Cutoff for O: the operators Zp, Z@

Recall that O and G were defined in Section 4.2.
Under the resonance separation condition (definition 4.1), it is possible to find dp such that no
frequency in Bigs,(O) (a 10dp-neighbourhood of O) is a source of a space-time resonance:

B0, (O) UG = 0.
Define xo a smooth cut-off function such that

Xo =1 on By 5(0)
xo =0 outside of Bs,(O)

and then let X satisfy
xo +Xo = 1.
The corresponding operators are

d ~ def ~
Zo ™ xo(D)  and  Zo ™ Ro(D).

5.3 Cutoff for S and 7: the symbols ys and y7

The cut-off functions which we are about to define will, for a given set of indices €1, €9, k, ¢, m

separate 7, ;> from S;';? : of course this can only be done away from a neighbourhood of R}/,

where these two sets intersect. Dropping for simplicity the indices, the function xs localizes away
from 7, whereas x7 localizes away from S. Since 7 = {¢ = 0} whereas S = {0,¢ = 0}, this
explains the inequalities (5.2).

Lemma 5.1. For each set of indices €1, €2, k, £, m, it is possible to find cut-off functions
xzeee(§,m) 5 Xseea (€1)

such that (in the following, we drop the indices €y, €2, k, €, m for simplicity)

10



® XT, Xs are smooth.

e Their sum equals one away from R: x7 + xs = 1 if dist((&,n), R) > do/10.

e The derivatives o ’% and Taf’(z:if satisfy

X8
8&
oy

f,n? 5 ‘&mno (52)

)

if |a] <20, then

for some integer ng.

5.4 Paraproduct decomposition: the symbols ¢! and (?

Following the original idea of Bony [3], we would like to distinguish between regions where |n| 2

€ — nl, respectively | —n| 2 |n].
We pick two functions ¢'(€,1) and ¢?(&,n) such that

e (? and ¢! are smooth.

e (% and ¢! are homogeneous of degree zero outside of B(0,1).

o (*(&m) +¢ (& n) =1 for any (& n).
e If [(£,1)| > 1 and (£,7m) € Supp(¢l), then |€ —n| < ¢|n| for a constant c.

o If |(£,m)| > 1 and (£,71) € Supp(¢?), then |n| < ¢|¢ — 7| for a constant c.

6 The a priori estimates and plan of the proof

In order to prove Theorem 1.1, we will prove the following a priori estimates, valid if € is small
enough.

Energy estimate

o (A, B)| v S e(t)0¢ for a constant Cp, and any ¢ (regularity in L?).

Decay estimates

€

o (ea) Tt m (square integrable decay above L3).

* [(AB)]

° < decay slightly below L% for “non-outcome” frequencies).

Zo(A.B)| e

N”v(%+61)71

‘ZO (A, B)HWZOO ’

= €
Zo (Uan)HW%o S 0} (decay ~ % in L*° for “non-outcome” frequencies).

)

Localization estimates

o |[|z|(a,b)|| gn S e/ (t) (localization in HN')

‘|x|1/820(a, b)H < ¢ (localization in L? for “non-outcome” frequencies).
2

11



The constants N, N, N” are chosen such that N — Ny > N” — Ny > N’ > Ny, for a sufficiently big
constant Ni; in particular, N is sufficiently big for the necessary arguments in [10] to apply. The
constant d; is chosen sufficiently small for the necessary parts of the argument in [10] to apply. We
call || - ||x the norm corresponding to the above quantities:

def —Coe 1435, 1-301
(A, B)]1x < sup [<t> "NA B + O NABN gy + O T IAB )

L
V{t)
Since local well posedness is easily dealt with, and the data are chosen such that

H(e’it<D>65 AO) elt<D>BO)HX 5 )

+ ()| ZoABum)| , + |||x|<a,b>||HN/+H|x\1/820<a,b>)\2]

w2,

the proof of the theorem consists in proving the following a priori estimate:
(A, B) xS [I(e™Phes Ao, e P Bo) [ x + [[(A, B) 1% + (A, B)II-

We will proceed by showing that all the quantities appearing in the definition of X can be controlled
by the above right-hand side. More precisely, the plan is as follows

e Decay estimates are proved in Section 7.
e Localization estimates are proved in Section 8.

The energy estimate for A: sup,(t)~0¢||A(t)|| g~ < € is proved in Section 10.

The energy estimate for B: sup,(t)~¢||B(t)|| g~ < € is proved in Section 9.

Finally, in section 11 we give a sketch of the proof of the scattering.

7 Decay estimates

We want to prove here that

1436, 1-361 || 7 >
sup [(OFFNAB ) oy + O oA Byt + 0 |ZotA B |
S [P g+ 4PIBy)|| 4 (A B

(7.1)

" -1 " -1
7.1 Control of the W% (5+01) and WV (5-01) norms
The two first norms in (7.1) above can be controlled as in [10]:

o As far as the control of the W (5+01) - norm goes, the main difference between the FKuler-
Maxwell system and the setting of [10] is the quasilinearity of Euler-Maxwell. This induces
a further loss of regularity in the nonlinear term, which is however easily absorbed using the
HY norm.

1" -1
e The estimate for the W (5-01) norm is a low frequency question (since it is only prob-
lematic on @). Therefore, the argument of [10] applies identically.

We do not detail these two points, and focus directly on the third norm in (7.1).

12



7.2 Control of the W?2?> norm

Proceeding as in Subsection 4.1, we can derive a generic term g corresponding to the nonlinear term

in Duhamel’s formula for u and n. It turns out, since v and n are given from A and B by the action

of a Fourier multiplier, that this ¢ would satisfy exactly the properties listed in Subsection 4.1.
Thus all we need to do is to prove that, for g as in Subsection 4.1,

H Zoemmeg(t)me W I(A,B)|% -

In order to prove this, we shall split ZoetDhe g(t) as follows
F(ZoePleg( / / Ro(€)e™omi(E, m)e(s, n)els, € — ) dnds (7.2a)
n / [ Ro©xs(&mem(e nets. mes.€ ~nydnds  (7.2b)

4 / / Ro(E)xr(Eme*em(e, n)els, me(s, € —n)dnds  (7.2¢)

In the above, we have used the cut-off functions xs and x7. Remember that these were defined
in 5.1 depending on the quadratic interaction considered; they were therefore labeled sktm and

Xp#1m- The above equation is written in generic terms, but it is tacitly understood that the cut off
€1 E2
functions used are the ones corresponding to the quadratic interaction at hand.

7.3 Preliminary estimate on 0sc

Observe from subsection 4.1 that eis<5>k85/c\(§ ) can be written as a sum of terms of the type

/m(f,n)é(n)f(é —n)ds

where m satisfies the estimates of that section. Therefore, by proposition 12.1,

eis(D) Dsc

e S 7 el (7.3)

7.4 The small time term ( 7.2a )

Using repeatedly the Sobolev embedding theorem, and the dispersive estimate (12.3) gives (assum-
ing t > 1, the case t < 1 being trivial)

1
¢ EIPNTE e (C,C) ds

[ Fesomntc
2
<! / 1€ 0125 ds
t Jo

N L < Lyon2
3 [ el ds < S Il
0

eit<D>’f]:_1(7.2a) H =
W2,00

W3,6

W5,6/5
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7.5 The term away from 7 (7.2b)

In order to deal with this term, integrate by parts in time using the identity iﬁseis‘z’ = "¢ Thus

(7:26) = [ Ro(©xs(€.mm(&,m) o€t C(t.€ ~n)d (7.42)
t

- [ [ Rot@xs(&mmie.m e *#oa(s,mits.€ ) dnds (7.4)

+ {symmetric and easier terms}, (7.4c)

where the “symmetric and easier terms” correspond to the case where the partial derivative O
hits the other ¢, and to the boundary term at s = 1. Using successively the Sobolev embedding
theorem 12.1 and Proposition 12.1 gives

D) F=1(7 4q) sz L (C,C) H

H Xo(&)xs(EmmEmn) 5 W2.00

NH &xs(&m) (fnmCCH

S el

27251)_1

Wn+4v<%—sl>*” lpnea ()
1
< v el

In order to estimate (7.4b), split it as follows

'(7.4b) //XO )xs(E,mmi, n)Ee”qbac(s 0)e(s,€ — ) dds

t—1
=/ +/ i
1 t—1

Use the Sobolev embedding theorem, the dispersive estimate (12.3), Proposition 12.1 and the
preliminary estimate (7.3) to get, for 6 > 0 small enough,

I B T T GaC RS I

t—1 1 .
S/l (t — s)3/2-3 H *is(D)e (9, C)HW5+7%3/2 ([ PR
t—1 1 L1 2
< /1 (t— 5)3/2*36 s g1/2+36 IC]|X ds

1
S 161 5735
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As for 11, use repeatedly the Sobolev embedding theorem 12.1, Proposition 12.1 and t
estimate (7.3) to get

eit<D>e‘7_—71HHW2m < H]_—AHHWM

t
+is(D)
S /t_l TRo©xsEmmien (e l(asc)’C>HW4,2 ds

he preliminary

¢
+is(D)
S/t T)?o(f)xs(&n)(fm)m(f,n)% (e é(&c),C) Hwﬁ,(lfz;)_l ds

-1

t
< :tlS<D>£ H )
~ /t_l © (830) W6+n:3/2 ||CHWG+7L,(1/3—§) 1 dS
t
1 1 )
S /t_lsstCdes
1

S HCH,QXM

7.6 The term away from S (7.2c)

First transform this term by an integration by parts using the identity is%% - Ope's? = ¢!5¢. This

gives
t ) .
(120 =~ [ [Ro(@ncr(em o sam(ene“o,ama(e - mnds

[ [Rot@xrem 20 s aymie me<etmets — ) ands
. X0O X7 S, 1 i8’8n¢’2 n i n n)an
+ {symmetric and easier terms}.

Let us begin with (7.5a), which we split as follows:

t ) .
(7.5a) = / / >zo<s>m<5,n)ww%m@,n)e”%namas ) dnds

t/2 t
:/ +/ Y
1 t/2

(7.5a)

(7.5b)

(7.5¢)

(7.6)

For 6 < 0, || small, apply successively the Sobolev embedding theorem, the dispersive esti-

mate (12.3), and Proposition 12.1 to get

/2 1 .
-1 < i(t—s)(D) ~ +is(D),
177 e = /1 ¢ s Ro@nxr(en g2t miem) (¢ (xc)’c)st,(%+a>
t/2 1 1 )
< - - ) +is(D),
~ /1 (t—s) 35 T%o(s>xf<5,n),.‘§;—’jlgm(s,n> (e (“)’C> HWS,( :

t/2 1 1
S e = L L L AP

t/2 1 1 1
< . — Ve Ty ——— |
N/l (t—8)1_368” ||X\/§8%+36 S

15
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Taking this time § > 0 and small, and retracing the above steps, one gets
—1 < 2 1
|ka HHWQ,OO S HC”XZ'

The term (7.5b) can be estimated in a very similar way. Indeed, since m satisfies the estimates (4.2),

Oy,m(&,n) yields at worst singularities of the type Wll’ ﬁ The above scheme can then be employed

since by Hardy’s inequality, and Plancherel’s equality, H%E(f )H2 S 0:e(©)]], = |||,

8 Localization estimates

We want to prove here that

sup |- @, ) + a1 Zo(a b)M < [P, e PBo) |+ 1A B

As above, this reduces to proving that the generic term

t
g(t) = 7! /0 HSEM (. €2y, $)E(E — m, ) ds

defined in (4.1) satisfies the localization estimates

L 1/8 7 < 2
sup | 2= lelgllne + [of*Zog ]| 1A B (8.1)

By symmetry, it suffices to control

t
gty =F" /0 ¢ OEM (0, €)CL (6, mE(, $)E(E — m, ) ds

(where the cut-off symbol ¢!, defined in Section 5, ensures that |¢ — n| < |n| for (€,7) large). The
bound for the second norm in (8.1) was derived in [10], and the same scheme of proof applies here
(once again, the novelty compared to [10] is that the Euler-Maxwell system is quasilinear, but the
resulting loss of regularity in the nonlinear term is easily absorbed by the HY norm). Therefore,
we focus on the first norm in (8.1), for which some new difficulties arise. It will be helpful to split
m as m = momimz (see Subsection 4.1). Multiplying g by the weight = corresponds in Fourier
space to differentiating g with respect to £. This gives

o) = | t [ e nct e memacte ) dnds (8.20)
+ [ [seocomie nc! € metmete - dnds (3.2b)
w [ [ e omo@mmiemal - e € mete - mands (820
w [ [ e omo@mwmate - macc € mete - mands (520
om©) [ [ e tmtnmate e €. memete ) dnds. (329
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8.1 Estimate of (8.2a)
To estimate (8.2a), use the Strichartz estimate (12.4) and Proposition 12.1 to get

t
H]:_l(S.Qa)HHN/ S /1 e’S<D>Tm(§7n)C1(£m)(C,e”<D>mc) ds

HN'

< is(D) H _ _
~ Tm(&ﬂ)Cl(&n)(C’e ac) L(%+%51) 1WN’+1,(%751) !

t T

N -1 ||55C”2

HCHW”N/“’(%*‘SI)

S llelk [[V/Esyis)y 35
S el V).

L)

P

8.2 Estimate of (8.2b)

To estimate (8.2b), distinguish three types of interactions, by writing ¢ = Zoc + Z@c. The
term (8.2e) can be written as

F(8.2¢) = /O D) e ZoCs ZoC) ds (8.30)
+ /0 t P s e et emoes( ZoC, ZoC) ds (8.3b)
+ /O t " PsT e et emoes( ZoC, ZoC) ds (8.3¢)
+ /0 t P T e i emoes(ZoC, ZoC) ds. (8.3d)

The term (8.3a) can be treated exactly as in [10], thus we skip it. Next we shall bound the
term (8.3c). The term (8.3b) is comparatively easier, since the two interacting waves correspond
to non-outcome frequencies, thus enjoying better bounds. As for the term (8.3d) it is also easier:
indeed for this term, the symbol ¢!(&,7) imposes that ZoC is lower frequency than Z»C; but this
is possible only if both are low frequency.

Coming back to (8.3c), use Proposition 12.1 to get

t
(18.3¢]| gy 5/ s
0
t
< ZnC B
S [ s1zocl (-

¢
1 1
< |IC||? - _ds<||C|A V.
Sl ”X/O 5$%+351 51301 sl HX\[

e'Ls(D

"Ton(emc e moeo(Z0C, ZoC) H v 48

~1 ds

ZOCH
W

N'4n,(§+1)

8.3 Estimate of (8.2c)

By (4.2), 0gma(§ —n) can be bounded by ﬁ Bounding by Hardy’s inequality ﬁ@(& —n) in
L? by O¢c(€ —n) in L2, the estimate for (8.2a) can be easily adapted.

17



8.4 Estimate of (8.2d)

Since 0¢( 1(¢,n) does not have a singularity, this term is easy and we skip it.

8.5 Estimate of (8.2e)

By (4.2), 0¢mg(&) can be bounded by 1 for high frequencies, and \%I for small frequencies. Forgetting
about high frequencies, which are easily dealt with, we need to bound

1
€]

in HY'. By Hardy’s inequality, it suffices to bound

t
F1 /0 / ei8¢@§m1 (T))m2 (5 — n)cl (5’ 77)/0\(77)/6\(5 _ 17) dn ds

F10c [[ etoem (nymate ~ )¢ € metaele - ) dnds

in HN'. But expanding the £ derivative yields terms similar to (8.2a) (8.2b) (8.2c) (8.2d), which
we have just seen how to estimate.

9 Energy estimates for the Maxwell part

We shall prove in this section that

1Bl s < 1l (Aos Bo)ll g + 1A B) 1% +/O <i> (A, B[ gy ds. (9-1)

Together with (10.1), this will imply that
(A, B)ll gy S et

The following observation will be crucial: it follows from their definition that A and B control the
physical unknowns u and n as follows:

1Qull v < [ Al v
1Pull v S 1Bl g (9-2)
17/l v S LAl v -

9.1 Preliminary estimate: 0.a

It follows from (EM') that

~ D
dya = e MP)es <u;‘V - (nu) +14|D| (\u|2 + |n|2)]
Therefore by the product estimates (12.2),

18sall v S llnull g + ||| g + 127 o

S (Il + llull ) (lnllo + lull0) 03
1
()30

~
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9.2 Distinction between outcome and non-outcome frequencies

Consider the integral equation satisfied by b:

b(t) = By + /0 t el’8<D><Z> X (nu) ds.

Split n and u into Zon + Zon, respectively Zpu + Zou. This gives

t ~ ~
b(t) = By + / emisD) Y (Zon Zou) ds (9.4a)
0 (D)
t ) \V4
+/ e D) x (Zon Zou) ds (9.4b)
0 (D)
o \V4 ~ ~
. / e_zsw)@ X (Zon Zou+ ZonZou) (9.4¢)
0

The term (9.4a) is easily estimated: using standard product laws, and the Sobolev embedding
theorem:

t o~ ~
04 = | [P 5 (Zom Zow) ds
, Dy s

t ~ ~ ~ ~
<
< ), 7], Nor] . + 20, 2o, ]

< I(AB)lx /0 <1> () g ds

1

t
< I(AB)lx /0 57 A By s

For the term (9.4b), we take advantage of the frequency localization of Zpon and Zpu to write,
with the help of Bernstein’s inequality,

t
000 = | [0 - x (Zon Zow as
D) v

t
< Zon Zou 1 .ds
N/O |Zon Zoul ; _yp -

t
S [ NZonly gy 1Zovuly gy ds
< , [t ds < 9
S (A, B) % : st S (A B) Ik -
9.3 Interactions between outcome and non-outcome frequencies

Thus we now take a closer look at (9.4c), wich reads

t ~
(9.4c) —/ efMD)l X (Zon ZoPu) ds (9.5a)
0 (D)
t \V4 ~
—l—/ e D) x (Zon ZoQu) ds (9.5b)
0 (D)
"eis0) Y (Zon Zou)d 9.5
+/Oe <?>><(onou)s (9.5¢)
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The first term, (9.5a), can be estimated with the help of the Strichartz estimate (12.4) and the
standard product law 12.2:

t ~
050) g = | [ P 5 x (Zon ZoPu ds
A7)

ZonZOPuH (3

HN

AN

B0 (o) (o)

AN

N + ”Zon”HN+1 Z(QPUH 1a) —1

A _
| O”HLg(E%fal) !

L)

-1

SIABI 63—

1,3
+561
L 3tT3 )

S IA,B)|I% -

The estimates for the terms (9.5b) and (9.5¢) are exactly the same, changing the roles of n and
Qu. We will only treat (9.5b). The term (9.5b) can be decomposed as

(9.5b) = /Ot e_is<D>$ x (Zon Zo ZQu) ds (9.6a)
+ /0 t e—iS<D><; x (Zon ZnQu) ds (9.6b)

(regvall that Z; and Z; have been defined in Section 5, and that My has been chosen so big that
ZnZo = Zp). The term (9.6a) can be estimated exactly as (9.4b); thus we skip it. We are left with
(9.6b). Recall now that n and Qu can be written as

| D| it(D) V it(D)
n(t) =2 Ree™ Fesa(t) and  Qu(t) = —2—TJme"\ e a(t).

This implies that the Fourier transform of (9.6b) can be written as a sum of terms of the type

Fioo = [ [ e sinom (1-x (552) ) et sjate —ns) duds (91

where, for simplicity, we denote undistinctly @ for @ and @, ¢ has the form

P(&,m) = (§) + ex(Me, +€2(§ —M)e,  with €1, €2 € {E1},
and m(&,n) is a (matrix-valued) symbol satisfying the estimates
1
9%98m
‘ Oymi(1,€) ‘N [EOERER

A crucial point will be that, on the support of xo(7) <1 -0 (3}—:)), since My is chosen big enough,

|€] >> |n| ~ 1, and ¢ satisfies the inequalities

1 1
%0 50 5)‘ S el
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Integrating by parts in (9.7) using the identity ¢>8 e$? = %% and denoting

_pg(&n
e e X (1 jé n)")) (1, €)

gives

&+

F(9.6b) e (&, m)dsa(n, s)a(§ — n, s) dnds

+

/ e P& (&, m)a(n, s)0sa(€ — 1, s) dn ds

+ [ MEM (e myan, yal€ —n,t) dyds

\\c\c\

(&, m)a(n,0)a(€ —n,0)dnds.

(9.8a)
(9.8b)
(9.8¢)

(9.8d)

The only difficult term is (9.8b); thus we skip the other ones and estimate it with the help of

Proposition 12.1

| 98bHHN—H/ L (A, ¢4P)9,0(5)) ds

5/0 HT“ A,eit(masa(s))HHN ds

t
< /0 1Al [195a(s)]| s ds

HN

1

SIABIE [ 75 e ds S 1A B

10 Energy estimates for the acoustic part

We shall prove in this section that

t
1
Ml xS 1(Ao, Bo)ll s + [I(A, B)IIx +/0 ) 1A, B[ g ds.

Together with (9.1), this will imply that

ICA B)[ v S et

10.1 The equation (3.1)

First we rewrite the evolution equation (3.1) satisfied by \A. We will use the notation D=

We start by expanding the first nonlinear terms appearing in (3.1)
We start by taking N derivatives of (3.1). We get

21
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00N A = i(D),, 0N A — %D (N nu + ndNu)
+ Z’2D‘ (u0Nu + c2nd™n) + RY
= i(D). 0N A — %u -DONn — %n]:? - ONu (10.2)
+ iU - |15|8Nu + icznw;’(?Nn + RY
=i(D)e,0NA —u-VONA+in(D).,0N A+ RY

where the rest terms RZN consist of quadratic lower order terms. In particular, we have

RY=D- <8N(nu) — 0Nnu + naNu>
| D
”4| (0N (Jul?) — 200N u + 20N (|n|?) — 2¢2nd™n)
2RY = 2RY — [D,u]dVn — [D-,n]oNu
+i[| D], u]d™u + ic2[|D|,n]0oN n
L N Dl oNp N
2|D‘8 n+iu 5 0" Pu:=R

—+

RY = RY —in

It is clear that we have the following estimate
IRY |2 < IV (A, B)l|1o<[|(A, B)|| gy

Hence RY does not loose derivatives, but for the part of (A, B) which is out-come we do not have
enough decay to use Gronwall directly.

10.2 Non resonant phase

Due to the slow decay of the Zpu and Zpn, we have to use non resonant properties of the second
and third terms on the right-hand side of (3.1).

Lemma 10.1. There exist a positive number ko > 0 and a constant Cy > 0 such that for || > Cy
and |n| < Cr, we have

_ 1
gl

0go ! (10.3)

0 €1,€
T ol (Em)

fore,eo =+ and k, £ =1, cs.

Proof. We will only consider the phase ¢g. e, c.=(E)e. 4+ (M)e. — (€ — N)e. since the other phases are
easier. Furthermore, we only prove the estimate on %, not its derivatives. We have

1 §n  nl?
B - 14— 9>
€= C'f'\/ * e e T e

1 &n o Inl?
Cs 1+ -2 + + 0
€ [ 22l ~ 2ajep T ajep T

R
€17

)
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Hence, we see that (£ — )., — cs|&] — ¢s|n| < %, from which we deduce that

C

(b;;’;s,cs > (€, + (Me. — csl&| — cs|n] — m

Hence, if Cj is big enough then, ;Z’,Zs,cs >

14+(csCRr)2—csC
+(C ;Z) CsUR > O

10.3 Energy estimates

The Sobolev estimates for the Maxwell part were performed using simply Strichartz estimates and
integration by parts in time depending on the cases. Due to the further loss of a derivative, this
method does not apply here. Instead we will perform an iterated energy estimate that we find
interesting in its own right.

Using that « and n are both real, we deduce that

aNA 2 o _
at”2”L2 = Re / V.oV AP + i[(D)e,,n]oN AN A + RNON A (10.4)
Hence

[N A7 10V AollFa
2 2 -

t
/ Re / (V.uloN AP +i[(D).,,n]oN A0N A + RN N A) ds.
0

(10.5)

We would like now to explain how to control the three terms on the right-hand side of (10.5).
For the first term, we split « into the outcome and non-outcome parts ©v = Zou + Zou. The
non-outcome part has enough decay to apply directly the Gronwall argument. Hence, we will only
concentrate on the outcome part. We recall that the profile a(t) associated to A is defined by
A(t) = e!Plestq(t). Also, we have

Zo

Vv etD)p — e~ D)y A\ ,
= ) _ Z<D>Cst — Z<D>Cst7
u ZO|D|<D> x ( 57 )+ZZ(9‘D|(€ a—e a). (10.6)

We denote by e*(Plic(t) = C(t) the divergence of any one of the four terms appearing in (10.6).
To control the first term in the right-hand side of (10.5), it is enough to rewrite it in Fourier space.
Hence, it is enough to consider

t ) — ——
| [ [ esseniie.matsnovals. ¢ - novals. ndeds (10.7)
0
. . ~ de .
where the phase ¢ is given by ¢(¢,n) = (€ — N, — (), + (yand W(E,n) < xo(y). Split
m(&,n) =6 (Mio) m(&,n) + [1 -0 (MLO)} m(&,n). The first term corresponds to low frequencies of
0N A, which are easily estimated; thus, we shall consider in the following that

e = [1-0 (45 ) | xotn
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From Lemma 10.1, we know that ¢ is always bounded away from zero in the support of m. Hence,
we can integrate by parts in time (using the identity ¢8 ¢ = ¢#*?) in (10.7) and get

(10.6) / //m &) ,1)0 (@(s,&—n)ﬁ(s,ﬁ))dndﬁds (10.8a)
1S¢ —
- /0 [ [t (025, )% a(s, € ~ mdVa(s. ) )dn e ds (10.8b)
e”d’ — e
+ [ [ S matt maVale, — )oVa(e,dn de (10.8¢)
// (0, n)aNa(O £ — n)E)Na(O &)dndg (10.8d)

We rewrite the time derivative in (10.8a) as

(0:0%a(e — n)9Va(€) + INa(e — )2V a()) (10.9)
From (10.2), we deduce that
eMPles§,0Na = —u - VON A+ in(D)., 0N A+ RV, (10.10)

Hence, (10.8a) can be expanded as

(10.80) / / / (e ; [u VN A(€ — n)ONA() + ONA(E — n)u ?8\1\04(5)} iy de ds

(10.11a)

- [ [ [aewnew [nuﬂENA(f _ONA(E) — IV A(E - n)n@ﬁwa} dnde ds
(10.11b)
/ / / mfnl [RN(& n)aNA@)—a/N?t@—n)EN(f)] dn d ds (10.11¢)

The difficulty in bounding (10.11a) is that A appears with N + 1 derivatives. The main idea is to
use some sort of energy estimate to perform an integration by part so that the extra derivative can
be moved on a term with fewer derivatives. Keeping in mind that u is real-valued, we can rewrite

(10.11a) as

(10.11a) ////m£n¢ (@) (€~ 0~ )OVAE — 11— )ONA(-¢)

FOVA(E ~ 0)i(w) - (~€ ~ V)OVA(~€ — )] dy dg o ds

////C (& m)(E —n — )N A(E — nfy)aNA( £)

(€ = v, OV A — 1 — 1) (~€)ONA(=€)| dn dé dv ds

where p(&,n) = ¢>((€ )) and we made the change of variable £ — & — v in the last line. The integrand

of the term appearing in the last two lines can be rewritten as

Cma(r)ONA(E — 5 — V)ONA(=€) - [u(€,m) (€ — 1 — v) + p(€ — v, m)e]
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and the term between brackets is equal to

M(&n,v) = —p(&n)(n+v)+ [pEn) — & —v,n)E. (10.12)

Proposition 12.3 gives the desired conclusion, namely that

1(10.100)], < / M€ 0, )C(ma(n) N A€ — 7 — 1)ONA(—€)dn dé du| ds

< / lulloolICllso |07 A ds (10.13)

SIABI | s 45 S A B)I

The treatement of (10.11b) is very similiar and we do not detail it here.

To control the second term on the right-hand side of (10.5), we rewrite it in Fourier space.
Hence, it is enough to consider

'] [ et = e, ~ ©)3%a(e ~ ma¥ate)andsas (10.14)

where the phase ¢ is given by ¢(&,7) = (€ — )¢, — ()¢, £ (n)e, and et Plestc is one of the two
terms appearing in the decomposition of n as n = e{{P)est N 4 ¢=iDP)est N The estimate of (10.14)
is exactly the same as the estimate of (10.7) and we do not detail it again.

Now, it remains to control the last term on the right-hand side of (10.5), namely the term
involving the rest term. Again, if the low frequency term is non-outcome then we can estimate
the term directly using the integrable L8 decay of the non-outcome part. Hence, the only difficult
terms are those for which the low frequency term is outcome. The most difficult terms are very
similar to those we treated above by integration by parts in time, namely (10.7) and (10.14). In
addition we have terms of the type

/0 [ [ eseetnovate —noVainasas (10.15)

where the phase ¢ is given by ¢(£,7) = —(§ —N)e. — (§) e, £ (1)c, and terms obtained by taking the
complex conjugate These two types of terms are even better than (10.7) since integration by parts
in time gains a factor IL that behaves like I?l\ in the dangerous region |n| << [¢|.

We also have terms of the form

/O / / G553 (m)ON—ka( — n)oNa(€)dndéds (10.16)

where k£ > 1 and the phase ¢ is given by ¢(£,1) = (& — n)¢, £ ()e. £ (M) and e Phie(t) = C(t)
denote outcome (low frequency) terms and we denote undistinctly @ for @ or @ or their complex
conjugate. From Lemma 10.1, we know that ¢ is always bounded away from zero in the region we
are interested in, nemaly ¢ large and |n| < Cg. Integration by parts in time yields terms that are
easier to control than above. In particular the corresponding term to (10.8a) can be expressed as

- /0 ES - TN RA(E — OV A(E) +aﬂA<s—n>wV/a\NA<£>} (10.17)

- [ [ ] 56 |mpiaN-rae - oV - VT - pn(BlcaNA©)| (09

- [ ] [ e [Fre - mavae - 5 - nEN ) (10.19)
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which can be easily estimated.

Finally, we also have terms for which Pu carries the greatest number of derivatives. For these
terms, we cannot use the cancellation coming from the energy estimate. To gain the two factors of
€|, we take advantage of the fact that Pu is more regular, namely it is in HV*! and the fact that
the phase ¢ involved in this case is bounded below by |£|/C. The term corresponding to (10.7) is
of the form

/O t / / 02 INTTH(E — 1O a(€)dydéds (10.20)

where the phase ¢ is given by ¢(&,1) = +(6 —n)1 — (€)e. £ (n); and eFHPhic(t) = C(t) denote
outcome (low frequency) terms. It is clear that |¢| > |£|/C in the region we are interested in,
nemaly ¢ large and || < Cr. Hence, we can perform an integration by parts in time and conclude
as before.

11 Scattering

Let us prove for instance that A scatters. We write symbolically the equation (3.1) on A as
A —i(D)., A= 0CC
By definition, A will scatter in HY =2, say at +oo, if and only if

¢
/ e Ples 9L (5)C(s)ds
0

converges as t — oo. By the Strichartz estimates (12.4), it suffices that the right-hand side 9CC
1435)7" 1_5)""
belongs to Lt(2Jr2 ) <[O, 00), Lg(f ) > This is the case since

2 Coe/p—1-365
10CC1 3oyt 3oy SICI @D @3]y <
t T
where the last inequality follows since € is small enough.
12 Appendix: analytical tools
12.1 Sobolev embedding theorem
If1<p<qg<ooand
3 3
k>———,
p q
then
£y < 11l - (12.1)
12.2 Product laws
Ifl<pr<oo,1<g<oo k>0and
1 1 1
=
P q r
then
1fgllwrr S W llwrn llglly +11LF Mg [lgllwes (12.2)
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12.3 Dispersive and Strichartz estimates

The standard dispersive estimates for Klein-Gordon can be found in Ginibre and Velo [15]

if2<p<ooande>0. (12.3)

it(D) <23
SO ST ayop s

We need the following Strichartz estimate for the Klein-Gordon equation (see for instance Ibrahim,
Masmoudi and Nakanishi [20]): if € >0 and 0 < § < £,

t
‘/ P F(s) ds
0

For the reader familiar with Besov spaces, this estimate follows from the interpolation between

(12.4)

SIFI
L

397 (B304 (-9

(ST

2

t
/ D F(syds|| < (1 Fllppe
0 2
and .
is(D) i
|[ e @r@as| < 1P,

12.4 Boundedness of multilinear Fourier multipliers

After cutting off with the help of the functions defined in Section 5, the manipulations which we
perform lead to various pseudo product operators. Their boundedness properties are stated in the
following proposition. Notice that the statement below is very far from optimal, but sufficient for
Our purposes.

Proposition 12.1. Assume that m satisfies the estimates (4.2).
(i) Then for any p,q,r in (1,00) satisfying % = % + é, and k >0,
| T (fs Dl S MW lyprrre |gllyrasr -
(ii) Assume
1 Ond
¢ |On 9

Then there exists a constant, which we denote n > 0, such that for any p,q,r in (1,00) satisfying
%:%—i—%, and k >0,

w(&m) =xXo§)xs(En)m(§,n)—  or Xo(§)xr(§;n)m(&n)

1T (Fs Dl S NF s gllypesna -
(iii) Assume

u(&m) =m(&nct (& n)  or m& )¢ (EmddE,n).

Then there exists a constant, which we stil denote n > 0, such that for any p, q,r in (1, 00) satisfying
11,1
;_5—1_6’ andeO,

1T (s Dllwrr S N ka9l -

(iv) Assume

w(&n) =m(En¢ (&) or m(&n)E(E,n)0eb(E,n).
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Then there exists a constant, which we stil denote n > 0, such that for any p,q,r in (1,00) satisfying
%Z%—Fé, and k >0,

1T, Dl S NN N1gllvpnsns -
(v) Assume

sy Xo) (1= (S72) ) #(n. &)

where m and é satisfy the estimates
oo m & m| < (1€ + [n) ™7 and 3aaﬁ¢‘ (€] + [~ l=1o=1,

Then
1T (fs Dl e S N Flloollgll gresr-

Proof. Estimates similar to the first four points above were proved in [10]. It essentially suffices to
use the basic estimate

ITu(Fs D < el gravae 1 £ l1ollgllg

ife>0and 141 = %, the estimates given in Section 5 on the various symbols, and a paraproduct
decomposition to handle large frequencies.
The fifth point follows from the classical Coifman-Meyer theorem [7]. O

Next, we want to study a particular kind of symbol, which will not satisfy standard Coifman-
Meyer bounds, but still admit Holder-like bounds (in the bilinear case for instance, we only focus on
the case L>° x L? — L? bound, but it should be clear from the proof that more general LP x LY — L"
bounds, with  + & = 1, also hold).

Lemma 12.2. Let R be a fized constant
(i) Let u(&,m) be a smooth symbol such that

Suppp C {|n| < R} and 6§ ‘ < ‘6“04 for any &, n.
Then [T, (f;9)lly < [ flloollgll2-
(ii) Let u(&,m,v) be a smooth symbol such that
Suppp C{[n| < R, [v| < 200’5\} and 3?‘15@7#(5#%”)’ S GEEE for any & n,v

Then [T, (f, 9, W)lly S [Iflloollglloo [ All2-

Proof. We take for simplicity R = 1, and first define standard Fourier space decompositions

e Let ¢ be a non-negative function, equal to 1 on B(0,.9), zero outside of B(0,2), and such
that Zjezg ¢(& —j) =1 for any &. Denote
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e Let ¢ be a non-negative function, equal to 1 on B(1,1.5), zero outside of B(.5,4), and such
that > ,czs (2%) =1 for any £ # 0. Further denote

and the associated Fourier multipliers
D ~ ~(D D
nevly) o Ami(z) mesoa(z)
Proof of (i) Split u as follows
. def
m=>_ CE—-NHu&n) =D uiEn).
J

jez3

The symbols p; are uniformly controlled in CF for any k. Thus they define operators which are
uniformly bounded L>® x L? — L?. Observe furthermore that, due to frequency localization
properties, Ty, (f,g9) = T,,;(f,Q;g); and that for the same reason, the families (7}, (f,g)); and
(Qjg); are almost orthogonal in L?. These arguments lead to the following mequahtles

2
1T (£ )5 < D 1T (Fo9)lly S D IF 15 1Qsals S SIS llgl3,
j j

proving (7).

Proof of (i7) We will essentially run the original argument of Coifman and Meyer [7]. First set
w(&, n,v) =n(€ —n—rv,mn,v), and observe that the bounds on p translate into

COPOYT(E, v (12.5)

‘ ~ (gl hl

Next split i as follows
n(&n,v 21/1 (2]> (& nv) de Zﬂj (&,m,v) up to a remainder.

Since the remainder is compactly supported, and p is closed, it will be easy to estimate, thus we
forget about it and focus on the sum over j. The support of f1;(£,n,v) is contained in a box
{In] <1, ¢ <27t | < 2002J+1} It can be expanded in (periodic) Fourier series adapted to the
larger box {|n| < 2, |¢| <2772 |v| <2977, and then recovered by restriction. This gives

en) = (55 )10 (5775 3 gt e

k,£,meZ3

or, coming back to u,

k4m
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Next notice that the ai , are uniformly bounded in j, with arbitrarily quickly decaying (inverse)

polynomial bounds:
1

= mS . 12.
S [ L] 120

for any N, sup |aiem\
j )

This can be seen by simply coming back to their definition:

g = C27% / / / 1i; (€, m, v)e 2mmE I3 gmidmkn o —2n w2 gy gy e
v le]<29+2 Jn|<1 J|v|<20-7
= C/ / / ﬁj(2j+2f, n, 23'*71/)e*i2ﬂ'm§€*i2ﬂ'kﬁ€*i2ﬂ’&/ dv d77 df,
1€1<1 Jin|<1 J|v|<1

and the conclusion follows since the bounds (12.5) imply a uniform control (in j) of the symbols
[i(2742¢,m, 27 Tw).
Coming back to physical space, we have achieved the following decomposition for 7T},

Tu(f9.h) = > a%g’m‘gjﬁ’)f(’ +k)Sog(- + 27 ) Pih(- + m27772).
7,k Lm

The desired estimates follows easily by almost orthogonality between the j-summands

_ 1/2
A o~ , 2
ITu(fog ) S S 1S ]]sj_Sf(. + B)Sog(- + 27 T) (- + m2*372)H2
kLm |
- 1/2
S D0 |l FIZlgl3 D 1B +m27772)|3
kLm | J
1/2
S S anem (11 NglZl1R13]
k,l,m
S 1 llsollgllscllBll2,
where we used in the last inequality the bound (12.6). O

Equipped with the previous lemma, we can prove the following proposition.

Proposition 12.3. Let M be as in (10.12), and fix « > 0. Then the following estimate holds:
1T (f5 9, P)lly S N llwrsacellglloollA]l2-

Proof. Recall that

M(&,n,v) = —p(&m)(n+v) + (& m) — p(€ — vm)] € L My, m,v) + Ma(€,m,v),

where the operator p is supported in a strip {|n| <1, |{] >> 1} and satisfies the bounds

1
agB| <« _©
agan‘w R

We will treat separately the operators Ths, and Tyy,, further distinguishing for the latter between
the regions where | —n — v| < v, and those where | —n — v| >> |v|, by writing

Tor,(f,9,0) =Y Tany(Pyf, 9. Sjr10h) + Y Tary(Sj-10f, 9, Pih) up to a remainder.
Jj=0 Jj=0
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Since the remainder is smooth and compactly supported, it is easily estimated, and we forget
about it in the following in order to concentrate on the sum over j. Notice that we overtook the
Littlewood-Paley operators P; and S; defined in Lemma 12.2.

The operator Ty, . Simply observe that

T, (f,9,h) = Tu(V f,gh) + Tu(f, (Vg)h).

Thus Lemma 12.2 gives the conclusion.

The operator Thy, in the case | —n —v| S v. Recall that Ms is given by [u(€,n) — p(§ — v, n)] €.
There is no cancellation between the two summands in the range we consider, so u(&,7)¢ and
w(& —v,m)& can be considered separately. Since they are estimated in similar ways, we focus on the
first one. Notice that T}, )¢ = V1},. Using Lemma 12.2 and proceeding in a straightforward way,
we get the desired estimates:

> VTu(Pif,9Si10h)|| S Y2 I Tu(Pif, 98541005 S Z2J||P FllsollglloollSjhll2
J 9 J
S [ flwrsess llgllzllla-

The operator Thy, in the case | —n — v| >> v. In this case, we observe that the operator

(f,9:h) = > Tar, (Sj-10f, 9, Pih)

J

has a symbol

Mj(&,m,v) = Ma(&,m, ) > 1) <éS _;_ V) X (2;10)
j

which can be written

o~ 6 — 1
Mj(€,n,v) = Ma(&,m,v)-v with Ma(&,n,v wa (g Qan V) x(;)i/o Ocpu(€ —tv,m) dt

The key observation is that, due to the hypotheses on p, Mg satisfies the conditions of Lemma 12.2.
The estimate follows easily:

Tass (55, 9, Pyt = | T, (V.90 )| S 19811 o 121
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