GLOBAL SOLUTIONS FOR 3D QUADRATIC SCHRODINGER EQUATIONS

P. GERMAIN, N. MASMOUDI AND J. SHATAH

ABSTRACT. This is the first of three papers where we present a new method based on the concept of
space-time resonance to prove global existence of small solutions to nonlinear dispersive equations.
The idea is that time resonances (dynamical systems resonances) correspond to interactions between
plane waves; but since for dispersive equations we deal with localized solutions, it is crucial to take
also into account the traveling speeds of the different wave packets. Here we show how this idea,
and the analytical method that this naturally suggests, leads to a simple proof of global existence
and scattering for quadratic nonlinear Schrodinger equations in three dimensions.

1. INTRODUCTION

There is a vast body of literature dealing with the global existence of small solutions to nonlinear
Schrodinger (NLS) equations. A prototype of these equations is

Ou = —iAu + Q(u)

where @ is a quadratic function of u and @. Most of the proofs given rely on weighted L? estimates
and L decay of solutions. Although it is natural to consider these types of estimates for dispersive
equations, the construction of some of the proofs seems to be ad hoc and tailored to a given equation
rather than relying on or developing a general method for dealing with nonlinear equations.

Our aim in this paper is to present a transparent proof of global existence based upon the
concept of space-time resonances and normal forms, which we will explain below. Specifically we
will provide the details of the proof for the initial value problemﬂ

O+ iAu = au?

NLS e ,
(NLS) Upp=2 = U2 Ll e2iny

*9

where « is a complex number and where u is a complex-valued function of (¢,z) € R x R3. We
also remark afterwards how we can trivially generalize the work to the case of Q(u) = au? + Bu?,
or more generally to systems of the form

Orup = —iceAuy + Zmn AprmntUmUn,
u€|t:2 = Uy2,

(SNLS) {

where the ¢, are nonzero real numbersl. Moreover the same method we employ here works for
problems in two space dimensions, which is the subject of a second paper in preparation.

Space-time resonance. The concept of space-time resonance is a natural generalization of reso-
nance for ODEs. If one considers a linear dispersive equation on R"

Ou = Z'L(%V)u

IThe choice of initial data to be given at ¢t = 2 instead of the standard ¢ = 0 is related to the choice of norms and
will be explained later.
2t is not at all obvious how to generalize existing proofs to deal with systems such as (SNLS).
1
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then the quadratic time resonance can be found by considering plane wave solutions u = ¢/(L(&)t+&x)
In this case time resonance for u? corresponds to

T ={(&,&); L&) + L(&) = L& + &)}

However, time resonances tell only part of the story for dispersive equations when one considers
spatially localized solutions. Specifically, if one considers two solutions u; and uy with data localized
in space around the origin and in frequency around &; and &, respectively, then the solutions uq and
ug at large time t will be spatially localized around (—VL(&1)t) and (—VL(&2)t). Thus quadratic
spatial resonance is defined as the set (£1,&2) € . where

S ={(£1,82); VL(&1) = VL(&2) }-

Thus we define quadratic space-time resonance as
X=9T NS

Spatial localization can be measured by computing weighted norms. Thus if the initial data is
spatially localized around the origin, i.e., ||#¥u(0,-)|/;2 is bounded, then the localization of the
solution u can be measured by computing Hage_iL(')tﬁ(t, )|z, where "~ is the Fourier transform
in space. This leads to the observation that the absence of space-time resonance can be captured
using Duhamel’s formula for the profile f’(t,ﬁ) = ¢ L@ (¢, €) and integrating by parts either in
time or in frequency. These ideas which we have been developing for the past two years will be
illustrated in detail for various dispersive equations in a forthcoming review article.

Known results. Global existence of small solutions to nonlinear Schrédinger equations have been
studied extensively. This question was first studied using energy estimates, and dispersion proper-
ties of the Schrodinger semi-group, e.g., see Strauss [I4], Klainerman and Ponce [§], Shatah [T2].
This approach works for quadratic nonlinearities in dimension greater or equal to 4, or in dimen-
sion 3 for nonlinearities of order strictly greater than 2. The problem which is considered in the
present paper, namely quadratic nonlinearities in dimension 3, is far more subtle. If a polynomial
nonlinearity, in three space dimension, has a quadratic term it is necessary to take resonances into
account. In this case global existence is known only if the dimension of & is zero, in particular
we mention the work of Hayashi and Naumkin [I1], Hayashi Mizumachi and Naumkin [6], Kawa-
hara [7]. These authors employ vector fields methods to obtain global existence. The vector field
approach which we understand as a method that addresses space resonances, can be cumbersome
or unintuitive to apply (as in the (SNLS) case), or even limited in applicability since it does not
deal with time resonances directly.

In the case of the nonlinearity |u|?, the space time resonant set % is three-dimensional. In this
case almost global existence has been proved by Ginibre and Hayashi [3], but it is not clear at all if
global existence is true. For the gauge invariant nonlinearity |u|u, the Fourier side approach should
of course be avoided; but using the pseudo-conformal transform, one can obtain global existence:
see Cazenave and Weissler [I], Nakanishi and Ozawa [10].

Finally, let us remark that the quadratic Klein-Gordon equation in dimension 3 is easier to
deal with: global existence is known for all type of quadratic nonlinearities since the papers of
Klainerman [9] and Shatah [I3]. This might seem surprising since the dispersive properties of the
(linear) Klein-Gordon and Schrédinger operators are very close, but the main difference is of course
that for Klein-Gordon .7 = ().

Main results. For equation (NLS) let f denote the profile of u, i.e.,

A

f(t,€) = e 1P ta(t,¢)
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then by Duhamel’s formula

~ o ! is £ £
(1) Ft.6) = (@) + 5y [ [ €56 fs,m) (s, — s,
(271') / 2
where ¢ = —|¢]2 + |n|? + |¢ — n|? and f(€) denotes the Fourier transform of f given by

n 1 —1x.£

=——— [ e "5 f(x) du.
With & = n and § = £ —n, space time resonances correspond to the sets where ¢ = 0 and 9, = 0
respectively. Therefore space-time resonance corresponds to a point Z = {(0,0)}. Consequently
we can prove the following

Theorem 1. Define the Banach space X by its norm

€z 2 7 3/2
f + (| fll oo oo + [[£3/2u]| poo oo

Leo[2

x
Wf
where f is the profile of u, namely f(t,€) = e~ ¥I°ta(t,€). For data u, such that ||e~ " u,||x is
small enough, there exists a solution of (NLS) in X. Furthermore, this solution scatters; i.e., f(t)
has a limit in L? as t — oo.

Here we used the short hand LPL? = LP([2,00), L%(R3)). The choice of initial data at t = 2 is
made to avoid having singularities at ¢ = 0 and ¢ = 1 in the norm on X. If we choose the data to
be given at ¢t = 0, then in the definition of the norm on X ¢ should be replaced by (t) = V2 + ¢2.
The norm on X can be explained as follows. The first and the last term in the norm are just the
L? control and the L™ decay of the linear solution. For data which is strongly localized in space
we expect the profile f(t) to be in L>L!. However we can not prove that and instead we show that
the profile is such that f € L L which is the fourth term in the definition of the norm. Similarly
one expects i f to be in L>®L?, however to prove this requires the use of fractional derivatives in
1 which is cumbersome to say the least. Thus we opt to use stronger integer weights and allow for
weak time growth of the stronger weighted norms. Finally one expect zf to be in L>L?, which
is true but is stronger than what is needed for the existence proof. The easier estimate where we
allow logarithmic growth is sufficient for our proof.

The method of proof of theorem [M, which is based on dealing with space-time resonances, enables
us to easily treat a system of Schrodinger equations with different dispersion coefficients (SNLS).
In this case the profile of u, satisfies

lullx = [1fllzoor2 +

lOg t oo L2

i 1 E Lo . .
it ) = 0(6)+ g 3 A [ e e fts (o mydns,

where Qpnn = —cl€)? + em|nl? + calé€ — n|?. The space-time resonances are % = {(0,0)} unless

¢m + ¢ =0 or é = é + C%, in which case Z is three dimensional. Consequently we have
M

Theorem 2. Assume that Agypm = 0 if ¢y + ¢, = 0 or C—lz = é + é (no quadratic resonances).
Then for small enough initial data the (SNLS) has a unique solution in X .

The idea of the proof. For simplicity in notation we give the idea of the proof for theorem [l
Consider the phase ¢ = —£2 +n? + (£ —n)? which appears in the Duhamel’s formula for the profile
f (@). Since the space-time resonance are a point #Z = {(0,0)}, we can take advantage of the
oscillation of the phase in the Duhamel’s formula ([Il) by integrating by parts in either s or 7. In
order to implement this strategy, we notice that 9,e*% = ipe’® and One'*? = isO,pe'?, thus for
any P,

(2)

1 P . .
Z,—Z <as + ;877> e = "%
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where Z %/ @+ P - 0yp. We now pick a P such that Z vanishes only at (0,0). There are many
functions P that will do the trick and

1
P=- =
n+ 38
is just one of them. For this specific P we have

1
(3) Z=p+P-Oyp==2" =& +2n < — (" + &),

which vanishes only at the point where ¢ and 0, are zero, which is (§,7) = (0,0). To deal with
the singularity of % we also consider the smoothened version of (&)

1 1 P - -
4 —— | =+ 0s+ —0, | ¥ = €',
@) iz (o ho)
The integration by parts using (@) or (@) takes full advantage of the oscillations of €*? and thus
introduces additional decay in s. However after the integration by parts, the resulting expressions
are not simple products in space anymore; instead they belong to a well-known class of bilinear
operators, the Coifman-Meyer operators, which behave as products under Holder’s inequality. This

fact and the added decay in s make the resulting equation for the profile similar to a Schrédinger
equation with a cubic nonlinearity which has global small solutions.

Acknowledgements: N. M was partially supported by an NSF grant DMS-0703145. After com-
pletion of the present work, we learned that a similar idea had been made use of by Gustafson,
Nakanishi and Tsai in their study of the Gross-Pitaevski equation [4] [5].

2. BACKGROUND MATERIAL

The following are standard inequalities that we include for the convenience of the reader.

Coifman-Meyer operators. Throughout the proof of theorem [Mlwe will be dealing with Coifman-
Meyer operators. These operators are defined via a Fourier multiplier m(&,n) by

To(fog) = ! / m(E,m) F e —n)dn.

The fundamental theorem of Coifman and Meyer states that these operators have the same bound-
edness properties as the ones given by Holder’s inequality for the standard product.

Theorem C-M (Coifman-Meyer). Suppose that m satisfies

) C
) |00, m(€,m)| < (€l + 1) 18

for sufficiently many multi-indices (c, 3). Then the operator

Tp : LP x LY — L"

is bounded for

(6) lzl—kl, 1<p,g<oo and 0<r < oco.

r P q
Remark. 1) For condition [3) to hold, it suffices for m to be homogeneous of degree 0, and of class
C*>® on a (&,m) sphere. 2) If m(&,n) is a Coifman-Meyer multiplier, so is m¢(§,n) = m(t&,tn), for
t a real number. Furthermore, the bounds {d) are independent of t, and consequently so are the
norms of Ty, as an operator from LP x LY to L", for (p,q,r) satisfying (@).
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A stationary phase lemma. The L' — L decay of solutions to the Schrédinger equation is
just the stationary phase lemma. The following is a more detailed version of this fact.

Lemma 2.1. The Schrodinger semigroup satisfies

—itA _ 1 —zﬁA £ L 2
(€20 @) = e 0 (~5;) + FaOltsl)

with the convention that ﬁ =T In particular

(

. 1 1
_itA A
le™"2glle S t—%HgHLoo + 7zl gl
Proof. It is well known that
(e—itA )(:1:) _ 1 e—i‘“‘;f@ ( )d
I = gime)3r i

= 71 it z L izt %y _Z‘ﬁ
o (—2it)3/2e K g( 2t> +W€ 4 /6 2t <€ w —1 g(y)dy

In order to prove the lemma, it suffices to bound the second term in the last line. This is easily
done as follows

2 zY 7,—2
el /6225 (e " - 1> g(y)dy‘ S/ E!g(y)\dy / l9(y)|dy
\y|<\f ly|>VE

< m“?ﬁg\\z-

O
A Gagliardo-Nirenberg type inequality. For Schrodinger equation the generator of the pseudo
. d . . . ..
conformal transformation J </ x — 21tV plays the role of partial differentiation. Thus we have

Lemma 2.2. The following inequality holds
le 2@l < [l L [l @l

. . 22
Proof. The proof relies on the observation that e #2z = Je~ ™2 and that J = 2ite " & Ve'x.
Thus we get
. 2
e 2l = [T fI3 = 42[le~% V'S e f < e f | AT e £
g T R e e [

where we used the standard Gagliardo-Nirenberg inequality for the first inequality. O

Fractional integration. By integrating by parts in Duhamel’s formula we will introduce Z and
% + Z in the denominators. These terms behave like —A and % — A in the denominators, and thus
we need the following inequalities which are standard.

Lemma 2.3 (Fractional integration). Let A” def (—=A)P/2 and AP = (- A)Bﬂ, then

e Ifa>0,1<p,q<oo, and——;:%,

IS RN
e If a >0, and denoting LP? for the usual Lorentz space,

AT flloo S 1IN, 24
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® Ifa>0,1<pg<oo, and0< 3 -3 <

wlQ

1
p

1

a3 1
Iares), s e G,

We can bound Z and % + Z in the denominator using Coifman-Meyer Theorem and A or A; in
the following manner.

Lemma 2.4. Let Z = ¢+ P -0y as in @) and let P, denote a homogeneous polynomial in (§,1)
of degree £. Then

(1) The multiplier

(g, ) = TA1E)

satisfies
17,0l < (A A1 glly + 151 1Al ) -

(2) The multiplier
PZ(&» 77)

my(§,m) = m,

satisfies
1T (£, (HAf—%pr lglly + 1171l HAf—%ng)
with % = % + % as in the C-M Theorem.

Proof. Let 11 and 9 be two functions of £ and 7, homogeneous of degree 0 and C* outside (0, 0),
such that

Y1(§,m) +¥2(§m) =1 for any (£, n)
(7) U1(&m) =0 if | = /€ —n|
ba(&m) =0 if € —n| = glnl.
To prove (1) we decompose the Fourier multiplier m into two multipliers

de

(8) m(&,n) = (& n)m(&n) + Yo (& mmi(&,m) E ma(€,n) +mal&m)

We can rewrite my as

Py—1(§:m)ln| 1
A In|

Observe that 11 (&, n)w satisfies the hypothesis of the C-M Theorem. Thus we have

m1(§7 77) = 1/}1 (67 T/)

1Ty ()l = \

TP2k71(§7’7)\77\ (A_1f> g)
zk

< A1, gl

The case of mg being entirely similar permuting the roles of f and g, we finish the proof of (1).
To prove (2) we similarly decompose m; into my + my2 and rewrite my; as

Py, 1 2\k—%
mtl(é.vn):¢l(£7n) Z(g T(l)l(i—iz_z) 1 ! k_L :/‘(tf,tn) 1 k—1L
i +2) (L+n2)" 2 (F+n)" 2
where
. Pi&n) (14722
() Y (e, ED LA T)

(1+ 2)k
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satisfies ([B). By the C-M Theorem and the remark following it we have

(T (7. 9)llr = |[Tuseon) (857 1.9) | < [[4577] Tl

The case of myo being entirely similar, we finish the proof of the lemma. O

3. PrRooOr oF THEOREM [1]

The solution u will be constructed using Picard’s fixed point theorem. Thus we will simply show
that

R ) oY Yl sotem : def 2
F.) = u(©) + 5 [ [ @ ) Fls. € = mnas = () + 0B S (1),
is a contraction on a neighborhood of the origin in X. In other words, we will prove the estimate

IB(f Hllx S IFI -

Notice that scattering follows immediately from the belonging of f to X. Indeed the L*° decay of
u, for f in X, is integrable in time.

Control of |B(f, f)||ger~. It suffices to estimate the bilinear term B which can be written as

t A
B0 = [ 5 [P fs, 5+ (5.5 — Qs

o lel?
Bounding e™**"2" by 1, and the inner integral by Lemma Tl we get

. A 2 .
B [ (%/2 P(3)] + a2 (7 (+54) £ (+5-9)) L2> "
¢

57/4
< [ Lz L (je2f f Ocf(s)34)d
S | splflds+ | (10276l f )l +10:7(5) 1 ) ds

t
1 ; ; . . ,
< 1£1% —1—/2 WH@?f(S)HLE||f(S)HL2<>d8 by Gagliardo-Nirenberg’s

SR+ 11 [ s2ds 1115
Control of ||B(f, f)|/zer2. This is given by a simple energy estimate

[ee)
1
IB(f, flpeerz S /2 3 1320 poe poe || £ || oo £2ds S N1 F (1%
S

Control of

Togi B(f, f )H . Applying O, one gets

t . ~ ~ €
OB(f, ) / / ispec’™ f(s,m)f (5,6 — m)dnds + /2 / &% F(s, )0 f(5.€ — m)dnds < T4 11,

The standard Hélder inequality suffices to estimate I1:
t
/ eisA (e—isAfe—isA (a;f)) ds
2
t
) S [ lullclo fllds
2

b ds
S [ Stk <k

1|2 =

2
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In order to evaluate I, we integrate by parts using % (83 + %8,7) ey = els?

t 1 P isp f 7
! :/2 [ <as * ;&7) €2 f(s,1) f (5, € — n)dnds

(10a) —+ [ et ftn) Fe.6 ~

(100) ~2 [ Feen ()i~ n)dy

(100) / [ e i (s, ~ mnds

(10d) - /2 / s%eiwasf(s,n) F(s,€ —m)dnds  + similar term
(100) [ Jou (B e fsimits.e — nyinas

(10f) - /2 t / %eiwan F(s,m)f (5,6 —m)dnds -+ similar term

The “similar terms” appearing in the above sum correspond to the cases where the s or 1) derivative
hits f(s,& —n) instead of f(s,n).
Now observe that, interpolating between the different components of the X norm, one gets easily

that
lullgs: S —= and || flles St
\/— /
where € > 0 can be chosen as small as one wants.
Using the above bounds, and applying lemma EZ4] and lemma we get:

I[=D |, = ¢

The treatment of (I0D) ([0d) and (I0d) is very similar, so we skip it. Coming to ([[Odl), we write

AT g (A f,e A P)|| S AT fllall e oo St leysluloe S 11

. ¢
AT (u2,u)H2ds,§/ s (JJA"ul 10?2 + lull2 A~ 2 o) ds
2

t
@@, s [ s
<[ < [0 <
S, s (llulls,illullc l[ull2) ds < (1 1% L s o 1£11% log .
Finally, it suffices to apply the Coifman-Meyer theorem to deal with ([0fl), as follows

iSATngé (E_iSAf, e—isA

t t t
1@, < [ e ef)|| ds < | llzfllzllullecds SIFIE [ s° R S IFI-
2 2 2 /
2

Z

Control of ||t3/2¢=*AB(f, f)||z>r~. The bound on |[e"*AB(f, f)||oo is usually achieved by using
normal forms, i.e., integrating by parts in time. Using l—&iZ (% +0s + g@n) e'%¥ = "%, we have

t L /1 P o )
7= /2 /%—1—712 <§ +0s + ;677> e"? f(s,m)f(s,§ —n)dnds = g(§) + h(&)
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90 =n(©) +(0) < [ et famie - -

i2g0A* A* - d
%H.Ze @ ()t (€ —m)dn

e is : 11 ieo s A
o0 [+ b Z“’ s (n§ = s =i [ [ ot (a6 s

eis«pasf(& T/)f(sag - T’)dnds
1z

We want to estimate the L™ norm of e A B(f, f) = e "**g + e~"*h, which will be achieved in
different manners for each term.

To estimate e "¢, let us first notice that the second summand, go, is very easily dealt with
since it is constant in time. Focusing on g;, we can proceed directly using that

Fle ™ g)(6) = / alt, myi(t, € — n)dy

1 .
;‘l‘ZZ

so that by the C-M Theorem and fractional integration (lemma E3)) we have

At_zT%Jrgz (u,u)

: 1 L+ &7
—itA _ -1 A
e glnoo—Hf g [ .

0o T+7 00
ST e (wu)| S ullellulloo S (52
$+Z 6
Also notice that the norm of g in Lg is easily bounded:
. 1 . N .
(11) iy < [ o || £ € = ] dn S Wy S 151

The L*® norm of the term e "2h is harder to estimate directly. However we will prove in the
next subsection that

(12) lz*h()ll2 < ¢,

with € a constant arbitrarily small. This estimate on h is to be contrasted with the L? norms of
22 f or 22g, for which we only expect a bound of C'v/t. In other words, having removed g from f,
the remainder h = B(f, f) — g has a better decay. This enables us to use Lemma Tl as follows

i 1 . 1 1
e hloe S g Whll + 5777127l S 7 (IBU, Dllo + 1lloe) + 7 12%hl S 01

where the last inequality follows from ([II) and (2.
So to conclude the proof of Theorem [l the only thing which is left is the proof of ([I2); this is
the aim of the next subsection.

Control of || tff% 9|2 and || ﬁh” r<r2. The idea is always to look at these quantities expressed
in the Fourier variable, apply 852, and estimate each of the terms which appear. In the case of

22 o . . : o 22 .
| 77729l oo 2 this is straightforward, so we skip this and focus on estimating | 7h[/p o2, which
requires much more work.
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Recall that we denote Py any homogeneous polynomial in (£,7) of degree £. Applying 8? to ﬁ(f )
produces terms of the following types:

(13a)

(13Db)

(13c)

(13d)

(13e)

(13f)

(13g)

(13h)

(13i)

//1 ng 4 2] 5?0, f(s,n)f(s,& —n)dnds with k> 0and k—2 > j > —2
//1 sz 3— 2] €159, f(S,ﬂ)agf(S,f—n)dnds WitthOandk—%zjz_l
/ / 1 ng 2- 2] P, f(s,m)02 f(s,€ —n)dnds with k>0and k—1>j>0
//1 sz 2— 2] ZSﬂﬁf( )f(S,i—n)dnds withk>0andk—1>5>0
//1 P2k 1— 2] zsﬂof(s,n)ﬁgf(S,ﬁ—n)dnds witthOandk—%ZjZ()

P
/ / R s f(s, )02 f(s,€ —m)dnds  with k> 0and k—1>j >0
3] + zZ

[/ S%e“@f(s,n)f(s,é ~ n)dnds
<+ zZ

/ / P2k+1 zssof(s, n)ﬁgf’(s,g — n)dnds
+ zZ

2 2& isp ¢ X B
/2 /S Pe (%—FZZ)E f(S,’I’})f(S,E 'r])dT]dS

e Control of [[3d), [I30), [IZd). These three terms are easy to deal with, and can be handled in
a similar fashion. We will only illustrate the estimate on ([3al). By lemmata (Z3)) and 4]

t
1. »
@@ < [ 5 5Ty, (5200 | ds

(%“Z)k 2

t 1 . . i j
< [ Lt ol + e gl e ) o

t t
1 1
S [ 5o el s S W11 [ 5 s S 171 ot

e Control of (12d). By lemmata and 4]

t
1. i »
1@ DI < [ 5 |2 s g, (527 e0) | ds

(1+i2)" 2

t
S [ S IA el ) ds
2

+ t
1 s 1 €
S [ 5o sl < 171 [ Vst s < 1
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e Control of (I3d). By lemmata ([Z3]) and 24,

t
1, o
@@l < [ 55 2Ty, (75575 2ar) | ds

(+2)" 2

t
S [ S QA e )+ e |, as¥ e b ) ) ds

b1 g
< [ St e flllulods £ 1515 [ Valogs—tds S 115

e Control of (I3}]). By lemmata [Z3) and 24,

t
1, o
e e e I |

(L+iz)" 9

t
5/2 < (HA QJe—ZSA 2fH He zsAfH _|_He isA 2fH2HA 2]e—zsAfH )

/ fm%wwwuﬂmu/¢ﬂwwsm&Mt

e Control of (I39). In order to deal with this term, we need to integrate by parts using the identity

1 1 P isp _ Lisp : iyt
T,z (S +0s + 5 8,7) e*? = "% which means writing

B = // ! <1+6+ 8>ei5“"f(8ﬂ7)f(s,£—n)dnds

ZZk1+ZZ

and performing the 1ntegrat10ns by parts in s and 7. Upon doing so, all terms that appear are of
the form (I3al) - (I30), except the time boundary integral term, which is easily estimated. This
gives the desired estimate

ISl < 1115t
e Control of [I3H). In this case we proceed as above that is we write

(@30) = // P%H 1 < 40+ — 5>eiswf(sm)@sf(svf—”)d”ds

—I-ZZ

and perform the integration by parts in s and 7. All terms which appear then are of the form ([3al)
- ([I30), except for two terms. The first

Py P . .
/ / Cias k-i—l stanf(sa T,)aff(s7§ - T’)dnds
which by C-M Theorem and Lemma IZZ, can be bounded by

t . .
L e ) s
The second

/2 /S( + Z)k"‘l f(s 77)8 aff( € — ﬁ)dnds
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for which we remove the O integral from the last term, using the fact that O¢ f (s,6—m) = =0y f (s, &—
1), and then integrating by parts in 7. The terms resulting from this integration by parts are all
of the form (I3al) - (I31), thus controlled. This gives the desired estimate

17~ 2 < IIFI5
e Control of [I3Z1). We just need to rewrite this term as

t iso B o
(m) = /2 /S@gi@ne’&pf(s,n)f(syg _ n)dT]dS

(1 +i2)
Performing the integration by parts in 77, one obtains terms of the form and ([30)). Since these
terms are controlled, this concludes the bound on ||f—3h|| eor2. Thus if the initial data ||e”" u, || x

is small enough then the map f — u. + B(f, f) is a contraction, and this completes the proof of
Theorem [11

Sketch of the proof of theorem [@. From Duhamel’s formula the bilinear terms for the (SNLS) are

A~ t . ~ PN
BoonFns f)(£,€) = Apn /2 / eiseemn(€n f (s ) f(s,€ — n)dnds

where Qpnn = —col€|? + cm|n|? + cal€ —n|?. Since all Yy, have space-time resonances Z = {(0,0)}

then we can choose a function
Cn

PR )
which is well defines since ¢, + ¢, # 0 by the non resonance hypothesis. It is easy to check that if
we define Zypn = ©emn + Pomn - OpPemn then

| Zmn| Z |coem + cecn — emenl (€17 + 0?) Z (1617 + %),

since ¢pcp, + cocn — cmcn 7 0 by the non resonance hypothesis. From here on the proof of theorem
proceeds verbatim as in the proof of theorem [

PZmn = (CZCm + cocp — CmCn + 1)(77 -

0
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