GLOBAL SOLUTIONS FOR 2D QUADRATIC SCHRODINGER EQUATIONS

P. GERMAIN, N. MASMOUDI AND J. SHATAH

ABSTRACT. We prove global existence and scattering for a class of quadratic Schrédinger equations
in dimension 2. The proof relies on the idea of space-time resonance.

1. INTRODUCTION

In the present article we examine global existence and asymptotic behavior of solutions with
small initial data for nonlinear Schrodinger equations with quadratic nonlinearities in dimension 2.
We believe that this particular model is a good representative of a wider class of weakly dispersive
nonlinear equations, i.e. nonlinear dispersive equations where the linear decay due to dispersion is
not strong enough a priori to overcome the nonlinear effects over large intervals of time: estimates
relying only on the power of the nonlinearity, but not on its structure, fail. As we will argue later,
the key concept in this setting becomes space-time resonances.

1.1. Known results. Consider a nonlinear Schrédinger equation
Ou + iAu = Ny(u) (t,z) € R x RY,

where u is complex-valued, and N, a (nonlinear) function of u which is homogeneous of order p.
We will review results concerning global existence and asymptotic behavior for small solutions. We
refer to the textbooks by Cazenave [2] and Tao [31] for a more general discussion.

The simplest problem occurs if the decay given by the linear part is strong enough, or p large
enough to use dispersive or Strichartz estimates to conclude that asymptotic completeness holds for
small data, i.e. the wave operators are defined, and are one to one. For smaller p, more interesting
effects appear, and the structure of the nonlinearity starts to play a role. Two values of p are
particularly important: the Strauss exponent (\/d? 4+ 12d + 4 + d + 2)/2d [30], and the short range
exponent 1 + 2/d, whose values are displayed below for small dimensions.

space dimension | short range exponent | Strauss exponent

1 3 (V17 +3)/2

2 2 V2+1
3 2 2

For p larger than the Strauss exponent, one expect the existence of global solutions for small
data, as well as some kind of asymptotic completeness. For p larger than the short range exponent
one expects the existence of wave operators, while for p less than the short range exponent one
expects small solutions not to be asymptotically free. Various global existence results for small
solutions will be illustrated below.

Wave operators for small data at t = co. Suppose first that p lies above the short-range exponent,
p>1+ %; an immediate computation shows that the solution becomes asymptotically free if it
decays in L at the rate prescribed by the linear part: ¢t~%2. In all known cases, wave operators
can be constructed for small data for this range of p, but no general result seems available. For
the nonlinearity N,(u) = +|u|P~'u, see in particular Cazenave and Weissler [3], Ginibre, Ozawa
and Velo [11] and Nakanishi [23]. For small p within this range, the spaces in which these wave
operators exist involve weights or vector fields.
1



2 P. GERMAIN, N. MASMOUDI AND J. SHATAH

Consider now the case where p lies below the short-range exponent p < 1+ %. For the nonlinearity
Np(u) = |ulP~tu, it was proved by Barab [1] that non trivial asymptotically free states cannot
exist. Modified wave operators were subsequently constructed by Ozawa [24], and Ginibre and
Ozawa [10] if p = 1+ 2. For the nonlinearity |u|?, in dimension 2, it was proved by Shimomura [26]
and Shimomura and Tsutsumi [28] that non trivial asymptotically free states cannot exist either.
However, for the nonlinearities 2, u@?, @ in dimension 1, and u?, %2 in dimension 2, wave operators
were constructed by Moriyama, Tonegawa and Tsutsumi [21] and Shimomura and Tonegawa [27];
see also Hayashi, Naumkin, Shimomura and Tonegawa [18]. Finally, Gustafson, Nakanishi and
Tsai [12] proved, in dimensions 2 and 3, the existence of wave operators for the nonlinearity (u +
21 + |u|?)u arising from the Gross-Pitaevskii equation.

Global existence and asymptotic behavior for small data at t = 0. For p larger than the Strauss
exponent one can construct global solutions for small data using simply a fixed point theorem
and dispersive estimates [30]!. This holds regardless of the precise form of N,, and furthermore,
the solution scatters, ie it is asymptotically free in a certain sense. For the short-range exponent
p =1+ %, Hayashi and Naumkin [15] showed that a modification must be added to the free
solution to describe the behavior for large time. Apart from a result of Tsutsumi Yajima [32], who
prove scattering in the defocusing case, we are not aware of any result for the intermediary range
(between the short-range and the Strauss exponent); one would however not expect scattering to
hold in general.

For other nonlinearities, there are few known examples of global existence for small data below
the Strauss exponent. In dimension 3 however, global existence and scattering are known for u?
and u%: see Hayashi and Naumkin [16], Kawahara [20] and Germain, Masmoudi and Shatah [7].
For |u|u, this is also the case (Cazenave and Weissler [3]), but for |u|? only almost global existence
is known (Ginibre and Hayashi [9]). For the Gross-Pitaevskii equation, Gustafson, Nakanishi and
Tsai [13] proved the existence of global solutions which scatter for large time.

It is interesting to notice that for the Schrodinger equation, there is to our knowledge no known
example of a nonlinearity which yields blow up in finite time for small, smooth and localized data.
Such a nonlinearity should, as we have seen, necessarily correspond to a power below the Strauss
exponent. For the nonlinear wave equation, we know since John [19] and Schaeffer [25] that blow
up occurs for nonlinearities which have the homogeneity of the Strauss exponent.

Global existence if the nonlinearity involves derivatives of u. As will become clear in this article,
derivatives in a nonlinearity can play the role of a null form, thus making estimates easier as far as
resonances are concerned. However in the presence of derivatives in the nonlinearity one needs to
recover the derivative loss in the estimates, thus making them more complicated. To shorten the
discussion, we focus here on recent developments corresponding to nonlinearities of low power.

In dimension 3, Hayashi and Naumkin [17] were able to prove global existence and scattering
for small data and for any quadratic nonlinearity involving at least one derivative: uVu, uVu,
uV... In dimension 2, Cohn [5] obtained the same result for a nonlinearity of the type VaVu
(his proof, relying on a normal form transform and the use of pseudo-product operators, is actually
very similar to parts of the arguments of the present article). Finally, the main result is due to
Delort [6], who proved global existence for a nonlinearity of the form «Vu or @Vu. His method

IThis can be seen as follows: let —r(p) = % — £ be the decay of ||u(t)||, prescribed by the linear Schrédinger flow;
then p is larger than the Strauss exponent if and only if pr(p + 1) > 1. Thus one can easily get the global a priori
estimate ||u(t)|[p41 < ¢7"PFD for u solving B;u 4+ iAu = N,(u), and u(t = 0) = ug small (for the sake of simplicity,
we ignore the divergence of the integral for s — t close to 0):
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combines the vector fields method, a normal form transform, and microlocal analysis; it enables
him to prove global existence, but not scattering. Our approach to the question of global existence
is quite different from his. The Fourier analysis we develop is essentially a new point of view on
the vector field and normal form methods.

1.2. The notion of space-time resonance. The concept of space-time resonance is a natural
generalization of resonance for ODEs. If one considers a linear dispersive equation on R™
1
o = zL(f(?)u
)
then the quadratic time resonances can be found by considering plane wave solutions u = e!(L(&)t+€),
In this case time resonance for u? corresponds to

T ={(&1,&); L(&) + L(&) = L& + &)}

However, time resonances tell only part of the story for dispersive equations when one considers
spatially localized solutions. Specifically, if one considers two solutions u; and uy with data localized
in space around the origin and in frequency around &; and o, respectively, then the solutions wu;
and ug at large time ¢ will be spatially localized around (—0L(&;)t) and (—0L(&2)t). Thus quadratic
spatial resonance is defined as the set (£1,&2) € . where

S ={(£1,&2); 0L(&) = OL(&2) }-

We define quadratic space-time resonance as
Z=TN.

The idea is that only frequencies in Z play a significant role in the long-term behavior of nonlinear
dispersive equations. Indeed, the interaction between frequencies which are not time resonant is
harmless, whereas frequencies which are not space resonant cannot interact since they have disjoint
support - to be precise, this last point is valid only if the nonlinearity is local.

We believe that space-time resonances provide a key to understand the global behavior of non-
linear dispersive equations, for small data at least. We have been using this notion, along with its
natural analytical framework, to study three-dimensional nonlinear Schrédinger equations [7], and
more recently, water waves [8].

What heuristic understanding of quadratic nonlinear Schrodinger equations does the notion of
space-time resonance give? The three possible polynomial nonlinearities are u?, @2, and |u|?. An
elementary computation (see Section 2) shows that for the two first, # is reduced to a point,
whereas it is a d-dimensional subspace for the third one. This explains why, in dimension d = 3,
global existence can be proved relatively easily for u? and @2, whereas for |u|? only almost global
existence is known. In dimension 2, the decay given by the linear Schrédinger equation is only
%; in other words, quadratic nonlinearities are short-range, making global existence results very
delicate. Actually, the only known results hold for nonlinearities of the type uVu or aVu; more
precisely: the nonlinearities for which global existence holds exclude interactions between u and a,
and involve derivatives. Why are derivatives in the nonlinearity helpful as far as global existence
is concerned? This can be understood by going back to the space-time resonant set, which is equal
to the zero frequencies of the interacting waves; these zero frequencies are canceled by derivatives.

The above considerations lead us to the choice of a quadratic nonlinearity Q(u,w) in the theorem
below. For low frequencies, which is where resonances occur, a derivative is needed to play the role
of a null form, thus Q(u,u) will look like uVu. Taking @ of the same form for high frequencies
would lead to a problem distinct of resonances, which is our primary focus, namely: how to use
the smoothing effect of the equation to “recover” derivatives. Since we want to avoid this technical
complication, we simply define Q(u,u) to be a standard product for high frequencies.



4 P. GERMAIN, N. MASMOUDI AND J. SHATAH

1.3. Main result. Consider the following equation on u, a complex-valued function of (t,z) €
R x R2,

NLS .
( ) u‘tZZ = U2 d;f 6721Au*7

{ dpu + iAu = aQ(u,u) + fQ(u, )

where «, # are complex numbers and @ is defined by

Q.9)(6) = / o€, ) Fn)3(€ — n)dn,

~ denoting the Fourier transform, and where the symbol ¢ is smooth, linear for |(£,n)| < 1, and
equal to 1 for |(&,n)| > 2. Thus @ is like a derivative for low frequencies, and the identity for high
frequencies.

Remark. The fact that the data are given at time 2 does not have a deep meaning: it is simply
more convenient when performing estimates, since the L> decay of % given by the linear part of
the equation is not integrable at 0.

Before stating the theorem, let us introduce the profile f given by f(¢) def et Pult).

Theorem 1. There exists € > 0 such that if u, satisfies
Iy usll, < e,

then there exists a global solution uw of (NLS) such that
€

Kz)fllz Se s 122 fll2 S e+ €t and (|62 flloo S e

Furthermore, this solution scatters i.e. there exists foo € L? such that
1 £(t) = foolly — 0 ast — oo.

Remark. Using the tools developed in this article, more general nonlinear Schrédinger equations
can be treated, we give below a few examples.

(1) The conclusion of the theorem still holds if any cubic terms of polynomial type are added,
that is for the following equation

Ou + iAu = aQ(u,u) + Q(u, u) + yuuu + duut + eutt + (uun

(notice that it is not trivial to obtain the L decay proved in the theorem even if the
nonlinearity consists only of cubic terms).

(2) The theorem can be extended in a straightforward way to systems for which no quadratic or
cubic space-time resonances occur.

(3) Finally, it is possible to handle more general pseudo-products than Q. It should also be
possible to extend our result to the case where Q(u,v) = auVv + fuVu by analyzing high
frequencies more carefully than we have done. Finally, we remark that the fact that q is
linear for low frequencies simplifies some manipulations in the following, but is not essential.

1.4. Plan of the proof. The article is structured as follows:

e In Section 2, we analyze the resonant structure of the different terms of the equation, and
perform a normal form transform on a certain part of the nonlinearity. This yields two terms, g
and h = hy 4+ ha + hs, which have different behaviors, and will satisfy different estimates, stated in
section 3: (6) for g and (7) for h. The proof of these estimates, performed in sections 6 to 10 will
give Theorem 1.

e In Section 4 we recall or establish basic linear harmonic analysis results .

e In Section 5 we turn to basic multilinear harmonic analysis, specifically pseudo-product operators.
e In Section 6, the estimates (6) are established for g.
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e In Section 7, the estimates (7) are established for h;.

e In Sections 8 and 9, the estimates (7) are established for hs.

e In Section 10, the estimates (7) are established for hs.

eFinally, in the appendix A, we prove boundedness of multilinear operators with flag singularities,
a fundamental result of harmonic analysis that is needed in the proof.

1.5. Notations. We denote by C' constants that may vary from one line to another, and use the
standard notation A < B if there exists a constant C' such that A < CB, and A~ B if B S A and

A < B. The Fourier transform of f is denoted by for F(f); the normalisation is the following
~ 1 .
— —ix€ d
fie) = 3= [ e @) da.

The Fourier multiplier with symbol m is given by
def 1 7
m(D)f = Fm(£)f(§)-
2. COMPUTATION OF THE RESONANCES AND FIRST TRANSFORMATION OF THE EQUATION

Recall that f denotes the profile of u f(¢,x) = etBy(t, z) or f(t,€) = e Ptq(t, £). Then

(1) O f(t,z) = " (aQ(u,u) + BQ(, 1))
thus

A t . A A

F(t.€) =€) + a /2 / &30+ €M g ) f(s,€ — ) (s, m)dn ds

(2) t
isp——(&m) £ o\ F

+ 8 /2 / ¢~ &M g, m) (s, € — 1) F (s, m)dn ds

where
def
prr = —|€2 £ 0 £ 1€ —nl*.

2.1. Computation of the resonances. The analysis that we will perform will rely on our under-
standing of resonances between two or three wave packets. In the present section, we describe the
space, time, and space-time resonant sets; then we define cut-off functions, which split the (£, 7) or
(&,m, o) plane into the different types of resonant sets.

2.1.1. Quadratic resonances. Due to our choice of nonlinearity, the only type of quadratic interac-
tions occuring are two + waves giving a + wave or two — waves giving a + wave, or for short: “+4
gives +7 and “—— gives +”. The corresponding phase functions are

e+ (&n) = —EP + P +[€ =0 and (&) = —[¢)* = |n* — € —nf*.
A simple computation gives that the space, time, and space-time resonant sets are: for ¢
it ={0hp =0} ={{=2n}
Ty ={p=0t={n-({—n) =0}
Riq = {0y =0t N{p =0} ={{ =n=0},
and for p__
S =0y =0} ={¢ = 2n}
T _={{=n=0}
A ={{=n=0}

In both cases the space-time resonant set is reduced to a point! This is to a large extent the key of
the above theorem.
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Further notice that as far as ¢p__ is concerned, 7__ = Z#__; thus for this type of interaction,
we shall not have to take space resonances into account for the analysis.

We take this opportunity to analyze the ui = |u|? interaction ( +— gives + ) and explain why
this interaction is out of the scope of our theorem. For +— gives + one easily sees that

o (Em) =—IEP =P+ —n* =27

S ={§{=0}
T+ ={§-n=0}
A+ ={§=0}.

Thus, the space-time resonant set is too large; this explains why global existence should not be
expected, or at least why our method does not apply.

2.1.2. Cubic resonances. All the possible cubic interactions, namely “++ 4 gives +”7, “+ — — gives
+7, “—+ 4 gives +7 “ - - gives +”, occur for (NLS) as will become clear in the next section. They
correspond respectively to the phase functions

it =—lEP+E =P+ n— ol +|o]?

) i =—lEP+E—n)* = n— ol — |o]?
ot =P =€ =n>+|n—o* +]|o
o=~ = —n)* = |n—0of - |o]?

A small computation shows that the space-time resonant sets are:

3
Lt ={Opop =0t ={{ =30 = 577}

Ty ={E=E-n’+(—0)+0%}
Ayt ={=n=0},

S ={O0hep =0t ={ =0 = %"7}
T ={* =+ n—0)+0%}
Ky ={{=n=0},

S = {0 =0t ={{=0= %77}
T ={E+E-n?=mn—-0)+0"}

A-yr={{=0= %TI},

S ={Opep =0t ={{ =30 = gn}
T ={{=n=0=0}
A ={{=n=0=0}
Note that the space-time resonant sets Z4 = #Z+__ = %#—__ = {{ =n = o = 0}, which seems

and will be) favorable to obtain estimates. The set Z_,, = {£ = ¢ = in}, which looks very
2
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problematic is actually benign since by the following identity

(4) Oep—tt = —20n0—44 — o1+,

it will generate “null terms”. That is when trying to establish the weighted L? estimate, one
differentiates a certain trilinear expression in &, which corresponds to adding an x weight in physical
space. The worst term arises when the ¢ derivative hits an oscillating term with phase ¢_4 .,
which introduces a factor of sd¢;p_1 . Due to the above identity, one can substitute to this
factor s(—20,¢—1+ — Oy9—4+), which is harmless since an integration by parts in n or o makes it
disappear. See Section 10 for the details.

2.1.3. Partition of the frequency space. The proof will rely on a decomposition of the multilinear
expressions, which will be achieved by splitting the (£,7), or (§,7,0) space; this manipulation will
enable us to treat separately the different types of resonnances.

Let us first explain the procedure in the case of quadratic interactions: consider either the ++
or the —— case, and define 3 smooth functions =%, x*+5 and x*H7 of (¢,7) such that

0< X:t:t+,R :I::I:,,5'7 X:I::I:,T <1 and X:t:t,R + X:t:t,S + X:t:t,T =1

% for any (£, 7)

xTE® =1 on B(0,1) and 0 outside B(0,2)

VEET and yEES

¥ T =0 on a neighbourhood of Z 4+

xT5% =0 on a neighbourhood of .%4 4.

are homogeneous of degree 0 outside B(0, 2).

Of course, the splitting in the —— case is easier since time resonances are trivial then and one takes

x__’S = 0.

The case of cubic resonances is handled similarly in the cases where the space-time resonant set is
trivial, ie + + 4+, + — — and — — —. This gives cut-off functions

+++ R +++,5

X , X , and Xiii,T'

All the cut-off functions which have been defined will be dilated as time goes by, in the following
way

d
Xiti7R757T éf X:l::t,R,S,T (\/_E‘) and X

+++ R,S,T def iiiRST (\/g)

2.2. Normal form transform and decomposition of f. Split the integral occuring in (2) using
the quadratic cutoff functions, and integrate by parts in s the term with x”, using the identity

1

. OgeisPE£(Em) — gisprs(Em)
ip++(85m)

(this manipulation is nothing but a normal form transform). A small computation shows that the
equation (2) can then be rewritten as

(5) f(t7€) = ﬂ*(f) + f](t,é) + B(t,f),

with
t

o= | (aq“ 1T (e ) eior 4 L) &) ’T(é,n)eis“’“)f(své—n)f(s,n)dn

P+ —— 2
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and all the remaining terms are denoted by ﬁ(t, €)= El(f) + /ﬁg(f) + /ﬁg(f) where
)% / / HR(E (e, m)eis e+ Fls, € — ) Fls, m)dnds
5 / / X RE (€ e F(s,€ — ) (s, n)dnds
o / [ oot B etoes s, — o) fis.nyands

Z@++

. ——T (57 ) zng,,e _ Z
8 / / o (€)Y F(s,€ — n)J (s, m)dnds

< / / XTI M (€, m) f (s, € — ) F(s.m)dnds

() // xa T e maE,n) + xa T E € —n)alE, € —n)
ivr4(§,m)

X q(n,0)e' 4 f(5,€ =) f(s,n — o) f(s,0)dn do ds

++T ++,T
B a(&n) +xs (& E—ma&E—n)
aﬁ// ivs+(&m)

x q(n,0)e*?+ = F(s,& =) (5,7 — o) f(s,0)dn do ds

(§n

_ 4a xs T malE, 77)+xs (&€ =ma& € —n)
uf f =
x q(n,o)e lw_"f( f )f( —0)f(s,0)dndo ds

t -, -7
a2 xs T (Ema&n)+xs (6 E—na& € —n)
d /2 / ip——(&m)

X (1, 0)e"*? =+ [ (5,6 = n)f (5,1 — 0) [ (s, 0)dn do ds
Thus g consists of the boundary terms arising from integration by parts in s, h; consists of terms
that are strongly localized in frequency, ho consist of quadratic terms, and hs consists of cubic
terms. The point here is that g and h satisfy different types of estimates since g is less localized in
space than h, but is pointwise smaller.

3. A PRIORI ESTIMATES AND OUTLINE OF THE PROOF

The proof of the theorem will consist in the following a priori estimates: for g,

)

2
(6) lgll2 S \[ gl S lla*gla St (" gllo S

and for h,

(7) ldhlz S € a®hllz S (€ hlloe S

[
=] N
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Since f = ux + g + h, this implies
- €
(8) Kz)flla Se Nl flaSet+ et (e flloo S 7

The above estimates will be established separately for g and the three components of h, i.e., hq,
ho and hs. Furthermore, it will be necessary to decompose hs further, by observing that hs can be
seen as a bilinear operator and that

(©) ha = ha(f, f) = ha(ux + g+ h,us + g+ h)
= h2(f7u*) + hz(u*vg+ h) + hZ(ha h) + h2(97 h) + h?(hag) + h2(97g)

Terms involving u, are the simplest to estimate and we shall skip them. Terms of the form hg(h, h)
and terms of the form ha(f, g) or ha(g, f) will be estimated in different ways.

In order to simplify the notations, we will set in the following o and (8 equal to 1, and we will
denote indifferently f for f or its complex conjugate f.

4. LINEAR HARMONIC ANALYSIS: BASIC RESULTS

The following are standard inequalities and notations that we include for the convenience of the
reader.

4.1. A Gagliardo-Nirenberg type inequality. For Schrédinger equation the generator of the

. d . . . ..
pseudo conformal transformation J e/ x — 2it0 plays the role of partial differentiation. Thus we
have

Lemma 4.1. The following inequality holds
lem* 2@l < lle7* L ™2 @A)l

, , 2 g2
Proof. The proof relies on the observation that e #2z = Je "2 with J = 2ite "4 de' . Thus we
get

. . 2 2 . X 2 .
le™* 32 flla = |7 2 f|F = 4827 0 e e A FT < 2]l fllool| Aet T e A f

S lle” ™ fllooll 22 fll2 S lle™™ Flloclle™ 222 £z,

where we used the standard Gagliardo-Nirenberg inequality for the first inequality. O
4.2. Littlewood-Paley theory. Consider 6 a function supported in the annulus C(0, %, %) such
that ¢
for ££0, > 0 <2j> =1.

JEZ

Define first :
def S
o) >0 (%)
7<0

and then the Fourier multipliers
def D D
This gives a homogeneous and an inhomogeneous decomposition of the identity (for instance, in
LZ)
> Pj=1d and P+ ) Pj=Id.
JEL Jj=0
All these operators are bounded on LP spaces:

if1<p<oo, [IBfllp <Wflle »  [1P<ifllp S [[f1lp-
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Also recall Bernstein’s lemma: if 1 < ¢ <p < oo,

(10) 1Pl < G Bigl,  amd Pssl, < 2708 Ry,
Finally, we will need the Littlewood-Paley square and maximal function estimates
Theorem 2. (i) If f = f;, with Supp(f;) C C(0,c277,C279) (the latter denoting the annulus of
center 0, inner radius c2=7, outer radius C277), and 1 < p < oo,
1/2
S hl S
J » )
q11/2
Furthermore, denoting S f et Z(ij)2 NSElp ~ W llp-
J
(i) If 1 < p < co, denoting M f(z) 2 Sup\S F@)L Ml S 1 -

4.3. Fractional integration and dispersion. To some extent, the approach that we follow trans-
forms the question “ how does the linear Schrédinger flow and resonances interact?” into “how can
one combine fractional integration and the dispersive estimates for the Schrédinger group?”

The following lemma will thus be very useful. Define a smooth function Z such that Z(¢) = [¢|~*
for [¢] > 2 and Z(§) =1 for |{] < 1. Then set for o > 0

AV ze (VD))

thus A, * is like fractional integration of order « for frequencies 2 and like v/¢* for frequencies
< L
Lemma 4.2. (i) If & > 0, and either 1 < p,q < oo, and 0 <

and 0 < é — % = § there holds

N\[?

11
5—5<%, orl <p,qg<

Ares]l, S 30w £l
(i) If 1 < p < 2, there holds
e

(iii) If 1 <p <2, and 27> > 1

1
S £l
2

tr

[P 1, S (22%) N 1

(iv) f1<qg<2<p<oo,a>0,1<pg<oo,and0<i— there holds

1~
q p —

5
|Azee ], S a1l

Proof. The points (i) and (i) are standard. In order to prove (iii), observe that it follows from
interpolation between the L? estimate, which is clear, and the L' estimate, which reads

if 2742 > 1, || Pe f|], S 2%t £l
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By scaling, it suffices to prove this estimate if £ = 1 and j > 0. This is done as follows

iA 1 § i£2 1 § i€)? 12 2 1 § i€|? 1/2
7 — —1 — —1 - —1
I <770 (5) | sz (5) ] oo (5) ],
1/2 1/2
P el G) ] ==
2 2
As for (iv), it follows from (i), (i7), and ||| ,_ , =1
1_1 1_1 1_1 11
. s N o —odt —oih
(A1) || A7 o = (A, © TR, T <A, " A, TP
La—Lp La—L2 [2p

O

5. MULTILINEAR HARMONIC ANALYSIS: PSEUDO-PRODUCT OPERATORS

We only define bi and tri-linear pseudo-product operators, since these are the only cases that
will be of interest in the following. These operators are defined by a symbol m through

Tonie (1 f2) = F / m(&,m) fr(n) fal€ — m)dn.

in the bilinear case and

Tonemo)(J1, fo, f3) = F / m(&,n,0) f1(0) f2(n — o) f3(€ = n) dndo
in the trilinear case.

5.1. Bounds for standard pseudo-product operators. The fundamental theorem of Coifman
and Meyer states, under a natural condition, that these operators have the same boundedness
properties as the ones given by Holder’s inequality for the standard product.

Theorem C-M (Coifman-Meyer). Suppose that m satisfies
(12)  fmllen = sup (Gl 4+ gD o atnm (g, &)
&l |+++an|<N "
where N 1is a sufficiently large number. Then the operator
T LP x L9 — LT

s bounded for % = % + %, 1<pg<oo and 0<r < oo. Furthermore, the bound is less than
a multiple of ||m||car-

Remark. 1) For condition (12) to hold, it suffices for m to be homogeneous of degree 0, and of
class C* on a (§,n) sphere. 2) If m(§,n) is a Coifman-Meyer multiplier, so is my(&,m) = m(t€,tn),
for t a real number. Furthermore, the bounds (12) are independent of t, and consequently so are
the norms of Ty, as an operator from LP x L1 to L", for (p,q,r) satisfying the hypotheses of the
Theorem.

We now define a class of symbols which will be of constant use for us, due to the decomposition
introduced in (5).

Definition 5.1. 1) We say that a symbol u has homogeneous bounds of order k (for a specified
range of (§,m) if it satisfies the estimates

O+ O (6, &)| S (] + -+ L&)

for sufficiently many multi-indices «.
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2) We denote MFH for a symbol smooth except at 0, such that

o For |(&1,...,&)| < 2, it has homogeneous bounds of order k.
e For |(&1,. .. ,fn)\ > 2, it has homogeneous bounds of order k'.

3) We denote mt for a symbol smooth except at 0, such that®

o For |(&1,...,&)| <2, mt’ (51, o én) = tif,u(\[(fl, ..y&n)), where p =0 in a neighbor-
hood of (0,0), and p has homogeneous bounds of order k for any (&1,...,&,).
e For|(&1,...,&n)| > 2, it has homogeneous bounds of order k' and is independent of t.

Thus one should think of a symbol M**" as a symbol of the form
for |(€1,.., &) S 1, MPF (&1,...,6,) ~ (&1,...,&n)"
for [(&1,....6)| 2 1, MM (&1, Ga) ~ (61, 60"

whereas a symbol mf’kl looks like

for (61, &) S 0 b (61, 60) =0
(14) fOf%S’(ﬁh--- )‘ 1 mt (617"'7§H>N(§17'~'7§N)k
for|(£1)"'a€n)|2,1) Tnt7 (515"'3€n)N(gla"'vén)k/

(13)

In particular

g&m) =M"(En)  Fepprn =MUEN)  Depopraa =MD ED0).
We now state a few calculus rules for these symbols.

Proposition 5.2. Multiplications between symbols and differentiations of symbols satisfy

oL kALK 41 kK LI mk LK 41
MFE* my :mt+’ + m; my = R
' 1k ko k! k—1,k'—1 ke _ 1 ek
8577Mk’k = ML Ogymy™ = my ormy” —my .
’ ot

Proof. Only the last assertion is not obvious. It follows from the identity

ot (Vi 6n)) = —gt—%—wm, )+ t‘*(«zl, s &) On(VH(EL - 6))-
OJ

The following shows how to combine fractional integration and bilinear operators; this will be
exploited in the following corollary to get actual estimates.

Lemma 5.3. Given a symbol mf’k/, if ¥ < K <k, there exist (t-dependent) symbols my ... my,
satisfying (uniformly in t) the Coifman-Meyer bounds (12) such that

Tmf,k’(fla"wfn) = ZTml(fh?A{(fzafn)
=1

Proof. So as to make notations lighter, we only prove the Lemma in the bilinear case n = 2. Let
X1, X2 be functions of £ and 7, homogeneous of degree 0 and C* outside (0,0), such that

x1(§,m) + x2(§,m) =1 for any (&,7)
(15) on Supp x1, 1| < £ —nl
on Supp x2, £ —n| < Inl.

2Notice that this convention is similar to the ones for constants C: in the following, mf’k/ stands for different
symbols, as long as they are of the above type.
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We decompose the symbol m,’f k. as follows

miﬁk/(ga 77) = X1 (57 U)mf’k/ (5) 77) + X2 (gv n)mf7k/ (57 77) d;f m1 (gv 77) +m2 (§7 T,)

By symmetry, it suffices to treat the case |n| < |¢ — 1|, which corresponds to the support of xi,
hence to m;. Then it suffices to observe that the symbol

mi(&mn) m;™ (&, m)
(z +1&—=nl?) (z +1&=n?)
satisfies the Coifman-Meyer bounds (12) with constants which are independent of . O
It follows from the above lemma and the Coifman-Meyer theorem that if % = % + 4 p%,

HTmf‘k/(fl’ ey fn)

n
S D Ml IAE fillps - W fallpa
i=1

Using furthermore Lemma 4.2 gives

Corollary 5.4. Suppose that % = p% +--+ pin and that k' < K < k. Then for any number L < 0

| B £)]| S 2D Al WA il 1l
1=1

In particular, if 0 >k >k ork > 0>k,

|7 e )

‘7‘ ’S tik_/2”f1‘|p1 M anHpn’
where k~ = min(0, k).

5.2. Bounds for pseudo-product operators with flag singularities. The trilinear operators
that will occur in our investigations will exhibit the following kind of singularity.

Definition 5.5. The symbol m is called of flag singularity type with degree O if it can be written as

m(&,n, o) =m" (& n,o)mil (n,  )mi (n, o)

where def
€
Imllps = Im"™ leallmillonmllms lear < oo.

(Notice that this is not the most general instance of a flag singularity, but it will be sufficient for
our purposes).

It is not a priori clear that the operator associated to such a flag-singularity symbol enjoys the
same boundedness properties as a Coifman-Meyer operator. This is in sharp contrast with the
bilinear situation, where a symbol with a flag singularity is easily analyzed.

Boundedness of pseudo-products with flag singularities is given by the following theorem. Note
that an instance of a paraproduct with flag singularity has been analyzed in Muscalu [22], who
derived much more general estimates than the ones we are about to state ; however, the type of
pseudo-products that we have to deal with does not fit into his framework, hence the need of the
following theorem proved in Appendix A.

Theorem 3. (i) Suppose m is of flag singularity type with degree 0 (see the above definition). Then
the operator
T : IP x L9x L™ — L°
18 bounded for % = % +1i4 %7 1 <p,q,r,s < oo. Furthermore, the bound is less than a multiple
of [mllrs-
(ii) If m is zero for |n,o| >> |£|, then the operators Ty,(Py-, P<2-,-) and T,(P<a-, Py-,-) are
bounded from L>® x L>® x L? to L?.

s}
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Corollary 5.6. Suppose that j > j', k> k', 1>1', and that j',K',I' < 0. If furthermore p, q, 7, s
satisfy the hypotheses of Theorem 3, then

H mi»i’ mkk/mll'(flanaf:i)H <t_ - ”lepl“f?HPHfQHT

6. ESTIMATES ON ¢
Recall that

t

a9 = [ @ﬁ’f)x:*% e+ p1E 1 (&) __’T(E,n)eis“’) F(s.€ — ) F(s,m)dn

2

Since the part corresponding to s = 2 is very easy to estimate, in the following we write

§(t,€) = / SL2gitel€n) (e ) f(n)dn,

where ¢ is either ¢4 or p__.

6.1. Control of g in L?. It follows from the above formula, Corollary 5.4 and Lemma 4.2 that

lgll2 = [le"2T, 12 (e f, e 2 f) 2 S A7 e 2 fllalle™™2 fl4

62

SUFllagslle™™ 2l S IKz) fllzlle™ 2 flla S

%\

6.2. Control of zg in L?. Applying 9 to g(£)

95 (€) = / i L2 E (e — ) f)dn

yields, by Proposition 5.2, terms of the following types

(16a) / tm e f () (€ — m)dn
(16b) / m 273 (o) (€ — )
(16¢) / mi 26 ()0 f (€ — )

By Corollary 5.4,

1(16a) |2 = tlle™2T, 0.1 (™2 f, e 2 )2 S tl fll2lle™ flloe S
1(166)][2 = He”ATm;H( TN St 2l flloo S

The last term, (16¢), is estimated in a very similar way, so we skip it.
6.3. Control of z2¢ in L%. Applying 862 to g(&)

024(€) = o2 / mi L2 E (e ) Fn)dn
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yields, by Proposition 5.2, terms of the type

(173) [ Emitet e - wan
(17b) [ emi et fap g€~ mn
(17¢) [ttt e - wan
(17d) [ tmi et fapoed(€ - nan
(17¢) [t aef€ - mn
(171) [ met oz e - wan

The first term is the one which gives a growth of ¢: Corollary 5.4 gives
. . . . 1
a)lle = e 10(e ,e 2 2lle o S €T S et
117a)ll2 = "2, 10 (e f,e 2 )2 S Il fll2lle™ > flloo S 2t2t St
The other terms are lower order, and can be controlled with the help of Corollary 5.4. For instance,
4 . 4 . 1

c)ll2 = |le —3,—a(€ ,€e 2 e 0o 2 €—- € .
17 ztATmt itA itA S t3/2 itA g t3/2 2t S 2\/Z

The estimates for terms (17b) (17d) (17e) follow in a similar manner. Still with the help of
Corollary 5.4, one obtains the bound for the term (17f):

1A7A)ll2 = 12T, 12 (e f e a2 f) |2 S 2|2 fllocl2? fl2 S V2.
6.4. Control of e"*?¢ in L*. Notice first that
"eg(6) = / my M2 M Fp) e f (€ — ) dn
Write the above using a rudimentary paraproduct decomposition

> 27 inf(1,27) oo (Peje™ 2 f, Pie™ 2 f) + 3 277 inf(1,27) o0 (Pre™ "2 f, Pje ™2 )
J J
(where, as usual, m*? stands for different symbols all belonging to the class defined in Section 5).
We only show how to deal with the first summand, the second one can of course be treated in the
same way. To bound it in L>°, we use repetitively Bernstein’s inequality (10) as follows

22_ij0,0 (P<j€_itAf, _ZtAf —|— ZQ 2JT 0,0 P<je_itAf,Pje_itAf)

71<0 7>0 oo
7 [[Tyon (Pege ™, P ), + 0279 [Ty (Pege™ 25, Pre=2)
Jj<0 Jj>0
S 1P B2, + 30 27 [P B2
71<0 7>0
S S IR 1Py + 327 [
71<0 7>0

9l € €
522]/226” o) fllz+ > 27 j?ﬁ?

J<0 J>0
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7. ESTIMATES ON h;

We observe that hi terms can all be written as

/ | s Fafe —n) dnds

where m is a smooth function with compact support.

7.1. Control of h; in L?. The estimate follows naturally by the theorem of Coifman-Meyer:

Il = H / / 1 €) Fs,m) F(5,€ — m) dn ds

2

(n,€))e™ ™" ™7 f(s,m) f(5,€ — 1) dn ds

—isA
/\TH m(vatemeer? (€70 H
< —=lle7® A flloollf stﬁ/ < Edsge2.
[ e s 5 [ 5

7.2. Control of zh; in L% Applying 0 to h hi(€), terms of the following types appear

(18a) / / m ) £(s,m) £ (5, € — n)dnds

2

(18b) /2 / Zem (V300.6)) Fsm)dFs.€ = s,

where m stands for a smooth compactly supported function. Terms of type (18b) can be estimated
precisely as above.
In order to treat the other kind of terms, observe that Bernstein’s inequality (10) gives

P yogg-of||, So Iy S TR A 5 0

Therefore, picking some p between 1 and 2,

lsa)le = | [ [ (50, 9) Fss€ - mif s manas

(19) ifl<p<2,

2

£)) €7 e~ f(s,0) f(5,€ — n)dnds

& L I imen (212 o)

t . by g
S 1R ol Py leds S [ 55 Fstas g
2 2

2

7.3. Control of z?hy in L. Applying 97 to hy yields terms of the type
(20a) / / Vam (V3(1,€)) f(s,m)f(s, € — n)dnds
(20b) / / m F(s, 0 (5, € — n)dnds
(200) / / 1,€)) (5, )0 f(5,€ — m)dnds,
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where m stands for a smooth compactly supported function. Terms of the type (20b) or (20a) can be
treated as in the previous paragraphs ; as for the last type of terms, the estimate is straightforward

206 ||2 =

V5(0,8)) f(s,m)0 f(s,€ — n)dnds

2

—isA 2 2 1 2
s/mue et slyds < [ @ stas s v

7.4. Control of e ®2h; in L*®. In order to show He “Ath <, it suffices to prove that

|h1|l1 < €. In general, the oscillating phases are a hindrance to obtammg L' estimates, but due
to the shrinking support of m(y/s-), oscillations do not occur here. Therefore, using (19),

N

t
1
ol = H / TTm(\/g@,g))(f, f)ds

\f m(v/3(n.€)) ( <L logy(s)-0F» P %bgz(s)—cf) ds
5/2 \/gHP o0 | P om0 £
< [ () do s [ gt sz

(21)

8. ESTIMATES ON ha(h, h)

As explained in Section 3, we shall in the present section derive estimates on ha(h, h) and ha(f, g)
seperately. Since 0,¢4 does not vanish on the support of X%, the idea in order to estimate hy will
always be to integrate by parts in n using the identity

1 . .
is(0 <P++)2’5n<ﬂ++ FOpe'tETt = et
n
that we write symbolically
1 —1,—-1 s K]
(22) SMTETIE, e = it
S

8.1. Control of hy(h,h) in L2 As far as the L? estimate is concerned, it is not necessary to
distinguish between ha(h, h) and ha(f, g). Making use of the formula (22), one gets

1,0 zs<p++ Emn fre £ _ ! 1,01 —1,—1 1S4+ £ £
myg f(&—mn)f(n)dnds = L] oM Ope f(€—n)f(n)dnds
(23a) / / LinsL2eisers (¢ — ) f(n)dnds

(23b) - // ;mg’_leis‘”*f(f - n)@nf(n)dnds + { similar term }.
2
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Applying Corollary 5.4 gives the estimates

t
1
1(230)]|2 < / 1
2 S

t t
1 _ i 1 -1
S [ VAT lalle A s 5 [ A Lvands s

t
1
H(23b)\2§/ —lle
2 S

¢ 1 —isA ! 21 1 2
S| Zlefllzlle™ flloods S f € ——ds S €.
2 S 2 S S

eiSAngl,fz (e—isAf’ e—isAf) H2 ds

isAng’_l (e—isAf’ B_iSA[L‘f) H ds

8.2. Control of why(h,h) in L2. Applying d: to ha(h, h)(€) yields

(24a) Beha(€) = / t / m0 e+ @ y(¢ — n)i(n)dnds
(24D) / / sm 1P @i (¢ () dnds
(24c) //mlo e+ (Emp (g — n)agh( )dnds.

Using (22) to integrate by parts, twice for (24b), and once for (24a) and (24c), we see that the
above expressions are transformed into terms of the following types

(25) / / Linz2=seiser @y — )h(n)dn ds
(25b) / / Ling 12t @)y — 1), h(n)dn ds
(250) / / Lin0i=imens€ny(e — n)02h()dn ds
(25d) / / L e €09, (€ — )y ()i ds

Let us begin with (25a). By Corollary 5.4,
¢ 1 3/4 1/2 isA
@5l S [ AT e s
2
t 1 ) t 1
S [ S lyslle Bhlnds S [ 5 ds <
2 S 2 S

For (25b), we have

t
1
\|(255)H2§/ -
2 S

t]' 1/2 TYAN ¢ 21 1 21 2
< / L 12 h |y e~ bl s < / elanly <o
2 S ) S S

AT 71,72(e*i5Ah,e*iSAxh)H ds
ms
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Finally, estimating the term (25c¢) only requires Corollary 5.4:

t
1
1250)]|2 < / e
2 S

t . byl 1
< —||lz“h]l2lle " h|sods < €“—5"°—ds < ¢
~ 2 o0 ~ ~ .
2 S 2 S

iSATmO,—l (e_iSAh, e—iSA$2h) H ds

s
The estimate of the term (25d) reduces to the previous one with the help of Lemma 4.1.
8.3. Control of 22hy(h,h) in L2. Applying 02 to hy(€)

0Ba(6) =02 [ [ mboeners e — phtnyinds

yields terms of the type
t . ~ ~
// (m 24 sml0 4+ 2md 2) e+ EMp (¢ — n)h(n)dnds
// Ly sm? 1) eis‘”*(&’”)@gﬁ({ - n)@nﬁ(n)dnds

/ / mL0cise s EMfi(e — )a2h(n)dnds.

Using (22), integrate by parts the above terms, twice if they contain a factor s, and once if they
contain a factor s. Matters then reduce to estimating terms of the following types

(262) / / i 2w €y (¢ — ) () dnds
(26b) / [ e St - payicrands
(260) / [ e €0~ myeEiimands
(264) / / mb 02+ €05, (€ — )oyh(n)dnds.

By Corollary 5.4,

1(26a)ll> < /

t t
. . 1
< / Valem =2 Bl A R oo ds < / ERVLFIPENG
2 2 S

AT i (e Bh, e 52p) H ds
ms 2

The term (26b) is also easy to estimate, so we skip it, and consider next

1(260)]1> < /

t
/ 22h|, lle™ 2 hloods < / 575 s <
2

'LSAT ( ZSA:L’Qh, efisAh)HQ ds

Finally, the estimate of the term (26d) reduces to the previous one with the help of Lemma 4.1.
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8.4. Control of ¢®hy(h,h) in L. The idea is to rewrite hy in the following fashion (we assume
t > 3, the adaptation to 2 < ¢t < 3 being obvious)

t—1 t
hy = / ¢“AH(s)ds+ | H3(s)ds,
2

t—1

where

{ HY(€,5) S [ mlOeiser@miy¢ — n)h(n) di

H3(&,5) 2 [ mdOeisersEmh(e —n)h(n) dn
with
o1 (&m) = nl*+ 1€ —nl.
Then
t—1

(27a) e " hy(h, h) :e_itA/2 A HL(s)ds
(27b) + A t H2(s)ds.

t—1

8.4.1. Estimate of (27a). The point is that 0,44+ = 0,1+, therefore the manipulations made in
sections 8.1 and 8.2 can also be performed on Ha.
On the one hand, it follows at once as in section 8.1 that
2

(28) 1H; (s)ll2 S S

On the other hand, just like we transformed Gghg(h, h) into the terms (25a)-(25d), we can write
—~ 1 e . .

(29a) OeH3 (€) = / S e SR — n)h(n)dy

(29b) S 2er e Ch(¢ — n)dyh(n)dn

(29d) 0= 1et e+ &M, h(€ — n)dyh(n)dn.

/ Lon;
(290) 4 [ St — pozhnay

/ m
Let us focus for instance on (29b). Proceeding like in Section 8.1 (but with these two important
differences that we do not integrate in s for the moment, and that the first €’*2 does not appear
any more, which allows estimates in Lebesgue spaces with indices lower than 2), we get

1 4 .
1@98) 5 S < || T 275, eﬂs%hH
(30)
1 $1/2 isA 1/2 1 e
< 5" lahlalle™* hlsds < s grds S

Estimating similarly (29a) (29¢) (29d), we get

€2

(31) lzHy (s)lls/5 < =

Putting together (28) and (31) gives

62

1H (5)ll1 < [1H2 ()2 + lleHy () /5 S —77-
55/
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Therefore

I27a)l =

t—1 (s t)A 71 t—1 1 ) ) t—1 1 1 62
wWS—
/2 (& HQ(S)dS 5/2 EHHQ(S)HldSSE /2 Emdsg?

8.4.2. Estimate of (27b). Proceeding as in Section 8.3, one gets
()2 H3 (s)]2 < €*s72/5.

o0

Therefore,

t
e A H(s)ds
t—1

1 t
1270)|loo = S / 1H (s)[[1 ds S €t~ 1/%.
t—1

~1

o

9. ESTIMATES ON hy(g, f) AND ha(f,g)

As explained at the beginning of Section 8, we split the estimate of ha(f, f) into the estimate of

ha(h,h), and the estimate of ha(f,g) and ha(g, f). The present section is dedicated to the latter
kind of estimates.

The idea is that g is a quadratic expression, essentially equal to a pseudo-product of f with itself
at time t. Therefore, as we will see shortly, ha(g, f) and ha(f, g) will be trilinear terms.

9.1. Control of hy(g, f) and ha(f,g) in L?. This can be done as in Section 8.1.

9.2. Decomposition in (£,7,0) space. ha(f,g) + ha(g, f) is given by
ha(f,9) + ha(g, f) =

/ / € male,m + X — ma(6. € )]

o~

q(n; )X;’H—T(mg) ei5Pt++(EMT) £ 5) Flp — _
) Fo)Fln — o) 7(¢ — mdn dords

+/2t/[ M) +xTTE €= na(€, € —n)]

——T
q(n,0)xs " (n,0)
p——(n,0)
The phases ¢4 and @4 __ share (see Section 2) the property that
Rivy =Ry—— ={{=n=0=0}

This makes the two cases very similar; we will focus from now on on the + + + case,

~

eis<p+—7(§ﬂ7’o—) f(o‘)f(?’] - U) (5 - 77)d77 do ds.

The symbols which occur are of the form q(&,7)m%°(&,7)m=12(n, ) orq(&,&— n) 00 n)ym=172(n, o).
We now claim that it suffices to treat the case of a symbol of the form m!0 (¢, 7, o)m%0 (&, n)m=172(n, o),
in other words one can replace q(&,1) (or q(€,€ —n)) by mb0(€,m,0). This is so since

a) For |(&,n)] <1, q(§,n) satisfies homogeneous estimates in (£,7,0) of order 1: this follows from
the linearity of ¢ in 7, &.
b) For |({,m)| > 2, q(&,n) satisfies homogeneous estimates in (£,n,0) of order 0, simply because
then p is equal to one.
c) We are left with 1 < |(¢,7n)| < 2. Then ¢ satisfies homogeneous estimates in (£,7,0) except if
o] >> (& n)l-

As a conclusion, ¢(&,n) is of the form mb?(&,n, o) except if 1 < |(&,7)] < 2 and || >> |(&,n)].
This latter possibility is very simple to treat, since it is away from the zero frequency, which is the
main difficulty. We thus ignore it and consider in the following that
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(32) BtHe) = / / m(E, 7, 0)mO(E, nym 2, )P4+ Fo) F(n — o) F(€ — n)dn do ds.

Using cut-off functions x4 ™ S(f,n,o) and X+++T(§,n,0) adapted to ¢4y, as explained in

Section 2.1.3, one can decompose the integral defining h2+ **. On the support of x%, o 4, does
not vanish, thus one can integrate by parts using

1

VP44

DgelSP+++ = ¥4+ written symbolically M2 720,ei5P+++ = isP+++

and obtain

ani(3
t

~ ~

= [T om A e m pm® € mm0)e 5 Flo) fln - )T €~ i dods

// XTI n, o)ym™ b2 (& m, o)m®0 (&, m)m ™12 (n, 0)

zstp+++f(0—)f(n _ g)asf(g —n)dndo ds + {similar or easier terms}

2

~ ~

/ [ S amt O n om0, 0069 Fio) Fln - ) ¢ ~ mydndords
DR O+ N O+ ).

In particular {similar or easier terms} include the case where the time derivative hits X+++ (&,n,0)
which gives a much simpler term and we will not detail it here. The terms hy; and hg o will be
estimated directly; as for hg 3, its decay is not strong enough to allow for direct estimates, and we
will have to take advantage of the non-vanishing of 9, ;9444 on Supp it S(ﬁ, n,0) and use the
identity

1 ) )
18 18
_— 3 2677,090+++ . 877706 PH++ = !SP+++

i5(On,0P+++)

that we write symbolically

1 L . .
(33) ML 187]70€Z8¢+++ — ISP+
S

9.3. Control of :vh;' 17 in L2. First notice that h;# is the sum of one term evaluated at time ¢,
and one term evaluated at time 2 ; ; since the term evaluated at time 2 is easy to estimate, we skip
it, and focus in the following on the term corresponding to time t.

Applying 0 to h; 17 gives terms of the type (the indices j, k,[ are always non-positive)

(34a) /m“ Imfokp b=t gttt f(a) A(n —0) A(f —n)dndo  with j+k+1=-3
Bb) [ om0 02 flo) - 0)F(e ~ o

(34¢) / 2002604 (o) Fly — 0)9e (€ — m)dn do
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all these terms can be estimated directly with Corollary 5.6. For instance
”(34C)H2 = |’iTn"L—L—QmOvOm—1’—2 (e_itA.ﬂ e_itAf7 e_itAxf)

Sl fllslle™ fllyg e

I

55
SRR afllys S 7 |(@E]| S

9.4. Control of J:Qh;f“ in L. Applying O¢ to h;’f+ gives terms of the type (the indices j, k, [
are always non-positive)

(35a) /m]’] Lipkkmbl= 1eit@+++f(a) A(n —0) A(f —n)dndo with j+k+1=—4
(35b) /tmj’j1mk’kml’lleiw+++f(a) A(n —0) A(f —n)dndo with j+k+1=-2
(35¢) /mj’j_lmk’kml’l_leit‘”**]?(cr) A(n — 0)0¢ A(& —n)dndo with j+k+1=-3
5d) [ et omOOm e e flo) fly - o) i€~ mydndo

(35€) / tm® m®0m 2 (o) f(n — 0)0 f(€ —n)dn do

(351) / m " EmOOm 2 o) fn — 0) 0 F (€ — m)dn do

all these terms can be estimated directly with Corollary 5.6, except for the last one, which requires
a further manipulation; indeed, the Lebesgue exponents oo, oo, 2 are not allowed by Corollary 5.6
for the arguments of the multilinear operator.

Thus one writes Bzf(ﬁ n) = —8,,85]?(5 — 1), and integrates by parts in 1. This yields terms of
type (35c) and (35¢), as well as

(36) [t o2 f0)0, o — )2 € — iy do
which can be estimated as follows
1(36) 15 = || Trn-t.-2m00m-1.-2 (e 2 f, e Ra f, e 22 f) ||,
St He_ime?ﬂ He_itAfH32/14 He_imfow
St f s 16 2 fllsgyss ¢ 5et 6
SN @]t Q]| e e

< Sttt et/ Ast 16 < 34178,

9.5. Control of e ZtAh+++ in L°°. This control would be very easily obtained if pseudo-product
operators were bounded Wlth values in L°°. Since this is not the case, we use Sobolev inequality,
namely

le 23T | < lle ™2 hg T T |lps
< HTm*L*lmOvOmfl *2( _itAfa e_itA.ﬂ e_itAf)HLs

; 11
—itA £1|3 3
StHe f||L24 <e€ tt3/4

where we have used that m~b=2 4 ¢m~b=2 = m~1L~L
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9.6. Control of xh;fr in L% Applying 0 to /ﬁzyg(é) gives terms of the type (the indices j, k, [
are always non-positive)

(37a) / /m“ 'm l’l_leiSSO***f(a)f(n — a)asf(ﬁ —n)dndods with j+k+1=—
(37b) / /sm I 00 =1=2 ZW***f( )f(n—0)0s f(§ n)dndo ds

(37¢) / /m 2711070771_1’_2ei‘“”**J?(U)f('n — a)agasf(g —n)dndo ds.

~

We now transform (37c) by observing that 6565f(£ —1n) = —0,0sf(§£ —n) and integrating by parts
in 7. This gives terms of type (37a) (37b) as well as

t
(38) [ [ mtom 2o Fi0)0,fr — 0)0.7(€ ~ n)dn o ds.
2

Actually, terms like (38) can also come from the {similar or easier terms} in the definition of hj 3 .

Now the terms (37a) (37b) (38) are easily estimated by using Corollary 5.6 and (1). For instance
t
1(37a)|, < / | €52 T 5t potepmra—1 (6752 e 58 f e 7520, f)||,, ds
2
t
(39) = / Tttt (72 £, 72 £, Q(u, u) + Q(a, @] ds
2
t t
5 / 83/2”6—1'5Af||é1d8 S / 6483/2(8_3/4)4 ds 5 &
2 2

9.7. Control of :c2h+++ in L2. We saw that wh+++ can be reduced to terms of the type (37a)
(37b) (38). Now apply O¢ to (37a) (37b) (38), and, as in Section 9.6, make sure by an integration
by parts if necessary that an s derivative and a & derivative do not hit the same f. This gives terms
of the types (the indices j, k, [ are always non-positive)

(40a) / / mI I kR bl eise s F (o) f(n — 0)0s f(€ — n)dndods  with j+ k+1 = —4
(40b) / [ #mtomP O f o) F g~ )0, 7€~ i dods

o) [ [ w2 Fo)if fln — )0 T (€ ~ o s

(40d) / / smPI P kmb=teiser s £(o) f(n — )0, f (€ — n)dndo ds  with j+ k +1 = —2

(40e) / /Smﬂd L kok b= 1€i850+++f(0)8,7f(77 - 0)83]?(5 —n)dndods with j+k+1=—1

(40f) / /m” Lk b= 1615%0+++f(g)anf(n - U)@sf(f —n)dndods with j+k+1=-3.

In order to bound the terms above, one should notice first that e 29, f = aQ(u,u) + Q(a, u),
hence

He_itAaspr < 6275%_2 for 2 <p < .

The estimates for (40a)-(40f) follow in a straightforward fashion using Corollary 5.6, except for (40c).
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But for (40c), writing (?%f(n —0) = —8,780]?(7) — o), and integrating by parts gives, in addition
to already treated terms,

t ~ ~ —~
(41) /2 /ml’Qmo’Oml’26i3“’+++8af(0)3nf(?7 —0)0sf(§ —n)dn do ds,

which can be treated directly:

t
||(41)H2 5/ HTm—l,—Qm0,0m—l,—Q (e_itAl‘f, e_itAfL'f, e_itAasf)HQ ds
2
49 < ! —itA,, ¢||2 —itA < ' -9/16 2 9 —15/8
(42) ~ § He a:fH32/7 He an”us ds S i 5 <5 ||$f||32/25) €s ds

t 2 t 2
< / s (8—9/16 H<x>13/8fH ) €257 15/8 g < 64/ s <8—9/1655/8) s15/8 gg < eA1/4,
2 2 2

~

9.8. Control of e"'mh;fr in L*°. Proceeding as in Section 8.4, we rewrite

t

t—1
hiit = /2 "2 Hj o(s)ds + 1H2272(s) ds,

t—

where

{ HI, (€ 5) [ m=172(g,n,0)mO0 (&, mym=1=2(n, 0)ei*P+++ (o) f(n — 0)3 F(€ — m)dn do
fn—o Oy

~

72 def -1,— —1,— is
H3y(&s) = [m~b72(&m,0)ym™0 (& n)ym =12 (n, 0)e™?+++ f(o) f(n — 0)0s f (€ — n)dn do
with
=~ _ 2 2 2
P+ (&m) =€ =nl"+[n—ol" + o]
Then
(43a) e_ZtAh;;Jr :e_ZtA/ eZSAHQIQ(s) ds
2
‘ t
(43b) +e A [ H3y(s)ds.

t—1

9.8.1. Estimate of (43a). On the one hand, one sees immediately that

, ‘ . 1

(44> HH21 2(8) H2 = ‘},T’rn*1v*2mov0m*17*2 (eiwAfv eizSAfa eilsAan) Hz ,S, 2
’ s

On the other hand, proceeding as in Section 9.6, we can write 8§H2172 as a sum of terms of the type
(the indices j, k, [ are always non-positive)

(45a) /mj’jlmk’kml’lleis‘”** f(a)f(n - U)asf(f —n)dndo  with j+k+1=-3
(45D) / sm®~tm®0mh 26tk (o) f(n — 0)0s (€ — n)dn do
(45¢) /m_l’_QmO’om_l’_QeiW+++ f(a)agf(n — a)@s]?(g —n)dndo.

Let us focus for instance on (45a). It can be estimated in L% as follows:

||(45a)||8/5 = Hij,j—lmk,kml,l—l (e_iSAfa e_iSAfa e_iSAasf)Hg/5
(46)

. 1 4
S 2 Fllaoll fllaolls fllo S €527/ 8TTA S
S S
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Estimating similarly (29b) (29c¢), we get

64

(47) H95H21,2(5)H8/5 N /A

Putting together (44) and (47) gives

64

HH21,2(3)H1 S HH2172(3)H2 + ”fszl,Q(S)HS/s S /A

Therefore

t—1
|(430)]l, = / VDL (5) ds

t 4
<€4/ L ids<6—.
~o e t—ss84 T Y

9.8.2. Estimate of (43b). Proceeding as in section (9.7), one sees that

t
1
< — || H d
S [ () ds

0

(48)

4
H<>H22||2N\[
Therefore,
N - <1 R < el
49 43b = |le” H55(s)ds - H;55(s)ds —.
(49) I(430) [ sq|[ B £

9.9. Control of :ch{?r in L% Applying & to ﬁ;;{ﬂf), one gets terms of the types (the indices
Jj, k, 1 are always non-positive)

t
(50a) / /ml’omk’kml’l1eis“”+++f(a) (n—o)f(§ —n)dndods with k+1=—
2
t
(50b) / / mHI T ImPRpbiLeiseris £ (o) f(n — o) f(€ — n)dndods  with j +k+1 = —
2
t
(50c) / /m1’0m0’0m1’2ei5¢+++f(0) (n—0)0:f(§ —n)dndo ds

(50d) / / sm> 1 m00m L2944 £ (o) f(n — o) f(€ — n)dn do ds.

The terms (50b) and (50c) can be estimated in a straightforward fashion using Corollary 5.6. Using
the identity (33) to transform the last term above, we see that it can be reduced to terms of the
type (50a) (50b) (50c). Finally, using (33) to transform (50a) yields terms of type (the indices j, k, {
are always non-positive)

(51a) / / —mHm l’l_leiw***@Uf(a) A(n —0) A({ —n)dndods with j+k+1=-2

(51b) / / Smdi bk L isens F(o) Fly — o) Fl€ — )dndo ds with j ++1 = —3;
these terms can be estimated directly using Corollary 5.6.

9.10. Control of e*itAh;g'Jr in L°°. This can be done as in sections 8.4 and 9.8.



GLOBAL SOLUTIONS FOR 2D QUADRATIC SCHRODINGER EQUATIONS 27

9.11. Control of :U2h+++ in L2. We saw in Section 9.9 that xh+++ can be reduced to terms of the
form (50b) (50c¢) (513) (51b) Applying 0¢ to (50b) (50c) (513) (51b) gives terms of the following
types (the indices j, k,[ are always non-positive)

(52a) / /m” Lmkkmpbi= leis“’+++]/"\(a) A(n —0) A(f —n)dndods with j+k+1=-2

~

(52b) / /Sm1 Ok b= 16i8@+++f(0) A(n —0o)f(§ —n)dndods withj+k+1=-1

(52¢) / /m” Lmkkpbi= leis“’+++f(a)f(77 - 0)05]?(5 —n)dndods with j+k+1=—1
(52d) / /ml Ok b=t iseriet f(a) A(n - U)@gf(f —n)dndods with j+k+1=-2

(52e) / /Sm m%Om =1 26i8‘0+++f(0)f(17 - 0)85)?(6 —n)dndo ds

(52f) / /ml’omo’om1’26“’@+++ f(a) A(n - 0)852]?(5 —n)dndo ds

(52g) / / —mII T Imkkp b= leis@+++8gf(a) A(n —0) A({ —n)dndods with j+k+1=-3
(52h) / /m“ Lmkkmbi= leis“’+++agf(a) A(77 —0) A(& —n)dndods with j+k+1=-1
(521) / / —mHI AR+ 0 F (o) f(n — 0)0e f(€ — n)dndo ds  with j 4 k + 1 = —2

(52j) / / —mII T Imkkp b= 16“‘”**?(0) A(n —0) A(f —n)dndods with j+k+1=—-4

o~ ~

(52k) / /m“ Lpkkpbi= 16““’***}‘\(0) (m—o)f(§ —n)dndods with j+k+1=-2.

These terms can be bounded in a similar way to all the estimates already performed, except for
two of them: (52e) and (52f). Since the former can be reduced to the latter by integration by parts
using (33), we shall focus on (52f), the difficulty being that the L™ x L™ x L? — L? estimate does
not hold in general for flag singularity paraproducts; to go around it, we shall use (i) in Theorem 3.

First observe that the case where [£| < ]17,0\ can be easily dealt with, for then the symbol
mbO(&, n, o)m®O(&, n)ym=172(n, o) becomes m? 2(¢,m,0)m0(¢,n). Thus we shall assume that
|| >> |n,o|. Next, by symmetry, it is possible to assume that in the integral defining (52f),
lo| 2 |n — o|. Thus it suffices to consider the case [{| >> |o| 2 |n — o|. As usual, this can be
ensured by adding a cut-off function, which we denote x(§,n,0). Finally notice that the condition
lo| Z |n — o| imposes |o| 2 % on the support of m~1~2(o,n — o). We now decompose

t ~ ~ ~
/2 / mAOmOOm =12y (5. 0)e* e+ (o) Flny — 0)02 F(€ — m)dido ds

(53) / / Z 2 jml OmO,OmO,—IX(nja)eisgmrJﬁ

2J> 1
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This can be estimated by (ii) of Theorem 3:

53 H2 N/ Z 2 J H 11,070,070, — 1 (.ljjeiSAf, P<j+2eisAf7 e’iSAfo) HQ ds

23> 1

</ 5 o L e [ evitlsasevi

2]> 1

10. ESTIMATES ON hg

From its definition in section 2.2, we see that ﬁg can be written as
ha(€) = hi (€ +hi ™€) + hy (€ +hyTH(E)

with
(54) PEEE (g) = /2 / a0, o)ym~ 52 (€ ) e F(o) Fln — o) F(€ — ) di do ds.

Observe (as in Section 9) that the symbol ¢(n, o)m~1"2(&, ) can be written m*°(&,n, o)m=172(&, ).

10.1. The cases + + +, + — — and — — —. Notice (see Section 2.1.2) that the three phases
© = Pit4,P4——,p___ correspond to a space-time resonant set Z = {¢ = 0} U {0 ,p = 0} =
{& = n = 0}. Thus one can proceed as in Section 9 to derive the desired estimates in most cases.
Only one term has to be treated in a different way. It occurs when estimating :L'2h2+++ (we focus
from now on on the + + + case), corresponds to (52f), and reads

t . o~ o~ o~
/2 / w0, m, 0 )m2(E, m)do o Fo) Fn — 0)02F(€ — n)dndo ds.

In order to estimate it, one has to distinguish between the cases |n| >> [ —n| and || < |£ — 7).
Since they are fairly similar, we shall focus on the former; as usual this is ensured by adding a
cut-off function x which localizes frequencies to this set, thus we now consider

t o~ o~ o~
(55) / / mO(E, m, 0)m (€ (€, m)e* P+ Flo) Fln — )02 F(€ — n)ddo ds.
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Observe that || >> |¢—n| implies |¢—7| << |¢|; and also that the support condition on mz "~ 2(£,7)

implies [£| 2 \1[ Therefore, we can estimate, with the help of Bernstein’s lemma

)2 S ZHP (55)[1,

t t
ZPj /2 /2 Tprom-t—2y (e (€52 f, €¥2f  Pejiie™2a?f) ds

2

<[ X T i (R, P o

J>1
Y25

<[5 2 g e g e Pesis? s s

7>1
Y27

/ S 259 2 |, ds

> 1
2023
¢
< 63/ §3/857 /85~ T/85 g < St/
2

10.2. The case — + +. In the case of ¢_ |, the space-time resonant set Z~ T+ = {{ =0 = %n}
(see (2.1.2) is not reduced to the origin. Using an appropriate (smooth, homogeneous of degree 0)
cut-off function y_, one can restrict the problem to a neighbourhood of Z~ "7, the rest being
treated as in Section 9. Furthermore, this neighourhood is chosen such that &, n, o essentially have
the same size. This has the advantage of canceling the flag singularity, in other words the above

symbol x— (& n,0)m"*(€,n,0)m~"72(§,n) can be replaced by x—4+(&,1,0)m* (&, n, 0).
In the following of this section, we will thus consider the term obtained after restricting &, n, o

to a neighbourhood of Z~:
=—++ t ) PN ~
66 B (©= [ [xer€nomt e o) fio)in = o) fie —m dndo ds

10.3. Control of i~z3_++ in L2. Immediate.

~ =~>—++
10.4. Control of xh§++ in L. Applying O¢ to hg gives

t ~ —~ ~
(57a) /2 / Nt (6 )m 53, m, o)+ F(0) Fln — o) F(E — ) diy o dis

~

t o~ o~
(57b)  + / / X (6,0, Ym0 2(E, m, 0V 9=+ 0c (o) Fln — o) F(€ — m) diy dor dis

t . o~ o~ o~
(57¢)  + /2 / Nt (6,1, )M 2(€, 7, 0)80ep— 1P+ F(0) Fln — 0) F(€ — ) ddo ds.

The term (57a) and (57b) can be estimated without any difficulty by Corollary 5.6. For (57c), we
use the following relation:

Ocp—it = —20np—44 — Opp— i+
Substituting the above right-hand side for d¢p_4 4 in (57c), we can integrate this term by parts
using the relations

‘ 1 . , 1.
SOpp_y €911 = 287,615@—++ and SO0 p— 44 €5FP~ T+ = ga(,eW—H,
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and the result is terms of the form (57a) and (57b)

10.5. Control of e*“Aﬁg *t+ in L>°. Our strategy will be the following: by the standard dispersive

—imﬁ*** in L>™ follows from a bound on HEiJﬁ

estimate, the decay of e The quantity whose

control was obtained in the previous paragraph, namely H h t H barely fails to control Hh ++‘

)

but it will suffice to obtain a control of this weighted norm with a Lebesgue index slightly smaller
than 2. B
To this we now turn: we will prove that Hxh§++”8/5 remains bounded, and, as explained above,

this will give us the desired result since

o~ 1/~ -
—itAT — 4+ ++ —++ —++
h H Hh H S Hh H H h H '
He 3 ~ ot 17t 3 2 s 8/5

We saw in the previous paragraph that xﬁ3_++ can be written as a sum of the terms of the
type (57a) or (57b). We will show how to obtain a bound for terms of the type (57b), the case
of (57a) can be treated in an identical fashion.

Next observe that one can write

. 72 y
B =P 116 Bnoo(e o) + > nf(1L,27%)PBrooe y.0)-
f% log s<j

X—++ (577770)”"00’_2 (&77770—)

Therefore, using in addition to the traditional arguments the point (iv) of Lemma 4.2 gives

t
/ BBy (emomd2(ema) (€750 fre A feT R f)

o
0

8/5

8/5
t
5/0 [HP —%logseZSABX—-!—-F(é»?%U)mO’O(5777»0) (G_ZSAf’e_ZSAf’e_ZSAxf)HS/5

> f(L27) [P Brooge e (TR f e A e R )| o | ds

j>—%1ogs

t . .
S [ (1l sl ol + 3 in(1, 2720250 u(s) g )l 1 ] s

j>f% log s

~

t
< 63/ [3_7/85_7/8 + Z inf(1,2729)29/451/857T/8s=T/8 1 4s < €3,
0 j>—%logs

10.6. Control of J:QE?T'H in L?. We saw in Section 10.4 that :cﬁg'H could be reduced to the
terms (57a) and (57b). Applying O to these two terms gives expressions of the following types

(58) / [ e m ) flo) F - o) g~ m dndods
(58b) / [ m e flo) Fl - o)0e (€~ ) dndo ds
(58¢) / s [ mO 2 e Fo)fl - o) g -~ w dndods
(554) ['s [mt=emaresFo)fn - oefic - mando i

t . o~ o~
(58¢) /2 / mO2(€, . 0)e*e—++ F(o) F( — 0)ORF(E — ) dndo ds.
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All these expressions can be estimated directly with the help of Corollary 5.6.

APPENDIX A. PROOF OF THEOREM 3

We shall only prove (i) in Theorem 3: if m is of flag singularity type with degree 0, then the
operator
Ty : IP x L9x L™ — L°
is bounded for
1 1 1 1 |
—=—+-4+- fl<p,qgr,s<oo
s p q r
with a bound less than a multiple of ||m||rg, and this result remains true if s = 2 and only one of
P, q,r is taken equal to oo.
The proof of (ii) follows the steps of (z), but is much simpler, thus we shall skip it.

Remark. It would be of particular interest for the PDE problem which is the heart of the present
paper to obtain estimates of the type L x L™ x L? — L?. This set of Lebesque indices is not covered
by Theorem 3, unless a projection Py on a band of frequencies is added. To see that boundedness
for this choice of spaces does not hold in general, take B a bilinear Coifman-Meyer operator, and
form the flag singularity pseudo-product operator

T (1 fa i) = Bl o) fs.

The operator T is bounded from L x L™ x L? to L? if and only if B is bounded from L>® x L
to L*°; but this last property is not true for general Coifman-Meyer operators.

We now start with the proof of Theorem 3:
Step 1: partition of the (§,7,0) plane By definition of a flag singularity with degree 0, the symbol
m can be written

m (& n,0)mi (n,©)m3! (n, o),
with m!!!, m{] and mél of Coifman-Meyer type. First observe that there are certain regions
of the (&,7,0) plane where m satisfies the Coifman-Meyer estimates (12); hence the Coifman-
Meyer theorem applies, and the desired estimate is proved. Thus, using a (homogeneous of degree
0, smooth away from 0) cut-off function, we can reduce the problem to the regions where the
Coifman-Meyer estimate (12) does not hold for m, namely

def
ArU Ay = {[E[ +[nl < elof} U{lnl + o] < el¢]},
I

where € is a small constant. We further observe that on A; (respectively: on As), my' (respectively
mil) satisfies the Coifman-Meyer estimate in (£,7,0). Now choose cut-off functions x4, (£,7,0)
and x4, (&, n, o) which have homogeneous bounds of degree 0, and localize respectively near A; and

Aa. More precisely, we choose x 4, such that

Ty, €no) (1o f2r f3) = Pek100 (Pif1Pifa) Pek—100f3,

k
and similarly for x4,. With the help of these cutoff functions, we can reduce matters to symbols
of the two following types:

e m, o)ymit(n,€)

xa,(&,m,0)m
XAz (f: m, U)mIII (57 m, U)mgl(nv U)
Observe that, (-,-) denoting the standard scalar product,
<T,u,(£,7],o)1/(n,o) (f1> f27 f3) ) f4> = <T,u(cr,n,§)1/(n,£) (f47 f3(_')a f?(_)) ) f1>

thus estimates for one of the above symbols can be deduced from the other by duality if all the
Lebesgue indices are finite.

(A1)
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We focus from now on symbols of the first type in (A.1).

Step 2: series expansion of m!/! Let us expand in series the symbol m!!! (¢, 1, o) around (1, &) = 0.
One gets

m! (&m0 Z 0, )* + R(¢,m,0),
|a|=0
where @, (o) = a(?z)a m!T1(0,0,0) and the remainder R satisfies
M—|8|
5 o0 E (&] + )™ 7
(A.2) 07O R(E,m, o) = O ( )

Coming back to the original symbol (A.1), we see that
XAy (‘Sv n, U)mlll (€ m, U)mll(n f)

= x4, (&m0 Z ®o(0)mi’ (n,€)(m, )" + xa,(§,m,0)R(E,m, 0)mi’ (n,€).

|a|=0

Choosing M big enough, the bounds (A.2) satisfied by R let the symbol x 4, (&,1,0)R(€,n, c)mil (n, €)
satisfy Coifman-Meyer estimates, hence the associated operator enjoys the desired bounds. Thus it
suffices to treat the summands of the first term of the above right-hand side; to simplify notations
a little in the following, we replace (£,1)* by (£ —n)®, and consider therefore symbols of the type

(A.3) x4, (§,m,0)@a(0)(§,n)*m(n,§),

where @, is homogeneous of degree —|a|, and m has homogeneous bounds of degree 0.

Step 3: paraproduct decomposition of m Recall that m is a symbol with homogeneous bounds of
degree 0, defined at the end of the last paragraph. Its paraproduct decomposition reads

= Bu(Pjf. P<j19) + Y Bm(P<j-1f.Pig)+ Y Bm(Pif, Prg).
J J

li—kl<1

Proceeding as in the original work of Coifman-Meyer [4], consider the symbol of one of the elemen-
tary bilinear operators above, for instance By, (P;-, P<j—1-). Denote by m;(§,n) this symbol, which
is compactly supported (in (£,7)), and expand it in Fourier series

mi(€,m) =x(En) Y @ ei? PoEm,

p,qEZ?

where we denoted ¢ for a constant, y for a cut-off function, and a3 4 for the Fourier coefficients.
It is now possible to forget about the summation over p,q. The idea is that the fast decay of the
a.q (in p,q), due to the smoothness of the symbol, offsets the polynomial factors arising from the
complex exponentials e?“2~ ’(p, 9 which correspond to translations in physical space. Les us be a bit
more explicit about this: we W1ll in the following be using maximal and square function estimates.
As far as maximal functions are concerned, there holds | [S<;f] (z +277¢)| < |q|?|M f(z)|, which
is the announced polynomial growth. As far as square functions are concerned, we rely on the
boundedness of operators of the type f — > ; a;[P;fl(z + q277) on LP spaces with p < oo, if
a; € £°°. The bounds of these operators grow polynomially in g.

These considerations reduce matters to the case where m is given by one of the three paraproduct
operators

(f.9)— Y. PifPiig 3 > PejafPig 5 Y PifPyg
. : .

(we suppressed the index k in the last summation to make notations lighter).
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Step 4: derivation of the model operators Combining this last line with (A.3), we see that the op-
erators of interest for us become

Z P_t_100P; (®:(D) Py f1 Py f2) V' P j—1P<k_100f3
ik
(A.4) > Pek-100P<j-1 (®i(D) Py f1Prf2) V' P Pej_100 f3

Jik
Z P_t_100P; (®:(D) Py f1 Py f2) V' P; P<j_100 f3-
J.k

where here i = |a| and V? stands for V*. We now make some observations which allow us to
simplify the above operators:

e First remark that ®;(D) Py, V'P; and V'P.; can be written respectively 2-ikp, i ISj and
21 15<j with obvious notations. Since the operators with tildes have very close properties
to the operators without tildes, we will in the following forget about the tildes.

e Next notice that due to the Fourier space support properties of the different terms above,
it is possible to restrict the summation to j < k — 97.

e Finally, since Poj_100F; = Pj and P<j_1P<p_100 = P<;j—1 for j <k —103, it is harmless to
forget about the P.p_109 operators in the above sums.

All these remarks lead to the following simplified versions of the above operators:

(A.5a) Y 2UNP (P fiPife) Pejoi f3
k>j+97

(A.5b) > 2UPP; oy (PefiPif2) Pifs
k>j+97

(A.5¢) > 22U NP (P fiPef2) Pifs
k>j+97

Step 5: the case ¢ = 0If i = 0, observe that, due to the Fourier support properties of the Littlewood-
Paley operators, the operators in (A.5a) and (A.5c) are equal respectively to

ZPj <Z Pkflpka) P<j71f3
j k

ZP]- (Z Pkflpkf2> Pjfs
j k

up to a difference term which is Coifman-Meyer. But the operators in (A.6) are simply compositions
of bilinear Coifman-Meyer operators. Thus the desired bounds follow for them.
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The operator in (A.5b) can be estimated with the help of the Littlewood-Paley square and
maximal function estimates (Theorem 2):

o\ 1/2
HABD, S (D | Pejor | Y. PehiPif2| Pifs
j k>j+97
S
1/2
SIIDCPfI) suwp|Poa | > PufiPifo
j J k>j+97
S

SNSfsll, ||M {sup| Y PefiPefs
T k>j+97 or

S sl IM(SAS ) s S N3l 1S 715 fa]] s

s—r s—r

S sl 1S Fall, (15 f2ll, -

Step 6: the case ¢ > 0 If ¢ > 0, we see that it suffices to prove uniform estimates in J > 0 for the
operators

(A.7a) ZP]‘ (Pj+gfiPjyrf2) P<j_1f3
J

(A.7h) > Pej1(Pjrsf1Piyaf2) Pifs
J

(A.7c) ZPJ’ (Pj+sf1Pjyf2) P fs
J

since the desired result follows then upon summation over J. We start with the case where all
the Lebesgue indices are finite. The estimate relies on the Littlewood-Paley square and maximal
function estimates (Theorem 2), and on the vector valued maximal function estimate (see Stein [29],
chapter IT)

1/2 1/2
> M)’ S F
J J
This gives for (A.7a)
1/2 1/2
(A7)l S ||| D[P (P s fiPiysf2) P<jrfs] SMfs [ D[P (P s fiPiy s f2))?
J J
1/2 | 1/82
SIMEsl, | | D2 [Py (PiysfiPirsfa))? Sl ||| D2 M (Pys 1Py f2))
J s J sr
1/2 o 1/2 o
S sl |[{ D2 [Prrs APy fol? S sl (|M A D [P fol?
J sT J sr

S sl IM A, 1S Fallg S sl 112l T £21, -
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(A.7c) is estimated similarly

1/2 1/2
(AT, S (| D] 1P (PrvsfiPyrafo))? > [Pifs)
J J
1/2 2S
S D2 B (PivsfiPirsfo)l? > Pifs)?
j ST j T
Sl 120 11 fslls -
And finally (A.7b):
1/2
(A 7D, S Z [Pj—1 (Pj+y [1Pjry f2) Pjfs)?
j
’ 1/2
S |[sup [Pjo1 (Piss frPys s f2)] > PP
J % j
S IM (M M fo)|| e IS S5ll, S M LM foll s | f3]l,
S M fall, (1M follg [1f3ll, < f2lly [1f2llq [1f3]], -

1]
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