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ABSTRACT. We consider the iterative resolution scheme for the Navier-Stokes equation, and focus
on the second iterate, more precisely on the map from the initial data to the second iterate at a
given time t¢.

We investigate boundedness properties of this bilinear operator. This new approach yields very
interesting results: a new perspective on Koch-Tataru solutions; a first step towards weak strong
uniqueness for Koch-Tataru solutions; and finally an instability result in Bgo{q, for ¢ > 2.

1. INTRODUCTION

1.1. The equation. The Cauchy problem for the Navier-Stokes equation reads
(NS) { ou — Au+P(u-Vu) =0

Ult=0 = U0
where v is a function of (¢,2) € [0,00) x R? valued in R?. We denote u -V = u'9; and P the Leray

projector on divergence free vector fields, which is given on the Fourier side by (Pu)"(£) = P(&)u(€),

with P;;(§) =1— 5‘2‘% . The initial data wug is taken to be divergence free. This feature is conserved

by the flow of the above equation, namely u remains divergence free at any later time.

1.2. Iterative resolution of (N.S). A natural way of solving the above system consists in setting
up an iterative scheme: set ug = 0 and for any n > 1 let u,, solve

(1) { Oyt — Aty + P (up—1 - V_1) =0

(tn)jt=0 = uo ,
If the sequence (u,) converges, the limit is, formally at least, a solution of (NS) with initial data
ug. Observe that u, — u,_1 is an n-linear operator from the data space to the solution space; let
us denote it F,(ug, ..., up). Under appropriate convergence assumptions, one gets the following
analytic expansion for the solution

(2) u:ZFn(uo,...,uo).
n=1

The question is now to show convergence of the above iterative scheme; this is naturally done using
functional spaces which are invariant by the scaling associated to (N.S)

(3) ug(z) — Aup(Ax) u(x,t) — Au(Az, At) .

This approach has been developped since the seminal paper of Fujita and Kato [6] by (among others)
Kato [6], Cannone [2], and finally Koch and Tataru [I2]. These authors considered respectively
data in the following scale-invariant spaces

d

rd_q d '_1+p :
H>"" — L% — B, — VBMO (withd <p<ooandd<q<o00).

Here we denoted Bs > ¢ for the standard Besov space (see subsection 22), and VBM O for the space
of derivatives of functions of BMO. It is believed that VBMO is the optimal space in which the
above scheme can be implemented.
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The space BOO « 1s only a trifle larger than VBMO, and contains any space of tempered dis-
tributions whose norm is invariant by (Bl). It has been showed by Montgomery-Smith 5], for an
equation similar to (NS), that the iterative scheme cannot be run in B,

We prove in the present paper that the iterative scheme for (N S) cannot be used for ug € BZ
namely one cannot define properly the second iterate.

OOOO’

1.3. L? stability of solutions. Another approach to solving the above system is to use conser-
vation of energy, and compactness arguments; one then obtains weak solutions in the energy class
L]0, 00), L2) N L2([0, 00), H'), first constructed by Leray [14]. Is is not known in general whether
these weak solutions are unique.

In order to prove uniqueness of a given solution w in the energy class, the weak-strong method
consists in proving L? stability for (N.S) around w. Due to the conservation of energy for (NS),
this essentially reduces to L? stability for the linearized equation around w. In other words, one
needs to show that if w solves

ow — Aw+P(w-Vw) =0
w|t:0:w07

the L? norm of v, solution of

() {Z?tv—Av—HP’(v'Vw—i-w'Vv):O

U|t:0 =10 ,

can be controlled by the L? norm of vy and some norm of wy.

Such an L? stability result has been proved for wg belonging to one of the spaces in the following
hierarchy

—1+9 —1+9 —1+9 —1+2 .. 2 d

qu <—>BLZ,oo <—>BMqu — BM(Hd/P,LZ),q with g—i—]—) =1, 2<r<pand d<p<oo.

(we refer to Subsection for a definition of the Besov spaces appearing above, and to the book
of Lemarié-Rieusset [I3] for a definition of the Morrey spaces M™P and of the multiplier spaces
M (H d/q, L?)). The L? stability results for wq in the above spaces are due, respectively, to Prodi [T6],
Dubois [5] and Lemarié-Rieusset [I3]. The same result holds for wy small in one of the spaces in
the following hierarchy

LY 1% s M™ s M(H', L) with 2<r<d,

this is due respectively to Von Wahl [I8], Dubois [B] and Lemarié-Rieusset [I3].

All the mentioned results were obtained as follows: take the scalar product with v of (@), and
integrate in space and time. The author [7] obtained optimal results using this method : they
essentially consist of the spaces described above, with a broader range for p and ¢q. Thus a new
method is needed if one wants to improve on the results just mentioned.

This is our aim here to follow a different approach. As in the previous subsection, we observe
that v can be expanded into a series of multilinear operators

o0
(5) U:ZGn(’UwaOv"'awO))
n=0
where G, (vg, wg, ..., wp) is linear in vy and n-linear in wy. In this case though, a formula giving

explicitly the (G,) would have to be more complicated than in the previous subsection.

We prove in the following that the second term (ie n = 1) in the above expansion is bounded in L?
ifvg € L2, wy € Bgopo. We shall extend this result in a forthcoming article, and prove weak-strong
uniqueness for Koch-Tataru solutions, that is solutions corresponding to data in VBMO.
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2. HARMONIC ANALYSIS BACKGROUND

We adopt the unitary normalization for the Fourier transform, thus

F16) = oy [ €@ and f@) = s [ Re ae

2.1. Littlewood-Paley decomposition. We define here the Littlewood-Paley operators, that
will be of constant use in the following

To begin with, let us fix a dyadic partition of unity. In order to do so, pick a smooth function
¥ : RY — R* such that Supp® is a subset of [2; %] and

(6) Z¢<%>:1 for £ >0 .

JEZ

Define the Fourier multipliers

The two following identities hold (on any LP, 1 < p < oo, and more generally on functional spaces
which impose decay at infinity)

dA;j=1d and A+ Aj=1.

J j=1

2.2. Besov spaces. In this paragraph, we quickly define Besov spaces, and refer to the book of
Lemarié-Rieusset [I3] for further information. Then we study the embedding properties of VBMO
and Bo_Ol,p.

If (s,q) € R x [1,00] and F is a Banach space, the Besov space B%,q is the space given by the
norm
1/q

def . .
£, < 12 185l = | 322770 18571
' JEZ
(with the usual modification of the £¢ norms in case the index is infinite). This is a Banach space

under appropriate conditions on F, s and gq. . .
In case E is the Lebesgue space LP, with 1 < p < oo, we simpy denote B, , for Bg’q. Thus

1/q

def . .
1y, |27 12s 0|, = | Do 2 120,
J JEZ
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and in particular,
1/q

IFllpz, = | Do 277Af 1% for 1 < ¢ <oo,and |fllg =sup27[A;flx .
' JEZ ' JEL
Lemma 1. The following embeddings hold
BOO g B 1 ifg<r

B, < VBMO — By

PROOF: The first embedding follows immediately from the definition of Besov spaces. The second
embedding can be seen as an immediate consequence of the following equivalent characterization
of the norms of B 12 and BMO

() 1/2
s, ~ | [ 1

1 [
swar [ [l nwP dya
z,R 0 B(z,R)

As for the last embedding, it follows from the equivalent characterization of BO_O{OO

L tA
171552, ~ sup Ve F 1~

(7)

1/2

IflvBro ~

(the proof of the above equivalences can be found in the book of Lemarié-Rieusset [I3]). W

3. MAIN RESULT

Computing explicitly the two first terms of the expansion (£ yields

t, €) = e Pu5(€) + P(g)eIeP / sUEP=Inl*=16=01) (@5 (n) - (€ — ) (€ — ) dnds + ... .

0

For the expansion (H), one gets
0(t,€) = e ()
(e [ M) () - (€~ n)To(E ) + Tolo) - (€~ )R(E — ) s

0
+....

Our aim is to study the boundedness properties of the bilinear terms appearing in the above
expressions. By scaling, it suffices to consider the case ¢ = 1. Thus we are interested in the
boundedness properties of 17, T5 given by

A gy def o167 ' SUEP=Im?=1g=nl*) (7 S .
(Th) (€ PO [ [ AP (Fo - (€~ e — ) dna
(To(f.9)" €)™
Je Kl / SR =1E0) (F) - (€ = )g(§ —m) +5(m) - (€ =) F(& =) dnds .

de

where f, g, as well as T;(f, g) are divergence free maps from R? to R
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Theorem 1. (We denote in the statement of this theorem E, for divergence free vector fields in
the Banach space E. In the following, we shall drop the subscript o to make notations lighter.)

(i) The operator Ty is bounded from (BO_O{OO> X (Lz)a to (L2)J.
(it) The operator T is bounded from (VBMO), x (VBMO),_, to (VBMO),.
(iii) The operator Ty is not bounded from (B_l ) X (B‘l ) to 8" if ¢ > 2. This is the case

w7q m?q

even if one restricts Ty to the diagonal (f, f) € (Bgo{q)o X (Bgo{q)o

What does the above theorem mean for the PDE problems evoked in the introduction?

e Point (i) of the theorem is a first step towards weak-strong uniqueness for the Koch-Tataru
solutions; or in other words, towards proving that if the data wug belongs to VBMO N L?,
then the solution to (NS) is unique in the energy class. We will address this question in a
forthcoming article.

e Point (i7) of the theorem says that the second iterate of ([l) belongs to L*(]0, c0), VBMO)
if up € VBMO. This is not proving the existence of a solution for such data (theorem of
Koch and Tataru), but we believe it does provide interesting insight: it corresponds to the
frequency approach, whereas Koch and Tataru’s proof is done in physical space.

e Point (iii) proves that the iteration scheme cannot be used to build up solutions associated
to data in Bo_ol’q, if ¢ > 2. This is not quite an ill-posedness result, but it says that the map
which associates to the data a solution of (NS) cannot be of class C2 from Bo_o{q to S’

We would like to mention here the article of Germain, Masmoudi and Shatah [§]. It somehow
corresponds to the dispersive equation version of the approach followed here for (N.S), in particular
in the use which is made of bilinear operators. The essential difference between these two settings
is that (space-time) resonances, which are the key to understanding global existence for dispersive
equations, are not so relevant for a dissipative equation.

Finally, we learned after completion of the present work from J. Bourgain and N. Pavlovi¢ that
they have just finished the proof of an ill-posedness result for the Navier-Stokes equation in the
spaces BZl . with ¢ > 2.

oo7q7
4. BILINEAR OPERATORS

Before proceeding with the proof of Theorem [, let us recall some classical facts about bilinear
operators.
The pseudo-product operator B associated to the symbol m(&,n) is defined by

(Bul.9)"(©) = [ mi&) (e —mn

Under appropriate conditions, these bilinear operators enjoy the same bounds as the ones given by
Holder’s inequality for the standard multiplication. This is the content of the celebrated theorem
of Coifman and Meyer.

Theorem 2 (Coifman-Meyer [3] [I1] [9]). If the symbol m satisfies for sufficiently many derivatives
1

(] =+ D17

(8) ogom(&, ) S
then the associated operator is bounded

1 1 1
By : LP x LY — L"  with —4+-=—-,1<p,g<o00,1<r<oo.
p q T

Unfortunately, the above theorem misses the endpoint (0o, 00,00). This shortcoming can be
overcome by strengthening the conditions on m.
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Proposition 2. Suppose the symbol m satisfies
m, (ng)dﬂm € Lg,n .
Then Ty, is bounded from L x L*° to L*°.

PROOF: Notice first that, if M denotes the inverse Fourier transform (in £ and 7) of m, then

Bn(f,9) = /M(ﬂ?J —z,x+z—y)f(y)g(z)dydz .

Furthermore, under the assumptions of the proposition, M € L'. B

5. PROOF OF (i) IN THEOREM [II

5.1. Reduction of the problem. First, it is possible to simplify a little the problem by observing
that

e Since we are dealing with divergence free functions, it is possible to replace in the definition
of Th and Ty the factor (§ —n) by &.

e One can forget the Leray projector at the beginning of the expression of Ts, since it reduces
to Riesz projections, which are bounded on L?.

e The vectorial nature of the functions f and ¢ in the definition of 75 will not play any role.
Thus we replace f and g by scalar functions.

e A function in BO_OI’OO can be written Z?Zl 0;f%, with f%in Bgopo.

The above considerations show that the boundedness of 15 : Bo_ol’oo x L? — L? is implied by
the following

Claim 1. If ¢* and ¢? are linear functions, the operator B,, with symbol

1
u(en) = e P @)e(e) /0 o€l nl2—le=nl2) g

is bounded from BgO’OO x L? to L2

The idea of the proof of this claim is to decompose the (£, 7n) plane into three regions, by picking
three smooth functions x1, x2 and x3 of (§,7n) such that

X1+x2+x3=1
Supp(x1) C {[¢] + 0| < 2}

Supp(x2) € {1¢] +Inl > 1, Ie] > clal)

1
Supp(xs) € LIl +[nf =1, €] < < nl}
X2 and Y3 are homogeneous of degree 0 for |£| + |n| > 3
Now let us define B,,, B, and B, by their symbols
def

Then obviously 1 + p2 + p3 = p.

In the following subsections, we prove the boundedness of B, B, and B, from Bgom x L% to
L2. Since B, = By, + By, + B,,, this shall prove the claim, hence part (i) of Theorem [
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5.2. The region where [£| + || < 1: boundedness of B, : Bgopo x L? — L%, Tt is clear that

A<xl"(D) : B% . — L™ is bounded .

00,00
We also observe that the symbol

1
(e @) = (e [ e g,

satisfies the conditions of Theorem B (it actually even belongs to C§°). Thus one can estimate

| Buy (fs9)ll2 = | Buy (A<2f, g)ll2
= |Buen@m-— (A<t (D)f, )|,
S| A<M(D)f| gl
< 17150, _lgle

5.3. The region where [{| + |n| 2 1 and [{| 2 |n|: boundedness of B, : Bgo’oo x L? — L2.
On the one hand,

AZ_2en1)_OA : Bgom — L*® is bounded .
On the other hand, the symbol

1
pa(€,m)et M’ = erioWe—52X2(5,n)£2(g)g1(77)/0 eSUER=Inl2=lg=nl) g

satisfies the conditions of Theorem 1 Indeed, any derivative of this symbol decays like an inverse
exponential of |¢|? 4+ |n|>. Let us see quickly how such a decay estimate can be obtained for

ug(g,n)eﬁwz, and it will become clear that the same holds for any derivative. Using first that
€2 = [n]*> = [€ — n|* < 3|¢|?, and then that on the support of x2, |¢|] > £|n|, we have

2 (€, m)e | < emoal” =316 o (€, m) |0 () E2(6)] < =101  xa (€, ) €1 (n)€2(€)] S e Tom (€1 +1nl)
Thus we can estimate
1Bus (f, 9)ll2 = [[Buy (As—2f 5 9)l2

- HBuz(&n)eT(lm\’ﬂz (AZ_%ﬁA‘f’ g) Hg
S [as2em2s] gl

< fllgg _ligllo -

5.4. Further refinement in the region where [¢| + || 2 1 and |¢| << |7|. In this region,
which corresponds to the support of x3, the idea is to integrate out in time and get

20 () emnPlnl? _ e

£,n) = xs(&, e~ lE=nl"=nl® _ —l&I7)
) = X6y e )
Thus we can decompose

2 1
4(6m) = xa 61 o ige

o
ps(&,m) = ps(&,m) — p5(€m)  where { T~ )
Mg(fW) = X3(5ﬂ7)%6 €.
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5.5. Boundedness of B, : Bgopo x L? — L2. Observing that
()0 (n) e
2] = [nl* = € —nl?
satisfies the conditions of Theorem [ we can easily estimate
1By (f, 92 = 1By (A>—2f 5 g)ll2
= ||Buéem\2(Az—2€Af7 9)l2

S Az —2¢% fllollgl2

< fllpg Nl -

(€, m)el™ = xa(€,m)

5.6. Boundedness of Bug’ : B

00,00

x L? — L?. Observe that the symbol

[nl¢" (n)
€21 = In|* = 1€ = nf?
satisfies the conditions of Theorem Bl Using furthermore that

1 )
AZ—zﬁ : Bgo,oo — L

(€ m)nl = xa(&,m) (eI

is bounded, we can estimate

1By (f; 9)ll2 = By (A= —2f 5 9)ll2

1

== B 7 A D el
1B,z (A> 2|D|f,9)||2
1

Fllscligll2
DI

<711z, _lglls

SA> -2

6. PROOF OF (i) IN THEOREM [
The proof of point (i7) is similar to that of point (i). For this reason, we only sketch it, but

emphasize the modifications that need to be done.

6.1. Reduction of the problem. As in subsection Bl but using also the boundedness of the
Riesz transforms from L*° to BM O, we observe that the boundedness of T} : VBMOXxVBMO —
VBMO is implied by the

Claim 2. If ¢* and ¢? are linear functions, the operator B, with symbol

1
v(&,n) = e P )2 (e — ) / SUEP=In2=[e=nP%) g
0

is bounded from BMO x BMO to L*.
As in subsection B, let us define B,,, B,, and B,, by their symbols

vi&,m) < xi& e n) .

Then obviously v; + v9 4+ v3 = v.
In the following subsections, we prove the boundedness of B,,, B,, and B,, from BMO x BMO
to L.
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6.2. The region where ||+ || < 1: boundedness of B, : BMO x BMO — L*. We proceed
as in subsection B2 using that

A<yl'(D) : BMO — L™ is bounded ,

and then Proposition B instead of Theorem

6.3. The region where |{|+|n| 2 1 and [£| 2 |n|: boundedness of B,, : BMO x BMO — L*.
We proceed as in subsection .3, using that

Az_geﬁA : BMO — L* is bounded .

and then Proposition 2 instead of Theorem [2

6.4. Further refinement in the region where |¢| + |n| 2 1 and [£| << |n|. We integrate out
in time and get

()02 (€ — 9 2 )
(6.1) = xa(es) b O (et i)

Thus we can decompose

_ ./ " V/ (§7n) = N(€777)e_‘5_77‘2—|77‘2
l/3(£>77) = V3(£777) — U3 (5»77) where { Vzl(g’n) _ N(é?’n)e—|§|2 ,

and we set
)l —n)
&2 = |2 = 1§ —ml*

N(£> 77) déf X3(£> 77)

6.5. Boundedness of B,, : BMO x BMO — L*. Let us further decompose

N(&n) = No(6,m) + Y Nj(&m)

j=1
where Ny is a symbol in C;° supported on an annulus and
def n
Nj(&,m) = o <’2—j‘> N(&,n)

(recall that 1 is defined in (@)). Since the operator with symbol Ny is very easy to estimate, we
shall consider in the following that N = z;’il N;.

Since N satisfies the hypotheses of Proposition @ By, : L* x L* — L™ is bounded. By
scaling, the By, : L® x L — L* are uniformly bounded.

To prove boundedness of B,;, we need the following lemma from Chemin [2].

Lemma 3. There exists a constant ¢ such that
A — 22
|20 f] . S e 7 1A fll, -

To make notations lighter, we furthermore set

def
Aj = Ajosc<ite -
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We can conclude:
1By (£ 9)lloo = BN (€™ f,€%9)loo

<> 1B, (Ajet £, Aje% )l
j=1

S

M

[2e21] 3e%]

7j=1

6—022j

A
WE

31| 1Bl

=
S fllBaollgllBao -

6.6. Boundedness of Bug : BMO x BMO — L. Using the same decomposition as in the
previous paragraph, we write

Bl’él = GAZBNJ(AJ, A]) .
7=1

Let o be such that N; = « (2% , 2%) Expanding « in Fourier series, we see that for some constant

¢ depending on the support of «,

m,nczZ4

This implies that

By(f.9)(@)=e2) > Annlif(e+c2m)Ajg(x +c277n) .

J21 mmnezd
Taking advantage of the strong decay of the kernel associated to €2, we can estimate
et Z Z )\mmﬁjf(x + cZ‘jm)ﬁjg(:n +¢279n)

J21mnezd

S SUpLcpa Z A Z ﬁjf(x + cZ_jm)ﬁjg(:E +¢c279n)

m,neZd Jj=1 L1(B(zx,1))
~ 2~ 2
S SUPeRrd Z Am,n/ Z ‘Ajf(x + CZ_Jm)‘ + ‘Ajg(:n +c277n)| | dzx .
m,neZd B(z,1) §>1

Using the following characterization of the norm of BM O, which is essentially a rephrasing of (),
1/2

1
fllBMo = | sup —/ A fI?da
11l 57 B(MJ)PZ;]! ifl

JEZ ,xeR?
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yields now

e Z Z A f(x + 279m)Ajg(x + c277n)

JjZ2—1mmneczd

S Y A ((Iml + DIIf a0 + (ol + DllglEao)

m,nczZ4

S a0 + lglBaro

where we used in the last inequality the rapid decay of the (A, ;). This gives the conclusion since
one easily reduces the desired bilinear estimate to the case where f and ¢ have the same norm in
BMO.

7. PROOF OF (ii7) IN THEOREM [II

If ¢ > 2, we want to build up a counterexample to boundedness of
51 51
Ty: By X By gy — S .

7.1. Idea behind the counterexample. Examining the analysis performed in the preceding
section, it appears that if one excludes the region [¢| + |n| 2 1, |£| << |n|, the operator Ty :
BO_O%OO X Bo_ol’oo — VBMO is bounded.

Thus our example should generate a “high - high gives low” frequency interaction, which becomes
unbounded.

This insight is actually the only use that we shall make of the preceding analysis: the counterex-

ample will be otherwise self-contained.

1 0
7.2. The counterexample. For simplicity, we set d = 3 and pick e; = [ 0 |, e2 = 1],
0 0
0
e3=| 0 | an orthonormal basis of R3. We shall denote x the vector product.
1

Next, let ¢ be a smooth, even, non-negative (real-valued) function on R, such that ¢ = 1 on
B(0,2) and ¢ = 0 outside of B(0,3). Also let (o) be a sequence in ¢4\ ¢2. Define fV by its Fourier
transform

N N
NE =D Fr© = Fi(©)
k=10 k=10
def N ok ke (£ N ko) (&
Z 2 ak¢(§ 2 61) ’5‘ X €9 Z 2 ak¢(§+2 61) ’5‘ X ey | .

k=10 k=10

It is clear that f% is real-valued, divergence-free, and uniformly bounded (with respect to N) in
Bl
7q

Remark. Let us pause for a moment and notice that the above sequence is very similar to the one
used by Montgomery-Smith [15] to prove the result mentioned in the introduction, namely that for
a Navier-Stokes like equation the iterative resolution method does not work for data in Bo_ol,oo. This
is also very similar to the example used by Stein [I7] to prove that symbols in S%l are not in general
associated to operators which are bounded on L?. Thus, as Montgomery-Smith puts it, it might be
that the non-boundedness result which we are about to prove “says more about the nature of the
B2l space than about the Navier-Stokes equation itself”.

00,00



12 PIERRE GERMAIN

From now on, we fix

(0 1 0 0
A thus P(é)=| 0 & -1
1 0 -1 1
2 2 2

An important and elementary observation is that the only possible interaction of fV with itself
yielding this frequency £y corresponds to fj + interacting with fj -.
This observation, along with performing the time integral in the definition of 77, yields

o g [P (1) (620
AUS PV = PO | ==t =™ \al ™) e —a1 *

N
Z ap 2% ¢(n — 2Fe1) g (& — n+ 2%er) dn

k=10
1 _ 6‘50|2_‘77|2_|§0_77‘2 TI 60 i 7]
P e_lfo‘2 -<—><e>< xe)
(&) G = —Teo =P \Inl %) \Jeo =] *©

N
> ai2%g(n+2%er)p(&o —n — 2%er) dn
k=10

or, reorganizing things a little,

Ty (f™, 1Y) o) = / eI $() (o — 1)

[ N 22k(1_e\€o|2 In+2%e1>~|€o—n— 2%1\2)
k

k|§0|2 I+ 2Feq |2 — | —n — 2Feq |?

2k S 2k
&) [50' (ﬂ%zh * )] <|§§ — el ® )

92k (1 — eléol—In—2"er—[€o—n+2¥es|?)
+ Zo‘k|£0|2 T2k 2 [€p — 1 + 2Feq|?

_ 9k o k
&) {50' <|Z—;k:| )] <é§-Zi§kZh )] dn

It is easily seen that if n € Supp ¢, and k — oo

22k(1 — 6\50|2—|77+2ke1|2—|§0—77—2k61\2) < n+ 2Fe; > < Eo—n—2Fe; ‘e > _ 1 8 - 8
S0 T2 e, _Z
&0l — In + 2%e1[2 — [§o — n — 2Fer |2 \ |n + 2%y | |60 — 1 — 2eq 2\ 1
22k(1 — 6‘50|2_|77_2k61|2_|§0_77+2k61‘2) 77 — 2kel 60 — T, _|_ 2kel 1 0 0
2 ko |2 ko |2 koo < e -5 0 ]®]| 0
€0l — 7 — 2ke1|? — [€o — n + 2Fer 2 \ |n — 2key | €0 — 0+ 2ey | 2\ 1
We conclude that if n € Supp ¢, and k — oo
0
92k (1 _ eléol?=In+2 er|*~|go—n—2"e1|? + 9ke —n—2ke
2( ko 12 & )2P(£0)|:£0'<7] kl X€2>:|<§0 777161 X€2>—> _%
102 — |n + 2Fe1]? — |§o — 1 — 2Feq| I + 2keq]| €0 — n — 2%eq]| 1
0
22k 1— e\§0|2—|n+2k61|2—|§o—n—2k61\2 _ 2ke 4+ 2ke
2( D R )2P(50) [50' <777k1 X €2>] <£077—k1 X €2> - | -3
€ol? = [n — 2Fe1? — |€o — m + 2%eq | In — 2Feq| €0 — n + 2Feq | 1
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Integrating over 1 and taking advantage of the positivity of ¢,

N
TN, )N &) 2 ) o -
k=10
0
We can run the same argument in a neighbourhood of &, = % , and obtain that, uniformly in
2
¢ € B(&, €), for e small enough,
N
TN PN 2 ) of
k=10

The series in the right hand side diverges. Thus, in spite of the boundedness of fV in B;o{q, the

Fourier transform of Ty (fV, fV) is, on B (&y, €), larger than a diverging sequence of real numbers.
This means that 71 (fV, fV) is not bounded in S’. W

1]
2]
8]
[4]

[5]
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