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Abstract

This article is devoted to the study of the nonhomogeneous incompressible Navier-
Stokes system in dimension d > 3. We use new a priori estimates, that enable us
to deal with low-regularity data and vanishing density. In particular, we prove new
well-posedness results that improve the results of Danchin [6] by considering a less
regular initial density, without a lower bound. Also, we obtain the first uniqueness
criterion for weak solutions which is at the scaling of the equation.

1 Introduction

1.1 Presentation of the equation

We shall study in this paper the Cauchy problem for the nonhomogeneous Navier-Stokes
system set in the whole space R?, with d > 3. It reads

op+u-Vp=0

(1) pou+ pu - Vu — Au = —Vp
divu =0
(p, U)|t:o = (po,uo) -

It describes the evolution of a fluid of viscosity v = 1, whose density is not constant (an
instance of such a situation is the mixture of two fluids, which do not have the same
density, but whose viscosities are equal). The unknowns p, u and p stand for the density,
velocity, and pressure of the fluid; they are respectively RT, R?, and R valued and they are
all functions of the space variable x and of the time variable ¢t. The fluid is furthermore
supposed to be incompressible, hence the zero divergence condition on u. Finally, the
notation w - V corresponds to the operator Zle u'o;.

At least formally, this equation verifies the following conservation law:

¢
(2) IV p(t)u®)l3 +/0 IVu(s)|3 ds = [|v/pouoll3 -
There is another conserved quantity, namely for any « and § the Lebesgue measure
(3) p{z € RY o < p(x,t) < B} is independent of ¢.

In particular, the L® norm of the density as well as its lower bound, are independent of ¢.



Another important feature is the scaling invariance : if (u, p) is a solution associated to
the initial data (ug, pg), then

(Au(N2t, Az, p(A2t, Ax))

will be associated to (Aug(Az), po(Az)).
A functional space for the data (ug, pg) or for the solution (u, p) is said to be at the scaling
of the equation if its norm is invariant by the above transformation.

1.2 Weak solutions

Weak solutions have been built up first by the Russian school [1], and more recently in
Desjardins [8] and Lions [19]. For instance, it is proved in Lions [19] that weak global
solutions of (1) exist provided that, for some p > 0 and some p € (d/2, 00),

po € L™ | poud € L' and (p—po)T €Ll .

The last condition above is technical, but it is important to notice that it allows the
density to vanish on finite-measure sets. These weak solutions naturally belong to the
class of finite energy solutions.

Definition 1.1 A solution (u,p) of (1) is said to be a finite energy solution if
p € L=([0,T],L>®) , /puc L=([0,T],L*) and Vuc L*([0,T],L?%) .

The solutions of Lions have some additional regularity: they verify (3) and (2) with a “<”
replacing the equality sign. Their uniqueness is an open question in general; Theorem 1.2,
below, gives a criterion of uniqueness in the energy class.

1.3 Strong solutions

Regular solutions were first considered by Marsden [20] in the non-viscous case and La-
dyzhenskaya [16] in the viscous case. Itoh [11] [12] studied the non-viscous limit for (1).
More accurate results were obtained by Danchin [5] who proved the local well-posedness
independently of the viscosity of (1) for initial data with a regularity higher than the
scaling.

Danchin [6] also proved the existence of local and unique solutions of (1) for spaces of
initial data at the scaling of the equation, but then one has to resort to Besov spaces, ie
consider initial data

Ld_ . d
ug € B3, ' and (pgt — 1) small in Bj  NL>™

(see the paper of Danchin for a definition of the Besov spaces B;,q). Notice that in
particular pg has to be bounded from below by a positive constant.
For initial data

(4) up € H*(R®) and py € H(R®) N L32(R?) N L®(R?) ,

Choe and Kim [2] could remove the assumption of non-vanishing of the viscosity by adding
the following compatibility condition:

(5) vAug — Vpo = py'°g

for some (pg, g) in H' x L2



1.4 Weak-strong uniqueness

Let us come back for a moment to the setting of the standard Navier-Stokes equations,
ie with a constant density. Then there also exists global weak solutions, which were
constructed by Leray [18], and their uniqueness is not known in general. However, partial
criteria are known under the name of ‘weak-strong uniqueness’ results. The first result of
that kind was proved by Serrin [23]: suppose that u is a weak Leray solution, and that it
belongs to the (strong solution) class

(0,7, 19) with 2+ %=1
p q

for some T > 0. Then u is unique on [0,7] in the class of weak solutions. Notice that
the space above is at the scaling of the Navier-Stokes equation. More refined weak-strong
uniqueness results have been derived since: see Lemarié-Rieusset [17] and Germain [9] for
a review and recent results.

For the system (1), uniqueness criteria for weak solutions are given by several authors,
see [19] [2] [7]. We would like however to get a result similar to the one of Serrin for the
Navier-Stokes system, that is the condition should be at the scaling of the equation and
involve only w and its space derivatives (not the time derivative of w). This is done in
Theorem 1.2.

Let us also mention here a result related to weak-strong uniqueness. It is proved by
Kim [15] (see his paper for more details) that if a solution corresponding to initial data as
in (4) (5) leaves the natural solution space corresponding to these data at some time T,
then necessarily

_|_

T*
/ lu(s)|Epme ds = 0 for any p, q , 1, 3<g<oo,
0

SRR
W

where L% denotes the usual weak Lebesgue space.

1.5 Statement of the results

In the following, we will set

T =

S

and work with the following formulation of (1)

or+u-Vr=0
ou+u-Vu—rAu=—rVp
divu =0

(r,u)j4=0 = (70, uo) -

(NNS)

The definition of finite energy solutions becomes

Definition 1.2 Data (ug,ro) are of finite energy if
. Uo 1
infro >0 and — € L ;
Vo
A solution (u,r) is of finite energy if
U

ir;fr(t,x) e L*>(]0,71]) , NG

€ L>([0,T),L*) and Vu € L*([0,T],L?) .



The two theorems that we are about to state both rely on the following idea: it is well-
known that the oscillations of the density are a major problem for the compressible Navier-
Stokes equation, and also for the (NN S) system. So it makes sense to estimate the density
in a BMO-type norm, for then the focus is precisely on oscillations. We apply this idea
by estimating r in BM O, or in spaces that embed in BMO. Actually, we will use critical
homogeneous Sobolev spaces, which are known to embed in BMO, and which are defined
as follows.

Definition 1.3 (The following definition requires further justification ; in order to avoid
technicalities for the moment, we delay it until Section 0.1. ) .
We define W% as the homogeneous Triebel-Lizorkin space 5/02' It turns out that this

is a Banach space modulo constants; in particular it does not embed in S’, but in S’ modulo
constants. )
We will in the following use an equivalent norm on W7 It is provided by

[ullyipoare = [A7ullaso
where A7 is the Fourier multiplier given by

(6) Fon© “Yerie

with F or ~denoting the Fourier transform operator.

It might seem problematic to estimate as we will do the reciprocal of the density r in
Wed/s since we would not like it to be defined modulo a constant. But this is to be
understood only as an indication of its regularity, and r will always be a distribution.

First, we give a theorem on the existence of local strong solutions. The following theorem
improves the results of Danchin [6], in that the density is at the scaling of the equation,
does not have an inferior bound, and is taken to be less regular.

Theorem 1.1 Letd =3, s € (2, %), ord>4,s¢€ (%l, %—Fl) and let ug and rq be functions
such that

1 _d_
w € H® —ecL® and A 'rgeLs1.
7o

Suppose also that, for a constant C,

HAs_lroHi < C(infrg) .
s—1

Then there exists T > 0 and a local solution (u,r) of (NNS) defined on [0,T] such that
u € L([0,T], H*) 0 L*((0, T), H**Y)
% € Lo(0,7],L®) and Al e L®([0,T], L+)
Vp e L*([0,T),HSY) .
Some remarks are in order

e No compatibility condition is required, and the density does not have to be bounded
from below.



. d
e In the above theorem, the reciprocal of the density is taken in Ws_l’ﬁ, which is
a Banach space modulo constants, so it fails in particular to embed in L°°. There
holds nevertheless

(7) Wbt < BMO .

This implies that rg can go to infinity, but typically in a logarithmic way; in partic-
ular, it belongs to any space L? . with p < oo. For the density pg, this translates

loc’
into a possible vanishing, but at a very slow speed.

Also notice that the conditions we impose on the density allow for a non-zero limit
at (spatial) infinity, which is the physically most relevant case.

e The functional space for the density is at the scaling of the equation. This is not
the case for the velocity, but one could achieve a scale invariant condition on the
velocity by using methods of paradifferential calculus.

e The existence time in the above theorem would depend on the viscosity, had it not
been fixed to one. A priori no inviscid limit results hold for the data of the theorem.

The second theorem gives a criterion of uniqueness of the energy class solutions. Notice
that this is the first such criterion at the scaling of the equation ; so it somehow generalizes
the Serrin criterion [23] to the nonhomogeneous Navier-Stokes system.

Theorem 1.2 Let d > 3, and let (ug,m9) be initial data of finite energy. Suppose there
exists an associated solution (u,r) such that

1. (u,r) is of finite energy.
2. (u,r) verifies (C is a constant)
u e L>([0,T), L%
Vre L®([0,T), LY and ||| gyo < C(infr) Vt€[0,T]
Vu € L[0,T],L®) and VtVu(t) € L*([0,T],L>)
ViAu(t) e L*([0,T],LY) .

Under these conditions, (u,r) is unique on [0,T] in the class of energy solutions.
Let us mention some remarks
e The above weak-strong uniqueness criterion is at the scaling of the equation.
e A more general version of Theorem 1.2 is given in section 4.

e We could get a much bigger set of indices for the LPL? spaces that yield uniqueness
of (u,r) in the above theorem, or in its generalized version in section 4. However,
we would then have to take % in spaces of the type LPLY, with p < oo, which would
not be very natural, so we chose not to include this possibility in our theorems.

Corollary 1.1 Assume d =3, s € (2, %), ord>4,se (%l, % +1). If

1
wpe H® , —eL>® , AN lrge = , and HAS_lToHL < C (infrg) ,
To s—1

then the solution built up in Theorem 1.1 is unique in the energy class.



PROOF: One verifies indeed easily that this solution satisfies the hypotheses of Theo-
rem 1.2. H

So Theorem 1.2 gives the local uniqueness of finite energy solutions in the case where the
density datum belongs to a functional space at the scaling of the equation, but not the
velocity.

What would happen if we would take as data a smooth density, and a velocity belonging
to a functional space at the scaling of the equation? Then we expect a regularizing effect
on the velocity, because of the parabolic nature of the equation, and it should follow that
Theorem 1.2 applies.

The last case is if both the initial density and velocity are at the scaling of the equation;
as was pointed out to us by Raphaél Danchin, it is not very likely that the uniqueness
theorem applies then. Indeed, the density remains then rough and a priori no regularizing
effect is to be expected for the velocity.

Acknowledgements: The author would like to thank Raphaél Danchin for interesting
and useful conversations during the writing of this paper, and the referee, whose numerous
suggestions helped improve greatly this article.

2 Three lemmas

2.1 An elliptic estimate with BMO coefficients

Let us recall first the Theorem of Coifman Rochberg Weiss [4], which we call in the
following CRW theorem.

This theorem was proved by Coifman Rochberg Weiss [4] in the case r = 2; for the general
case, see for instance Taylor [25].

Theorem 2.1 (Coifman Rochberg Weiss [4]) If we denote by ¢ the multiplication
operator by the function ¢, and P is a Calderon-Zygmund operator, then the norm of
the commutator is bounded as a linear operator on L”:

l#, Plllzry < CrliollBmo

for some constant C,.

It is well-known that P and Q, that we define in the next paragraph, are Calderon-Zygmund
operators.

Definition 2.1 Let P (respectively Q) be the projection operator in L* on the divergence
free (respectively curl free) vector fields.

Lemma 2.1 Let p verify
Q(oVp) =1,
where ¢ is a positive function. Then there holds

1Vl < (inf o)) 17l

and forr € (1,00), and for a constant C depending on r,

(inf 6(x) — Cllllzaso) IVl < 1]



PROOF: The first point is proved by simply taking the scalar product of the equation with
Vp. For the second point, we simply write

oVp =[Q, ¢] Vp — Q(¢Vp) = [Q, ¢|Vp— [,
which implies, due to the CRW theorem,

(£ 6()) IVl < 16Vl < 11+ 11Q, 6] Vol < 161l + Cllmrol Toll. .

2.2 A generalized Gronwall inequality

Lemma 2.2 Suppose that the following inequality holds

(8) () <af+B8gg.

where f, ¢, o, and 3 are positive functions of the real variable such that
fel® , g0)=0, gel?> , acL' and Vt8(t) € L?.

Then there holds

<e—f5a ~ % — % /Ot 35(3)2d3> /t (¢ rehof) < f(0).

0

Remark 2.1 Notice that, due to the inequality (9) that follows, the assumptions o € L',
/88 € L? are enough for (8) to make sense.

PROOF: Since ¢g(0) = 0, Holder’s inequality gives that

(9) 9(s) < V3 /0 ()

With the help of this inequality, we have
t t ;
/ (g/)2 < ef()ta/ e—fo o (g/)2 ds
0 0
t t s ¢ t R
< elo °‘/ e~ Jo g/ (g' — Bg)ds + elo ‘1/ e~ o “Bgg ds
0 0

t t
< fota/ —fa i _ ds + fga/ ‘i " d
Seh® | e g(g' = Bg)ds+e ; \/5\/559 s

t s 1 t 1 t 2
< efoto‘/ e Jo g (¢ — Bg)ds + §€f°ta/ (9/)2 + §€f5a (/ V'sByg' d8>
0 0 0
. t s 1 . t 9 1 ‘ t t 9
< elo a/ e Jo “g'(g' — Bg) ds + 5l a/ (9/) +5eh a/ 5 ds/ (g’)
0 2 0 2 0 0
which is equivalent to

—[la 11 2 b2 ! — [T 1t
e Jo —5—5/36 ds /(g) S/e 0% (¢ — Bg) sds .
0 0 0

On the other hand, we have, by the fundamental theorem of calculus,

t t s
foe e 0 = [ e B (f - af) ds.
0

Adding the two lines above, and using (8), we find the desired inequality

‘ 1 1 t t ¢
<e_f0a‘§‘§/o Sﬁzdg)/o (¢)+ f(ye=hoo—f)<0. m




2.3 Some commutator estimates

We denote here A? for the Fourier multiplier defined in (6), and [A?, f] for the commutator
(A7, flg=A%(fg) — fA%g .

Lemma 2.3 The following estimates hold true
For1l<p<ooando >0,

A7, flgll, < C (IV £l A gllp + A7 fllpllglloo) -
Forl1 <o < %,
(10) 1A, flglly < CIIA fllassI1Agll2 -

For1§0<%,

(11) A7 f1gllase < CIA gllaso (IV flloo + 11 g4 ) -
H

PROOF: The first estimate, already classical, is due to Kato and Ponce [13]. They worked
in the framework of non-homogeneous derivatives, that is with /1 — A instead of A ; this
makes however only a small difference with the estimates given above.

We refer to the appendix for the proof of the second and third estimates. W

3 Proof of Theorem 1.1

In order to prove Theorem 1.1, we shall first prove a priori estimates for smooth solutions,
and then use a limiting procedure.

Recall that s € (4,4 +1), and s > 2.

We denote A® for the Fourier multiplier defined in (6).

We will in the following paragraphs show how one can control the homogeneous norms
lull 7« and ||[Vp|| ge=1. It is the difficult part of the argument; controlling lower order
derivatives is then easy, and it yields estimates of the nonhomogeneous norms ||u||zs and

VPl -

Estimate on the pressure

We have
rA* ' Vp = AT (rVp) + [r, AT VD

Taking the scalar product with A~'Vp and using Lemma 2.3, we get
_d_
s—1

(12) <i£dfr>||As—1vp||2gH@As—l(rvp)uz+oHAs—1r|| A1), -

Using the momentum conservation equation, we have, due to the zero divergence of u
QAL (rVp) = —QA*™ (u - Vu) + QAL (rAu) .
Since H® is an algebra for s > %l, we find

(13) HAS_I (u - Vu)H2 = HAs_lv < (u x u)H2 < C’Hu||%fs .

8



The CRW theorem, the boundedness of Q on Lebesgue spaces, another use of Lemma, 2.3,
and the embedding (7) give

QA (raw)|, < [[[@, r] AT Aull, + [|Q [r, A7 Aull,
14) < onrnBMo lullzgsn + CA T || g

<A o fullos
So gathering (12), (13), and (14) we get

(15) <(infr) e HAs—erjl) 1Al < Cllullye +C 1A ]| s Jullgess

Estimate on the velocity

Apply the operator A® to the momentum conservation equation in (NNS), and take the
space scalar product with A*u. The result reads

%HASUH% = —(A°(u-Vu), A%u) + (A® (rAu) , A°u) — (A° (rVp) , A’u)
=1+ I1T+1I1.

We will estimate one by one I, IT and I1I. Using the identity (u- Vv, v) = 0 (due to the
incompressibility of v) and Lemma 2.3, we get

(] = [(A*(u- V), Au)
< |(A*(u-Vu) —u- VAu, Au)|
< C|Vullollulltys < Cllull s ullzs

where the Sobolev embedding theorem was used in the last line. Let us now estimate II.

IT = (A7 (rAu) , A5 1)
= —(rA*Ty, ASThy) — ([r, As_l] Au, A5Thy)

Making use now of Holder’s inequality and of Lemma 2.3, we find

IT < —(infr) ||A8+1u||% +C HAs_eri ||A8+1uH% .
s—1

Only the term IIT is left. Using in the last line the incompressibility of u, we can write it
as

ITT = (A1 (rVp) , A5Hu)
= (rA*T'Vp, A5 + <[As—1’ r] Vp, AsHLy)
= ([P, ] A*7'Vp, A¥Tu) + ([A*, r] Vp, AT ) .

The CRW theorem, Lemma 2.3, and the embedding (7) give finally

|I[11| < C HAS‘er% A~V p||o || AT a5



Gathering the estimates on I, I1 and I11, we have

d s . S— S
glacule (Gnfr) =€ 4] o, ) 1A+ ulg
(16) s—1

< Cllullgser [ullfr: + |4 r[|_a A" Vplla[ A ulla -

Estimate on the density

The conservation of mass equation in (NN.S) can be rewritten as

or+u-Vr=0.

d
£-2 _
s A® 17’, we

Applying AS~! to this equation, and taking the scalar product with ‘As_lr
get, due to the zero divergence of u

d _ _
I R e A
Now applying Lemma 2.3, and using the Sobolev embedding theorem, we can estimate

d 5— s—
an 2l o <oA= (IAuloo + ull g.0)
< OfA o lullgss

Local control of u, p and r

The estimates above were made for the homogeneous norms |ul|;;. and [|[Vp|| z.-1 ; it
is then easy to estimate the L? norms for lower order derivatives, and thus get similar
bounds for the nonhomogeneous norms ||u|| s and |Vp||gs-1.

Assume that the initial data satisfy

(18) (infro) — C||[A*'rol| &« =2¢>0.
s—1

The estimate (17) gives for t <1

A < 2ee K M

so for some € > 0, as long as fg Hu||?qk+1 < ¢, we have
(infr) — C’HAS_%HL >c¢ and HAs_erL <C".
s—1 s—1
If these two inequalities hold, we deduce from the a priori estimates (15) (16) that
T Mo l12 4
g el + cllullzgser < Cllulls

and this gives a local control of v in L& H? N L2H:*!. This in turn implies that for some
t>0, fg ||u||%[,€+1 < ¢, closing the argument.

10



We thus deduce under the hypothesis (18) the existence of 7' > 0 such that on [0,7] an a
priori smooth solution (u,r, Vp) is bounded in

(L*°([0,T), H) N LA([0,T), H*1)) x L>([0, T], W14/ =1y L2([0,T], H*7Y) .

The approximation scheme

In order to approximate the initial data, we need the following lemma, whose proof will
be given in Section 6.2.

Lemma 3.1 Let rg be a non negative function which satisfies (18). Then there exists a
sequence of smooth functions (ry) such that
(i) ri € L™
. d
(i) 1 — 1o in W1 as n— oo
(iii) r§ — 1o inS" and in L} (Vp < o0) as n— oo
() (infrg) — (infrg) as n— oo

So in particular (r™) satisfies (18) for n big enough.

Remark 3.1 Though the result of the above lemma is intuitively clear, the proof, given
in Section 6.2, requires a little work. The lemma becomes obvious if one is willing to lose
some generality, for instance if one assumes that rog takes a non zero constant value close
to infinity.

The above lemma gives us an approximating sequence for rqg. Now consider an approxi-
mation of the identity (¢"), define

ug = ¢" * up
and denote (u™,r™,p™) for the solution of

or +u"-Vrt =0

Oyup + u™ - Vu™ — r""Au"™ = r"Vp"
divu™ =0

(Tn7 U”)\t:O = (T6L7 Ug) .

(19)

The solution (u™, 7™, p") is defined at least on [0,7] due to the following argument: the
data are smooth, with the density bounded away from zero, so by the theory for regu-
lar solutions, there exists a local solution. Furthermore, we have an a priori bound on
(u", %, Vp”) which entails in particular the boundedness of Vu™ in L([0, 7], L>). This
last fact prevents any blow up before T' (use for instance the blow up criterion in [7] and
Proposition 2.1 in [6]).

So we have a sequence of solutions defined on [0, T,

1
n n V13
<U T 7T_nuvp> 9

(L°°([0, T), H®) N L*([0, T), H¥1)) x L ([0, T, W=D/ =1y s 1200, T, L) x L2([0, T, H*') .

which is uniformly bounded in

11



Compactness and passage to the limit

The uniform estimates above and the first equation of (19) give a uniform bound for
|0¢rn || oo f.a- By Ascoli’s theorem, this implies that there exists R such that R(0) = 0 and
(up to an extraction)

(20) Ry &l _on R i c(0,1), 1) .

Therefore, defining r = R + rg, we have

(21) m=R"+rj —r inS.

Since r™ is uniformly bounded in L*°([0, 77, We=14/(s=1)) " we also obtain (up to a new
extraction) that r € L>([0,T], W= 1Ld/(s=1)),

We also observe that, since u™ is bounded in L°, the density propagates at finite speed.

Since by lemma 3.1 r§ is uniformly bounded (in n) in L} _ for any finite p, we get that

r™ is bounded in L*°([0,T],L? ) for any finite p. This remark and the second equation

loc
of (19) give a uniform bound on d;u™ in L2([0,T], L{ ), and Ascoli’s theorem an extracted

loc
sequence such that
(22) u" "= u  inC([0,T], L) .
Finally, the uniform bound on Vp" in L?([0,T], H*~!) gives, up to an extraction,
(23) Vp" — Vp as n— oo weakly in L%([0,T], H*™!) .

As is easily verified, the convergences (20) (21) (22) (23) are enough to pass to the limit
in the non-linear terms and show that (u, p) is a solution of (NNS). B

4 Proof of Theorem 1.2

We will actually prove a more general version of Theorem 1.2; it is the following

Theorem 4.1 Let (ug,79) be initial data of finite energy. Suppose there exists an associ-
ated solution (u,r) such that

1. (u,r) is of finite energy.

2. (u,r) verifies either (C is a small constant)
(24) Vr e L®([0,T],LY) and ||| gpo < (infr)
(25) Vu e LP([0,T),L9)  with §+§:2 L l<p<oo
(26) Vi(u - Vu)(t) € L2([0,T), L)

(27) VitAu(t) € L([0,T), LY) .

(28) Vr e L*®([0,T], L%)

(29) Vue 12(0,T],19)  with ]—2)+§:2 Cl<p<oo
(30) Vi(u - Vu)(t) € L*(0,T], LY)

(31) Vidw(t) € L*(0,T), LY) .

12



Under these conditions, (u,r) is unique on [0,T] in the class of energy solutions.

PRrROOF: We shall prove the theorem only with the assumptions (24) (25) (26) (27); this
is the harder case. We assume in the following that (u,r,p) and (u,7,p) are two energy
class solutions of (NNS), and that (u,7) satisfies the hypotheses of the theorem.

Estimate on the pressure

We first bound the pressure in L¢. Due to the equation satisfied by (u,7,5), we have
Q((rVp) = Q(rAu) +Q(u- Va) .
The hypothesis (24) and Lemma 2.1 imply that
IVplla < ClQ(rAw) +Q(u - Vu)ly -
Now using Theorem 2.1, we can bound

IVplla < C(l|lu- Valla + [[[Q, 7] Aully)
< (- Valla + 17l paro 1ATlla)

Estimate on the conservation of the momentum equation for © — @

Let us denote
v=u—u R=r-7.

Take the difference of the equations satisfied by (u,r) and (u,7), and perform an energy
estimate to get (recall p = 1)

oVl + Vol = = [ plo-Va)-vda+ |

Rd
def o 14111,

RAw - pvdx — / RVp - pvdx
Rd

We will now estimate one by one I, II and II]. These three terms are estimated with
the help of Hdélder’s inequality and the Sobolev embedding theorem. For the first piece,
we get

£ o2
< CIVellallE Ivael, *I9al, -

(33) 1] = ‘/Rd(\/,zv V@) -/ da
The second piece is not much harder

(34) (1] = < Cl[Rl2llAullallpllolVoll2 -

/ RAwG - pv dzx
Rd

In order to estimate the third piece, we use the bound on the pressure in L% and get

(35) (11| = < C||Rl2 (|Aalla + (1w - Valla) [|plloo [ Voll2 -

/ RVD - pvdx
Rd

Estimate on the conservation of mass equation for r — 7
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The equation of conservation of mass becomes
OR+u-VR=—v-Vr.
Since u is divergence free, we get
OBl < [Voll2[[VFlla

which can also be written, since R(0) = 0,

(36) IRl < C /O |V0llads

The differential inequality

Gathering the estimates (32) (33) (34) (35) (36), we see that

ol /ol + Vol < CIN el Vaoly *I9al, + CIRI: (1Al + |17 - Vil 190l
< SVl + CllVAIBIVl +C [ IVulkds [V (180l -+ - Tl
So denoting t
£ = VRO and o) = [ 190(s) s
we see that there exists o in L' and 3 verifying v/#3(t) € L? such that
F+(d) <af+8d9.

It now suffices to apply Lemma 2.2 to conclude the proof of the theorem. W

5 Proof of the commutator estimates

5.1 Coifman and Meyer’s generalized product operators and Littlewood-
Paley theory

The proof of the commutator estimates will use two tools, which we now present: the
boundedness criterion for generalized product operators, and the Littlewood-Paley theory.

The generalized product operators of Coifman and Meyer

Let us first introduce the following notation for the generalized product operators of Coif-
man and Meyer [3]:

Tlf.g) = [ € Dm(e,n) Fle)ato) ded

We now state the fundamental theorem of Coifman and Meyer [21] [14] [10]: if the kernel
m satisfies

C
(J€] + [y oot

14

(37) |90, m(€,m)| <



1 1 1
then T, is bounded from LP x LY to L", with — + - = - 1 <p,g< 00, 1 <7 < 0.
p q T

Littlewood-Paley theory

We now come to the Littlewood Paley decomposition, first defining it, and then reviewing
some classical facts that will be needed in the following; see Lemarié [17] for a more
thorough treatment. Consider ¥ a function supported in the annulus centered in 0, of
small radius 3/4, and big radius 8/3, such that

Zm<§>:1 for € £0 .
JEZ

Then the Fourier multipliers A; and S; are defined by

Ay =W <2>
27

Sy=1- Z \If<22]> .

j>N+1

Thus any distribution can be decomposed (modulo polynomials) into a sum of elementary
elements that are localized in frequency:

F=Y_Aif or f=Snf+ > A

JEZL Jj>N+1

The L2-Sobolev norms can be expressed using the Littlewood-Paley decomposition:

117 ~ D 225125 17 -

JEZ
Actually, if f = zj fj, with Suppfj C B(0,C27), and s > 0, we even have
(38) 117 < CD 7 2%°| £ll7 -
JEZ

For LP spaces, we have the following bound (this is a consequence of the Littlewood-Paley
theorem):

IfIZe <CY_IAfl; it p>2.
JEZL

We also have an analog of (38): if f = >, f;, with Suppfj C B(0,027), if s > 0 and
p=2

(39) 1 lysw < C 215020 -

JEZ
Finally, we have the Bernstein inequality

(40) 1S £llr < C29G |18l if 1<p<g<oo,

15



and we record the following estimates

IAS; fllzr < C27°||S;f|lp

(41) . N
IA°A; fllee < C271A; fllp -

The paraproduct algorithm

The idea of the paraproduct algorithm is to decompose the product of two functions (or
distributions) f and g, depending on the relative sizes of the frequencies of f and g.

We will explain this idea, first in the framework of generalized product operators, and
then using Littlewood-Paley theory; these two approaches are of course equivalent, as is
easily seen.

In the proofs of the estimate (10) and (11), we will apply the paraproduct algorithm to
expressions that are not exactly products (they involve differential operators), but the
general philosophy remains exactly the same.

First of all, we can write the product fg as
fo= [ e feygn den

Now we split the domain of integration in three regions, || << |n], |¢] ~ |n| and || >> |n]
We do this using three functions ¢; of a real variable, such that: their sum is identically
1, and their supports are respectively the ball of radius 2/10, the annulus of inner radius
1/10 and outer radius 10, and the complementary of the ball of radius 9. We have then

) o= [ e (o () o () o () Feamacan .

and the three summands correspond to the regions |{| << ||, [£| ~ |n| and |§] >> |n].

Another approach is to use Littlewood-Paley theory. We write

Fo=1D_0 ] ([ D_Ag
j i

=D AfSiag+ Y. AifArg+ > AjgSiaf
J

li—k[<2 J

(43)

The first (and third) sum above has a very nice property: due to the frequency localization
of the A; and S; operators, each one of the summands A; fS;_1g is localized in frequency
in an annulus centered at 0 of size ~ 27.

The analogy with the previous formulation of the algorithm is obvious. However, the
three sums of (43) do not correspond exactly to the three integrals of (42). Actually, in
order to make them equal, we should take the index j to be continuous instead of discrete,
and define A; slightly differently. This would change only small details, so for notational

16



convenience we consider in the following that

/R e <,'5D F©a0) dedn ~ " AjgS; + f
J
/R e <|'5'|> Feam) dedn ~ 3" A;f A
J

/R e <|'5:> F©)a) dedn ~ 3" 8,155 19
J

Notice that in the second line above, we replaced Z\j—k|§2 A fArg by Zj A;fAjg. Once
again, this does not remove a difficulty, but makes the notations lighter.

The idea in the proofs of estimates (10) and (11), which follow, is the following: first,
use the paraproduct algorithm to split the commutator into several pieces. For each of
this pieces, prove the desired boundedness property by using the theorem of Coifman and
Meyer (if the symbol is smooth) or the Littlewood-Paley theory (if it is not).

5.2 Proof of estimate (10)

Our commutator can be rewritten as
A7, flg = /R e E ([ 4 nl” — [0l7) F(©)Gn) dédn = T (f. 9)

by setting
m(&,m) = (1§ +nl” —Inl”)

We will distinguish between the regions where |£| << |n|, |¢| ~ |n| and || >> |n|, and
will have to use different techniques for each of those regions. So we consider as explained
above three functions ¢; of a real variable, whose sum is identically 1, and whose supports
are respectively the ball of radius 2/10, the annulus of inner radius 1/10 and outer radius
10, and the complementary of the ball of radius 9

Let us begin with || << |n|; this corresponds to the symbol

mi(§,m) = é1 <“§|’> m(&,n) -

A small computation shows that m; can be written as

d k k
= Zu(f,n)ig 2277 et

i g

where p is a homogeneous function of order 0, smooth outside the origin, hence satisfying
the estimates (37). This is also the case for

(&, m) = (&, m) m

So we have

Tml (f> g) = Tﬁ(Vf, Ag_lg) )

17



where p satisfies the estimates (37). The theorem of Coifman and Meyer yields thus
(44) T, (£, 9)lly = [|Ta(V L, A 9) [, < CIVFllal AT gl 20 < CIATf]|[[Ag]l2 -

Now we look at the operator with symbol

ma(€.n) = Il (¢2 (%) + s (%))

which corresponds to the second component of our commutator in the regions [£| ~ |n]
and [£| >> |n|. We notice that T}, (f,¢) is nothing but the paraproduct operator of A%¢g
(lower frequencies) by f (higher frequencies), so by the classical theorem (see for instance
Stein [24], Chapter IV), we get

[Ty (f; 9)l2 < CliflBaolAgll2 < CIAT fllasoIAgll2

where we used in the last inequality the embedding (7).

The next operator has symbol

€]
ma(e) =le+ e (15
It corresponds to the first component of our commutator in the region || ~ |n|. Switch-
ing to Littlewood-Paley notation as explained in the previous section, we observe that
Tons (f, g) is of the form

ATY S AjfAjg
J
By the inequality (38), we have
2 2
AT TA Al =D A fAg

<O 297 Af Al
i

< O 2272 ol A3
J

<ClAjflleo Y 2771 Azgl3
J
< CHA"fﬂz/UHA(’gH% by Bernstein’s inequality (40) and (41) .

Finally, we have to deal with the operator whose symbol reads
_ oo (1LY
ma(&,m) = [§ +nl7 b3 )

it is the first component of our commutator in the region |{| >> |n|. We can write my4 as

@) € +nl”
/) 1€1

ma(€.n) = b3 ( € = p(O)lel” .

18



Applying the theorem of Coifman and Meyer we get
Tons (£.0)l2 = 1T (A . )l < CUA Fllasollgll 22 < CIAT FllasaAlle
The last inequality is implied by Sobolev’s embedding theorem.

To conclude the proof of (10), it suffices to observe that

m=mj+me+mg+my. N

5.3 Proof of estimate (11)

We follow the same idea and use the same notations as in Section 5.2, so we begin by
writing the commutator as

A7 flg = [ €D (i~ ") FOF) dsn = Tu(F.9)

Reasoning as above, we consider first

ma(€,m) = m(€,n)n (%) — A mE P

and use the theorem of Coifman and Meyer to bound

1T (f: 9Dllase = I T (V£ A7 ) lase < CIV FlloollA gllao -

The next step is to consider the symbol

nu(&m) = |€ + 0l (¢2 <%> + 03 (%» '

It corresponds to frequencies [¢| ~ |n| or |{] >> |n|, that is to say in the Littlewood-
Paley framework, we are considering the first and second sums of (42). So if we switch to
Littlewood-Paley theory, T,,, (f,g) becomes equivalent to

AT T AfSjysg

J

Using (39),

A” Z AjfSisg| < cZz?jf’nAijngHﬁ/U
J d/o J

Toa . 1 1 o
<O 278 S a0l}  with S+ 5=
J

< Cllgllz Y271 A5/ 17
j

< C|gl3 Z2j(d+2)||Ajf||§ by Bernstein’s inequality (40)
J
d
< ClglZAGTI 13

19



Finally, we have to deal with

na2(&,n) = In|° <¢2 (%) + &3 (%)) .

It corresponds to frequencies || ~ |n| or |{| >> |n]|, so if we switch to Littlewood-Paley
theory, T, (f, g) becomes equivalent to

> AjfASjysg .
J

By the Sobolev embedding theorem, for € > 0 small, one has

d
> A A Siysg|l < ||D DA FATS;ag with ——e=s.
J dfo J wea
Using (39),
2
> A FA7S; g <CY 29 1S 489l
i W i
2j€ 2 o 2 : 1 1 1
< 022 1A, fIIIASj13gllz  with 5 +to= p

J
< Cliglia Y2+ asf17 - by (41)

j
< C|9gl3 Z2j(d+2)||Ajf||§ by Bernstein’s inequality (40)
J
d
< ClglZAGTI 13

To conclude the proof of (11), we just notice that

m=mi+n+ny. N

6 The space Jodlo

6.1 Definition

We sketched in Section 1.5 a definition of the space W%, We want here to give the
rigorous definition.

Definition 6.1 Let o € (0,d). A function f € S is said to belong to W7 if

f= Z Ajf in 8" modulo constants
JEL
and the following norm is finite

1/2

def -
1, , = > 257 Af|

J
d/o
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An equivalent norm is given by

, def . il
1A Fllape = Jim [[A7D A;f
-N d/o
Finally, if o € (0,1), a third equivalent norm is provided by
9 1/2

& 1 dt
(45) e ([l g mian) §

0 t* Jin <t t

d/o

The three quantities above are equivalent norms on W% making it a Banach space.
But it is only a Banach space modulo constants: it embeds continuously in S'/R but not
in S’

Let us now justify carefully the above definition

e In defining W% as the Triebel-Lizorkin space Fc‘l’/o 5, we follow (for instance) Runst
and Sickel [22].

e The equivalence of the first and the second norms follows from the Littlewood-Paley
theorem.

e A priori, Fc(l)—/a , is only defined modulo polynomials. It is proved in Lemarié-Rieusset’s
book [17], in the very similar case of Besov spaces, that a definition modulo constants
is possible.

e The equivalence of the third norm is proved in the book of Runst and Sickel [22],
page 41, in the non-homogeneous case; this can be adapted to the homogeneous case.

The definition of W?~15 can be given along the same lines, but one does not need to
work modulo constants any more. We have the following easy lemma.

Lemma 6.1 There holds
| fllvire.aro ~ IV fllyipo-1.as0

PROOF: On the one hand, by the above definitions, and denoting the Riesz transform %“'
by R,
[fllymase = IA7Fllajo = CIBLAT Fll o = C |0AT £l -

The other inequality is also easy to prove.

6.2 Proof of the approximation lemma 3.1

First, let us define a sequence of functions (F,) : R™ — RT which verify the following
properties

e F), is non decreasing.

e F}, is the identity on [0, n].
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e F), is identically equal to n+ 1 on [n + 1, 00).
e All derivatives of F,, are bounded, uniformally in n.

We also need an approximation of the identity ¢, = n?¢(n-) such that F(¢) equals 1 in
B(0,1) and zero outside of B(0,2).
Now given rg as in Lemma 3.1, we consider the following approximation scheme

Ty = ¢On * Fy (10)

and we claim that it satisfies the points () (i) (ii7) and (iv) of Lemma 3.1. This is clear
for (i) and (477).

In order to see that (iv) holds, one notices first that applying F), to r is harmless as far
as the infimum of r is concerned. So we only have to examine the convolution by ¢,. But
since almost any « is a Lebesgue point for ry, the infimum of rj converges to the infimum
of 79, that is, (iv) holds.

So we are left with proving (i7), that is
r— 1y in WO as p— oo .
In other words, we will prove the following lemma,
Lemma 6.2 Suppose f is a positive function belonging to W7 then
On * Fo(f) — f in W7 g5 n— oo .

PROOF : The definition of the norm of W% as a Triebel-Lizorkin space gives at once the
convergence of ¢, * f to f in W7 The only remaining thing to check is the convergence

of F,(f).
Our first aim will be to show that F,(f) is bounded in Wod/7 We will use the third
definition of Wo4/@ given in the previous section, which relies on difference estimates.

Boundedness for 0 < o < 1

Let us suppose first that o € (0,1). Then, since the derivatives of F,, are bounded,

5\ 1/2
. e (L _ dt
IFa e < €| [ (td IEGE Fn<f><w+h>\dh> :
d/o
) 1/2
00—20 i _ ﬂ
<c|| [ (td [, 1w f<m+h>|dh> :
d/o
< Cfllmare

Boundedness for 1 < o

Let us suppose now that o € (1,2) (larger o are treated in a very similar way; to avoid
technicalities, we shall not give the proof for o > 2). Denoting 0; for the partial derivative
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with respect to x;, we observe that F,(f) € Wod/7 if and only if 9;F,(f) = 0:fF,(f) €
Wo—1d/7  Therefore, using a similar formula as (45), but for Wo—Ld/7 e have

1 (F)llyiroare < ClOSEL(F)lyiro-r.a70

9 1/2
> 1 dt
<c / 200 (L / 9(@) — gz + m)lan | & ,
0 1% J )<t 3

d/o

where we denoted g = 9;fF)(f). Now

9(x) — gl +h) = (8if (x) = 0;f (x + h)) Fy, ()@ + ) + (F(f) () — Fp(f)(@ + h) 0if ()
=I+1I.

Since F), is bounded, and 0;f € Wo—1d/7 it is clear that

) 1/2
® ooy [ 1 dt
lI (/0 ¢2(1=2) (t_d /hl t !I!dh) t) < Cloifllyipo-rare < Cllfllyiporaso -
<

d/o

We are left with the term involving 11, which reads

9 1/2
*pt-0) (1 V() — B () (e e dt
(/0 t (td [ D@ Bt +) s >rdh> t)

5 1/2
~ |6.s @) ( e (}d /h|<t!Fé(f)(x)—Fé(f)(ﬁh)\dh) Cff)

By Sobolev embedding, 0;f € L%; also F! is Lipschitz, so in order to bound the above
term we just have to bound

9 1/2
* ooy [ 1 dt
(/0 20 ><t—d /h| t\f(w)—f(w+h)!dh> t) <Ol st < Ol e -
<
d
o—1

where the last inequality follows from Sobolev embedding.

d/o

d/o

Convergence

We have showed above that F),(f) is bounded; now we will see that it converges to f. Let
us denote
E,={zeR’, f(z) <n}.

By definition, F;,(f) = f in E,. Let us prove the convergence in the case 0 < o < 1, the
other cases being very similar. We want to evaluate the W%%? norm of E.(f)— f. We
have to examine

An(x,h) = [Fu(f) (@) = f(2) = B (f)(z +h) + f(z+ h)]

23



which corresponds to the integrand in the difference formula (45) for the norm of Wo4/7.

We observe that the above quantity is always bounded by |f(x) — f(z + k)|, and that it
is 0 if both x and x + h belong to E,. Also, we have

UnenE, = R? .
As a result,

9 1/2
1Ea(f) = fllyoare < C t = [ An(z,h)|dh | — — 0,
0 1% Jin|<t t
d/o

proving the lemma. B
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