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Def: (x) €RxMR are p-correloted normal variables (or, more precisely, (x4) is

wean OV, whady )y,

distributed like 4he bivartate normel N((?,) '(}y‘))) if x.is chosen according

to N(Oit) and thewn Y= P Rx .[\—_P‘ 2 dhece 2 is an {v\d.l_p%d.zw\: Nlo) e,

Remark: + 4's marginal is N(o,p')+N (0, t-p*) =N(o ).

Tn foct , the de finitiowm is samme;hl'c.

e Elxy1~= E[fX"l-& E[_‘T-}?X'b:] s 2. €G] = p.

Def: gheR” are n-dimensitnal p-correlated Gaussians i€ each coordinate

(9i,h?) is chosew independently from o p-correlated 4- diem Gasss tane N((?ﬂ,(}’. ))

|Osecvation: E[<gh>] = QE[Q;H] <@n, andinfact <qb> Is concentroted awud pn

Therefore, the angle betueen q and W g concentrated on arcemsp.

orttz
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Noise Stalmlity

Def: For a funetion o) 2 N define iks no§52- stabihdy by g:cma <F.T,{-‘>=§.mf(g)t_

Gor +) -Fuhr:t'lons, +las is 4- Q.Pr\-.{f“‘*ﬂ?)] (tle., Yy~ x"‘)‘*l:it) -

x5
._.Qi.mﬂk_" NSg(£) = %(\"S‘_gﬁ’).
.E_‘Mt . COVIS"‘.'B.nt F(.A\ﬂctl'ﬁﬂ 143 1 L
. D{c’b&'ﬁﬁ(sk;r: H S.f - .P' D“‘M““"‘
Pr Se(MaJa) = 2 arcsimp + o(%) 0 /bmu.
‘“ﬂﬁl g 5 by il -1 = L]

Proat shketch:

: i _ Sy
S:(ma:r.) = 1—9.-Pr[5‘-5"(§%‘-\ * 3‘5“("2‘&‘7—:‘3—)] X
s x""j
By CLT, _EPF")*_ is roughly lilce N(o,\)_(In-‘Fﬂct.w& need widve precise  estimate

known as the Berry-Essean theorem). Using a gevemlbization of the CLT to

x;

. ’ I . - e 1

multidimensional distributians | we get That e joint istribubion of (&— Z.._tl)
o, T3

e R~R s asymptotically N((%). (}{)) Se .Ouf‘joo-‘ s tv Cowpule

PeUsign (N 4skn()] where  (xm~ N((S) (%2)), Signix) tsign(y) & \\\\\
\

This is q;.n.a\ “ ’l-'Zpr[ Sign(x") * SiS“L_}”" + Gy )1 wheee 0 ace

N(oy) indepevidowt . S‘(nca. the angle of (x',9) (s unifierm on [(pan) we get that

the above is 41- 3- QLC_T%S& = 2 arcsing .




MAT TS STABLEST

Thm ([Mossel O'Dennell Oleszkiewica'0s
Fix some ©o<p<t . Then £ fiio)” = (] satisfies E[fJ=o awnd Vi Tnfifsc
- 1

%I'i.)-_ ﬁ) ‘ Ehapin S (_r) QrCrS\"‘\P i+ O (WL‘S R ) .

Te

(actually eviowl if IwP

Cor ("Reverse” majority s staldest))
= 1 [
Ry -4<pco . Lek filo ™ = [1,1] satisfy Vi InFE (({!;s*?(f_ then

Sy = %arcsiny - 0 ( L.Sjle ) . Rewmarl: e no lowgar ASSume Elfl=o,

et g

odd ~ ~
Proof: Let £ (0 = ’c‘"‘*(“; el | Then £P00cya B ibuslic odd! asll o,

1- Yiog ! i (il 3
Then, InCF; "‘m)({-‘ 6 Twnf. (\c"l?_\']<q; . So, by theorem ,
odd a : L d 5 T -
S, U™ € Barcsingy « O( ) - - Zaresip « O(BEFT ).
So, S =THFQ % Qr“‘-?-‘cs)"rtc-ﬁ LEls)] =G G
Se Sead P +
Cor: TF F140u]"= -1} has no coordinate with larga influence | then tha
probakihty of "outcome of a 3-candiates vote (s vatioal" ts 3-3 S%('F) <
< % _-::_ ‘ %Qrcs;n (-‘/_‘) <% 09216,
Theorew [_Klnnt Kindles Mo ssel G Donnell ! QHJ
For all 170 and -1<pco it {s UG-hard to distinguwish givew a graph G
betweew * mpxcuT (6) > J,-_'-“i!"l_ j and\
= MAX CUT(6) € fovcaasp+ v
Tn pocticular, this gives U6 ~hardwess o f apprximating MAX-cUT Lo

= arceos p

better than whi'c for Pz -0.68a  gives . hardness of ©.9385G3...

ks —-LP £
mad:dn'ms e;co..::\:l_; 4:7;\2 Goemans— Willlamssn  algofithe.

Prosf: We Construct o dictatosship vs. guasivandomness test of “MAXCUT type” -
StakleTect , (-&r ~l<_p<o)

1. Pick xefp,)" uriformly and 3 obtained fromx oy Flipping eack et we.p. ‘-:f

2. Pecept FF 400 +fuy).

‘ Nake that Prob[tesk acceprs £] = "5_‘—%_(.—&"5»{7 =l e 15@).

Hewe, dictators are accepted w.p. 3-%f avd (€5) -quasivandom thewn

Prtest accepts £] s -4 2 arcsivp + x(6,5) = Larcoesp + «(5,e) , where (g4)—

as €820 . @&

I



Provf sketch of MAT is Stallest ([mod)

X TRt ..t Xn
"

Tnvaciance principle: consider the (multi)liviear polynemial Q, (x4,-, %) =

TF we replace each Xi With an (ndependowkt N(oil), we Obtain that Q s also
N (o1}, TF each X{ s x4 independamtly owmd wwformly | than G 15 approximately
N(og) by the CLT. What abok Qo(xe - x)=%32 Here we get o different

disttibukion £ we pet N or 3L, The “reoson s that X, has large inflaewte,
th

What about higher degree 7 Toke e.q.. Qy= idy o~ ( i“’-)
S ]

X 4

Here we get roughly the same disEribition for othh NP 5 N(o) awel 11,

T hm « (invariance. principle , reausaly)

T Calata bxn)i= %“";’;Ex" 's a mulkilinear polynominl (of (ow chagvee (.o,
*s=0 ¥S o€ size »d |, with Tad =4 and Tufi(@)> ‘E_-,’_I"(sl' are all small) | then
pluggin T\ values or N(o,)) values reswlts in Similer distyibutione,

Q: Why wultilinear 2 Otlorwise false ,e.g., TXYn .

Proef: Similar to the Berry-Esseen theorem omd uses hypercenbractive iney.
Thm: (MAT is STARLEST)

Fix ocper. Let £:41,1" > C1i] have EF]=0 and no large influenws. Then,
S = <F, Tpf>= TP By & Focesing,

Proof sketth: We can write £(xa,..xn) = g,?‘(g)-;];gﬂ\ )

Define £:MR >R | by Fﬂ&;ﬁ,,gn ! B3 R O
[23 the thuart@unce Pr\'nct’(la . e \<now et when G449 OTE chiosen Frow Nloy)
independontly then '1;:(34,..,3..) is essewtially in Gy, 3. Moceover, EC‘?(SA.--Q-\] = ?(@TO.
Def: For £:R'SR define S_P(?) = gh[?(g)-?(k)] where 9,helR” are p-correlated
7

- ~ - - i B is1 R I
Goussians - Then , Sp(#): &Z £ £(1) -E’ggsa..;gh} =&p L6 = S, ().
Tl [Borell'8s] Among all functions F:R" - [} with %[?}o cEhe staleility

SJC*?) 15 maximized oy the lml#sPa.u_ functims x> sign (ax,u2) fur some wWeR™,

Remark: Because gavd h are vectars of length JW and of ongle ~arccssp | the

stability of the haMfspace fuwction (s 1-% owecssp = 2 accsing .

Ex: Prove this 'CM‘\‘I'\Q“:,.







