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PCPP ( Assignment Testers)_

Let P€ {—llllm be some property of m-bit Strings (e.9.. the graph represeated
by the S‘tfins (s ‘3—c.olomLLL) . Assume scomepne tries to Canvince us that o strt'ns
w has the propecty P. However, wWe can only lesk ot a cnstavt # of bity.
To help ws the prover has o”proof” that weP.
Def: A property Pof wm-bit strings has PCPPs of length Alm) if theve exists
o tester T making OM) non- adaptive queries T a stang "wm' where TLei—l.:lh:.Eb_
®. IF weP thew AT, st. Pr[Taccepts wmw] =1 mnaddetl | .
(D.1f wis e-for from P  then Y1, P[Tacepts wr) < 1- a(e .
Thwm: [BHSV+DR] Every propecty P €4-4,4]" has PCPPs of length aa‘w\'w only 3 queries,
Remark: This 15 abouwt asi ofF Dinur's prost of the PCP thm .
Proof : We will expeet identify 41,1]7 with Ml =1t n] where n=3". So weln]
and PS[H). We set T, +€° be the tyuwbth toke of X, .* Lo} = L-11) .
Thetester showld check: (1), T 1S a dictator on o cosdinate in P, (), This
coordinmate is Lo . We achieve thic by funnivig one of the -Fu\'lnmivod tests wuth equal
proleability = (1), The “swlset of dictobas” tect uowg P on .

(). Choose 1e[m) unifermly . Use local decoding On T to compute ite value

ov the string xefon)’ givem by xj=1 fF ji=-1 Luhere we think of

j s both jefn] and JE41,17 ) Also query Wi and accept if both are equel.

Hordness of A pproximetion

Influence * Fir o Bookeon fumction £:50Y7 = 4131 we defing the influence of the ith
coordmate to ke Tnfi(f)= Pe Lo #fx@en) .

Examples: 1. Dicvokorship Xy ¢ Lnf =4 3 In‘pj 20 (for ) %)

2. Parity : Vi Tnfi=a 3. Majority: Vi Tk = & . _/_¢§

4. Constant function: Wi Infizo

Let's £ry 4o express Inf in termsof the Fourier Coeff, Defive 9 = f(x@e:) . Then,
as we saw, §(H-F( if its cond §() =-f(s) if ies | Now, define h(x)= f-g(x).

Then his O if fiosf(x@ed) ond *2 otherwise. Hence | Tufi(6) ={;E[h(xﬂ B

(1]
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R = T EFS-3 = DFst.
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Def: For Fifoul’ >R defing Tnfi(h) = g?m“,

Totol influence: For Ffo " >R define its totl influence to ke LH = I,
Claim: T($) = Es:‘.lsl-fltsla

Examples: Dictotor -1 , Patity-n , Maj- R, Const- O

Claim: For any fiiea1" = §-10) with EFJ=c , T(f) =),

Put: T = Tisl- {7 TS - 1. @

Ex: Moreover, if I(£)=1 and E[fl=0 then f is o dictotor or antidictetor.

Attenuated influence * Congider o situstion where Lot Some prok. w0 eoch vpte ig

miscownted . Tv such a srtuation the expected outcowme is T, . €(x) (ond not fix)
as befove). So here weshould look ot -‘q' g[(Tq-z"F(’Q - T,_u'F(x@e.iﬂ‘] E 5(1-26?“-?(&)1.

De€: For -4¢pst define the p-atteruated influence as In-F(-lﬂ(F)'-SS,Pm- Fly. ™~

joi

Exomples - x‘;} . In‘f}j’):- [{; oM. 7«’.[..3= N In#{) :P“ (vevy swell) |
Maj * \fi, p canstont , L\&””u el TRETE) i< increasing as p goes fromo tod,

THF?‘({:) = Tub () 5 In{:‘;)(f) = E("’)L ; -
A * s

Proposition : Gor 'F('-\%,ﬂ“—') .1, :(;:In’??)(ﬁ < Y5 , and hence #H{i: L.-F:' ?{-‘)"x ef € Yes.

ofd 1)

Proof: First notice that Vhvo, k-(a-65 < .{zu-si‘ k7

S -5 ha X ~ "
DTeki () = £ 08 f6T = Sisl- -0 Fied « £ ChF =L Els) < §. m
5

= 12 Sa\

So

Quasirondomness: We say taet a function £ 400" = 1,1 is (g,06)- guosicondsm

i b e LR Def ol S8 "

Exomples : Maj, Parity : Rowndom are all ws'\mndm_ Dictotor , §-justa. ave not |
Thm: T£ the Wosk- Odd s accepts with pfde. > Tr5E the funetion hifen =[]
then h is not (€% 5) - quasirandom.

i P : | £ s
Proof: As we saw Yae acceptonce prob of Host-Oddg 1s T+3 §(1-aﬁ) . k[Sg.

15| cdat
a A = A 3
Therefe. . € < S0-250 ki € wmax 1(1-15)“‘ k(o } - Th" € max {(1-16)“'. NOYS
e et oo 1 YT

The;rt‘ﬁ)(’?. 35"t | for which (\—26’%5.\- h(s")> €.
Let ie 5" be any inder in S*. Then, Tufl (W= S8 RS » (-9 RO* > e @

We are given o list of equetions mod 2 with 3 Vartebles in each, X3tXq+Xo=0 (med 2)
Fat X FXy =1 (med)

Assume we are pPromiced that there i o solubion sotisfying 9a/. of
Kt Nyut Xy =0 (sl 2)

equations. Cawm we find i1?




We can sedisty s0l by assiGning it randowly . Can we clo 517 2 No, it is NP«hn_roL[&ns-h]d
a1l

=
Label Cover Problem: The lakel caver problem — we are < 7 k=2
* *

vol=tYlg .
*

given @ graph and o censtaint ¢e=[l‘-]'[k] e Th
associated tv each e€eE, Our geal stv assyn o value in [k] to each vertex seas
4o waximiae the number of satishied constraints,

Remark: This is an wstonce of A-CSP  (Constuwt Satisfaction Problewm) .

Thm (PCP Theorem [ASA2, ALMSS92]) + (Pacallel Repetition (Ra2as))

Vero 3k, st it is NP-hard given o label cover with alphabket [kl +o +ell if

val =1 or vals €, Moreover, the graph is bipartite and oll cinstrats are " projections.

Pcoot outline: The PCP theorewn says thok it is NP-harh to tel if a given 3CNF

is setisfioble. OF < a9l sotisdied . We comiert oL ¥XNF {formda 4o labkel cover:

e =T = ﬂ'ollj

(X2¥ XsvXda (XaV Xy v Xada .. 1z, ok
1 —_— =
T—a © * X

TE the 3cnF (s satic, thew val=) | G o o
=1

A S 1
I+ Yhe 3cNF s A-§ setis, (For §=is0)

then val € 4- %, We now apply ‘we parallel cepetition gheorem | which makes
(4,14-93) tnte (4,0 . Tt works by replating the lakel cover instonce by a pover of itself,
Def: A constaint ¢:(ledl] 2\T,F] is called unigae if for Vaell) twece exists exactly
one belld st. Pla=T and vie versa. Tn other words | § s a permutation onlid.
Claim: There is o poly—time aljerithm o check if Val=t of nét fur any Given wnigue -lake|cover,

(Nott that withewt “uniguentss” this is NP-hord )

Unique GGames Gonjecture : [het 02] VE,d"rQ‘ Jbk s, it is NP-hacrd given oo Lwigpne

lakel cover instance , +o 4ell i¥ valz4i-¢ or valed,

Homework 4 - Soluwtions

Fh. GlKayeoma) = Fxa %4, X0, ¥e . % X2} . The transfermation fiag is Linear (firom foi=R
o :

o foal PR ) . Therefore i+ sutfias o araly2t it on (X}, Ag—>Ag 5 A — gy

7(—5,4:—» 'x.sq Y x“‘.t’jH 7‘-4; . In 3p_nem\‘ 'X'SH xmm where 'LET[..[S) \£F emt‘t\: WD'P‘

la-42) isinS. So, g+ §f(swxw,_ §(T) = i

ST T °

2d. §(§) = ? (S+y) (—n“'”- s = Kg, (¥

2j. S=9¢. T tWiscase, .3(:):E[-F(x,3{] | X a—p {tf i Therefore, g{:):{fmxr_

Yyefoul T EE"‘] O Tey




Tn gener=| case g\ = T%‘F(T\H} > SN
5‘ Qf a‘lq"iqle ’1' b, ‘I ¢ N HE (ﬂs.o-a,as) E % X ‘%Q.Ql— L;"Q‘l,q\}" T‘t'nga ’
Hence, Pr(NAE accepts £] = % - §E[Foofy) - § Elfiwfm] - § E[f ol Lolew G Lo

(xiY,2) is chosen uniformly from | ool 010100, ou , 1ol ,ne} By symmetry,

'S %—%E[F(x}&g)] where for ead i (xi4) Vs chosew Gccording to lg‘i .'f‘"
Lo Ya
(1] Yo

glwvﬁ.]l.htka | We chodse % uni‘lcormlb and dﬂOOS’L YRt w where W"H‘h-z? =%’%(F,T%;>_
%30

3. Estimatr F(S) 4o within e with conf, of 1-5 . £(9= E[AXs] . By Chernoft,

Is) a

sy

number of samples 1s O(L.S‘/s[cz.).

b, & Fo = Ex[Fcao‘J , $0 again  Chernoff

setn]
¥ L= TEFE | WP -Plse-] = u§ Oebe) 508 = 1- 645 ~

-~ =3 "
So the inequality is equiv.to e + TISVFE %1
\"_——Vj‘—-—‘—-—-—-‘
7 TR =
% L 3
TC we calor thwe Homming Cube with tuwo colers o balanced weay ,then ® of nonfmonodsro-w‘

y LV -V
s

n=1

edges Ll e ) Ihzz.m:.\ E(v' v-v) >




