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3p. Estimate F(S) 4o within 26 with conf. of 1-5.. £(9= E[AX0] . By Clurnoft,
number of samples is O (leg¥[¢2) .
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21.2.2008| Conj: VYEF20, Dk sx. it 's NP-hard 9iven a lokel cover wWith wnigue Constraints
+o decide Whether valur 2 4-€ or value ¢ d,

Unique Games Hardness from any Tester

Thwm: Suppose we hove o tester T for F={o,ﬂ“—>[~1,ﬂ ond €,6,C,S20 “~
Wrth g gueries
st. 1.0l k dickdoeships pass w.p. 2 C

a. If 4 is (£5) ~quasirandom then passes wW.p. < S,

Then ¥n70,ik is U®-hard givem a CSP of the some type 0s our tesk,
decide Whether valuw > c-q or € S+n .

Example: We saw “that Hast-Odds accepts dictaters wp. 2 1-d ond accepts
(EY, &) - quasivandom w.p. € T+4 € Moreover, the tests were awoys of the form
“Xryt2 = O/t (wed2)’, This gives that Y170 it is Ub-hard to €l whether given
Bt of med 2 equations with 3 variables per equakion (MAX3LINZ) Vs > 1-n -
Satls . o < 54+ satis,

(T fact it is NP-word )




Example: Congider the test tast choases xEﬂo.lf' waiformly and W p, and
checks that £ * f(x+w) . The acceptance prob. is 5~ L £ T“"‘-P‘F? :
Dictatorship s acceptcd wp. p. Tt is kuown (moc] ek quasi random functions

are accepted W.p. € oQCos (4-ap) . ‘ Ef

i - o
This implies hardness of ":Ma:(" ) 3

for MPX-CUT. For p= 0.846L this gives UG-hacdness of 0 8F8S . This exactly

matches the Goemans-Williamso~ algotithm .

Procf (of Thm): Let A=min (Q/q., Qéié/m) . Bj the UGC | alr.-.(a.(?[) s.t. the

'Pnllmoi\r\_g i€ NP-havd . Given a unigue -LC on n vertces V and alphabet 03

decide whethar valzA-2 or valsA. Moreover, it is kunown el e con assouns

Lhat +he g@pe {5 regulac, We will reduce this proolam toa €SP on 25w

Variakles . e think of these variables 0f . Ghsleaw. Suabioes o 246 AC 24k o} |

one for each veV, Wewill camplete tha proof by provivg o  propecties :

1. (Completeness) T4 3 o labeling L:V->(k] satisfying 2 1-2 of the Caustraints,
then 3\Fo] o 5. they satisfy 2 C-qa > C-q of the custmint of the CSP,

2. (Soundness) If V¥ labeling Lt V-[h]l at most As ’1“3‘;,8 froction of Constraints
are satistied, thew V¥ {fy ., the CspP i?. < S+ sotisdied.

IProcfof 1: Ossume L:V-2[W] satisies > 1-a of the Ganstradints | Define Fy +o

bethe L(V)- dokatar function (X (p»y) . We now describe i reduction:

Instead of deseribivg tha g-CsP , we specify a tester on T Afulvey. Foc

each veV  awl one of (ts nrighbors W, define 3‘:.'-“1'?&—5 {1,1] by

‘3‘: (x) = FN(XG.__WL\) B I 15 SR XG‘W..\,-(M)- Our tester s the fellowing:

1. Pick VeV wniformly |

2. Apply T o {95 | W s aneigheoc of vl

Notice | that this tester is of the Some “type” o5 T,

The tester pevforms g quesies | @ach %o a rondom neighbor w of . Siwae the

graph i's regular, each query satisfies that (Viw) is & uniformly Aistnbuted edge

and hence ie sotisfied by L (i.e.. LIw=g, (L)) W.p.>% 4-4 . By union bownd

all Y qUeries W, Wa .. g, Ore such that (A wi) ore satisfied byl w.p. 2 192,




Tnsuch & case, oy =90t =..=q =f = X |, So T is applied £0 Xy

omd hence accepts W.p.»C. Overall, the acceptance prob. is  (1-92)C % C-9A
as reguiced

Proof of 2: (We prove the contropositive. Assume thet we howve Lfv}vey sudatthat
tha tester posses W.p. % S+n. Our goal is tofind a lalseling L:V > [k tek sakishies
Z 7-512 of the cmstants, For eath e\ defive a set of “candidote (aloels”
fcks = Lil Tt S or Taf{ (ho 2 e} wheee lay s 0¥y {82 : 13 neighbor of bl
By the bound we saw last time, [L(0)] < 5. Tn the folloving we will see that For
at least LE of the edges (rw), we havethot i st. (€W ond G (0 € L(W),
Define a lakeling L:V-2Th] by chossmg for each veV o lokel wniformly from (0,
Since Y, |LIw|$ g-s . e labeling L sotisfies on expectation 71%%-(%)1 = |~

£ ﬂf’%—‘ of the cwsteaints | as required.

By an oaveroging argument | ok least v of the vs are such thet Pt est accepts|v]>S .
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By our assumption on T | this implies thet 3L sk, € ‘cl'ﬂ“F-.I (hy)  (so iLellw).

e Tk lho) = Coat™ Roo” = Beo™ - (€140 < Soof B[ 56"
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By another averasing Orqument , wesee tot 2 8/a of v's weighbers W sokishy
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fraction of the edaes (Vw) such that i, 1eL(V) and oy, L) € f(w) 08 reguared, @

)('Fw) %_ : ond hente Gy, () € 1 (w). T tatal | we found. 17%-

NP-hardness of Max3LINZ

Assume we are given two Budean functions, £: io,l}‘-’—’i-l.li . 9riots () and a
function T: [k] »[1). Consider the following test: Hastod, 5
A. Choose x e&o.rl“, je{o,l)k uniformly , and we{o,l]" accofding to Mg.
2. Accept i£F g - FOe' o +y) - £y w) =1, where (WD) = Xxuw .
Lemma: Prltest accepts fqm] =3 +% E‘c éi(s)a- 3 (10,(9) - (4-28 5 . tihere
Vieltd, jeTn(s) iff [{ies:mi=j}| isodd.
Proof » P{test accepts F,g,rc] 2 %*%E[ﬁ(h)- £(n7(0+y)- flyra)] =

* E[g0- f(n e +y) - fiyew] = E[gA - Fuf (" ()] = E(g00- (TopstbeP) ()] .

",3.&4




Define h0ad = T,,o(F+F) (" () for xedont

e
< Efgwhe] = & 9m RN 3 2,807 & Fiastesh) (9) =
HO‘;M“‘( 4,Qe W‘[,S)"T

s Isl
= & M) Top(B-A(S) = & gmye)- flor-(1-28) . @
selk scli]

Cor: Tf £= g and §=Xyj) wikh T =5, then Pclaccepts) = 1-5,
Pcoof: Either fvom lemma or directly.
Def: For a function §={O,I3h‘-—‘b -0 with £(d) =0, define Qf to ke the

disteibution on ie(ld Obtained by chowsing SE[i] with prob, .;7(5)1 cnd ‘then

chossing €S wmformly. Twn other words | Pr[Qg=1] = S; F(sl)
oL

Cor" Bssume Pr[tes’t acCcepts 'F,j,‘lt_] 2 'i'l'ﬁ and. moreoved 'F(cb):a(tb) =)

Then, Pr E“U)ﬁ] = SEl
1evQf
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Prosf: By the assumptien, 2€ < Eé.tﬁ(sf-a(‘ﬂa(sﬁ-u-m)‘s
sk
Let 5= {SeChk] 3 (Mus)- (128" > €} . Then, C-FHST i) (1-as) s £ TFO < ¢
s¢
Therefore, € s fisf -3[111(5))- (1-28)° e STt
SefF ,Zi = SeF
Now, E&[ﬁﬁ):j}h §f(S)L- 5@15))1'7%\' . whece the ‘,—1;," appears kecause for each
a~

JET(S) there i ot least one L&S s:t. TL)=],
Usinj the inq. L (1—6)-‘5-}; 3("!.;{5)) -I? > & ‘3(7[115'))2- (1- 5') , Which is at least
5:¢* foral seF. Hewnce, P12 &€& BICE ®

SeF

a1 :
Thm: Vq_w 1t is NP-hard *o tel whetheNgiven MAX3LIN2 mstance has

Value > 1-n or € T+ .





