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Define. h0o = Ty, s(FF) (17 60)  for xetollt,

e
= Elgeohed] = £ 8-RM T LA Shuteen (9 -
Howmework 4,Q 21 Tt:[.S)’T

/\ A ” 18l
- O 5 M) ToF-h(s) = SLG(me): F(e - (1-28) . @
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Cor: If £-= X and §= X1 with T =5, then Pc[accepts) = 1-8

Pcoof: Ei ther from lemma or directly.

Def: For a function £:{0)3> {113 with £(a) =0, define Qf +to be the

disteibukion on e[l oObrained by chousing SEli] with prob, £t ong then

Ty = £(s)
choosing 1€S uniformly. T other words | Pe[@=1] -g_: or -

Coc" Pssume Prltest accepts {',3,1:] % L +€ amd moreoves .}:\(@:%L% 0 .

Then, Prlri=]> &€,
1eQf

jorGy
Proof: By the assumption, € < P ‘F(S")l-ﬁmzﬁs))‘(‘l-?.ﬁ)
S e[k
Let 5= {SeCk] :4(Tals): (1-28° > €} . Then, & F(T- 0uals)- (+- A e e TR < g

S&F

Therefore, © € Z‘FLS)l‘ g (T0) - (- 16) < SSFHS) Y
Lﬁ(—g—' <

g u

Now, Pr Emﬂjz EF(Q 3(7@) ks whecethe 15 eppears hecouse fr each

Jl"
JET(S) there e of least one LES sk, TU)=j .

Using the inegq. LU L«—Q"s% . 3Ty’ & a2 8-§C1tz(5}f-£1-6)m , Which is at least

5 forall sefF. Hewnce P12 &€ SGZF}(FS o8- B

Thm: ¥as0 it is NP-hard o tel m\ovcﬁner%sivgn MAX3LIN2 nStance has
Value > 1-n or s $+1 .

Peoodr [ et A= %E" . Byihe PCP+ PacRep theorems thece exists a kak(d | 2-2(n)
st . the follbwing is NP-hared @ given o lobel coyer nstonce Brot 1s bipartite

wikh oSsiguments () on the left stde omd (23 on the right side , and a projechion

tth'bmtiwt ch.v[!ﬂa—b[l] asso clected to eada Qd.a,L (w nﬁ .D\Q(’.‘ic‘@- whether

Value =1 or valur s 2. We will show oo reduction frowm this to MAXILINZ .

The reduction replaces each left varable W with 27 laks representing an odd

‘FUHL'E‘O"\ ’FN.: ﬁolll;‘“—‘) ll"\;ll ('i.e-\ VX_‘F(}Q: "‘F(K'l’(l,--.l))) | TL‘,‘:B-'*S are 'ti\ﬂ. e\(almﬁb"ls

of f.. on all inpuis starting withh 0. We con deduce Y value of £, On inputs

storting With 4 because fu is edd (this wses the fxct thok niegetion is allowed



. MAX3LIND). This tride iscolled "foMing’ . We similarly replace each v on
the cight by 27 biks representiy Gy

The MAX3LNZ equations are guen by the follbwing tester : chwse o Cnstnint
(u ) un‘ﬁ:rm\n and opply the l-bS‘Eo.Az',L test o £, Gy, Tun.

Completeness : assume the value of the lakel caver ts L. Consider the -Fo\louivj

assignment to the MAXILIN2, Set eadh fi 4w lbe Xy and Similacly for 4.
Since all constmivts (W) are such that TI(LW)= LW Cor. 4 Shews that our
tester gocepts W.p>4-n .

Soundness : assums that the tester occepts Lp. > 5+, By an averaging
argument for L of the test constroints o Hasted,, test accepts wp.z2 T+L
Consider the assignment L that for each w chwoses o value in Udd accordtg J
+o qu. Similacly | L assigns for eoch vr o valwe from (8] according s Qg
Then, by Gor. (wsing trefack thak £ and gy ace odd) L satisfies eacl.
Suth canstveunt wop > -1_-(_:!_.)3 = .ﬂg:. So overoll | L sectisfies in expectation

- .
> A= =2 of the canstirints |

Le,arninfa:

Earning functions close o Parities (X)

IPeop: Giver (query) access 4o o function Fuyo)™> (-1)1) thot is (4 <)-clse

to o parity As, We Can recover S it confidence 4-§ ueimg O (nlagk /cv) quenes =
Proof Using local decoding we com get o quess for Xg(e) that is correct

wp.» TH2E usig @ gueres. By repeating this O(lg3/e) times, we can get
an estimate that i correct W.p. % 4- % . If we repest s foc (=4,.n , we gek
a quess for S that is correct wep. 4-F. @

For £ thet is forther than X from pacities | we can ns longer €ind the
closest parity becouse it Might not loe Wnue | Xy % Xy

The Geldreich-Levin (1a22) Algsrithin

Our geal is*v find all § sx. \?(s)l»r for same small & (twis is a (\ecad

List d.cc.ad,i\rg of Hodamacd)




Claim: &or Fihon” =4 ] B s: lE(S)lar} S =

Thm (GL2a]): Given (quely) access to Fihopl"» [1,1) and ré>© there is o
poly(n, 3, g T) ~time algorithm thot wo.p. 2 -5 ouwbputs o list £ =45:,52,.,Sm }
st. every S with {F(s)lzr is in £ and alse any S with \F(s)\ L (snot mn F,
For thic proof we Sometimes think of S as an n-bit stavy .

We saw in homewotk that we can estimate ?(s) (omd hence also P o witlen %

Wi confidence % (-8 for any given § using O(lnf‘/s/v\}) guecies (of eden

AR R
fordom sompes (X fu). We can Similarly estmate gf(s)_

Wenow shos how 4o estimate subsums like SEE.F(ST — Pssume e Dot 4g
L 410;‘.‘ R
sctmate this sum . ovexr all & wWhose first b coordinetes are TE {o \] De five

9: (o,n] —9[— Ll by qlx)= E['Fl.‘.i x) - ‘X_r(-ﬂ] Bs we saw 1 \homendrk \seqo, :}

?o rseval

§(s) = F(T $). Hence \ owr 3°°“ is to, estunate 8,1‘9]('-? %[;)"93
SEho. K~ 0

=E ( E [ﬁs,x) xftjﬂ) o= L tﬁg.x) Ar () (Y 5y K ()] @nd we can
Xefo xedp
estimate this Lo warkhin M £ Wikl confidence 2 4-§ ULS\VB

O(Ys¥/n2) queries. @

At e

Proof of [GLY: A ww < e 4D
We have o complete binary tree with "o L el ::;
o weight of ?(Sf associated +to each leof, & 0 el T ::::
We want o find oll leaves of weight > ¢ awnd nowe e {‘"gﬁc:a « floodt

with We,\\al.d: < 9:_:. ~ We can estimake the weight wndor any nede to Uithin T ;‘;:_

So the clgonthe proceeds (ayer by layer each fiwme Keeping the sex of all nodas
estimaled & stimated

Wose ¥oeighet s 2 41 omd throwing away all nodes of'Geigdt <31, At the end

we outpud the set we found. Notice that B totol weight ot any level s s4

ond hence pur set s of sire < %:1 ot all sdeps. Tuntnkal |, we pecform € 3‘&%

estimations of subsums . Finally, by pecforming these estimates with confidence

i-

T
68: we gmrantu_ that w.p.2 1-8 all our estwates are rrect, =3

Applicaction » Vord-core Redicates

Bef: p Pemufo:t’ion fi40)" > {o0)" is one-uway {f: (4), £ is easy 4p compude |

). V poly-Ywe daorithm D and any pely p 5‘” [DG("’)’ x] < pI(To .




Examg\&-‘i (Rsp) The permutation X > x© med N on Uy For N a product of
two large primes ond e o random numeer 1n §4,2,.,90MN))

We poowd like to hawe a hard ot (or hacd predicate). +hic is an easyto

compute function B:4o)"—240)) s.t. givem f, no poly-time aly. can quess

B0) wo.p. 75 te for some ivverse puly €.

* Given F:40,)">{0,q" , define £ 40,01 o 1" by Fx,») = (foo,r) - Cleacly,
iff isa OwP so is '

Thm: TL £ is one-woy -parmutaction  then B(x,r) -(_-:tfx'” 1S oo hord-ceace

predicate foc £

Proof: Pssume by contradiction that A s o poly-tiwe alg., thet
E’: LAtfoa.r)= (—n)«'r’] > 5+ for some  laverse polynomial €. By an

Overaging  argument | for € efall x| i?—f [ pliean "—(-0“'"3 2i+ S

Fix any sSucth % and define. g()= A(fpo,7). Then the akove Seys thek §(x) 2 e,

Using tae GL algorithm we can recover a list of O(Ye) candidetes one of

whichis x . We can find out Which one (s x by camputang f Sowe mamaze o to

invert € efficiently ovn2 & of e inpuls | in conbmdiction, &

Remork: Coanbe used 4o covstmct PRGs: dufine Gt bop)™s o™ by

Glxr) = (Fo0, ©,<x,9>) tham e oukpuE of G on awniform twpk is

indistingushable from uniform on 4o N :





