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We study networks of all-to-all coupled, integrate-and-
fire, excitatory neurons, with a portion of the population
receiving feedforward drive and the remaining, “hidden”,
portion receiving no feedforward input. We demonstrate
that this system undergoes a subcritical bifurcation as
either the input or recurrent coupling is varied. Because
of this transition, the network gates feedforward inputs
and exhibits bistability and hysteresis. The hidden pop-
ulation allows this network response to be continuously
tunable in the forcing and coupling strengths. Further-
more, these features persist in the presence of synaptic
failure and for small network sizes, suggesting that the
computations discussed here could be implemented in bi-
ological networks. Finally, we demonstrate that a long
network correlation, orders of magnitude longer than the
synaptic time, emerges from the recurrent coupling. This
correlation time scales with network size and with synap-
tic connection probability.

While the disordered topology of networks in social,
ecological and biological systems is much studied [1, 2],
the understanding of dynamical processes on complex
networks is just beginning. Issues such as network toler-
ance, robustness and structural stability [3, 4] have been
considered in recent studies of the modeling of dynamics
of networks with fixed, though random, topology [5, 6];
examples include synchronization on small-world [7] and
scale-free networks [8]. However, many biological sys-
tems are characterized by topologies that change on time-
scales comparable to or even faster than the dynamical
time-scales of their constitutive elements. We note that
of the many processes that regulate synapses on a vari-
ety of different time-scales, e.g., involved in short-term
synaptic depression, long-term potentiation, and plastic-
ity [9, 10], the connectivity changes induced by synaptic
failure can be viewed as occurring on time-scales much
faster than the synaptic time-scales. Whether these topo-
logical changes have biological functions and what kind
of computations these networks are capable of are impor-
tant and unresolved issues.

In the neuroscience literature, much theoretical atten-
tion has focused on the role of excitation of single popu-
lation, strongly coupled networks [11–14], or on feedfor-
ward, hierarchical models [15, 16]. Although it has been
shown that recurrent coupling can have a significant role
in network oscillation and synchrony [12, 14], the possi-
ble cortical functions of this coupling has yet to be fully
clarified.

Here we show that a simple modification of an all-to-all

coupled network of excitatory, integrate-and-fire (I&F)
neurons leads to a number of unexpected results. Our
network differs from other studies in a single respect:
only a portion of the neurons in the network receives feed-
forward excitation. The “hidden” remainder receives no
feedforward input. A prime motivation behind our model
comes from the observation that there are many neurons
without direct, lower-level, input in even the earliest cor-
tical areas [17]. In the mammalian primary visual cortex,
for instance, neurons outside of the so-called input layers
receive no direct drive from the thalamus. It has been
long believed that such neurons are part of a hierarchy of
early visual processing, where “Simple” cells receive vi-
sual drive and “Complex” cells are driven by the summed
outputs of the Simple cells [18]. In recent revisions of
this picture, Simple and Complex cells arise in a single
recurrent network, where those neurons without feedfor-
ward input are driven entirely by forcings pooling Simple
and Complex cells [19–21]. Here we use an idealization
of such network models to explore the possible biologi-
cal functions of a subpopulation of neurons, i.e., hidden
(Complex), driven entirely and recurrently by network
inputs.

The dynamical properties of our model illustrate the
importance of network-based mechanisms. Other recent
work has utilized recurrent networks to model persis-
tent activity and stable integration in various models of
working memory, oculomotor control and decision mak-
ing [22–24]. However, these models require individual
neurons with long synaptic time-scales [35] or other bio-
physically complex properties [24, 25]. In contrast, sim-
ilar computations achieved by our network do not rely
on such special properties, but utilizes instead the struc-
tured recurrent coupling between neurons within the net-
work.

We demonstrate that this network can act as a gate for
the feedforward drive: The hidden cells fire only when
the input drive is above a certain threshold, and when
they fire, they fire at a high rate. This particular phe-
nomenon is continuously tunable by synaptic strength,
synaptic failure probability and input drive and is robust
to the variations in these quantities. This “phase” transi-
tion is subcritical and the network becomes bistable and
hysteretic in either one of two parameters, the strength
of the input and the strength of the network coupling.
Furthermore, in the presence of synaptic failure, the net-
work state is asynchronous (in contrast to the case of no
failure, where the hidden subpopulation is synchronous).
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The observation that the subcritical transition is robust
in the presence of input noise, inhibitory coupling, synap-
tic failure and persist in small networks suggests that this
gating mechanism may be implemented biologically. It
is conceivable that graded global computations of high
complexity can be achieved by grouping together a hier-
archy of such networks spatially distributed with different
synaptic strengths or failure rates.

The use of synaptic failure to modify synaptic strength
and network dynamics has received little attention.
Based on our results below, we speculate that synaptic
failure of biological networks could be usefully regulated
by higher order processes so as to control the dynamics
and the transfer of information [26] on certain time scales.
These time-scales may be different from those involved in
the strengthening of individual synapses, e.g., processes
thought to be underlying development or learning [27].

The Model. Our model consists of an all-to-all coupled
network of N excitatory I&F, conductance-based point
neurons. Individual membrane potentials, Vi(t), follow

dVi

dt
= −gR(Vi − VR) − gE

i (Vi − VE), i = 1, . . . , N (1)

where gR is the leak conductance; gE
i is the excitatory

conductance of the ith neuron; VR and VE are the re-
set and excitatory reversal potentials, respectively. In
an I&F neuron, when the membrane potential Vi hits a
threshold, VT , that time is recorded as a spike time, and
Vi is instantaneously reset to the reset potential. Action
potentials are then delivered across the network, induc-
ing conductance changes in other neurons. After each
spike, Vi is held at rest for an absolute refractory period.
(In our results reported below, we typically use a refrac-
tory period τref = 3 ms, consistent with physiological
measurements [9].) Eq. (1) is in non-dimensional form
with VT = 1, VR = 0, and, by using the commonly ac-
cepted values [9] for the various biophysical parameters,
VE = 4.67 and gR = 50 sec−1. Only time retains di-
mension. To simulate Eq. (1) numerically, we modified a
second-order Runge-Kutta time-stepping scheme to treat
accurately the discontinuities in the membrane potential
due to spike resets [28, 29].

The network model is closed by the specification of the
individual gE

i ’s:

gE
i (t) =

SE

N

∑

j

∑

k

P jk
i G(t − tkj ) + fi(t), i = 1, . . . , N

(2)
where tkj is the kth spike-time of the jth neuron. G(t)
is the postsynaptic conductance (PSC), induced by an
action potential. Typically, only half of the neurons
are driven by feedforward excitation in the form of
action potentials: fi(t) = ci

∑
k G(t − sk

i ), for i =
1, . . . , N/2 [fi(t) = 0, otherwise]. The kth “spike-time”
for the ith neuron, sk

i , is given by a Poisson process
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FIG. 1: Network Gating. Firing rates as a function of ginput

and pSE (fixing SE = 1). Solid: hidden population firing rate;
dotted: driven population firing rate. The dark dashed line
indicates the gating threshold as a function of pSE and ginput.
For each ginput, the firing rates are obtained by increasing p.
See text for hysteretic effects.

with rate νe. Here we take ci = 0.05. We model
each PSC by a difference of exponentials: G(τ) =

1
τ1−τ2

(exp(−τ/τ1) − exp(−τ/τ2)) θ(τ), where θ is the
Heaviside function and τ is the time after a spike. We
typically set τ1 = 5 ms and τ2 = 1 ms, which are val-
ues used to model fast excitatory synaptic couplings [36].
The strength of the input drive can be adjusted by chang-
ing νe. The average conductance induced by the feedfor-
ward forcing is then ginput = ciνe, since G(t) has integral
one.

Another distinguishing ingredient of our model is
synaptic failure. Although it is observed that synaptic
transmission becomes more reliable as the temperature
is increased, a recent study using in vitro preparations
of rat visual cortex found that, even at a physiological
temperature of 36◦C, the mean failure probability can
be more than 10% [30].

We model synaptic failure by the random variable P jk
i .

In traditional network modeling P jk
i is implicitly fixed to

unity, while here P jk
i is chosen to be 1 with probability

p. At each spike-time tkj , each postsynaptic neuron i has
a probability p of responding to an action potential from
presynaptic neuron j. Thus p = 1 is no synaptic failure,
and, in general, 1−p is the probability of synaptic failure.
We assume that p is independent of time. In Eq. (2),
since G(t) has integral one and N normalizes the double
sum to order 1, the product pSE represents an effective
synaptic strength.

Gating and Bistability. Figure 1 displays the pop-
ulation firing rate as a function of ginput and pSE in a
N = 1024 network. The network exhibits a gating effect
in pSE , namely, for each level of feedforward input, there
is a critical coupling strength below which the hidden
cells are silent and above which the hidden cells are firing
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FIG. 2: Finite-size effects on gating. At ginput = 10 sec−1 and
SE = 1, the firing rate of the hidden population in differently
sized networks.
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FIG. 3: Effect of refractory period. The firing rate of the
hidden population in a N = 1024 network, ginput = 30 sec−1,
as a function of pSE , for different τref .

vigorously. This gating response is also seen when pSE

is fixed and ginput is varied. Hence, the critical thresh-
old can be tuned continuously (see thick, dashed line in
Fig. 1). For instance, by choosing (and fixing) pSE ap-
propriately, we can set the threshold for the input drive.

We find that gating also occurs in much smaller net-
works. Figure 2 shows the firing rate of hidden cells,
as a function of increasing p, in networks of different
sizes. The two largest networks are indistinguishable: At
N = 256, the firing rate curve has basically converged
to the large N limit. However, even in a network of 16
neurons, the jump in the firing rate remains sharp. This
persistence to small N (∼ 10−20) networks is noteworthy
in that a small group of neurons can be quickly recruited
to perform necessary computations.

One effect of the absolute refractory period is to pre-
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FIG. 4: Bifurcation and hysteresis in a N = 1024 network.
The parameters are ginput = 15 sec−1 and SE = 1. The pop-
ulation firing rate in thick lines. The jump in the population
firing rate occurs at different pSE depending on whether p
is increased from p = 0.25 or decreased from p = 0.45. Ar-
rows indicate the direction that p is changed. Solutions from
our mean-field model in thin lines (solid and dashed indicate
stable and unstable solutions respectively).

vent runaway network amplification. Figure 3 shows the
hidden population firing rate for three choices of the re-
fractory period, τref , as a function of pSE . A sharp tran-
sition occurs in all cases. However, the choice of τref = 3
ms permits the firing rates to saturate at a rate consistent
with physiological measurements.

The firing rates in Figs. 1-3 were obtained by increas-
ing p (at fixed SE = 1) for each ginput. The sharp jumps
in the population firing rate as pSE is increased indicate
a subcritical bifurcation, where bistability and hystere-
sis are usually observed. This is indeed the case for our
network. Figure 4 shows the two different firing rate
curves obtained by increasing or decreasing p. The net-
work gates when we increase p above a critical p and the
hidden cells become active. If we then decrease p, the
hidden cells remain active below this first critical p for
an extended range in p.

The observed network hysteresis is well captured by the
solution of a mean-field analysis (see forthcoming note),
which is also displayed in Fig. 4. Our analysis suggests
that this transition is different than the typical subcrit-
ical case, where the lower solution loses stability at the
bifurcation point. Here the lower solution — driven cells
firing and hidden cells silent — disappears at the critical
pSE where the hidden neurons start to fire.

Figure 5a shows the firing rate curves for networks of
different sizes. Bistability and hysteresis in pSE persist
for small networks (e.g., N = 20), though the range of
bistability is reduced relative to large networks. Simi-
larly, the network bistability in ginput persists in small
networks. This is summarized in Fig. 5b, which displays
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FIG. 5: Hysteresis in small networks. In both figures, the solid
line is the mean firing rate of the hidden population from a
N = 1024 network and the dashed line is from a N = 20
network. (a) Hysteresis as p is varied (ginput = 10 sec−1 and
SE = 1). (b) Hysteresis as ginput is varied (p = 0.45, SE = 1).

the firing rate curves as ginput is varied. In this particular
case, it is possible to keep the hidden population active
even as ginput is decreased to zero. This is an instance
of persistent activity [22]. In this case, once the hidden
neurons are turned on, it will take an inhibitory current
to turn them off. This persistent activity and hysteretic
behavior can be used to construct integrator circuits [24].

While finite-size effects in small networks are not easily
accounted for theoretically, our simulations show that if
a synaptic time, τ1, is increased from 5 ms to 80 ms
[37], then even a network of 4 neurons (2 hidden and 2
driven) can remain firing as ginput → 0+. Without a long
synaptic time constant, however, the hidden cells in this
4-neuron network become silent before ginput = 0. For
this case, since our mean-field solutions (which assume
N � 1) have a finite firing rate as ginput → 0+, finite-
size effects may be less significant in systems with longer
excitatory time-courses.

Subcritical transitions in all-to-all networks have been
uncovered previously [22]; however, there are some im-
portant features that arise only in the presence of the
hidden population. In conventional all-to-all networks,
where all cells are driven, the network threshold at which
a subcritical bifurcation occurs as the input drive is in-
creased is the same as the single neuron spike threshold.
This threshold is independent of the coupling strength
(although it can be changed through current injection or
by adjusting the leak conductance [24]). With the incor-
poration of hidden cells, a second subcritical bifurcation
arises, leading to a threshold different from that of the
directly driven neurons. Consequently, this new thresh-
old is continuously tunable in both ginput and pSE : The
threshold in ginput can be varied by adjusting the network
pSE and vice versa. The fact that the threshold depends
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FIG. 6: Dynamics of Single Neurons and Collective Network
Dynamics. (a) The membrane potential Vi(t) and (b) exci-
tatory conductance gE

i (t) of a hidden neuron in a network
with synaptic failure, p = 0.99, SE = 0.5051, and ginput = 10
sec−1; (d) Vi(t) and (e) gE

i (t) of a hidden neuron in a network
without synaptic failure, p = 1.00, SE = 0.5, and ginput = 10.
(c) Spike rasters for the p = 0.99, SE = 0.5051 network; (f)
Spike rasters for the p = 1.00, SE = 0.5 network. All sim-
ulations were performed with N = 1024. For clarity, in (c)
and (f), the rasters are only shown for the 64 neurons indexed
between 480 and 543 (index not labeled). Here neurons with
i > 512 (upper half of the rasters) are of the hidden type.

continuously of both ginput and pSE permits the gating
response of this network to be robust to noise in the feed-
forward drive and to fluctuations in network parameters.
That is, the network need not be precisely tuned to func-
tion as a gate. Furthermore, the network bifurcation op-
erates in a regime where each individual driven neuron is
sufficiently forced to fire regardless of the history of the
network state. Thus the network behavior is dynamically
reproducible and easily controlled.
Effects of Synaptic Failure. While Fig. 1 was pro-
duced by fixing SE = 1 and increasing p, the diagram
remains qualitatively the same for fixed p = 1 and in-
creasing SE : Synaptic failure does not alter the gating
feature of this network. Even though the firing rate di-
agrams of the fixed S = 1 and the fixed p = 1 networks
are quantitatively similar, the collective spike dynamics
of the two networks are very different. Figures 6a,d show
V (t) of two typical hidden neurons, in networks with and
without failing synapses, respectively. It is hard to distin-
guish between the two networks on the basis of individual
membrane potentials alone. However, examination of the
dynamics of the excitatory conductances of the same two
neurons, displayed in Figs. 6b,e, reveals that the network
without synaptic failure is oscillating. This oscillation is
a consequence of the synchrony in the hidden subpopula-
tion, as seen in the rasters of spike-times shown in Fig. 6f
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TABLE I: Role of Synaptic Failure.

p = 0.0a 0.1 0.5 0.99 1.0 1.0b

CVoutput,1
c 0.036 0.046 0.036 0.035 0.056 0.034

CVoutput,2
d 0.015 0.037 0.015 0.009 0.014 0.021

CVinput 0.999 0.998 0.997 1.003 1.886 0.995
σ(V1)

e 0.794 0.792 0.793 0.793 0.774 0.795
σ(V2)

f 0.779 0.770 0.778 0.778 0.0 0.784

aThe p = 0 column is obtained in a uncoupled network, with
the feedforward inputs into both populations matched to the total
inputs into the two populations of the p = 0.99 simulation.
bIn this set of p = 1 simulations, the hidden cells receive weak

feedforward input ginput = 0.5 sec−1 (compared to ginput = 10
sec−1 for the driven population).
cCV of the output spikes of the driven neurons
dCV of the output spikes of the hidden neurons
eNormalized standard deviation σ(V ) of the driven neurons (see

text)
fσ(V ) of the hidden neurons

for the p = 1 simulation. In this case, since there is no
synaptic failure, individual hidden neurons have identical
gE

i (t) and the hidden population becomes synchronized
after a short transient (not shown). However, a little
synaptic unreliability will desynchronize this population.
Figure 6c shows spike rasters for a p = 0.99 simulation.
Already at a synaptic failure probability of 1%, the net-
work is asynchronous.

The differences between these two networks are also
apparent when we examine the coefficient of variation
(CV) of the spike times. CV is a measure of the vari-
ability of neuronal spike trains [9, 10, 31]; CV = 1 for
Poisson spike trains and CV = 0 for periodic spike trains.
Table I shows the CV for simulations of networks with
the same synaptic coupling strength pSE , but with dif-
ferent synaptic connection probability p. We present the
CV of both the output and the input spike trains of indi-
vidual neurons. The output CVs are computed by using
the interspike interval (ISI) of individual neuronal spike
trains and averaging over the driven and the hidden pop-
ulations separately. The input CV describes the spike
train that an individual neuron receives. Here we take
the ISI of the entire set of network spike-times.

Synaptic failure has a significant effect on network syn-
chrony. In the p = 1.0 case, the hidden neurons become
synchronized and this leads to input spike-times that are
not Poisson (CV = 1.886 �= 1, in Table I). This synchro-
nization can be removed by introducing noise either by
injecting a weak feedforward input into the hidden neu-
rons (see the second p = 1.0 column) or by introducing
unreliable synapses. In either case, the input spike-times
become Poisson (CV ≈ 1). In all cases, the output CVs
are small. This is due to the almost regular firing of
individual neurons. The fact that the driven cells have
an output CV larger than the hidden cells reflects the
feedforward input received by the driven cells.

Table I also tabulates σ(V ) = (〈V 2〉−〈V 〉2)/〈V 2〉 , the
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FIG. 7: Correlation time-scales and finite-size scaling. (a)
〈Vi(t)Vi(t + τ)〉 of the hidden population for a N = 1024
network. ginput = 10sec−1, p = 0.9, SE = 0.5556. The dashes
are an exponential fit. (b) 〈Ni(t)Ni(t + τ)〉 of the hidden
population in this network. The dashed line has the same
slope as that in (a). The fine oscillations in the correlations
are associated with the periodic firing of individual neurons.
(c) The decay time of 〈Vi(t)Vi(t+τ)〉 as a function of network
size. The dashed line is proportional to the square root of the
network size.

normalized standard deviation of the membrane poten-
tial for each of the two populations separately. (〈. . .〉 de-
notes average over time and over subpopulations.) σ(V )
attains the value 0 when the population is totally syn-
chronized. Indeed, the synchronized hidden cells in the
noise-less p = 1.0 network possess σ(V ) = 0. Further-
more, σ(V ) (= 0.770 − 0.795) of all other networks are
virtually the same, demonstrating that synaptic failure
not only desynchronizes the hidden population, but also
allows the dynamics of these different asynchronous net-
works to be statistically similar.

Emergent time-scales. A long time-scale emerges
from our recurrent network dynamics. Figure 7a shows
the autocorrelation of the membrane potentials of the
hidden population, 〈Vi(t)Vi(t+ τ)〉, as a function of time
τ . The autocorrelation shows an exponential decay with
a time constant, τd, of approximately 2 seconds. This
time-scale is orders of magnitude longer than the synap-
tic time-scale of 5 ms or the leakage time-scale of 20 ms.

The same decay time also manifests itself in the corre-
lation of the number of “connections”: 〈Ni(t)Ni(t + τ)〉,
where Ni denotes the number of postsynaptic targets af-
ter spikes of the ith neuron. We show a coarse-grained
version of this autocorrelation in Fig. 7b. We bin the
number of postsynaptic connections to 1 ms (coarse-
graining) windows and use this averaged Ni(t) to esti-
mate the correlation. The autocorrelations of Vi and Ni

are related since a larger Vi implies that the neuron is
closer to threshold, and is more likely to fire and thus
secure more postsynaptic targets.
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Figure 7c shows the decay time of these autocorrela-
tions as a function of network size. This time-scale is
longer in larger networks and in networks with a higher
connection probability p (for fixed pSE ; not shown) and
scales roughly as the square root of the network size, rem-
iniscent of the critical slow-down near certain phase tran-
sitions [32]. This scaling suggests that this network can
establish its own time-scales, independent of the synap-
tic ones, by recruiting an appropriate number of active
neurons. Thus synaptic failure may have an important
role in associate memory and on-line learning [10].

In the results above, we have restricted discussion to
the case of excitatory coupling and where the hidden cells
do not receive feedforward drive. The gating and hys-
teretic features remain even when the hidden cells receive
some feedforward input and when inhibitory neurons are
included. Our mean-field analysis of the network includ-
ing these additional effects suggests that the bifurcation
is subcritical as long as the driven and the hidden popu-
lations receive different levels of feedforward inputs—and
the larger this difference, the larger the region of bista-
bility. The main effect of the input drive or of inhibition
is to change some of the quantitative aspects, e.g., popu-
lation firing rates after crossing the gating threshold, and
size of the hysteretic region.

Furthermore, a long time-scale naturally arises from
the recurrent coupling within our network. While net-
work time-scales cannot be easily observed in experi-
ments, there is some indirect evidence that Complex (hid-
den) cells may be responsible for long time-scales. We
point out that in reverse correlation experiments of the
macaque primary visual cortex, longer dynamical time-
scales are typically found in neurons within layers 5 and
4B [33], which are also layers with large percentages of
Complex cells [34].

While many of our model results can be formalized in
a mean-field setting and made precise there, here we have
given a phenomenological account, and relegate theoret-
ical analyses to a forthcoming note. Our main purpose
here is to illustrate that in a simple, finite-size setting,
tunable and robust dynamics such as gating and bista-
bility can be achieved by incorporating hidden cells and
synaptic failure.

We thank Robert Shapley for useful conversations. D.
Cai is supported by NSF DMS0211655 and a Sloan Fel-
lowship. L. Tao is supported by NEI grant EY07158 and
the Sloan-Swartz Theoretical Neurobiology Program.
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