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Abstract

We outline the contours of an emerging theory of Kéhler metrics in derived noncom-
mutative geometry. This is a refinement of the theory of Bridgeland stability conditions
encoding underlying differential-geometric structures. We propose elements of such
a structure in both Archimedean and non-Archimedean settings, including metrized
objects, mass measures satisfying a BPS inequality, harmonic metrics, minimizing flows,
and complexified Kéhler potentials. We develop the framework through examples
and constructions involving Fukaya categories, quiver representations and associated
C*-algebras, spectral networks, and comonadic adjunctions of stable co-categories.
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1 Introduction

1.1 Background: From Kaiahler geometry to stability conditions

Kéhler manifolds lie at the fascinating interface of algebraic geometry, differential geometry,
and topology. A central theme in this subject is that classes of algebraic or topological
objects often have an essentially unique representative which minimizes some type of energy
functional. A first example is provided by Hodge theory: for compact X, each class in
H"™(X;C) has a unique harmonic representative minimizing the L?-norm.

A more sophisticated example is provided by the Kobayashi—-Hitchin correspondence
for compact Kahler manifolds (X,w), known as the Donaldson-Uhlenbeck—Yau (DUY)
theorem [Don85, UY86]. This states that among the Hermitian metrics on an indecom-
posable holomorphic vector bundle E over X, there exists one solving the Hermitian
Yang—Mills equations if and only if the bundle is slope-stable. Slope stability of E means,
by definition, that there are no proper coherent subsheaves with equal or larger slope
p(E) = deg(E)/tk(E), deg(E) = [y c1(E) Aw" !, a purely algebraic notion.

As highlighted by Donaldson [Don85, Section 4], the Kobayashi—Hitchin correspondence
can be conceptually interpreted as an infinite-dimensional instance of the Kempf-Ness
principle, which, in finite dimensions, states that the geometric invariant theory quotient
by a reductive group, and the symplectic reduction by its maximal compact subgroup are
identified. The Hermitian Yang—Mills equation is then seen to be a moment map-type
equation.

Inspired by mirror symmetry, Thomas and Yau [ThoO1, TY02] initiated the search
for a symplectic analogue of the DUY theorem, in which Hermitian vector bundles are
replaced by Lagrangian submanifolds L (of a Calabi—Yau manifold) and the Hermitian
Yang-Mills condition by the special Lagrangian condition arg(€2|z) = const. Many new



difficulties arise, one of which is that the relevant category, the Fukaya category of the
underlying symplectic manifold, is not abelian but an (enhanced) triangulated category.
In particular, there is no intrinsic notion of subobject and the definition of slope stability
breaks down.

An axiomatic notion of stability for triangulated categories was developed by Bridgeland
in his influential paper [Bri07], which was inspired by the work of Douglas on II-stability
of D-branes in string theory [DFR05, Dou01, Dou02]. Bridgeland stability subsumes slope
stability in abelian categories and leads to a much richer theory with interesting moduli
spaces of stability conditions. Joyce has formulated a version of the Thomas—Yau conjectures
in terms of Bridgeland stability [Joyl5] and highlighted subtleties regarding finite-time
blow-up and obstructedness. For more recent developments, see [LG24, Li25, Sto25].

1.2 Origins of the project

We briefly explain the original motivations for this project.! The results of the pa-
per [HKK17] of the first three named authors relate stability conditions on Fukaya cat-
egories of surfaces to geometric structures on these surfaces (flat metrics, finite-length
geodesics). Our initial goal was to substantially generalize these results to the setting of
Fukaya categories of surfaces with coefficients in a perverse schober (see also [HKS24]).
Heuristically, this is related to the Thomas—Yau—Joyce proposal in the following way: given
a symplectic fibration p: X — S over a surface S, possibly with singular fibers, one can
hope to compute the Fukaya category of X, F(X), by a two-step process: first, construct a
system & of enhanced triangulated categories over S, a perverse schober [KS18], assembled
from the Fukaya categories of the fibers of p; second, compute the Fukaya category of S
with coefficients in £, F(S;E). If X is moreover Ké&hler with holomorphic volume form
Q) and p is complex analytic, one expects to obtain a holomorphically varying family of
stability conditions on £. The goal is then to integrate this family to a stability condition
on F(S;E&). The semistable objects of F(.5; &) should then admit geometric representatives
given by special graphs on S labeled by algebraic data from £. The underlying graphs can
be thought of as degenerate limits of the projections to S of special Lagrangian submanifolds
in X, as the volumes of the fibers of p tend to zero. They are generalizations of the finite
webs of Gaiotto-Moore—Neitzke [GMN13], closely related to their spectral networks.

During this project, we realized the importance of various additional geometric structures
on a triangulated category with a stability condition which encode its geometric origin.
This would include, in particular, non-Archimedean Kéahler metrics on the moduli spaces
of polystable objects. In the search for simpler toy models of our problem, we turned
to quiver representations and complexes of quiver representations, over both C and non-
Archimedean fields. This transformed the project into an ambitious program aimed at
finding a categorical notion of Kéhler geometry and drawing on many areas of mathematics,
including higher category theory, homological mirror symmetry, C*-algebras, scattering
diagrams, and buildings.

1.3 Goals

In its most concise form, our goal can be stated as completing the following analogy
between classical differential geometry and categorical geometry. Recall that the slope of a
holomorphic vector bundle, and hence its slope-stability condition, depends only on the
Kéhler class, whereas the Hermitian Yang—Mills equation depends on the Kéhler metric
itself.

IThis section can be skipped.



complex manifold X enhanced triangulated category C

Kihler form w € Q1(X) categorical Kihler metric on C

Kihler class [w] € HYH(X) stability condition on C

We are thus seeking a definition of “categorical Kéhler metric”, both in Archimedean
and non-Archimedean variants, which should arise naturally on categories C of the form
D’Coh(X) or F(X) for some Calabi-Yau manifold X, as well as other examples, e.g. the
ones considered in this paper. Such a structure should include:

e a notion of a metric on an object of C,

e masses of metrized objects satisfying the BPS inequality with respect to the central
charge,

e a notion of harmonic metric such that existence of a harmonic metric implies semista-
bility of the underlying object, and polystability guarantees its existence,

e a flow on the space of metrizations of each object which decreases mass and converges
to a harmonic metric if the underlying objects admits one,

o a complexified Kahler potential on the space of metrized objects which provides Kéahler
metrics on (smooth loci of) moduli spaces of polystable objects.

See Section 4 for a more detailed discussion. We also hope that a future, more complete
framework will strengthen the bridge between (categorical, homological) noncommutative
algebraic geometry and operator-algebraic noncommutative geometry. Here we only touch
on this topic briefly in Section 5 in the context of quiver representations.

While we have not yet achieved this goal, our work on this program has led us to several
exciting subprojects with interesting new constructions, results, and conjectures. These
include our work on the asymptotics of minimizing flows and iterated logarithms [HKKP23,
HKKP18], as well as the constructions and conjectures discussed in later sections of this
paper, related to quiver representations, spectral networks, and comonads on stable oco-
categories.

At this point, we have worked on the project on and off for over a decade and given
talks and lecture series on much of the material. We feel that the time has come to record
what we have established thus far, both to create a reference point and to inspire further
development of the ideas.

1.4 Related Work

Beyond the Thomas—Yau picture discussed above, and its subsequent development by Joyce,
several developments are closely related to the perspective pursued here. On the symplectic
side, Smith has discussed potential applications of Bridgeland stability conditions on Fukaya
categories to symplectic topology, in particular to symplectic mapping class groups [Smil8].
The third named author, together with Yan Soibelman, has recently proposed a generalized
Riemann—Hilbert correspondence involving analytic families of Fukaya categories and
limiting Bridgeland stability conditions; in the same article, he also discusses a related
twistor picture involving harmonic objects [Kon26a].

In complex geometry, the deformed Hermitian—Yang—Mills equation, which is mirror to
the special Lagrangian equation, has been studied as a differential-geometric counterpart
to stability [CJ13, CS19]; Collins, Xie, and Yau discuss its relation to algebraic stability
conditions [CXY18], while Collins and Yau develop its variational and moment-map



interpretation as an infinite-dimensional GIT problem [CY21]. More generally, Dervan,
McCarthy, and Sektnan associate geometric PDEs on holomorphic vector bundles to central
charges arising in Bridgeland stability, whose solutions they call Z-critical connections,
and establish a correspondence between asymptotic Z-stability and the existence of such
connections in the large-volume limit [DMS24]. Dervan has developed a parallel theory for
polarized varieties [Der23]. These works provide differential-geometric manifestations, in
classical settings, of a principle closely related to the one motivating the present paper:
that stability data encoded by a central charge should admit a refinement by metric and
differential-geometric structures.

A complementary perspective comes from extensions of geometric invariant theory
itself. Halpern-Leistner’s theory of ©-stratifications develops intrinsic notions of instability
and Harder—Narasimhan filtrations for general moduli problems, generalizing both the
Kempf-Ness stratification in GIT and Harder—Narasimhan stratifications, and applies in
particular to moduli stacks of objects in hearts of Bridgeland stability conditions [HL22].
More recently, Dervan, with an appendix by Ibainiez Nuiiez, has developed structures in
GIT analogous to stability conditions on abelian and triangulated categories, including
notions of central charge on schemes with group actions and on stacks, together with
an analytic counterpart to stability and a corresponding Kempf-Ness picture [DInNn25].
This provides a finite-dimensional framework connecting central charges, stability, moment
maps, and canonical geometric structures which is closely related to, and complementary
to, the categorical metric structures considered here.

A different point of contact comes from differential-geometric approaches to categorical
noncommutative geometry. Block associates differential graded algebra data to dg categories
of modules in a framework which, in the complex-geometric case, recovers the derived
category of coherent sheaves [Blo10]. Closely related constructions using d-superconnections
were developed by Bondal and Rosly, who obtain a dg enhancement of the derived category
of coherent sheaves and use superconnections to define Chern and Bott—Chern classes of
its objects [BR23]. These perspectives are closely related in spirit to our use of differential
graded and curved differential graded structures in categorical Kéhler geometry.

1.5 Contents of the paper
1.5.1 Stability conditions

Section 2 is mainly preparatory and discusses abstract aspects of stability in abelian and
triangulated categories, i.e. without any additional geometric structures. After a warm-up
on slope stability, we begin with a review of the definition of Bridgeland stability. The
remaining three subsections contain partially new material. In the first (Section 2.3), we
establish conditions under which the triangle inequality for mass, m(B) < m(A) +m(C)
for an exact triangle A — B — C' — A[1], is either strict or an equality (Proposition 2.13).
This is used later, in Sections 7 and 8, in proofs based on induction on the mass. In
Section 2.4, we relate stability conditions to positivity in algebraic geometry, showing
that the degree of any curve in the moduli space of semistable objects, defined in terms
of the central charge, is non-negative (Theorem 2.16). This motivates the idea that a
Bridgeland stability condition can fruitfully be thought of as a “noncommutative Kéahler
class”. We finish the section with a discussion of ascending-phase filtrations of objects in
hearts of stability conditions. The main result is a 6?(2, R)-invariant construction of a
finite-length abelian category of pairs of such filtrations, the vertex category. This category
describes the algebraic data attached to a vertex of a spectral network and plays a central
role in Section 7.



1.5.2 Heuristics and framework

Section 3 is devoted to the heuristics that inform our axiomatic approach to Kahler metrics
on noncommutative spaces. These heuristics derive largely from Fukaya categories and
homological mirror symmetry. We first recall the relation between stability conditions,
special Lagrangians, and the large-volume limit, and discuss a conjectural Fukaya category
over the positive Novikov ring Nov,, built from singular Lagrangian supports and canonical
deformations of their local Fukaya categories determined by pseudo-holomorphic discs.

In the final part of the section we give a more concrete sheaf-theoretic model in the case
of a split symplectic torus. The construction does not involve a choice of almost-complex
structure, although it uses the Lagrangian torus fibration. On the mirror side this leads to
a large Nov,-linear category associated with a power of the Tate elliptic curve. Using a
Rees construction and microlocal sheaf theory, we associate to its objects a reduced singular
support in the symplectic torus and describe its covariance under symplectomorphisms. For
a natural class of metrized objects these supports are rational piecewise-linear Lagrangian
subsets carrying microlocal coefficient systems.

This allows us to formulate a precise conjectural characterization of a Bridgeland
stability condition: semistable objects of a given phase should be exactly those admitting
metrized representatives whose Lagrangian supports have arbitrarily small phase amplitude.
We finally extend this picture heuristically to Fukaya categories with coefficients in a local
system of categories equipped with varying stability conditions.

While Section 4 does not contain a definitive definition of categorical Kdihler structure
adapted to a given stability condition, we identify various desired elements of such a
structure. This includes a notion of metrized object, and these should, at least in the non-
Archimedean case, form a category (see Section 4.3) which comes with a rescaling action.
Each metrized object (X, h) has not only a mass, m(h), satisfying the BPS inequality
|Z(X)| < m(h), but also a mass measure, up, which records the distribution of mass across
a bounded interval of phases (see Section 4.1). The total mass pp(R) is then m(h) while
the central charge is the total weighted measure

2(%) = [ e (o).

In the Archimedean case, these mass measures, as well as the Kéhler potential and flow,
are all determined by a *-algebra Ay j; with linear functional Q2: Ax ; — C depending on
the metric A on an object, as we propose in Section 4.2. The heuristic interpretation of
Ax p is as the complexified tangent space at h to the space of metrizations, while € is the
variation of the complexified Kéhler potential Sc.

A more complete, though still approximate, local picture of “categorical Kdhler geometry”
over C is discussed in Section 4.4. In fact, much of this framework is already present in our
previous work [HKKP18] and in the paper [BK21] by Bhattacharya and the third named
author, where a wide range of examples, including Nekrasov’s noncommutative instantons,
are considered. The main new contribution in this section is to show that both frameworks
are essentially equivalent.

The remaining sections of the paper describe examples of categorical Kéhler structures
arising from different areas of mathematics.



1.5.3 Quiver representations

In Sections 5 and 6 we study categorical Kahler geometry on abelian and derived categories
of representations of quivers over C and non-Archimedean fields, respectively. We begin by
explaining how this example fits into our general framework by employing a theorem of
A. King on the “GIT quotient = symplectic reduction” isomorphism in this setting (Theo-
rem 5.1). We then discuss a reformulation of this result in terms of unitary representations
of certain *x-algebras, which are generated by arrows a € Q1 of a quiver @ subject to the

relation

Z [a,a®] = Z ;e

a€Q 1€Qo
where 0; € R are parameters for each vertex ¢ € (9. These x-algebras may be completed
to C*-algebras in the acyclic case and pro-C*-algebras in the general case (see Section 5.2).
They can be thought of as representing the underlying topological space of the hypothetical
noncommutative Kéhler spaces arising from quivers.

A first step from the abelian to triangulated world is taken by considering Bernstein—
Gel’fand—Ponomarev reflection functors, which induce derived equivalences between a
quiver and its mutation obtained by reversing the direction of all arrows at a source/sink.
We show that the C*-algebras and the induced Kéahler metrics on the moduli spaces of
polystable objects, are invariant under reflection (Theorem 5.11 and Theorem 5.10). We
then continue with a discussion of general complexes of quiver representations and how
they fit into the general framework. This can be seen as a quiver analogue of (Chern-
)superconnections and the corresponding representatives of the Chern character. The main
novelty is the study of mass and flow in this context, which is illustrated in simple examples.
Several important questions about the flow in this setting remain open. In Section 5.5 we
propose a more general class of categorical Kahler metrics for quivers which depend on a
choice of increasing convex function (ramp function) for each arrow.

In Section 6 we transition from C as ground field to non-Archimedean fields. Our main
goal is to find the non-Archimedean analogue of King’s theorem (Theorem 5.1). This
involves (1) finding an analogue of the harmonicity (moment map) condition on the metric,
and (2) proving the existence of non-Archimedean harmonic norms on polystable quiver
representations. To achieve (1), we consider families of Kéahler metrics depending on a small
parameter, then pass to the formal non-Archimedean limit, see Section 6.1. The condition
we arrive at involves stability of a representation of an auxiliary “star-shaped” quiver over
the residue field. The purpose of this section is purely to illustrate the general technique
and motivate later definitions; it is not logically necessary for what follows. We then
recall definitions and results around non-Archimedean norms on finite-dimensional vector
spaces, using some of the basic terminology from the theory of buildings, which provides
a useful conceptual guide. Goal (2) is achieved in Section 6.3, at least under a spherical
completeness assumption on the ground field. This assumption ensures that the spaces of
diagonalizable non-Archimedean norms (which are affine buildings) are complete as metric
spaces. The main result, Theorem 6.23, shows that polystability implies existence of a
harmonic norm, which in turn implies semistability. The situation is thus somewhat more
complicated than in the Archimedean case, where polystability is equivalent to existence
of a harmonic metric. The main tool in the proof of Theorem 6.23 is the Kéhler potential
on the space of norms on the representation, a building-like space.



1.5.4 Spectral networks

In Section 7 we formulate a conjectural correspondence between spectral networks in the
plane and quiver representations over a non-Archimedean field equipped with a pair of
ascending-phase filtrations with metrized subquotients. As discussed in Section 2.5, a
pair of ascending-phase filtrations corresponds to a diagram with a single vertex, which
we think of as a vertex of a spectral network. Choices of metrics on the subquotients
conjecturally prescribe a deformation of the one-vertex spectral network to an arbitrary
spectral network in the plane with finite topology. In the other direction, from a very
“zoomed out” view, the deformed spectral network collapses to the original one-vertex
network. The correspondence depends on a choice of area form on R? such that (1) the
area of the strip between any pair of parallel lines is finite, and (2) the area of any conical
sector between intersecting lines is infinite. The choice of this (Kéhler) area form can be
viewed as providing categorical Kéhler structure in this context.

Figure 1: Deformation of a spectral network near a single vertex (“bubbling”).

Our motivation for this conjecture is the problem, mentioned in Section 1.2 above, of
showing existence of finite web representatives of semistable objects in Fukaya categories
of surfaces with coefficients in a local system of categories. Heuristically, we expect the
flow minimizing total mass of the graphs on the surface to deform a vertex of the graph,
described by the pair of ascending-phase filtrations, to a more complicated graph where
the vertex is replaced by the harmonic path (see Figure 1).

1.5.5 Comonads

Fukaya categories of symplectic manifolds (M, w) come in (formal) one-parameter families
by rescaling the symplectic form: w — t-w, t > 0. This family extends to ¢t = 400, the
large volume limit, and can thus be considered as a kind of non-Archimedean metric on
the Fukaya category, viewed as the general fiber of this family. Similarly, in algebraic
geometry, we can consider one-parameter families of varieties, or more generally, formal
neighborhoods of effective divisors. Abstracting these examples, one arrives at the notion
of a comonadic adjunction of stable co-categories

G:DSCF,

where C is interpreted as representing the total space of the family and D the central
fiber. The general fiber is then £ := C/G(D). From the point of view promoted here, the
adjunction provides a kind of categorical Kéhler metric on £. The category of metrized
objects is C. Fix a stability condition on D which is invariant under T' = fib(FG =
1p) o [—1], which we assume is an autoequivalence. An object in C is, by definition,



harmonic if its image in D is semistable. More generally, we get mass measures from Harder—
Narasimhan filtrations in D. Our main result (Theorem 8.20) is then the construction of
a stability condition on &£, depending only on the initial stability condition on D, whose
semistable objects are precisely those admitting a harmonic metric. We discuss examples
arising from formal completions of smooth schemes along effective divisors (Section 8.4)
and curved deformations of A.-categories (Section 8.5).

1.5.6 List of main new contributions

Since the paper is quite long, and parts of it are reviews of the relevant background or
technical preliminaries, let us briefly highlight what we feel are the most important new
contributions.

o The study of the vertex category of pairs of ascending-phase filtrations (Section 2.5).

e The sheaf-theoretic Nov,-linear model for Fukaya categories of split symplectic tori,
its reduced singular support, and the conjectural characterization of stability in terms
of approximate special-Lagrangian representatives (Section 3.5).

o The proposed framework for categorical Kéhler geometry (Sections 4.1, 4.2, 4.3).

o The construction of C*-algebras from quivers with stability parameters (Section 5.2)
and invariance under reflection functors (Theorem 5.10, Theorem 5.11).

e The notion of harmonic norms and their existence in the non-Archimedean setting
(Theorem 6.23).

e The conjecture on existence and uniqueness of spectral networks in the plane with
given boundary conditions (Conjecture 7.10).

o The transport of stability conditions for (co)monadic adjunctions of stable oco-
categories (Theorem 8.13).

1.5.7 Guide to the reader

The various sections in the body of this paper are largely logically independent, with the
main exception being the first three subsections of Section 2, which provide the basic
definitions and results on stability conditions used throughout the rest of the text. The kinds
of mathematics appearing in the sections also vary significantly. For instance, Section 5
contains quiver representations, geometric invariant theory quotients, and *-algebras, while
Section 8 deals with stable oo-categories and monads. Consequently, most readers will not
want to tackle the entire paper in sequential order, but instead approach different sections
according to their own interests.

1.6 Conventions, notation, and terminology

e We typically write +/—1 for the imaginary unit, as ¢ is often used for indices, in
particular vertices of a quiver.

o An (increasing) R-filtration F, of an object E in an abelian category is a collection of
subobjects F, C E with F, C Fz for a < 3. We always require the right-continuity
property Fo = (gsq Fp. The filtration is complete if it is separated and exhaustive,
meaning that (, Fo = 0, Uy Fa = E. Write Feq = Ugey Fp- The filtration is
finite if the set of a with F,/F<o # 0, the steps/jumps of the filtration, is finite.
While R-filtrations are by default increasing, we will sometimes consider decreasing
R-filtrations as well.



o Phase is related to central charge by the normalization ¢(F) = arg(Z(E))/x.
e Stability conditions are assumed to satisfy the support property.

o We write k for the ground field. (In a non-Archimedean context, k will usually denote
the residue field instead.)

 For objects A, B in a triangulated category C, we write Ext™ (A, B) := Hom¢(A4, Bn)).

o Following Lurie [Lur09], co-category means a quasi-category. The homotopy category
of an oo-category C is denoted by hC.

e A morphism in an oo-category C is an isomorphism iff it has an inverse up to
homotopy, or equivalently it maps to an isomorphism in hC.

e If C is a pointed oo-category, we write X = 0 when X is a zero object in C and f =0
when f is a zero morphism in C, i.e. factors through a zero object, up to homotopy.

o Functors between stable co-categories are always assumed to be exact.

e A x-structure on an associative C-algebra A is a conjugate-linear involution A —
A,a +— a*, such that (ab)* = b*a*. If A is graded, we require |a*| = —|a| and
(ab)* = (—1)lallblp*a* unless otherwise stated.

o Rep(Q, k) is the abelian category of finite-dimensional representations of a quiver @
over a field k.

o Given a non-Archimedean field K, we write O for its ring of integers (closed unit
ball), m C O for the maximal ideal (open unit ball), and k = O/m for the residue
field. We allow the trivial valuation for which K = O = k.
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2 Categorical notions of stability

In this section we discuss general features of the theory of stability conditions on triangulated
categories, including mass (Section 2.3), positivity (Section 2.4), and ascending-phase
filtrations (Section 2.5), which are foundational to our considerations in later sections.
The first two subsections are mostly expository, fixing conventions and recalling slope and
Bridgeland stability.

2.1 Stability in abelian categories

We recall slope stability and Harder—Narasimhan filtrations in abelian categories in prepa-
ration for the discussion of Bridgeland stability in the next subsection.

Definition 2.1. A central charge, also known as a stability function, on an abelian
category A is an additive map Z: Ko(A) — C such that Z(E) € RugeV 10 for 0 £ E €
A, i.e. Z(F) lies in the upper half-plane or negative real axis. The phase of a non-zero
object E is defined to be ¢(E) = arg(Z(FE))/m € (0,1]. An object E € A is said to be

« semistable if 0 # A C E = ¢(A) < ¢(E),
o stableif E#0and 0#AC E = ¢(A) < ¢(E),
e polystable if F is a finite direct sum of stable objects of equal phase.

Example 2.2. If X is a smooth projective curve, then Z(F) := — deg(F) + /—1rk(F) is
a central charge on the category Coh(X) of coherent sheaves on X. The notion of stability
with respect to this central charge goes back to Mumford [Mum63].

Remark 2.3. Instead of the phase ¢(E) = arg(Z(E))/m € (0, 1] one can equivalently con-
sider the slope u(E) = —Re(Z(E))/Im(Z(FE)) € (—o0, +0o0], which is just deg(E)/rk(E)
in the case of coherent sheaves on a curve. In the setting of triangulated categories, the
phase is more convenient.

Definition 2.4. Let A be an abelian category with central charge Z. A filtration
O=FEyCE{CEyC...CE,=F

of an object £ € A is a Harder—Narasimhan (HN) filtration if A; .= E;/E;_; is
non-zero and semistable for i = 1,...,n with ¢(A41) > ¢(A2) > ... > ¢(4,).

The central charge Z has the Harder—Narasimhan (HN) property if every object
in A has a Harder—Narasimhan filtration.

The terminology originates from the case A = Coh(X) as above, where the HN
property of Z = —deg ++/—1rk was proven in [HN75]. The HN property automatically
holds whenever A is finite-length, i.e. any filtration of an object in A is essentially finite.
This is a special case of [Bri07, Proposition 2.4].

Let A be a k-algebra and A = Mod/?(A) the category of finite-dimensional modules
over A. Then A is a typical example of a finite-length category. A Z-basis of Ky(A) is
given by isomorphism classes of simple modules, hence central charges correspond to a
choice of complex number Z(S) € ]R>oe‘/jl(0’ﬂ for every simple S, up to isomorphism,
and they all satisfy the HN property.

The particular case when A is the path algebra of a quiver will be the main subject
of Sections 5 and 6. In this case, the relation between slope stability and stability in the
sense of geometric invariant theory [MFK94] was established by King [Kin94].
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Example 2.5. Let ) = e — o be the “Ay quiver”. Gaussian elimination shows that
there are, up to isomorphism, three indecomposable objects in the category Rep(Q) of
finite-dimensional modules over the path algebra k@ of Q:

A=(0=k), B:=k3k), C:=k=0).

Moreover, they fit into a non-split short exact sequence 0 > A - B — C — 0.

The central charge Z is fixed by the choice of z1 = Z(C') and 29 = Z(A). The space
{z | Im(z) > 0}* of central charges splits into two chambers where ¢p(A) < ¢(C) or
#(A) > ¢(C), respectively, separated by the codimension 1 wall where ¢(A) = ¢(C). In
the chamber where ¢(A) < ¢(C), B is stable, while in the chamber where ¢(A) > ¢(C), B
is unstable (not semistable). On the wall, B is semistable but not polystable (sometimes
called strictly semistable). Note that, as they are simple, A and C' are stable for any choice
of Z.

Remark 2.6. Slope stability in the sense discussed here is certainly not the most general
notion of stability in abelian categories. Generalizations were developed by Rudakov [Rud97]
and Joyce [Joy07]. The main feature one retains is the existence and uniqueness of HN
filtrations.

We conclude this subsection with a brief discussion on 6-stability as introduced by
King [Kin94]. Let A be an abelian category and 6: Ky(.A) — R additive. An object E € A
is f-semistable if (E) = 0 and 6(A) > 0 for any subobject A C E.? If, moreover, E # 0
and 0 # A C E implies §(A) > 0, then E is said to be §-stable. The relation to stability
with respect to a central charge Z is the following.

Lemma 2.7. Let A be an abelian category, Z: Ko(A) — C a central charge, ¢ € (0,1],
and 0 := —Im(e"™V=19Z). Then E is Z-(semi)stable of phase ¢ iff E is 6-(semi)stable.

Proof. Let 0 # A € A and write Z(A) = re™~1¥ for some r > 0, ¢ € (0,1]. Then
0(A) = —rIm emVTIW=) — . sin(m(y — ¢))

and thus sgn(0(A)) = —sgn(y — ¢), using that |t — ¢| < 1. Hence §(A) > 0 iff p(A) < ¢,
proving the equivalence. O

The following characterization of #-stability in terms of filtrations will be useful in
Section 6.3. This is similar to the discussion in [Kin94, Section 3]. See Section 1.6 in the
introduction for definitions and conventions on R-filtrations.

Lemma 2.8. Let A be an abelian category and 0: Ko(A) — R. Then E € A is 0-semistable
iff
(0,Fe) =" ab (Fa/F<a) <0 (2.1)
acR
for all complete, finite R-filtrations Fo of E. Moreover, E is 0-stable iff E # 0 and strict
inequality holds in (2.1) for all filtrations with at least two steps.

Proof. Suppose §(E) = 0 and F, is a complete R-filtration of E that jumps precisely at
a1 < ...< ay. Then

n n—1
(0.F) =D ai (0(Fa,) = 0(F<ar)) = D (5 — air1)0(Fa,). (22)
i=1 =1

2This is the sign convention in [Kin94]. More recent papers often use the opposite sign convention for 0,
i.e. define E to be semistable iff (A) < 0 for subobjects A C E.
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Thus, if E is #-semistable, then (2.2) is non-positive, and moreover negative if E is #-stable
and n > 2.

For the converse note that given a proper subobject 0 # A C E we can construct a
2-step filtration F, with

0 fora<0
Fa=qA for0<a<l1
E fora>1

for which (0, Fe) = —0(A) under the assumption §(F) = 0. If §(F) # 0, then (2.1) is
violated already for suitable 1-step filtrations. O

Much of the above discussion, in particular Lemma 2.8, generalizes to (Quillen) exact
categories, if we take “subobject” to mean equivalence class of admissible mono, as usual.

2.2 Stability in triangulated categories

The definition of a stability condition on a triangulated category is due to Bridgeland [Bri07],
inspired by ideas of Douglas on the stability of D-branes in string theory [Dou02] and
properties of semistable bundles on curves [HN75], already mentioned in the previous
subsection.

Let C be an essentially small triangulated category. Fix a homomorphism cl: Ky(C) — T’
to a finite rank abelian group I'. This will play the role of a “Chern character”.

Definition 2.9. A stability condition on (C,T',cl) is given by
e an additive map Z: I' — C, the central charge,
« full additive subcategories Cy, C C, ¢ € R, the semistable objects of phase ¢,
such that:
(1) Cour = Coll).
(2) Hom(Es, E1) =0 for E; € Cy,, $1 < p2.
(3) Any E € C has a Harder—Narasimhan (HN) filtration: A tower of triangles

0=FEy EF— . —FE, 1 — FE,2F

Eq
o / K\ / R'\ /
Ay Ay

A

with semistable factors 0 # A; € Cy,, 1 > P2 > ... > Pp;
(4) Z(E) = Z(cl(E)) € Rsge™ 1% for E € Cy, E # 0.

(5) The support property (from [KS08]): There is a norm || - || on I'®z R and C' > 0 such
that

7l < ClZ()]

for any v € I' which is the class of a semistable object.

Given an object 0 # E € C with HN filtration with semistable factors 0 # A; € Cy,,
@1 > ¢ > ... > ¢y, one defines

6:(B) =61, 0-(B)i=dn,  m(E)=Y|Z(A)),
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where m(F) is referred to as the mass of E. Given an interval I C R, Cr is the full
subcategory of those objects E with ¢4 (FE) € I, together with the zero objects. These
are closed under extensions. If the length, ¢(I) of I is strictly less than 1, we have the
following elementary two-sided bound on the mass:

1
< |2(B)| (2.3)
0
COS 2

U(I)<1 = VYEe€Cr: |Z(E) <m(E)

There is an equivalent definition of stability conditions via t-structures.
Proposition 2.10 ([Bri07]). Let 0 = (Z,(Cg4)s) be a stability condition, then

(1) A:= C(0,1) s the heart of a bounded t-structure on C, in particular an abelian category.
It follows that Ko(A) = Ky(C).

(2) Z: T — C is a central charge on A satisfying the HN property (see Definition 2.1,
Definition 2.4) and the support property. Moreover, an object E € A is Z-semistable
Conversely, given A C C and Z satisfying the above conditions, there is a unique corre-
sponding stability condition where for ¢ € (0,1], Cy is given by slope-semistable objects
E € A of phase ¢(E) = ¢.

In the special case where A is finite-length with finitely many isomorphism classes of
simple objects S1,...,Sy, the central charge Z is uniquely determined by the numbers
zi = Z(S;), and any choice of z; € R>geﬁ(0’ﬂ] yields a central charge automatically
satisfying the HN and support properties.

The set of stability conditions on (C,T',cl) is denoted Stab(C,T',cl) or just Stab(C).
There is a natural topology on this space, characterized by the requirement that the maps
o= (Z,(Cy)¢) — Z € Hom(I',C), 0 — ¢+(E) € R, 0 # E € C, are continuous. With
respect to this topology, the map

Stab(C,T', cl) — Hom(T", C),

which sends a stability condition to its central charge and forgets which objects are
semistable, is a local homeomorphism [Bri07, Theorem 1.2]. In particular, Stab(C) naturally
has the structure of a complex (in fact complex affine) manifold.

The group GL™(2,R) acts on Hom(T, C), and its universal cover 612*(2, R) naturally
acts on the space of stability conditions by

9-(Z,(Cs)g) = (9 Z,(Cy-1.4)p)

where 65*(2, R) acts on phases via the natural action on C*/Rso = R.
There is an identification Stab(C°P) = Stab(C) induced by the following construction:

Proposition/Definition 2.11. Given a stability condition o = (Z,(Cy)s) on a triangu-
lated category C, there is a corresponding stability condition on the opposite triangulated
category C°P, the conjugate stability condition, given by o = (Z, (C_4)4). (Thus, the
semistable objects of phase ¢ in C°P are the semistable objects of phase —¢ in C.)

Proof. Note that C°P has the triangulated structure with shift functor [—1]°P, where [—1]
is the inverse of the shift functor on C. The only axiom to check is the Harder-Narasimhan
property. Let E € C and let

0= Ep -—FE,1 —E,~2E

Ly Fy — -
LS / N / K\ /
Ay Az

Ap
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be its HN filtration, i.e. Aq,..., A, are o-semistable of decreasing phase. For i =0,...,n,
the composite morphism F,,_; — E in C corresponds to £ — FE,_; in C°? which we

complete to a triangle

The octahedral axiom then yields triangles F; — F;y; — A,—; — F;[1]. Moreover,
Ay, ..., A1 have decreasing phases —¢,, > --- > —¢1 with respect to . The F; and the
morphisms between them thus constitute the HN filtration of F in C°P. 0

2.3 Mass and triangle inequality

Throughout this subsection we fix a triangulated category C with a stability condition o.
Recall that the mass of a semistable object E € Cy is m(F) = |Z(E)|, and the mass of a
general object of C is the sum of the masses of its semistable HN factors.

We first observe a well-known consequence of the support property, which is useful in
inductive arguments (cf. Section 8). The first assertion is already found in [KS08, Remark 1
in Section 1.2], while the second uses m(E & F) = m(E) + m(F).

Proposition 2.12. The set of central charges of semistable objects is a discrete subset
of C. The set of masses of objects, M := {m(E) | E € C}, is a discrete submonoid of
(R>0,+).

Another important fact is the triangle inequality for exact triangles.

Proposition 2.13 (Triangle inequality for mass). Let A - B — C LN A[1] be an exact
triangle, then

(1) m(B) < m(A)+ m(C),
(2) if 6_(A) > 64 (C), then m(B) = m(A) + m(C),
(3) if p4(A) < ¢_(C) and 0 # § € Ext}(C, A), then m(B) < m(A) +m(C).

Proof. The first part was stated in [DHKK14, Section 4.5] and proven in [Ike21, Proposition
3.3]. The equality in (2) holds because under the assumption we can concatenate the HN
filtration of A with the HN filtration of C, possibly merging adjacent factors of equal phase,
to obtain the HN filtration of B. It remains to show (3).

Step 1: Case of semistable A and C. By assumption, there is a non-zero morphism
0: C — A[l], so ¢(C) < ¢(A[1]) = ¢(A) + 1. Suppose first that ¢(C) < ¢p(A) + 1. We
also have ¢p(A) = ¢4 (A) < ¢_(C) = ¢(C), thus Z(A) and Z(C) are contained in some
conical sector of angle less than 7, and A, B, C are contained in the heart of a bounded t-
structure on C. Let By, ..., By, be the semistable factors of B. Then ¢(A) < ¢(B;) < ¢(C),
i = 1,...,n, which implies that the piecewise linear path from 0 € C to Z(B) formed
by the vectors Z(B;) is no longer than the path formed by the vectors Z(A), Z(C), see
Figure 2. To show strict inequality, we need to exclude the possibility that B has a 2-step
HN filtration with semistable factors By and Bz with Z(By) = Z(C) and Z(Bs) = Z(A).
For contradiction, suppose this is the case. If AN By = 0, then

Z(B/(A+ B1)) = Z(B) — Z(A) — Z(B1) = 0,

thus B = A® By, contradicting 6 # 0. If AN By # 0, then the mono A/(ANBy) — B/By,
together with semistability of A and B/B; = By imply

$(A) < ¢(A/(ANB1)) < ¢(B/B1) = ¢(A)
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Figure 2: Showing m(B) = m(B1) + ...+ m(By) < m(A) + m(C).

thus ¢(A N By) = ¢(A). Similarly, using B1/(AN By) — B/A=C"

¢(B1) < ¢(B1/(AN B1)) < ¢(B/A) = ¢(B1)
thus ¢(A N By) = ¢(B1) # ¢(A), a contradiction.

Suppose now that ¢(C) = ¢(A) +1 =: ¢. Then 6: C — A[1] is a morphism in the
abelian category Cy4 of semistable objects of phase ¢. Since § # 0, 0 # Im(d) C A[1],
thus m(Coker(d)) < m(A). Similarly, Ker(d) € C, thus m(Ker(d)) < m(C). But since
B = Cocone(d) is an extension of Ker(d) and Coker(d)[—1] we conclude that

m(B) < m(Coker(0)) + m(Ker(d)) < m(A) + m(C).

Step 2: Case of semistable C, general A. Let

O:Ao AQH-'-HAn,1—>AngA

Ay
S / F'\ / K\ /
Si Sa

Sn

be the HN filtration of A. We prove the strict mass inequality by induction on n, the base
case n = 1 having been completed in the previous step.

Let e: C' 5 A[l] — Sp[1] be the composition. If ¢ # 0, then by part (1) of the
proposition and the previous step:
m(B) < m(A,_1) +m(Cocone(C = S,[1]))
<m(Ap—1) + m(Sp) + m(C) = m(A) + m(C).
On the other hand, if € = 0, then we can switch the order of S,, and C' in the filtration of
B to obtain, using the octahedral axiom, a filtration of the following form:

0=Ag —— A} — o — Ay ————5 Ay, Y B
S Sy C S,

The morphism C' — A,_1[1] is necessarily non-zero, since its composition with A, _1[1] —
A[1] is 6. Thus, by induction,
m(Y) <m(C) 4+ m(An—1) = m(C) +m(S1) + ...+ m(Sp-1)
hence m(B) < m(Y') + m(S,) < m(C) +m(A).
Step 3: Case of general A and C'. Passing to C°P, we obtain from the previous step
also the case where A is semistable and C' is general. We can then repeat the argument as

in Step 2, but with C not necessarily semistable, and with appeals to Step 1 replaced by
the dual of Step 2. O
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2.4 Effective curves and central charge

Throughout this subsection, k is a field and C is a k-linear triangulated category.

Definition 2.14. A curve in Ob(C) is an exact k-linear functor F': Perf(X) — C, where X
is a connected smooth projective curve over k, and satisfying the following representability
conditions:

(1) There is a functor Rp: C — D__, (X) such that

coh

Hom¢ (F(E), A) = HomD;Oh(X)(E, Rr(A))

for £ € Perf(X), A€C.
(2) There is a functor Kp: CP — DT

coh

(X) such that
Home (A, F(E)) =2 H°RI'(X; E @ Kp(A))
for E € Perf(X), AeC.

In particular, the representability assumptions are satisfied if F' has both a right and a
left adjoint. This is a reasonable assumption if C is the homotopy category of a smooth
and proper dg category over k.

Suppose that cl: Ko(C) — I' and a stability condition o = (Z,(Cy)g) on (C,I',cl) have
been fixed. Given ¢ € R and v € T such that Z(7y) € Rsge™ 1%, we let Cs, be the full
subcategory of Cy4 of those objects £ which have class cl(E) = . We can define the group
of 1-cycles (modulo algebraic equivalence) and its submonoid of effective cycles on Ob(Cg ).
Effective cycles are defined as follows:

Definition 2.15. A curve in Ob(Cy ) is a curve F': Perf(X) — C in Ob(C) such that
if F is any coherent sheaf on X with 0-dimensional support and n = dimy I'(X, E), then
F(E) € Ob(Cy).

For any curve in Ob(Cy ) we define its degree with respect to Z to be
—Im (e7™V7Z(F(0x))) € R.

Theorem 2.16. The degree of any curve in Ob(Cy ) is non-negative.

In the context of derived categories of coherent sheaves, this is part of [BM14, Positivity
Lemma 3.3]. The proof of Theorem 2.16 will be completed after the following lemma.

Lemma 2.17. Let X be a smooth projective curve over k.
(1) Suppose E € DF (X) with HS°(0, @ E) = 0 for all closed points p € X, then

coh

E € D2}(X), in particular H<RT(X: E) = 0.
(2) Suppose E € D_,(X) with Ext=*(Op, E) = 0 for all closed points p € X, then
E € Dfo(l]l(X), in particular ExtS~1(Ox, E) = 0.

Proof. (1) We claim FE € D= (X). For contradiction, suppose that n < 0 is minimal such

coh

that H"E # 0. Choose a closed point p € X in the support of H"FE, then
H™(0, @" E) = H"E ®o, k(p)

which vanishes by assumption, contradicting Nakayama’s lemma.
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(2) By Serre duality, and using Op ® wx = O, the hypothesis is equivalent to
Ext=!(E,0,) = 0 for all closed points p € X. Because Coh(X) is hereditary, each
(H"E)[—n], n € Z, is a direct summand of E. Moreover, Hom(H"E, O)) is a direct sum-
mand of Ext™"(E, Op). Thus, if n < 0 then the assumption implies Hom(H"E, O,) = 0 for
all closed points p € X, thus H"E = 0 by coherence of H"E. This shows E € D=? (X). O

coh

Proof of Theorem 2.16. We will show the stronger statement that F(Ox) € Cl¢—1,¢)- This
is equivalent to the combination of:

(1) Hom(A, F(Ox)) =0 for A € C(y o and
(2) Ext 1(F(Ox),A) =0 for A€ Cl—o0,8)-
Let us first show (1). Let K be as in Definition 2.14. Suppose A € C(¢,x0), then since
F(0O,) € Cy we have for any p € X:
H='RI(X;0, ®" Kr(A)) = Ext=(4, F(O,)) = 0.
By the first part of Lemma 2.17,
Hom(A, F(Ox)) = H°RT(X; Kr(A)) = 0.

For the proof of (2) we use a similar argument. Let R be as in Definition 2.14. Suppose
A € C(_u0,¢), then for any p € X:

Ext=Y(0,, Rp(A)) = Ext="(F(0,), A) = 0.
By the second part of Lemma 2.17,
Ext™1(F(Ox),A) = Ext 1(Ox, Rp(A)) = 0.
0

Assume that the finite rank abelian group I' in Definition 2.9 is free® of rank ~ > 0 and
the homomorphism cl: Ky(C) — I' =2 Z" is given by the r-tuple of Euler characteristics

cl(A) = (X(Gi(A)))i:I,...,r

where G1, ..., G, are functors from C to Perf(k). Then for each object A € C we have an
r-tuple of determinant lines (1-dimensional spaces over k)

Li(A) =DetG;(A), i=1,...r.

So, in a sense, we get 7 line bundles on the “stack of objects” Ob(C). For example, in
the case of representations of quivers (see Section 5) the group I is freely generated by
the set Qo = {1,...,r} of vertices and the corresponding functor G; associates with each
representation F its component F; at vertex i. Then we obtain actual line bundles on the
derived Artin stack Ob(C). In general, for any curve F': Perf(X) — C we obtain ordinary
line bundles on X. The fiber of the i-th bundle F*L; at point p € X is defined as the
determinant line Det ((G; o F)(Op)). Theorem 2.16 means that for any curve in Ob(Cy )
we have

_ ilm (e—”\/jwz,») -deg F*L; > 0.
=1

30ne can always replace the finitely generated abelian group I' by T'/Ttorsion-
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Here z1,..., z. € C are parameters of the central charge:

Z:(dy,...,dy) €Z" =T > diz €C.
=1

The conclusion is that we have a real linear combination of first Chern classes of line
bundles on Ob(Cy ) which is numerically effective, i.e. informally this stack (or better, the
coarse moduli space parametrizing polystable objects) “wants” to be a quasi-projective
variety, which is the essence of Mumford’s theory of stability. The main theme of our paper
is to upgrade this purely algebraic non-negativity to some kind of Kéhler metric (or at
least non-negative (1, 1)-current) on the moduli of polystable objects, whose integral over
effective curves is the degree determined by the central charge.

The group G,, k of rescalings of the object A € C acts on the line £;(A) by weight
X(Gi(A)). Therefore, for any object A € Cy4, on the formal tensor product of “real tensor
powers”

® £ —Im e*’f\/ﬁ¢zz)

the group of rescalings acts trivially.
To make rigorous sense of the tensor product of real tensor powers, suppose that the
ground field k is R, C, or a non-Archimedean field, so we have a norm homomorphism

"|:kx—>R>0.

For a one-dimensional k-vector space L, denote by |L| the oriented real line obtained from
the k*-torsor L* by extension of structure group along | -|. Thus, with A € C we associate
the oriented real lines |£;(A)].

For an oriented real line V and a € R, we denote by V®% the oriented real line obtained
from the R -torsor V5 of positive nonzero vectors by extension of structure group along
the homomorphism A — A% With this convention, the tensor product

£7.5(A |—®w )| @m0z

is well defined. The rescaling group acts trivially on this real line. Moreover, one can easily
see that the whole group Aut(A) acts trivially on the oriented real line £z 4(A)|, and that
this line depends only on the isomorphism class of the semisimplification of A considered as
an object of the finite-length category Cy4. Therefore, we obtain, at least set-theoretically,
an oriented real line bundle on the space of isomorphism classes of polystable objects.
Presumably, in reasonable situations, this oriented real line bundle is independent of
the choice of functors G; which categorify the components of the map cl .= Ky(C) — Z",
and even defined when there is no natural categorification at all. The central charge should
be replaced from this perspective by two oriented real line bundles on Ob(C) with fibers

|Lrel(A ®!E IR Ll (A ®!E )| @t

which implies that
|£Z,¢‘ — |£Re|sm7r¢ ® |£Im|—cos7rq§_
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2.5 Ascending-phase filtrations

The constructions in this subsection will only be used in Section 7, but are also of interest
in their own right. Fix throughout a triangulated category C with stability condition
o= (Z, (C¢)¢) and heart A = C(O,l]-

Definition 2.18. An ascending-phase filtration of an object E € A is a filtration
O=FEyCFkFi CEyC---CFE,=F

such that 0 # A; := F;/FE;_; are semistable for i = 1,...,n with strictly ascending phases
P(A1) < ¢p(A2) < -+ < ¢(Ap). Wewrite E<, := Ej, where k = max ({0} U {i | ¢(4;) < ¢})
and regard the collection (E<4), as an ascending [0, 1]-filtration of E.

If E,F € A are equipped with ascending-phase filtrations (E<4)e, (F<¢)e, then a
morphism f: E — F is said to be compatible if it is filtration preserving, i.e. f(E<y) C F<y.

The following is [HKS24, Lemma 4.13], where ascending-phase filtrations were called
anti-HN filtrations.

Lemma 2.19. Let f: E — F be a compatible morphism between objects equipped with
ascending-phase filtrations. Then f is strict, i.e. f(F<g) = F<gNIm(f).

Proposition 2.20. Fix n > 1 and consider the category whose objects are objects E € A
equipped with n ascending-phase filtrations ( 2¢)¢ of E,i=1,...,n, and whose morphisms
are those morphisms E — F which send the i-th filtration on E to the i-th filtration on F.
Then this category is abelian and finite-length.

Proof. The proof that the category is abelian is identical to the argument in [HKS24,
Proposition 4.12]. To see that it is of finite length, note that by the support property each
category Cy is of finite lengthh, and any short exact sequence in the category of objects
with ascending-phase filtrations induces a short exact sequence of each of the semistable
factors. O

The case n = 2, i.e. objects with a pair of ascending-phase filtrations, plays a special
role.

Definition 2.21. The vertex category®, V(c), of a stability condition o with heart A, is
the finite-length abelian category of objects E € A, together with a pair of ascending-phase
filtrations (EZ,) .

( §¢>¢

Given an object of V(o) we can draw a diagram as in Figure 3, cf. [HKS24, Figure 4.9],
which we interpret as a vertex of a spectral network with coefficients in C, see Section 7.

Theorem 2.22. Assume that C admits an co-categorical enhancement, i.e. C is equivalent
to the homotopy category, hC', of a stable co-category C' in the sense of [Lurl7]. Then
the construction o +— V(o) is 6‘I+(2,R)—invam’ant, i.e. for g € @+(2,R) there is an
equivalence V(o) — V(g - o).

Proof. The group 61?*(2, R) acts on the set R of phases. If an element g € 6E+(2, R) fixes
the phase 0 € R, and thus Z C R, then, since g fixes the heart and the order of the phases,
it is clear that there is a canonical equivalence V(o) ~ V(g - ). Thus, we can restrict to

4Following catchy terminology of Bousseau Bridgeland-Giovenzana, one might also call this the
boomerang category.
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Ay

Figure 3: Diagram of a pair of ascending-phase filtrations with semistable subquotients
Af, ..., AL of the first filtration and A7, ..., A, of the second filtration. The phases are

bi = (A) and ¢ = G(A; ). '

the action of the subgroup R C é\i+(2,R) which covers U(1) € GLT(2,R). In fact, it
suffices to consider the following situation: Let ¢ € (0, 1), then we want an equivalence, ®,
from V(o), the category of objects in C(0,1) with a pair of ascending-phase filtrations, to
Vi(o), the category of objects in C; ;1) with a pair of ascending-phase filtrations (indexed
by (t,t+ 1]). Intuitively, we are tilting the horizontal line in Figure 3 by an angle 7t in the
clockwise direction. For other values of £ € R, the equivalence follows by transitivity.

We use the stable co-categorical enhancement C'. The heart A = C(0,1) embeds in c’,
and for X,Y € A we have

7 Mape (X,Y) = Home (X [n],Y) =0, n > 0.

Thus the full co-subcategory of C’ spanned by the objects of A has discrete mapping spaces
and is canonically equivalent to the nerve of the ordinary category A. The same applies to
finite diagram categories of filtrations in 4. Hence the vertex category may be regarded as
an ordinary category of coherent diagrams in C’.
Let
(E. (EZy)s) € V(o)

and define

O(E) = cofib (B2, © B, — B), (2.4)

where the two components of the displayed morphism are the inclusions. Since F — E_,

and F — Eit are functorial and cofibers are functorial in a stable oo-category, this defines
a functor on the underlying coherent diagrams.
The canonical total-cofiber equivalence for a composable pair gives natural equivalences

®(E) ~ cofib (EZ, — E/BY,)

and
®(E) ~ cofib (B, — E/BL,).

Equivalently, there are natural exact triangles

EZ, — E/EZ, — ®(E) — E_,[1] (2.5)
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and
Ef, — E/EZ, — ®(E) — EL[1]. (2.6)
Since

E/E%Lt € Cu1) EZL (1] € Ca gy

the first triangle shows that ®(E) € C;¢41)- The ascending-phase filtration on £/ E;
induced by the first filtration on F, followed by the shifted ascending-phase filtration on
EZ, induced by the second filtration on E, gives the first filtration, ®(E)*, on ®(E).

Similarly, the second triangle combines the filtration on E/E_Z, induced by the second
filtration on E with the shifted filtration on Eit induced by the first filtration on F, and
gives the second filtration, ®(E)~, on ®(E).

All these constructions are natural in E. Hence a morphism in V(o) induces a morphism
in V;(o) preserving both filtrations, and ® is a well-defined functor.

Conversely, let

(F,(FZ)p) € V(o).
Cut both filtrations at phase 1, and define
W(F) =fib (F5, @ F4, — F).
The total-fiber identities give natural exact triangles
(F/F$)[-1] — ¥(F) — FZ, — F/F%

and
(F/F5)[-1] — ¥(F) — F5, — F/F_,.

Since
FZ €Cuyp  (F/FZ)[-1] € Coy,

after the evident reindexing of phases these triangles define two ascending-phase filtrations
on V(F'), and V(F) € C,1)- We obtain a well-defined functor

U: V(o) — V(o).

Lastly, we check that ® and ¥ are mutually inverse. We use the following standard
identity in a stable co-category. Given morphisms A — F and B — F, set

T = cofib(A® B — E).
Then the canonical maps E/A — T and E/B — T fit into a natural fiber sequence
E—FE/A®FE/B—T,

where one of the two components of the first map is taken with the usual sign convention.
Equivalently,
E~fib(E/A®E/B—T).

This follows from the standard 3 x 3 bicartesian diagram associated with the pair of
morphisms A, B — FE.
For E € V(0), the definitions of the filtrations on ®(F) give

®(E)Z, ~ E/EZ,, @(E);l ~ E/E;.
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Applying the preceding identity with A = E_, and B = E; therefore gives a natural
equivalence

UP(E) ~ E.

Under this equivalence, the two filtrations reconstructed by W identify with the original
two filtrations on F, as follows from the same bicartesian diagram.

Dually, for F' € V4(0), the total-fiber version of the same identity gives a natural
equivalence

dU(F) ~ F,

again compatible with both filtrations. Hence ® and ¥ are mutually inverse equivalences.
O

Remark 2.23. Call two slicings of a triangulated category equivalent if they differ by a
reparameterization (orientation preserving homeomorphism) of the set R of phases. The
proof of Theorem 2.22 shows, more generally, that V(o) only depends on the equivalence
class of the slicing. In the terminology of walls of the first/second kind of [KS08], we can
say that to any stability condition ¢ we can attach two abelian categories:

(1) The vertex category V(o), which is constant along a path of stability conditions not
crossing any walls of the first kind.

(2) The heart A = C(g], which is constant along a path of stability conditions not
crossing any walls of the second kind.

Example 2.24. Fix a coefficient field k and let A = Rep(e — o) be the category of
representations of the Ay quiver over k (see also Section 5.1). This category contains three
indecomposable objects A, B, C', up to isomorphism, which fit into a non-split short exact
sequence 0 =+ A — B — C' — 0. We consider the triangulated category C := D?(A) with
any stability condition o with heart A.
o Suppose first that ¢p(A) > ¢(C), i.e. B is not semistable. Then B does not admit an
ascending-phase filtration and the category V(o) is semisimple with two simples, up
to isomorphism.

o In the case ¢(A) = ¢(C) there are no non-trivial ascending-phase filtrations, so
V(o) = A.

o The case ¢p(A) < ¢(C) is more interesting. In this case, B is stable and admits
two distinct ascending-phase filtrations: the trivial one and 0 C A C B. It can
be deduced from the discussion in [HKS24, Section 6] that V(o) is the category of
coherent sheaves with O-dimensional support (i.e. torsion sheaves) on a stacky A!
with two orbifold points with stabilizers Z/3 and Z/2. This is the stacky pg-quotient
of a plane elliptic curve [{y* = 2% + 1}/ug]. (Assume chark # 2,3.)

It would be interesting to generalize this analysis to A,-type quivers with larger n. This
could shed some light on the complicated chamber structure of Stab(D?(A,,)).

Example 2.25. Let E = C*/q¢” be an elliptic curve over C and C = D°(Coh(E)) with
arbitrary numerical stability condition o. (There is a single orbit under the action of

C‘IJF (2,R).) Then V(o) is equivalent to the category of holonomic modules over the algebra
CXELYH) [y X = gXY .

This can be deduced, with some work, from the results of [Sau09], see also [RSZ13].
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Bousseau—Bridgeland—-Giovenzana have announced upcoming work in which they iden-
tify certain moduli spaces of objects in V(o) with complements of anticanonical divisors
in del Pezzo surfaces. They have also announced a proof of the trigonometric case of the
non-linear Riemann-Hilbert correspondence for holomorphic symplectic surfaces, as conjec-
tured by Kontsevich—Soibelman in their program for understanding the non-abelian Hodge
correspondence for sheaves of categories arising from monopoles with partial periodicity
properties.

3 Heuristics from Fukaya categories

3.1 Stability conditions from SCFT

Recall that the very notion of stability condition by Bridgeland [Bri07] came as a formal-
ization of ideas of Douglas [Dou02] who tried to reconcile the notion of D-brane with the
Aso-category viewpoint on mirror symmetry proposed in [Kon95].

The modern perspective is the following:

o There is a well-defined notion of a N = (2, 2) supersymmetric 2-dimensional conformal
field theory (SCFT in short), as a Hilbert space valued symmetric monoidal functor
on a certain category of 2-dimensional bordisms with conformal structures.

Roughly, it is given by a countable-dimensional super representation of the product of
two N = 2 super-Virasoro algebras, with a pre-Hilbert norm, together with correlation
functions which are real-analytic sections of appropriate determinant (Berezinian)
line bundles on moduli spaces of N = 2 superconformal curves (equivalently, complex
(1|1)-dimensional supermanifolds), the powers being determined by the central charges.
After either of the two topological twists, these pull back to closed differential forms
on the ordinary moduli spaces of complex curves with marked points and formal
coordinates, compatibly with sewing; see [Sch96]. It is notoriously difficult to work
with this definition and to deduce rigorously useful consequences from it.

e A typical connected component of the moduli space of SCFTs with central charge
(c,¢) = (3n,3n) for some integer n > 0 is expected to be a product My x Mp where
each factor is the moduli space of complex structures of some complex projective
Calabi-Yau varieties X, XV of complex dimension n. The two isomorphism classes of
CY varieties up to deformation are not canonically defined. The actual mirror pair
of varieties arises only near the product of two cusps (points at infinity of maximal
degeneration) in the product M4 x Mp. Complexified Kéhler parameters for X
correspond to complex parameters for XV via so-called flat coordinates, and vice
versa.

o If we approach in the moduli space M 4 X Mp as above a limiting point at infinity
which is the product of a cusp in M 4 and some point in the interior of Mp (so-called
large volume limit), we will have an approximate Lagrangian description of the SCFT
as a o-model whose target space X is a Calabi—Yau variety with the metric rescaled
by a large constant. The latter is a compact Kahler manifold X endowed with a
holomorphic volume form Q™ such that

QWO A Qn0 = X - (whh™ for some non-zero constant \. (3.1)

implying that the Ricci curvature of the underlying Riemannian metric vanishes.
Another geometric piece of data is a U(1)-gerbe with flat connection (called B-
field). The cohomology class of the B-field, [iB] € H?(X,iR/27iZ), is the imaginary
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counterpart of the Kéhler class [w!!] € H?(X,R). The most basic example of such a
class is the one coming from a purely imaginary cohomology class in H2(X,iR) via
the long exact sequence

o= HY(X,2miZ) — H*(X,iR) — H*(X,iR/2miZ) — H*(X,Z)tors — 0.

In this case the flat gerbe can be represented by the closed purely imaginary 2-form
iB. The complexified Kéhler class of a Kédhler manifold with B-field is defined as

W + [iB] € H*(X,R) ® H*(X,iR/2miZ) ~ H*(X,C*).

e For each SCFT one has two canonically defined triangulated categories C4,Cp over C,
corresponding to the two topological twists of the SCFT. The category C4 depends
holomorphically on the M 4-component, and is locally constant in the M g-component,
whereas the category Cp is holomorphic along M p and locally constant along M 4.
In the case when the moduli space is a product M 4 x M p as above, the category C4
is the Fukaya category of X whose objects are roughly B-field twisted local systems
on Lagrangian submanifolds L. C X or, equivalently, the bounded derived category
of coherent sheaves D?(Coh XV) on the mirror. Similarly, the category Cp is the
Fukaya category of XV, or, equivalently, D?(Coh X).

o There is a local system of Z/2-graded finitely-generated Z-modules K}, on the moduli
space of SCFTs. This local system is simultaneously identified with the “topological
K-theory” of the categories C4 and Cp. There is a natural map cl: Ko(C) = Kiqp
where C is either C4 or Cp. In the case of a mirror pair as above, the fiber of the
local system is the topological K-theory of the variety X (the sum of the even and
of the odd part). The holonomy along the factor M 4 comes from autoequivalences
of Fourier-Mukai type of D?(Coh X) corresponding to symplectomorphisms of XV,
whereas the holonomy along Mp comes from symplectomorphisms of X.

o Each of the categories C4,Cp carries a stability condition, where the central charge
Z (up to scalar in C*) is controlled by the functional “pairing with the holomorphic
volume form”.

e Stable objects in C4, Cp are exactly D-branes, i.e. extensions of the SCFT to a
so-called boundary SCFT, preserving a certain part of the supersymmetry.

Heuristically, D-branes should be thought of as “stable objects together with a choice of
harmonic metrization”. At the large volume limit, D-branes of type A have a nice geometric
description®: Away from possible singularities of the support, it is approximately a special

Lagrangian submanifold
30 cR/2xZ:  arg Q™| =6

where the angle @ can be determined as the phase of the integral of Q™9 over L, i.e. the
argument of the central charge. More precisely, in the case of a B-field coming from a
closed purely imaginary 2-form ¢B on X, L carries a Hermitian vector bundle £ with
unitary connection V whose curvature V? is the identity endomorphism multiplied by iB
restricted to L.

5One expects that at a possibly everywhere dense collection of proper complex subvarieties in M4
the corresponding categories C4 can have other stable objects called coisotropic branes which are roughly
“supported” on coisotropic subvarieties of dimensions n+2,n+4,.... However, by Hodge-theoretic reasons,
for any given class v in K;,, which does not correspond to a middle-dimensional Lagrangian cycle, for
any point of M 4 sufficiently close to the large volume limit there are no objects £ in the corresponding
category C4 such that cl(£) = ~.
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As noted above, it is almost impossible to work with the definition of SCFT as a
symmetric monoidal functor. What we will try below is an attempt to strip off some
unnecessary structures (in particular, we will forget about interaction of the two categories,
and will deal exclusively with C4) and try to extract the geometric origin of stability in
the framework of Fukaya categories.

3.2 Fukaya categories: general idea

Let (X,w) be a symplectic manifold of dimension 2n, not necessarily compact. The Fukaya
category associated with (X,w) (possibly with an auxiliary B-field) is linear over the
so-called Nowvikov field

o0
Nov = {ZCZTA" |ci € C,A; e R)lim A; = —I—OO}
i—1 !

which is a complete non-Archimedean field® with valuation group R.

From the SCFT perspective, the role of the formal parameter 7' (which can be thought
of as a “small positive number” 0 < T' < 1) is that we consider not an individual C-linear
A-model category C4 but rather a one-parameter family of such categories corresponding
to the path in the complexified Kéhler cone (identified with a domain in the moduli space
M)

0<T<1—log(T™) [wh]+[iB] € H*(X,CX).

In what follows, we will assume for simplicity that the B-field vanishes and omit it from
the notation.

Recall that an almost complex structure J on X is called w-compatible iff for any point
x € X and any non-zero tangent vector v € T, X, v # 0, we have

w(v, Jv) > 0.

The space of w-compatible almost complex structures is contractible, being the space of
sections of a bundle with contractible fibers. Let us choose an w-compatible J. This choice
is used in the traditional definition of the Fukaya category; the equivalence class does not
depend on J.

To first approximation, the simplest class of objects of the compactly supported Fukaya
category F.(X,w) consists of compact Lagrangian submanifolds L C X, with morphisms
from Ly to Lo given by linear combinations of intersection points L1 N Lo (if the intersection
is transverse), and cyclic Ay, structure given by counting with signs J-pseudo-holomorphic
discs with boundary on a cyclic chain of Lagrangians Lg, L1, ..., Ly = Ly in X, with weight

TfD “ ensuring adic convergence by Gromov compactness (generically there will be only
finitely many discs with symplectic area bounded from above).

There are well-known problems with this definition concerning grading and orientation,
potential pathological behavior of the symplectic structure at infinity (if X is non-compact),
genericity and transversality issues, as well as the fact that some Lagrangian submanifolds
are “obstructed” and not actual objects of the category (this can happen when there exists
a non-trivial J-holomorphic disc with boundary on L). We will pretend that the problem
of obstructedness does not exist, until it will be addressed later, in Section 3.4.

In the case when [w] € H?(X,R) belongs to the image of H?(X,Z), one can define a version of the
Fukaya category over the smaller and more common Laurent series field C((T)).
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Let us first discuss the grading/orientation problem. Recall that the symplectic structure
leads to a reduction of the structure group GL(2n,R) on the tangent bundle to the subgroup
Sp(2n, R) which is homotopy equivalent to U(n). Hence one has well-defined Chern classes
c; € H*(X,Z). In order to have a well-defined Z-grading on the Fukaya category it is
enough to have 2¢; = 0 € H?(X,Z), together with the choice of “trivialization” on the
cochain level. In order to alleviate the exposition it will be more convenient for us to
assume the stronger condition ¢; = 0.

Definition 3.1. For n > 1, an almost Calabi-Yau structure on (X,w) is a choice of
reduction of the structure group on the tangent bundle from Sp(2n,R) to SU(n).

Equivalently, such a structure on (X,w) is the same as a choice of C-valued n-form §2
such that for each point 2 € X one can identify the tangent space 7, X with standard R?"
with coordinates x1,y1, Z2,¥2,...,Tn, Yn in such a way that

wlr,x =dry ANdyr + -+ + dep ANdyn,  Qr,x = (dzy +idy) A -+ A (dzy, + idyy,).

Notice that an almost Calabi—Yau structure automatically gives an almost complex structure
J compatible with w. The restriction of ) to any Lagrangian subspace in 7, X is a non-
vanishing top degree complex-valued form.

An almost Calabi—Yau structure exists iff ¢y = 0. The special case when (2 is closed cor-
responds exactly to Calabi-Yau structures in the usual sense (natural from the perspective
of large volume limits of SCFTs), i.e. X carries a complex structure so that w = w'! is a
Kihler metric with vanishing Ricci curvature, and Q = Q™ is a everywhere non-vanishing

holomorphic volume form normalized by a multiplicative constant so that

1 | _
S = QAT 2
ST SRR (32)

For any oriented Lagrangian submanifold L C X and an almost Calabi—Yau structure
we have a well-defined map
argQ|r: L — R/2nZ.

Namely, at each point x € L consider the pairing between 2 and the wedge product of
the oriented real basis of T, L. The result is a non-zero complex number whose argument
modulo 277 depends only on the orientation of L. The homotopy class of the map arg Q|
from L to the circle S' ~ R/27Z is an element of H'(L,Z) called the Maslov class of
L in the presence of an almost Calabi-Yau structure. There exists (in the semi-classical
approximation) an actual object of F.(X,w) (defined up to shift) corresponding to L iff
the Maslov class vanishes and also L is endowed with a spin structure’. Moreover, the
choice of a shift of the actual object corresponds to the choice of a continuous lift (called
grading)
arg" Ql: L - R

of the S'-valued map arg Q|r. For two Lagrangian spin submanifolds L;, Ly C X together
with gradings arg* Q|r,,7 = 1,2, for any transverse intersection point p € L1 N Lo one can
define its index in Z using the lifts and the “shortest clockwise” path from T,,L; to T),Lo
in the Lagrangian Grassmannian LGr(7},X). This index is the cohomological degree of the
summand corresponding to p in the Hom-complex of morphisms from L; to Lo (the Floer

"The role of spin structures is to fix an orientation on the space of pseudo-holomorphic discs, in order to
have a well-defined counting in the definition of the structure constants in Fukaya category.
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complex). In the case of cohomological degree +1, one can resolve the intersection point
by a little neck, the resulting object is an extension of Ly by Lj.

Notice that the normal bundle to Lagrangian submanifold L in X is canonically
isomorphic to the cotangent bundle T*L, and the first-order infinitesimal deformations
of L as a Lagrangian submanifold correspond to closed 1-forms on L. It is known that
exact deformations (corresponding to exact 1-forms) give rise to an isomorphic object of
Fe(X,w) (ignoring temporarily other issues, like potential obstructedness of the object
etc.). Therefore, we get a family of isomorphism classes of objects parametrized locally by
an open domain in the real vector space H!(L,R).

In the case of Calabi—Yau metrics, the expected simplest stable objects of category C in
the classical limit of SCFT are (roughly) oriented graded compact Lagrangian submanifolds
L C X with spin structure, which are also special Lagrangian:

arg® Q| is constant.

Such submanifolds are known to be minimal submanifolds, i.e. minimizing the volume with
respect to the induced Riemannian metric among all oriented n-dimensional submanifolds
(not necessarily Lagrangian or spin) in the given homology class. This follows from the
classical calibration inequality

vol(Y) > / Re(e Q) VO e R/2rZ, VY C X,dimY = n.
Y

The central charge is given by the composition of the “Chern class” map
cl: Ko(F(X,w)) = T' = H,(X,Z)

which associates to the object corresponding to Lagrangian L its fundamental class [L] € T,
and of the homomorphism

Z:1'— C, ’)/I—)/Q
g

where we use the fact that form € is closed in the Calabi—Yau case.

3.3 Minimizing flow and heuristic for Bridgeland stability

Let us assume that we have an almost Calabi-Yau structure (w = w'!, Q = Q%) on X
where () is closed and normalized as in (3.2). Then on the space of oriented graded spin
Lagrangian submanifolds we get a canonical flow

L= —darg* Q| (3.3)

by exact deformations® of L. By definition, special Lagrangian submanifolds are exactly
the fixed points of this flow.

The basic heuristic picture of Bridgeland’s axiomatics is the following: For a given
oriented graded spin Lagrangian submanifold L, run the flow (3.3) in positive time,
obtaining a family (L¢)¢>o of submanifolds corresponding to isomorphic objects of F.(X,w).
The expectation is that this object is semistable iff the flow converges as t — 400 to a
special Lagrangian with phase ¢ where

m-¢=arg" Q| =arg" Z(cl(Lx)) = arg” Z(cl(L)),

80ne can define an analogous flow (by non-exact deformations) on the space of Lagrangian submanifolds
without a choice of orientation, spin structure, or trivialization of the Maslov class. It is a symplectic analog
of the classical mean curvature flow for hypersurfaces in a Riemannian manifold.
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here arg™ denotes also a choice of the argument of the central charge. More generally, for
large t we expect that L; is close to the union of several special Lagrangians L, ..., Lg
with different phases ¢1 > -+ > ¢,. This decomposition corresponds to the canonical
Harder—Narasimhan filtration.

There are several properties of (3.3) which give reasons to believe that the trajectory
(Lt)¢>0 does not diverge at finite time and stays in a sense bounded:

o the total Riemannian volume vol(L;) = [} [Q|L,| decreases in ¢,
o the maximum of the value of arg* Q|r, decreases in t,

e the minimum of the value of arg* |, increases in t.

3.3.1 Complex-valued n-forms non-vanishing on Lagrangians

One can extend the above heuristics to a more general class of closed complex-valued forms
Q2 on a symplectic manifold (X, w), generalizing the Calabi—Yau case. Recall the generalized
Siegel domain introduced by the first named author in [Hai20]: For a real symplectic vector
space V' of dimension 2n with symplectic pairing w, we define the complex manifold U (V)
as the open domain in the space of primitive complex-valued n-linear skew-symmetric
functionals? 2 on V such that Q|; # 0 € (A" L) ® C ~ C for any Lagrangian subspace
L CV.If n>1 the space U(V) has two connected components; we denote by U™ (V') the
one containing translationally-invariant almost Calabi-Yau structures, see (3.2).
Any Q € U(V) gives a circle-valued function

¢q: LGr(V) - R/nZ, L+ argQ|L
on the Lagrangian Grassmannian of V.

Lemma 3.2. For Q € UT(V) the derivative of ¢q at any point L € LGr(V) is a
positive-definite symmetric bilinear form on LV after the natural identification T{LGr(V) ~
Sym?2L ~ (Sym?LV)V.

Proof. Let v1,...,v, be a basis of L, and choose a vector u; € V such that w(vi,u1) =1
and w(v;,u1) =0, i > 2. We have two non-zero complex numbers

a=Qui Ava A Awvy), b=Qur AvaA---Awvy)
such that for any (z,y) € R?\ {(0,0)} we have
a-z+b-y=Qvi-z+u-y)AvaA---Avp) #0e€C.

Therefore, the map
F:R*=C, (z,9)— azx+by

is a real-linear isomorphism. The condition Q € Ut (V) implies that F is orientation-
preserving, thus = Imab > 0. Consequently, the derivative of ¢q for the tangent vector
at L corresponding to infinitesimal deformation

n
L. ::R~(v1+eu1)+ZR-vi
i=2

is strictly positive. O

9For a functional Q: /\" V — C the condition of being primitive, w™'LQ = 0, is equivalent to the
condition of being coprimitive, w A 2 = 0.
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For an arbitrary symplectic manifold (X,w) of dimension 2n we can consider closed
complex-valued n-forms € such that for any point x € X the primitive part of Q|7 x
belongs to UT (T, X). For such a form we have a linear functional

Z: Hy,(X,Z)— C, 7»—>/Q.
0l

Like in the (almost) Calabi-Yau case, the form € gives a trivialization of ¢; on the cochain
level, and we can define the flow as in (3.3). The only difference is that there is no obvious
almost complex structure canonically associated with {2, nor is there an obvious canonical
Riemannian metric. Nevertheless one can define the total volume by

vol(L) = /L 1] € Rso
as well as two real numbers
¢ (L) =7"' -maxarg*Qlp, ¢_(L):=7""' minarg* Q.
Lemma 3.2 implies that under the minimizing flow we have the same monotonicity properties
as in the Calabi—Yau case:
e total volume decreases,
o ¢4 (L) decreases,

e ¢_(L) increases.

Notice that we have a direct analogue of two-sided bound (2.3): if ¢4 (L) < ¢_(L) +1

then
1

2] < vol(E) < — =gy 12 LD

(3.4)

3.4 Singular Lagrangians and a conjectural global Fukaya category

Here we return to technical issues in the would-be definition of Fukaya category.

First, in order to control behavior at infinity for non-compact X, at least for the
definition of the compactly supported version F.(X,w), there are several sufficient criteria.
One of them says that there exists a complete Riemannian metric on X such that tensors
w,w ! and the Riemannian curvature tensors are uniformly bounded from above, and the
injectivity radius is uniformly bounded from below. Nevertheless, some natural examples
related to spectral networks (see e.g. Section 7 and [HKS24]) deal with a non-compact
version of the Fukaya category (so-called partially wrapped one) in which Lagrangian
submanifolds go to infinity in a certain controlled manner.

The second issue concerns smoothness of Lagrangian submanifolds representing objects
of the Fukaya category. The current state-of-the-art situation where one deals only with
smooth or at most immersed Lagrangian submanifolds (and possibly endowed with finite
rank C-linear local systems) looks to us far from ideal, especially from the perspective of
Bridgeland stability and minimizing flow. It looks very plausible that potential polystable
objects are associated with special Lagrangian subsets which could have singularities (at
least in real codimension 2), like e.g. holomorphic curves in complex symplectic surfaces.

In what follows we will describe a hypothetical picture proposed some time ago by the
third named author (see the initial proposal [Kon09] and more recent update [Kon26b,
Sections 3.3, 3.4]). Also, in the next Section 3.5 we will describe an approach via sheaf
theory which seems to work in simple toric situation.
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We assume that ¢1(X) = 0 and the first Chern class of X is trivialized on the cochain
level either by an almost Calabi—Yau structure, or more generally, by a complex-valued
middle degree form as in Section 3.3.1. The basic idea is that with any locally closed
“Lagrangian” set L C X with “reasonable” singularities (e.g. subanalytic subset which is
Lagrangian at smooth points, although we do not want to be too precise here), we would
like to associate a certain canonical small A.-category WF°l(L) defined over Z and
depending only on the germ!'® of (X, w) along L such that

o the set Ob(WF°l(L)) consists of smooth points x € L together with a local
orientation, local spin structure near x and a local lift of arg(Q|7,z) from R/27Z to
R,

e if L is an embedded open d-dimensional disc, then all objects are isomorphic up
to cohomological shift, and the endomorphism A..-algebra of each object is quasi-
isomorphic to Z,

« every open embedding L1 < Ly induces a functor (tautological on objects) WF'°al(L;) —
WFeal(L,), so we get a co-presheaf of categories on every locally closed L,

o this co-presheaf is a cosheaf for every locally closed L,

« every closed embedding L; < Lo induces a functor (obvious on objects) WF°al(Ly) —
WFPeal (1) U {0} which identifies WF'°4 (L) with the localization of WF°!(Ls)
by objects corresponding to x € L§™o°™ \ L.

The cosheaf of small categories on L gives a sheaf WF lLocal,v of large categories by associating

with each open L’ C L the category of triangulated functors from WF° (L) to complexes
of Z-modules.

These (hypothetical) properties imply that when L is a oriented graded connected
Lagrangian submanifold with spin structure, the category WF° (L) is equivalent to the
dg category whose objects are points of L, and the complex of morphisms Hom(z1, ) is
the chain complex of the space of paths in L from 1 to xo. The dual category I'(WF lLocal’v)
is the category of complexes of sheaves whose cohomology sheaves are local systems on L,

possibly of infinite rank.

The next step (largely undeveloped at the moment, except in the cases when L is the
image of a smooth immersion with transverse self-intersections, or when dim X = 2) is
that pseudo-holomorphic discs in X with boundary on a closed singular Lagrangian L give
rise to a canonical deformation of W (L) over the Novikov ring

o
Novy :={a € Nov | |a| <1} = {ZciTAi |ci € C,A; € Ryp,limA; = —i—oo}.
i=1 !

Assuming the existence of such a canonical deformation, we define the Nov-linear

global Fukaya category supported on L (denoted by ]:Iglff’al(X ,w)) as the category of

Perf(Nov, )-representations of the deformed WF'°“a!(L). The localization property implies

that for Ly C Ly we have a fully faithful embedding F§ 7" (X, w) — FEo (X, w). The

universal Nov,-linear Fukaya category ]-'_%_IObal(X ,w) can be defined as the inductive limit

19Tf I is a retract of its Liouville tubular neighborhood U, the category WF'°°®*/(L) is expected to be
a part of an appropriate wrapped Fukaya category of U with stops, consisting of Lagrangian discs in U
transverse to smooth points of L.
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of F %{Tal(X ,w) over the poset of all compact singular Lagrangians L C X. Finally, the

Fukaya category over Nov is defined as the localization Nov ® ney., ]—"_%_IObal(X ,w).
We expect that the hypothetical picture of the minimizing flow extends to our putative
“correct” Fukaya category, and we will get a stability condition on it.

3.5 A sheaf-theoretic model for Fukaya categories and stability

Here we propose a rigorous definition, motivated by mirror symmetry, of a large Nov-linear
triangulated category which seems to contain as a full subcategory F ilObal(X ,w) for the
split symplectic torus X ~ (S1)?", the product of n copies of the standard 2-dimensional
symplectic torus (R/Z)? of area 1. Moreover, one can formulate a precise conjectural
characterization of a Bridgeland stability condition on the localized N ov-linear category in
terms of an arbitrary closed complex-valued n-form € on X satisfying the non-vanishing
condition from Section 3.3.1. Finally, we propose a generalization to the case of “Fukaya
category with coefficients”.

3.5.1 A large Nowv,-linear category associated to a Tate abelian variety

Let us consider the following sheaf O rn of Nov,-algebras on R": Its space of sections
over any open bounded convex domain U C R” is the set of Laurent series

Z er”, ¢, € Now, 2k = zfl e zﬁ”,
k=(k1,....kn) €L
such that for every k € Z" one has
n
log |c| + sup Z kix; <O0.
zeU i=1
This sheaf is equivariant under the group of translations by R™:

= xi+or,i=1,...,n, cp+—ck- T2 i kidws

By taking the quotient by the subgroup Z" C R", we obtain a sheaf O p of Nov-algebras

on n-dimensional torus
B :=T"=R"/Z".

Extending scalars we get a sheaf
Op = Nov @Nov, O1 B
of Nov-algebras on B.

Proposition 3.3. The category of perfect complexes over Op is naturally equivalent to
the category of perfect complexes on the abelian variety over Nov which is the n-th power
of the Tate elliptic curve E == G, /T?.

m,Nov

Proof. (Sketch). The analytic variety E™ (with the Berkovich topology) maps properly to
B by the logarithm-of-norm map. The direct image of the sheaf of analytic functions on
E™ coincides with Op, and higher direct images vanish. O
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Let us consider Nov,-linear triangulated category
Dp := D(O4 p-Mod).
Consider the endofunctor (cf. almost mathematics of Gabber and Ramero [GR18])
E+—m ®%m}+ E,

where
m:={a € Nov | |a| < 1}

is the maximal ideal of Novy. Since m is flat over Nov, and m? = m, the multiplication
map
mok. . . m—m

is an isomorphism; hence this endofunctor is idempotent. We define
C B C Dp

to be its essential image.

3.5.2 Reduced singular support, symplectic covariance

The torus B carries a natural integral affine structure, i.e. a family of commuting vector
fields which form a lattice in the tangent space at any point b € B. In this case we have a

natural symplectic manifold
X :=T*B/T}B ~ T*"

which is the quotient of the cotangent bundle by the dual lattice and is a Lagrangian torus
fibration over B.
For t € R, set
my == {a € Nov | |a| < e'}.

Let R™ be the real line with the topology generated by the right rays (a, +00). For E € Dp,
let R77(E) be the sheaf on B x R™ defined on basic open sets by

RI(U % (a,+00),R7(E)) = RT(U,my ®f,,, E).

The Rees sheaf R(E) is the pullback of R (FE) to B x R with the usual topology. Its stalk
at (b,t) is
R(E) (bt) = My ®%Vov+ Ep.

For a sheaf F on a real manifold Y, denote by SS(F) C T*Y its singular support in
the sense of Kashiwara—Schapira; it is a closed conic coisotropic subset. After pulling R(FE)
back to R™ x Ry, multiplication by powers of T" and by Laurent monomials gives natural
equivariances of the Rees sheaf. Consequently, SS(R(E)) is invariant under translations in
the t-direction and, after restriction to 7 = 1, under translations of the cotangent variable
by the lattice 177 B.

Write (b,t; €, 1) for coordinates on T*(B x R). Taking the Hamiltonian reduction at
7 =1 and then dividing by the integral cotangent lattice, we obtain a closed coisotropic

subset
SSx(E) = (SS(R(E))n{r=1})/(R¢ x T;B) C X =T*B/T;B,

which we call the reduced singular support of E.

33



For example, let the trivial line bundle on E™ be endowed with a metrization given
by a smooth function f: B — R, and let £y € Cp be the corresponding object (locally
consisting of analytic functions g such that log|g| < f). Then

SSx(Ef) = graph(df) (mod T77B) C X.

Thus varying the metrization of a fixed line bundle corresponds to exact deformations of
the associated Lagrangian section.

This picture is closely related to the non-Archimedean approach to mirror symmetry
for torus fibrations of Kontsevich-Soibelman [KS01]. In particular, for Lagrangian sections
the construction above suggests a Nov,-linear lift of the usual mirror correspondence: the
section

graph(df) (mod T;B) C X

corresponds to the metrized line bundle £y € Cp. After extension of scalars from Novy
to Nowv, this is compatible with the usual mirror-symmetry picture. Abouzaid’s family
Floer construction extends the latter, on the Nov-linear level, to much more general
smooth Lagrangian submanifolds, associating to them twisted coherent sheaves on the
rigid analytic mirror [Abol4]; it was subsequently upgraded to a faithful functor from the
Fukaya category to twisted perfect complexes [Abol7].

As further evidence for this picture, one can show that symplectomorphisms of X
sufficiently close to the identity!'!, as well as a natural cover of Sp(2n,Z), act on Cp
by functors represented by kernels in Cgyxp. Moreover, the reduced singular support
construction is equivariant with respect to these symplectomorphisms.

A notable feature of the sheaf-theoretic construction proposed here is that it involves
no choice of a compatible almost-complex structure on X. Its present formulation does,
however, use the choice of the Lagrangian torus fibration X — B, or equivalently, in the
split case considered here, the integral affine structure on B.

3.5.3 Conjectural stability condition

The discussion above suggests that, in the present toric situation, the still conjectural
category JF ilObal(X ,w) should admit an alternative description as a suitable full subcategory
of Cp. At present it is not clear what the optimal “regularity” condition defining this
subcategory should be. For the purposes of constructing a stability condition, however,
it may be enough to work with a sufficiently rich class of reasonable objects, for instance
objects whose reduced singular support is a piecewise-linear Lagrangian skeleton.

Fix a closed complex-valued n-form 2 on X, not necessarily translation-invariant,
satisfying the non-vanishing condition of Section 3.3.1. Since in our class one should
not expect genuine special Lagrangian representatives, we replace this condition by the
existence of representatives with arbitrarily small phase amplitude

¢+ (A) — o (D),

where A is the reduced singular support. In view of (3.4), such representatives have volume
arbitrarily close to the lower bound |Z([A])|, and therefore provide a natural notion of
approximate special-Lagrangian representative.

Via a Weinstein neighborhood of the diagonal, the graph of a sufficiently small symplectomorphism
is encoded by a small closed 1-form, with its exact part described by a generating function. This data
determines a kernel, and hence a Fourier—Mukai-type integral transform on Cp.

34



We now make this approximation picture concrete by describing an elementary class of
objects in Cp for which the reduced singular support can be read off explicitly. Choose
a finite rational polyhedral covering {P;} of B. On a neighborhood of each non-empty
multiple intersection

P[ = ﬂ Pz
i€l
choose a bounded complex E; whose terms are finite direct sums of line bundles endowed
with piecewise-quadratic metrizations with rational purely quadratic parts, and whose
differential is non-expanding. For Py C Pr choose compatible non-expanding chain maps

EJ —>E1‘pJ

which become quasi-isomorphisms after applying m ®kov N (=). The finite Cech-type

totalization of this diagram, followed by m ®]LVOU+ (—), defines an object of Cz. We denote
its reduced singular support by

Ap = SSx(E) C X.

For the objects constructed above, A is a piecewise-linear Lagrangian subset of X, rational
with respect to the integral affine structure on B, and its projection Ay — B is finite.
There is one further piece of structure which will be important below. On the smooth
locus A%" there is a naturally associated local system of perfect complexes over the residue
field
k = Novy/m ~C.

Indeed, for A € AS", choose a lift A to SS(R(E)) at 7 = 1. The microlocal stalk
15 R(E)

is naturally a complex over k: microlocalization in the 7 = 1 direction extracts the
associated graded of the strict norm filtration, on which m acts trivially. For constructible
metrized perfect complexes these microlocal stalks are perfect and vary locally constantly
along the smooth sheets of Ag. Thus one obtains a local system

Vi € Loc(AF", Perf(k)).

The equivariance of the Rees construction under multiplication by powers of T" and Laurent
monomials identifies the microlocal stalks associated with different lifts of the same point
of Ag.

The cohomological grading of Vg is part of the brane data: a shift by [1] shifts the
normalized lift of the phase by 1. Thus the pair

(A%, VE)

rather than the underlying Lagrangian subset alone is the appropriate object on which to
normalize arg® 2 and define ¢.

We can now formulate the proposed characterization of the stability condition. Recall
that Q determines the central charge
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Conjecture 3.4. For ¢ € R, let Cy be the full subcategory of the localized category
NOU ®NO’U+ CB

consisting of objects E' with the following property: for every ¢ > 0, E' admits a constructible
metrized model E € Cpg such that

p—e<d-(Ag) <Pi(Ap) <o +e

Here the phases are normalized using the graded microlocal coefficient system Vi on A%m.

The collection of subcategories {Cy}4er is the slicing of a Bridgeland stability condition
with central charge Zq. Equivalently, together with Zq it uniquely determines this stability
condition.

3.5.4 Extension to Fukaya category with coefficients

Let us briefly explain how the preceding picture should extend to Fukaya categories with
coefficients. Recall the heuristic from Section 1.2: if a symplectic manifold is fibered over
X and the symplectic volumes of the fibers become small, its Fukaya category should be
describable as the Fukaya category of X with coefficients in the categories associated with
the fibers. Geometrically, Lagrangian submanifolds in the total space should degenerate to
Lagrangian subsets of X labeled by objects of these coefficient categories.

We first consider the simplest case of constant coefficients. Fix a C-linear enhanced
triangulated category C with finite-dimensional morphism spaces, together with a stability
condition o¢ on C. We also fix, as above, a closed complex-valued n-form €2 on X, not
necessarily translation-invariant, satisfying the non-vanishing condition of Section 3.3.1.

There is a simple Nov,-linear enlargement of C. Morphism spaces are extended from
C to Novg, and one allows formal deformations of objects governed by Maurer—Cartan
equations. Thus, for example, an infinitesimal deformation of an object A € C is described
by an element

§ € Hom{ (A, A) @cm

satisfying the Ao, Maurer—Cartan equation. More generally one allows finite twisted
complexes of such objects; this is the same formalism which will be recalled in Section 8.5.

In the present toric situation this leads to a concrete analogue of Cg. On a rational
polyhedron P C B consider finite twisted complexes whose underlying terms are of the
form

PL.®As, As€C,

where the L, are metrized line bundles of the type considered above. The matrix coefficients
of the twisting cochain are analytic sections with values in Hom¢(A,, Ag); they are required
to be non-expanding and to satisfy the Ao, Maurer—Cartan equation. Using the same finite
polyhedral descent and almost quasi-isomorphisms on overlaps as above, one obtains a
category which we denote provisionally by

Cx(0).

For C = Perf(C) this reduces to the construction of Cp.

This elementary construction may be regarded as a notion of an analytic family of
objects of C sufficient for our purposes: locally it is generated by constant objects of C,
while all analytic dependence is carried by the metrized line bundles and by the coefficients
of the Maurer—Cartan equation.
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The Rees construction and reduced singular support extend without change. For
E € Cp(C) we again obtain a rational piecewise-linear Lagrangian subset

ApC X

finite over B. The essential difference is that the microlocal coefficient system on its smooth
locus is now a locally constant family of objects of C,

Vi € Loc(AF,C),

rather than a local system of perfect complexes over the residue field.

The stability condition on C supplies an additional contribution to the phase. In the
simplest situation, if a smooth sheet of A is labeled by a semistable object A € C of phase
¢c(A), its total phase is

brot = 1 Larg* Qla, + éc(A). (3.5)

Correspondingly, the expected central charge is obtained by weighting {2 by the central
charge of the microlocal coefficient system, schematically

28) = | Ze(ve) o

Thus the approximate special Lagrangian condition discussed above has a direct analogue
with the geometric phase replaced by this total phase.

More generally, the coefficient data should consist of the following. Let
mLar: LG (TX) — X

be the bundle of oriented Lagrangian subspaces. We assume given a local system % of
enhanced C-linear triangulated categories on LGr® (7' X ), with finite-dimensional morphism
spaces, whose stalk at (x, L,) will be denoted by ¢, 1,,. The monodromy around the positive
generator of the fundamental group of a fiber is required to be the shift [2]. In particular,
the induced monodromy on Ko(%,,r,) is trivial.

We further assume given a local system I of finitely generated abelian groups on X,
together with a morphism of local systems

cl: Ko(%) — m1q s
and a morphism of sheaves of abelian groups
Q:T — Q},Cl ®R C

Thus every locally constant section «y of I' determines a closed complex-valued n-form Q(~)
on X.
For every (z, L,) € LGr°" (T X) and every positive element

n
v E /\Lz,
we obtain a homomorphism
ZyLyw: Ko(Crn,) — C, Zy Low(E) = Q(cl(E))z(v).

Replacing v by a positive multiple rescales Z, . , by a positive real number. We require
these central charges to lift, locally continuously in (x, L, ), to stability conditions on €, 1,
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compatibly with parallel transport. Equivalently, one may regard this as a continuously
varying family of stability conditions defined up to positive real rescaling.
Finally, we impose the following positivity condition. Identify

Ty, LG (T, X) ~ Sym?(LY).

Let Ls be a curve of oriented Lagrangian subspaces with Ly = L, and with Lo positive
definite. If 0 # F € €, 1, is semistable, and F, denotes its parallel transport to ¢, 1.,
then

d
75 218 Zy 1, (Es) . > 0.

After choosing a section of 7, the local system % restricts to a local system of
C-linear categories on B ~ T". Equivalently, after choosing a base point, this amounts
to a single category together with n commuting autoequivalences. To pass to the non-
Archimedean picture one should in addition assume that it makes sense to speak about
analytic families of objects of these categories over non-Archimedean analytic spaces. This
is a genuine extra structure, but it is quite concrete in examples; one may keep in mind, for
instance, categories of finite-dimensional representations of a finite quiver with relations,
as in Chapter 7.

Under this assumption the construction above should have a version with coefficients in
€, producing a global Nowv-linear category. Its objects have Lagrangian supports equipped,
on their smooth loci, with objects of the corresponding fiber categories. Using the family of
stability conditions described above, one can then define approximate special Lagrangian
representatives exactly in the same spirit as in the preceding subsection: at every smooth
point of the Lagrangian support, the corresponding object of the fiber category is required
to be semistable for the stability condition associated with the oriented tangent Lagrangian
plane, and the resulting phase is required to be constant, or arbitrarily close to constant,
respectively. The resulting notion should determine the expected stability condition on the
global Nov-linear category.

We have restricted the discussion to powers of the Tate elliptic curve only in order
to have a particularly explicit model in which all the constructions can be written down
concretely. The same picture should extend much further, both to more general torus
fibrations and to non-constant systems of coeflicient categories. We leave the formulation
of these generalizations to the reader.

A natural next challenge is to extend this picture to bases B with codimension-2
singularities, as arise in non-Archimedean SYZ fibrations of the type considered in [KSO06].

4 A hypothetical framework for categorical Kiahler geometry

In this section we attempt to outline a framework which unifies the various examples
discussed throughout the paper, to arrive at a provisional definition of “categorical Kéhler
structure”. In Section 4.1 we list those structures present in both Archimedean and non-
Archimedean settings. These include a notion of metric on an object, mass measures,
complexified Kéhler potential, and flow. In the case when the base field is C, much of the
structure can be encoded in terms of *-algebras with a functional, as proposed in Section 4.2.
In Section 4.3 we highlight that over non-Archimedean fields, but also more general settings
such as the one discussed in Section 8, metrized objects form a category whose defining
feature is a rescaling action. In the final Section 4.4, we show that the Lozenge algebra
formalism from our earlier work [HKKP18] and the framework of Bhattacharya and the
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third named author [BK21] are essentially equivalent. We expect that they provide a
close-to-complete picture of the local structure of categorical Kdhler geometry.

4.1 General features

We now list the structures expected on a stable co-category C with stability condition
which together encode a categorical Kéhler metric. The following axioms should be read
more as a collection of desiderata rather than as a final definition. Our guiding principle
is to unify examples coming from both sides of homological mirror symmetry, as well as
others discussed in later sections of this paper.

e Metrized objects. The first layer of a categorical Kéahler structure is a notion of

“metric” on any object in C. We encode this by a functor Met: Iso(C) — (R, -)-Set
from the groupoid of isomorphisms in C, up to homotopy, to the category of sets
with an action of (Rsq,-) by “rescaling”. (As a generalization, one could also replace
(R<0, ) by any of its sub-monoids.) Moreover, there should be natural isomorphisms
Met(X) = Met(X[1]), as well as natural maps Met(X) x Met(Y) — Met(X @ Y).
We refer to a pair (X,h), X € C, h € Met(X), as a metrized object. By the above
assumption, any metrized object has a shift (X[1], h[1]) and we can form direct sums
of metrized objects.
In examples, Met(X) often carries additional structures, such as a topology or
metric. We also see that it is often possible to enlarge (“partially compactify”) the
sets/spaces Met(X) so that we get a map Met(X) x Met(Z) — Met(Y) for any
exact triangle X — Y — Z — X[1], not just direct sums. Roughly, this amounts to
considering limiting metrics which are filtrations of the underlying object together
with a (non-degenerate) metric on each component.

« Mass measures. For each metrized object (X, h) we have a finite measure px
on R with bounded support. The role of this measure is to record, for a particular
choice of metric on an object, the distribution of mass across various phases. The
total measure of R, m(X,h) == ux »(R), is by definition the mass of (X, h)!%. We

require:
(1) m(X,h)=0 = X =0.
(2) My Met(f)(n) = Hx,n for any isomorphism f: X — Y in C.
(3) u X,t-h = [X,h, i.6. Mass measures are invariant under rescaling.
(4) pxppp = (@ = ¢+ 1)sxpx p, i-e. equivariance under shift,
(5) Bx@x/ hoh = HXh+ HX W
(6) The central charge of the stability condition on C is recovered from the mass

measures by

Z(X) = /Re“ﬁwux,h(@.

As a consequence, we get (tautologically) the BPS inequality |Z(X)| < m(X,h).

(7) Categorical DUY principle: Define a metric h to be harmonic of phase ¢
if supp(px,n) = {¢}. A necessary condition for the existence of such a metric
should be that X is semistable of phase ¢. A sufficient condition for the existence
of such a metric should be that X # 0 is polystable of phase ¢.

2This mass will be, in general, greater than the mass assigned to X in terms of the HN filtration coming
from the stability condition. Crucially, it really depends on the metric h, not just X.
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When supp(px,,) # 0 we define

¢—(X,h) :==min (supp(pxp)),  ¢+(X,h) = max (supp(px,n))-
Thus, h is harmonic iff ¢_(X,h) = ¢ (X, h).

o Complexified Kidhler potential. Suppose C is linear over a normed field k and
that objects of C are parametrized by a moduli stack Ob(C). We have a pair of
oriented real line bundles |Lge|, |Lim| over Ob(C). These correspond to the central
charge Z in the following sense: On the fiber of |Lre| (resp. |Lm|) over X € C,
Gmx = k* - 1x C Aut(X) acts as t - v = [t[ReZXDy (vesp. ¢ - v = [¢|MZX))y). A
complezified Kihler potential is given by metrizations of |Lre| and |Lyy|. Given a
phase ¢ € R, the metrized real oriented line bundle

|£Z,¢| — |£Re|sin7r¢ ® |£Im|—cos7rq§

should induce local Kéhler potentials (in the Archimedean or non-Archimedean sense)
on the (smooth part of the) moduli space Cy s of polystable objects of phase ¢. See
also Section 2.4 for a related discussion and some justification for this axiom.

o Minimizing flow. This is an action of (R>g, +), or in some examples just (Z>o,+),
on each Met(X). We expect the following quantities to vary monotonically under this
action: m(X, h) decreases, ¢_(X,h) increases, and ¢ (X, h) decreases. Moreover,
the fixed points of the action on Met(X)/rescaling are precisely the harmonic metrics.
For an object X € C not admitting a harmonic metric, the asymptotics of the flow will
be controlled by a refinement of the Harder—Narasimhan filtration of X, such as the
iterated balanced filtration defined in [HKKP23], see also [HKKP18, Nun23, Lam26].

rom this point on our discussion splits into the “Archimedean” and “non-Archimedean
F th t d lits into the “Archimedean” and “ Archimedean”

cases. A unified treatment of the two cases remains an open problem.

4.2 The Archimedean case

The general framework of the previous subsection treats metrized objects, mass measures,
potentials, and flows as separate pieces of structure. In the Archimedean setting we expect
these pieces to be governed locally by a single object: a *-algebra Ay j together with a
complex-valued linear functional €2. The algebra should be regarded as a noncommutative
replacement for the complexified tangent space to the space of metrics at h, while €2 is the
first variation of the complexified Kéhler potential. We will now discuss these structures in
more detail.

We assume that for each pair (X,h), X € C, h € Met(X), we are given a x-algebra

A= Ax , over C. Some basic requirements are:

(1) isomorphisms Ax n = Ay et(f)(n) for any isomorphism f: X — Y in C,

(2) isomorphisms Ax n = Axpjap),

(3) isomorphisms Ay j = Ax ..p, for t > 0,

(1)
)

(5) The above maps are part of the data and satisfy various compatibility requirements.

injections Ax » © Ax’ n» — Axex’ han

The subspace of self-adjoint elements

Areal = {GEA|GZ(L*}
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is the naive tangent space to Met(X). When A is infinite-dimensional, it should come with
a topology and a well-defined exponential map exp: A — A.13

The algebra A is further equipped with a linear functional Q: A — C which comes
with a choice of argument in the following sense: we have arg ) € A,e,1 such that

Q (efﬁargga*a) >0, a € A.

The functional 2 and its choice of argument arg €2 should be invariant under isomorphisms
of metrized objects and rescaling. Under shift, {2 changes sign: Qxjnpn = —$x,» and
arg Qx ) ) = arg dx p + .

The interpretation of €2 in relation to the framework discussed in Section 4.1, is that it
is the 1-form dSc, the derivative of the complexified Kéhler potential S¢ along Met(X).
Moreover, the central charge, mass (measure), and flow are determined by Q as follows:

o The central charge of X should be Z(X) = Q(1), where 1 € A is the unit.
o We define the mass of (X, h) as m(X,h) = Q (e—ﬁargg) and, more generally, the

mass measure by
s (72)
R

T
for (at least) polynomial functions f.

o The proposed minimizing flow on Met(X) is given by —argQ € A,cal.

To illustrate and motivate all the above, we spell out what the structures are in two
basic cases.

Example 4.1. The simplest example is the following. Take C = Perf(C), the category
of finite-dimensional chain complexes over C. For X € Perf(C), an element of Met(X) is
represented by a chain complex (E®, d) where each E™ is a Hermitian vector space, together
with an isomorphism (X-framing) a: X — (E®,d). Two such X-framed Hermitian chain
complexes define the same element of Met(X) if there is an isometric isomorphism of
complexes, compatible with the X-framings, between them. The *-algebra A attached
to a metrized complex (E*®,d) is the algebra of degree-preserving endomorphisms of the
underlying graded vector space E*, and * is the usual Hermitian adjoint. It is thus simply
a product of matrix algebras.
Fix z=Z(C) € RooeV =107 e, arg z € (0, 7], then

Qa) = (—1)"ztr (e_dd*_d*da) , (argQ)a = (argz — mn)a

on the summand End(E") of A = End’(E®) and extended by linearity. The flow is
thus just rescaling (by different scalars) the metric on each graded component, under
which the singular values of d increase to 400, which we interpret as converging to the
harmonic subcomplex Ker(d) N Ker(d*) C E®. This example is generalized to complexes of
representations of quivers in Section 5.4.

Example 4.2. To a compact Lagrangian submanifold L C M (which we think of, heuris-
tically, as a metric on the corresponding object in the Fukaya category) we attach the
x-algebra Ap = C*°(L,C) of smooth, complex-valued functions on L. Given a suitable

BWe would like to be more precise about what kind of algebra A should be in the infinite-dimensional
case, but leave this as an open problem.
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middle-degree complex-valued form €2 on M as in Section 3.3.1, the corresponding functional

on Ar is f— [; fQ.M

4.3 Metrized objects in the non-Archimedean case

In non-Archimedean examples, there is a category of metrized objects, CN, which comes
equipped with a rescaling action by (R,+) (or some submonoid thereof). Taking the
quotient C = C /rescaling yields the category on which we are considering a categorical
Kahler structure and stability condition. The functor Met then arises by taking fibers of
the localization functor C — C. Thus, in the non-Archimedean setting, the set Met(X) is
secondary. The primary object is the category C of metrized or integral representatives.
Unlike in the Archimedean case, however, we will not relate the category of metrized
objects to mass measures, Kéahler potentials, or flow. For simplicity, we work at the level
of homotopy categories, i.e. with triangulated categories.

Definition 4.3. A category of metrized objects for a triangulated category C is
a triangulated category C with an exact functor L: C — C. Furthermore, C comes
with an action of the monoidal poset category P, of a submonoid A C (R, +) with the
usual partial order < induced from R. More precisely, we are given a monoidal functor
R: Py — Fun™(C,C), R(t) = Ry, R(s — t) = Ass. Let N C C be the thick triangulated

subcategory generated by cones of morphisms
(Ast)x € Homz(R(X), Ry(X)), s<teAXEeC.

Then L should induce an equivalence of triangulated categories C /N — C, where C JN is
the Verdier quotient.

Suppose C is a category of metrized objects as in the above definition. The corresponding
functor Met is constructed as follows. An element of Met(X) is represented by a pair

(X, ), XeC z:X3LX)

where z is an isomorphism. Two pairs (X,z), (Y,y) are identified in Met(X) if there
is an isomorphism f: X — Y with L(f) oz = y. In other words, Met(X) is the set of
isomorphism classes of objects of the 2-fiber of the functor L over X. Given an isomorphism
g: X =Y, let Met(g)(X, ) = (X,z0g").

The action of P, on C induces an action of A on each Met(X):

(ReX,L(Noyg)ox)  ift>0,

t-(X,x) = ~ . i
(ReX,L(Mo) tox) ift <O,

where t € A, (X, ) € Met(X). Here, we should identify A C (R,+) with exp(A) C (Rsg, -)
to match the multiplicative rescaling action as in Section 4.1.

Example 4.4. Let K be a non-Archimedean field with value group A C R and valuation
ring O (see Section 6.2). Assume that we are given a group homomorphism o: A — K*
which splits the valuation v: K* — A. Suppose that C is linear over @. Then there is a
natural action, R, of Py on C where each R; is the identity functor and (A, p)x = o(b—a)lx.
In this case, C~/N' 2= C is just the general fiber C®o K.

In the particular case where K = Nov as in Section 3, we have A = R, o(a) = T,
O = Nov4. The hypothetical Nov-linear Fukaya-type category F global(X w) outlined in
Section 3.4 is an important motivating example.

To avoid possible confusion, we note that the base field throughout most of Section 3 is the non-
Archimedean field Nov, as opposed to C.
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Example 4.5. Given a triangulated persistence category C in the sense of [BCZ23], its
0-level category Cp comes with an action of Pgr by shift functors, and can thus be considered
as a category of metrized objects for its localization, the oco-level category Coo.

4.4 Local structure in the Archimedean case

In this subsection we recall the definition of Lozenge algebras from our paper [HKKP18].
The original motivation for this notion was to unify (1) representations of quivers over C
and (2) holomorphic bundles over Riemann surfaces. It turns out that there are many more
examples which fit into this formalism, and we show this by comparing Lozenge algebras
with the framework from [BK21] by Bhattacharya and the third named author, who discuss
a much wider range of examples, including Nekrasov’s noncommutative instantons. Our
expectation is that this framework captures, at least approximately, the local picture of
“categorical Kéhler geometry” over C.
Lozenge algebras have the following list of ingredients:

(L1) A graded algebra A = A° ® A! @ A? over C (unital, associative), concentrated in
degrees 0,1, 2.

(L2) A derivation d: A® — A®T! i.e. a linear map satisfying the graded Leibniz rule. (We
do not require d* = 0.)

(L3) An element F' € A% the curvature, such that
d* = [F,_],

i.e. Aisa curved dg-algebra. (In [HKKP18], the curvature was denoted by “6”, however
we use “F” here instead to avoid confusion with 6 in the context of #-stability.)

(L4) A functional 7: A? — C such that
7([a,b]) =0, 7(da) =0

and such that the induced pairings A" ® A2~ — C, a®b + 7(ab) are non-degenerate.
Here and throughout, [a,b] = ab — (—1)!%tlbg is the supercommutator.

(L5) A conjugate-linear, degree-preserving!® map *: A — A such that
a** = a, (ab)* = (=D)lMPlp*a*  da* = (da)*, F* = —F, 7(a*) = 7(a).
(L6) A splitting A! = A0 @ A% as an A%-bimodule with
A0 _ (Al,o)* 7 <A1,0)2 —0
and such that the Hermitian pairing
AT @ A% C, a®b— /—17(a*d)

is positive definite, i.e. v/—17(a*a) > 0 and > 0 for a # 0.

(L7) An element w € A% such that the map L: A — A2, a + wa is an isomorphism and
such that the pairing

A'x A% - C, a®b— 7(wa*d)

is positive definite. We write the inverse of L as A: A2 — A°.

15This goes against our convention that |a*| = —|al, as stated in the introduction. The resolution is that
A is really bigraded by (L6) and * preserves the total degree p + g while inverting p — g.
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Some comments on this list are in order:

o Given (L1-L7) we can impose the Yang-Mills (YM) condition:
F and w are central, dAF = 0.

A Lozenge algebra, as defined in [HKKP18], is the structure (L1-L7) satisfying the
YM condition and so that H®A is finite-dimensional. Note that we can only define
H*A if F is central and thus d? = 0.

o Given (L1-L3), i.e. a curved dg-algebra we can impose harmonicity, meaning F' = 0,
which clearly implies the YM condition, assuming w is central.

o Comparing this to the classical notion of a Kédhler manifold, (L1-L4) are the analogue
of a complex symplectic structure, (L5) defines a real slice, thus a real symplectic
structure, and (L6-L7) define the complex structure.

o The relation to the structures proposed in Section 4.2 is as follows: The (ungraded)
x-algebra is A = A and the linear functional Q: A — C is Q(a) = v—17((F +w)a).

Remark 4.6. Suppose we are given (L1-L6). By assumption, we have an injection
A% — (A%, a — 7(a_), into the C-dual of A°. Tt is not difficult to see that one can
replace A2 by (A%) and extend all the structure (L1-L6) in a canonical way. For example,
the extension of 7 is given by evy, evaluation at the unit 1 € A°, left action of A" on (A4%)Y
is the dual of right action on A°, and vice versa. Of course, (L7) will not extend unless
dim A° < oo.

Example 4.7. Suppose X is a compact Riemann surface with Kéhler form w and F is a
holomorphic bundle over X with Hermitian metric. This fits into the above framework as
follows.

(L1) A= A*(X,End(E)) is the algebra of (smooth) forms on X with values in the bundle
End(F). The product is the usual combination of the wedge product of forms and
the composition of endomorphisms.

(L2) d comes from the Chern connection V on E, the unique connection compatible with
the holomorphic and metric structures on FE.

(L3)
(L4)
(L5)
(L6)
(

F = Fy is the curvature of V.

7(a) = [y tr(a).

* is the pointwise Hermitian conjugate with respect to the metric on E.

L6) A4 = AP9(X,End(FE)) is the decomposition into forms of type (1,0) and type (0,1).
L7) w € A2 is the Kihler form.

For the above data, the YM condition becomes the constant central curvature condition
on the metric on F, or rather Fy. By a celebrated theorem of Narasimhan—Seshadri, a
holomorphic bundle £ has a metric satisfying the YM condition if and only if F is a sum
of stable bundles of equal slopes.

Example 4.8. A more elementary example comes from quiver representations. As
argued in [HKKP18, Section 3.2], this exhausts all finite-dimensional examples of Lozenge
algebras, up to isomorphism. We use here definitions and notation for quivers and their
representations from Section 5.1.

Suppose @ is a quiver, (E, p) a metrized representation of @ over C, z; € C, i € Qq
with Im(z;) > 0, and ¢ € (0,1). From this we construct (L1-L7) as follows.

(L1) A = A% = @;cq, End(E;), A% =P Hom(E;, Ej), A0 = @ Hom(Ej, E;).

a:1—jJ a:i—j
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(L2) d = ([p(a), ] [p(a)", _]): A” — A" (where p(a)* = v/~1p(a)l, see (L5) below).

(12) F = Taocou P(e)", (o) + V=T (- Re(@) + cot (), where 2 = Ticqy less €

(L4) 7(a) = tr(a).

(L5) If 1 is the usual Hermitian adjoint with respect to the Hermitian metrics on the E;,
then a* = a! for |a| even, and a* = /—1a' for |a| odd, cf. (5.14) below.

(L6) See (L1).

(L7) w=1Im(z) € A2

The relation between the harmonicity condition F' = 0 and polystability of (E, p) goes

back to A. King and is discussed extensively in Section 5.

Next, we discuss three constructions which have as input and output the data (L1-L7).
Together, they are the analogue of passing from the trivial line bundle with its canonical
connection to arbitrary bundles with connection. The YM and harmonicity conditions are
typically not preserved.

« Matrix algebras. Fix n > 1. Here we pass from A to A = Mat(n x n, A) =
Enda(A"). All the structure (L1-L7) extends in the obvious way, for example
7(a) = 7(tr(a)), and if a has coefficients a;; then a* has coefficients aj;.

« Twisting. Here we choose § € A! with 6* = —§.
(L1) A = A as graded associative algebra
(L2) d=d+[0,_]
(L3) F =F +dj+ 6%, then
d*a = d(da + [6, a))
= d%a + [6, da] + [d6, a] — |8, da] + [5, [6, ]|
= [F,a] + [d5,a] + [6%,a] = [F, d]

= 7, we have 7(da) = 7(da + [6,a]) = 0

(L4) 7

(L5) % = %, we have F* = F* 4 dé* — (6*)? = —F —dd — 6> = —F
(L6) AP4 = AP

(L7) o =w

The harmonicity condition F' = 0 is also known as the Maurer—Cartan equation for .
o Idempotents. Suppose P € A with P> = P, P* = P, and [P,w] = 0.

(L1) A= PAP C A as graded associative subalgebra with unit P

(L2) da = PdaP, then

d(ab) = PdabP + (—1)" PadbP = PdaPb + (—1)1%aPdbP = dab + (—1)%adb

and in particular dP = 0
(L3) F = P (F + (dP)?) P. We need to check d?> = [F, _]. First note that

PdPdaP = (dP)*a,  PdadPP = (—1)lq(dP)?
thus
d*a = Pd(PdaP)P = PdPdaP + Pd*aP — (—1)\% PdadPP = [F ).
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A

(L4) 7 = 7|+. To check 7(da) = 0 we note that dP = PdP + dPP and thus for
a € A:

m

7(dPa) = 7(PdPa) + 7(dPPa) = 27(dPa)
hence 7(dPa) = 0 and

7(da) = 7(PdaP) = 7(Pda) = —7(dPa) = 0.

*1

(L5) *=x[7
(L6) AP4 = PAP4P

(L7) @ = PwP

Comparison with the formalism of Bhattacharya—Kontsevich

We recall the setup from [BK21], changing some notation to avoid collisions. The first
(“algebra”) part consists of:

(A1) A, an associative unital x-algebra over C,

(A2) Q! an A-bimodule,

(A3) D: A— Q! a derivation,

(A4) h: Q' ®c QI — C, a bilinear form with

he.§) = h(p3),  hlazb,) = hiz,ayb")

and which is positive definite,

(A5) n: A — C, a linear functional with n(a*) = —n(a) and

n([a,b]) = le (h(Da, Db%) — h(Db, Da*)) . (4.1)

The second (“module”) part of the setup is:
(M1) E, a finitely generated projective A-module,
(M2) V: E — Q' @4 E, a linear map satisfying the Leibniz rule

V(ax) =Da®z+a® Vz,
(M3) H: E®c E — A, a bilinear form such that
H(ax,by) = aH(z, 7)b*
and so that the induced map
E — Homy(E, A), y+— H( ,7)

is an isomorphism. Furthermore, H should be positive definite in the sense that
H(z,Z) can be written as a finite sum of elements of the form aa*, a € A.

We remark that given (A1-A5), there is a default choice for (M1-M3) which is £ = A,
V = D, and H(a,b) = ab*. Conversely, given arbitrary (M1-M3) one can reduce to this
basic rank 1 case by the analogue of the operations (matrix algebra, twisting, idempotent)
in this formalism.
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Proposition 4.9. Given the structure (L1-L6) one obtains (A1-A5) via the following:
(A1) A= AY as x-algebra

(A2) Q' = A% as A-bimodule

(A3) D =pry; od, where pry: Al — A% s the projection.

(A4) h(z,5) = V=Tr(zy")

(A5) n(a) = —57(Fa)

Proof. The only non-trivial item to check is the identity (4.1) for n. We calculate:

—2n([a,b]) =7

I
\]

Il
2
|
S
=

dadb)
7 ((Da + (Da*)*)(Db + (Db*)*))
= 7(Da(Db*)* — Db(Da*)*)

~1 (h(Da, Db%) — h(Db, Da*))

I
\]

where we have used da = Da + (Da*)* which is a consequence of da* = (da)*. O

Proposition 4.10. Given the structure (A1-A5) one obtains (L1-L6) via the following:
(L1) A=A, A%1 =Qb, AM0 = QI A2 = AY. The product A' ® A* — A? is defined by

A% @AY 5 A2 2@y —V—1h(_1,7),
AV ® AM 5 A2 TRy vV—1h(_y,T).
(L2) The differential d: A° — Al is da = Da + Da* and the differential d: A} = A% @
AL 5 A2 g
d(z,7) = (a = —V=Th(z, Da*) + V=1h(Da,7))
where z,y € Q' and a € A.
(L3) F = —2¢c AV,
(L4) T =evy: AV — C.

(L5) The *-structure on A° and A% comes from the *-structure on A, and the *-structure
on Al is given by z* =T for x € A%,

(L6) See (L1).

Proof. There is a long list of things to check, but the verification is completely straightfor-
ward in each case. For example, the identity d?> = [F, ] is seen as follows:

(d®a)(b) = —v/~1h(Da, Db) + v/=1h(Db, Da*) = ~2i([a, b]) = ([F, a])(b)
Here we have used (4.1). O

The two constructions from Proposition 4.9 and Proposition 4.10 are almost inverse to
each other, up to isomorphism, except for the following: Going from (L1-L6) to (A1-Ab)
and then back to (L1-L6) replaces A2 by (A°)V. See also Remark 4.6.
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Remark 4.11. The lozenge algebra formalism reveals the strange identity (4.1) to be
essentially the much more familiar d*> = [F, ] in disguise. This is at the expense of
introducing the additional summands A'° and A2.

Given (A1-A5) and (M1-M3), a certain moment map is constructed in [BK21], the
vanishing of which is a “generalized King’s equation” whose solutions are the harmonic
connections. The moment map is written there in two distinct ways, first in terms of a
presentation of F as a summand of a finitely generated free module [BK21, Proposition 2],
and second in terms of a triple tensor product [BK21, Definition 5.2]. In the language of
Lozenge algebras, the moment map is just u +— —%T(FU), where v € A? with u = —u*,
and so its vanishing is equivalent to the vanishing of the curvature F. We will check this
in the simplest case, where the bimodule F is free of rank one with arbitrary connection

V =D +a,ac Q' The moment map is then (see [BK21, Equation (5.16)])

H(a) = n(u) + 2% (~h(a. Du) + h(Du,a) - h(la,ula))

_ _% (r(Fu) + 7(a(Du)*) — 7(Dua*) — 7((a*a + aa*)u))

= 57 (Fut (@ — a)(Du+ (Du")") + (a” — a)’u)

= _%7- (Fu + dou + 52u) = —%T (Fu)

where 0 = a* —a and we used 7(ddu) = 7(ddu). In particular, the value of the moment map
at a € Q', the functional u — H,(a), vanishes iff F' = 0, so the two notions of harmonicity
agree.

5 Representations of quivers: Archimedean case

In this section we discuss aspects of categorical Kéhler geometry in the case of categories
of representations of quivers over the complex numbers. This setting serves as a toy-model
for differential-geometric examples involving challenging analysis and infinite-dimensional
spaces. In Section 5.1 we discuss the relation with the general framework proposed in
Section 4. This relies on a theorem of A. King, which is analogous to the DUY theorem
mentioned in the introduction, and provides a Kéhler metric on moduli spaces of polystable
representations. In Section 5.2 we reformulate that result in terms of x-algebras and
universal C*-algebras. The invariance of these constructions under Bernstein—Gel’fand—
Ponomarev reflection functors — basic examples of functors inducing derived Morita
equivalences — is shown in Section 5.3. In Section 5.4 we propose an extension of mass
and flow to complexes of representations which is inspired by the Chern—Weil theory of
superconnections. Finally, in Section 5.5, we show that a choice of increasing convex
function for each arrow of the quiver provides a more general source of Kéhler metrics on
spaces of polystable representations.

5.1 Relation to general framework

In this subsection we explain how categories of quiver representations provide examples
of the general framework discussed in Section 4. Here and throughout most of Section 5,
we focus on the abelian category of representations, postponing a discussion of the more
tentative extension to complexes to Section 5.4.
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We fix some notation. A quiver, (), consists of a set Qg of vertices, a set Q1 of arrows,
and maps s,t: Q1 — (o mapping an arrow to its source and target, respectively. We often
write a: i — j to mean that a € Q1, i = s(a), j = t(a). For simplicity, we only consider
quivers with Qg and Q1 finite. A path in @) is either a sequence of arrows a, - - - asaq with
s(ai+1) = t(a;) or a constant path, e;, at a vertex ¢ € Q. Fixing a coefficient field k, the set
of paths forms a basis of the path algebra k@ of @Q, with product defined by concatenation
of paths. With the above conventions, left k@-modules, (E, p: kQ — End(F)), are the
same thing as representations of @) given by vector spaces E; = p(e;)E and linear maps
p(a): Egq) — Eyq)- We let Rep(Q, k) denote the abelian category of finite-dimensional
representations of @ over k. For the rest of this section, k = C, and Rep(Q) = Rep(Q, C).

Given choices of numbers z; € C, i € Qp, with Im(z;) > 0 or z; € (—00,0), we define a
central charge

Z: Ko(Rep(Q)) — C, Z(E) =Y dim(E;)z.
1€Q0
This provides each 0 # E € Rep(Q) with a phase ¢(FE) := arg(Z(E))/m € (0,1] and a
notion of (slope) stability (see Section 2.1). Any such central charge automatically satisfies
the Harder—Narasimhan and support properties, since Rep(Q) is finite-length with finitely
many simples.
Fixing vector spaces Ej, i € (o, the global quotient stack

[ @ Hom(EZ»,Ej)/ 11 GL(E)
a:1—jJ

i€Qo

= [X/G] (5.1)

is the moduli stack of representations with dimension vector (dim E;)icq, € Zgg. Since X
is an affine space, line bundles on [X/G], equivalently G-linearized line bundles on X, are
given by characters of G, which are of the form

G > (gi)ieQO —> H det(gi)ei eC”
1€Qo

where 0; € Z, i € Qo. More generally, (6;)icq, € R® corresponds to a virtual character/line
bundle Ly € Pic([X/G]) ®z R. In particular, the central charge Z corresponds to a pair of
virtual line bundles Lge(z), Lim(z) on the ind-stack of objects of Rep(Q).

A metric on a representation E = (FE, p) is simply a choice of Hermitian inner product,
hi, on each vector space Ej, i € Q. Fixing a reference metric on F, the space Met(E) of
metrics on F is thus identified with the symmetric space

I GL(E)/U(E;).

1€Qo
The tangent space at the point h is the subspace of self-adjoint elements in the x-algebra
Agn = [licg, End(E;), where a* = a™ = h='a”h is the Hermitian conjugate of a with
respect to h. The linear functional on Afg j; which represents the first variation of the
complexified Kahler potential is a — tr(£2a), where

Q= Y ) (@) + 3 zplen) (52)
a€Q1 1€Qo

At this point we should also require Im(z;) > 0 to ensure 2 is non-singular. Note that 2 is
normal as the sum of a self-adjoint and a central operator, thus expressions like arg 2 are
well-defined by functional calculus. The complexified Kahler potential itself is

Sc(h) = — Z tr (p(a)™p(a)) + Z zi log det h;

a€Q1 i€Qo
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and depends on a choice of volume form on each E; to make sense of det h;.
Fix a phase ¢ € (0, 1), then the harmonicity condition arg(€2) = w¢, which we can also
write as Re(Q2) = cot m¢ Im(£2), becomes

> [pla), pla)™] = 3 Oip(ei), (5.3)

acQ1 1€Q0

where
0; = Rez; — cot m¢pIm z;.

The existence of solutions to (5.3) is equivalent to polystability of the representation E by
the following.

Theorem 5.1 ([Kin94, Proposition 6.5]). Let Q be a quiver and 0; € R, i € Qp. A
representation (E, p) € Rep(Q) is 0-polystable (i.e. a direct sum of 0-stable representations)
if and only if equation (5.3) holds for some choice of Hermitian metrics on the E;.

Proof (sketch): Fix finite-dimensional vector spaces E;, i € Qg and consider the quotient
stack [X/G] as in (5.1) with the polarization (line bundle) given by 6 as before. We may
also consider the geometric invariant theory (GIT) quotient X //y G, which is more generally
defined for reductive groups acting on projective-over-affine varieties. Using the Hilbert—
Mumford criterion for stability, together with a variant of Lemma 2.8 for Z-filtrations,
one shows that a G-orbit in X is polystable in the sense of GIT iff the corresponding
representation is @-polystable, i.e. X [y G parametrizes 0-polystable representations (with
chosen dim E;). On the other hand, by the Kempf-Ness theorem, X /o G = p=1(0)/U
where we have chosen Hermitian metrics on the E;, U = [[;cq, U(E;) is a maximal
compact subgroup of G, and p: X — u* is the moment map of the U action on X, where
X is endowed with the translation invariant Kéhler metric. The equation u(p) = 6 is
precisely (5.3). O

Example 5.2. The special case of the above theorem where @ is the one-loop quiver is
familiar from linear algebra: An operator T' on C" is normal, i.e. satisfies [T, T*] = 0, with
respect to some choice of Hermitian inner product on C", iff it is diagonalizable (semisimple
as representation).

Keep the notation as in the above proof. Since U preserves the (constant) Kéhler
metric on X, the quotient M(Q, d,0) = p~(0)/U, which is identified with the moduli of
f-polystable representations with given dimension vector d, inherits a Kéhler metric, at
least on the smooth locus. More explicitly, the Kéhler potential on the total space of the
polarizing line bundle, minus the zero section, X x C*, is given by

S(p,w) = Y tr(p(a)*p(a)) + log |w].
a€Q1

Fixing a point p € X, we can restrict S to the orbit G - p and consider this as a function
on G/U, which is identified with the space of Hermitian metrics (h;); on the (E;);:

S(hy= Y tr(pla)™p(a)) — Y 6;logdet h;. (5.4)

a:i—j 1€Qo
This is related to the complexified Kéhler potential S¢ by

S = (cscme) Im (e_”\/jl‘ﬁ&c) :
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The critical points of S are then precisely the solutions to (5.3). These are global minima
on G/U by the general theory. To find solutions to (5.3) numerically on the computer, one
thus follows the negative gradient flow of .S, given by
_1dh; . R
mih L= S play (@)~ Y pla)pla) + 6, (5.5)

a:i—j a: j—1

where i € Qg and m; > 0 are parameters of the Riemannian metric on G/U, cf. [HKKP23].
(Warning: 6 here and in [Kin94] corresponds to —6 in [HKKP23].) This is a simplification
and approximation of the general flow h~'dh = — arg Q, where m; = |z.

5.2 x-algebras and their completions

Theorem 5.1 can be reformulated in terms of x-algebras. Here, by *-algebra we mean an
associative algebra over C with a conjugate-linear involution a +— a* such that (ab)* = b*a*.
A x-representation of a x-algebra A is a Hilbert space H together with a x-homomorphism
p: A — B(H) to the C*-algebra B(H) of bounded operators on H.

Let B(Q,0) be the *-algebra generated by the path algebra A = CQ, subject to the

relations e = e; and
Z [a,a*] = Z O;e;. (5.6)
a€Q1 1€Qo
Thus, B(Q,0) is the quotient of the path algebra of the quiver obtained from @ by
adding for each arrow a an arrow a* with the reverse orientation, modulo the two-sided

ideal generated by (5.6). The underlying algebra is a deformed preprojective algebra of
Crawley-Boevey—Holland [CBH98].

Theorem 5.3 (Reformulation of Theorem 5.1). A representation E € Rep(Q) is 0-
polystable iff it is the restriction of a finite-dimensional x-representation of B(Q,0).

We want to complete B(Q, 6) to a C*-algebra, playing an analogous role to the algebra
of continuous functions on the topological space X (C) of C-points of a projective variety X.
The problem is to find a suitable norm on B(Q, #). This is a special case of the problem of
defining C*-algebras via generators S and relations R. In some cases, a solution is given
by the notion of a universal C*-algebra in the sense of Blackadar [Bla85]. The idea is
to consider all *-representations (F, p), where E is a Hilbert space, of the free x-algebra
generated by S, which satisfy the relations R. The norm of an element b in the free
x-algebra generated by S is then defined as

[1b]] := sup [[p(b)]|
(E,p)
where ||p(b)|| is the operator norm. If ||b|| = +00, which happens for instance in the case of
a single generator and no relations, then this approach fails and the universal C*-algebra is
undefined. Assuming ||b|| < 400 for all b, we can take the quotient by the two-sided ideal
of elements with vanishing norm and then the completion, which will be a C*-algebra.

Proposition 5.4. Suppose Q) is acyclic, then the universal C*-algebra with generators and
relations as in B(Q,0), denoted C(Q,0), exists.

Proof. Let p: B(Q,60) — B(E) be some *-representation on a Hilbert space E. We need
to show that for a € @1 there is a universal bound on ||p(a)||, independent of E and p.
The relation (5.6) can be written as a system of equations

Z aa® — Z a*a = b;e;, i € Qo, (5.7)

a: j—1 a:i1—j
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which under p becomes

Y pla)p(a) = Y pla)*pla) = Oiples), i€ Qo

a: j—i a: i—j
in B(E). For each a: i — j we thus have

pla)pla) < D p(b)p(b)* — bip(es)

b: k—1

with respect to the Loewner partial order on B(FE), which implies the upper bound

lp(@)* < > oGl + |6i].

b: k—1i

In particular, we get the bound ||p(a)|| < +/|6;| if i is a source, and by induction and using
acyclicity of Q) we get a bound for all a € Q1. O

Example 5.5. Let @ be the quiver with n vertices Qo = {1,2,...,n} and n — 1 arrows
i—i+1,1<i<n. Assume 6) <y <...<0,and > 6; =0. Then B(Q,0) = C(Q,0) =
M,,(C) is the algebra of n x n-matrices.

Example 5.6. Let Q) be the Kronecker quiver with two vertices Qo = {1, 2} and two arrows,
both from 1 to 2. The path algebra CQ arises as endomorphisms of the rank 2 bundle
O @ O(1) in D(Coh(CP')). Suppose —0; = 02 > 0, then C(Q,0) is isomorphic to the
algebra C(CP', End(O @ O(1))) of continuous sections of the bundle of endomorphisms of
the rank 2 bundle. In particular, C(Q, ) is (strongly) Morita equivalent to the commutative
C*-algebra C(CP*).

If @ has oriented cycles, then C'(Q, 0) still exists as a complete Hausdorff topological
x-algebra, in fact a pro-C*-algebra in the sense of [Phi88]. It is constructed by taking
the Hausdorff completion of B(Q,6) with respect to the coarsest topology which makes
the functions B(Q,0) — R, a — ||p(a)||, where (E, p) ranges over all *-representation on
Hilbert spaces F, continuous, see [Phi88, Example 1.3(6)].

Another extension is to the case of quivers with relations, where the path algebra C(Q is
replaced by a quotient CQ/I by a two-sided ideal I C CQ which is usually required to be
contained in the ideal generated by the arrows of (. We then impose the same relations in

the %-algebra B(Q,0).

Example 5.7. Let X C C” be an affine variety over C. The algebra A(X) of regular
(polynomial) functions on X is of the form CQ/I where @ has a single vertex and n
arrows and [ is generated by the commutators and regular functions vanishing on X. The
unital x-algebra B(Q,0) is generated by z1,. .., z, with relations coming from the defining
equations of X as well as the single additional relation

n

Z[Zi’ z'] =0.

i=1
The abelianization of B(Q,0) is then the x-closure of A(X) in the algebra C(X) of
continuous functions on X and dense with respect to the topology of uniform convergence
on compact subsets by the Stone-Weierstrass theorem (complex version).

Conjecture 5.8. Let A = CQ/I be the path algebra of a quiver @) modulo the ideal of
relations I. Fix 6: Q9 — R, which can be more abstractly viewed as an additive map
Ko(Mod'(A)) — R. Then the (pro-)C*-algebra C(Q,I,6) depends only on A and 6, not
the particular presentation in terms of a quiver with relations.
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Remark 5.9. In [FGR98|, Frohlich-Grandjean—Recknagel give a definition of Kahler spec-
tral data based on N = (2,2) supersymmetry. In a different direction, O Buachalla studied
a notion of noncommutative Kéhler structures on quantum homogeneous spaces [OBI?],
see also subsequent work by O Buachalla and collaborators. It would be interesting
to investigate if there are connections between those proposals and the (Archimedean)
framework and examples discussed here.

5.3 Invariance under BGP reflection

In this subsection we provide some evidence for the belief that the Kéhler metrics and
C*-algebras discussed above do not depend on the choice of heart of a bounded t-structure
Rep(Q) C D’(Rep(Q)). We consider the special case where two different hearts are
related by mutation of ) at a sink or source.

Suppose @ is a quiver and i~ € @ is a sink (no outgoing arrows), then we obtain the
mutated quiver, s;~ @, by replacing i~ by a vertex iT and each arrow a: j — i~ of Q by
an arrow a®?: T — j of 5;- Q. Thus, " is a source of s;- @, and the inverse construction
takes a quiver @ with source it to a quiver s;+Q with sink 7.

In their seminal paper [BGP73|, Bernstein-Gel’fand-Ponomarev introduced reflection
functors S;+: Rep(Q) — Rep(s;+Q) defined as follows. If i~ is a sink of ) and (£, p) €
Rep(Q), then S;- (E, p) = (E', p') with E} = Ej for j # i,

1

El = Ker( EB E; #)E ) (5.8)

a: j—i—

and for an arrow a®: i* — j the map p'(a?): Ej, — E} = Fj is the component of the
inclusion map. This defines S;- on objects and extends to morphisms of representations in
the obvious way. The definition of S;+ is dual.

From a more conceptual point of view, the appropriate left/right derived functor
of S;+ provides an equivalence of derived categories D’ (Rep(Q)) — D’ (Rep(s;+Q)),
see [Hap87].

Under the assumption that the map in (5.8) is surjective, the dimension vector d’' €
Z(>807 Qo ot (E',p') is related to the dimension vector d € Zgg of (E,p) by

= —die+ Y dy, dj=dy, A
a: j—i~
which describes, more generally, the induced map Ky(RS;-) on Grothendieck groups. This
is compatible, in the sense that (¢, d’) = (0, d), with the following definition of § € R%:-o:
o= =0, 0; = 0; +ni— ;0;, j#i, (5.9)

where ny ; denotes the number of arrows from j to k. We will always assume that 6,- > 0.

In the following it will be convenient to consider the quiver @ which is the union of
Q@ and s;- Q. Thus, @ is obtained from @ by adding the single vertex i and an arrow
a®?: it — j for every arrow a: j — i .

Theorem 5.10. Let Q be a quiver with sinki™, d € Zgg a dimension vector, § € RQ0 with
0,~ > 0, and the mutated data Q' = s,-Q, d', and 0" as above. Then the moduli spaces
M(Q,d,0) and M(Q',d,0") are isomorphic as Kihler quotients.

Technically, we define M(Q',d', ') to be empty whenever d;, < 0 for the statement of
the theorem to hold in that degenerate case.
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Proof. Fix Hermitian vector spaces F; with dim E; = d;, ¢ € Qg, and E;+ with dim F,;+ =
d.,. It will be convenient to write

Vo= @ E;

a: j—i—
and let
inc,: £ — 'V, pr,: V — E;

be the inclusion and projection associated with the summand of V' corresponding to the
arrow a: j — 4 .

Let

X~ = P Hom(E,), By)), X = P Hom(Ey), Eya))
a€Q1 aeQ’l

and
Um= [ UE), U"=1]]U®E),
1€Qo i€Qyg

then M(Q,d,0) (resp. M(Q',d’,¢")) is by definition the Kéhler quotient of X~ by U~
(resp. X by U™T). The idea of the proof is that the quotient of X~ by the smaller group
U(E;-) C U™ already coincides with the quotient of X by U(FE;+) CUT.

To calculate the quotient of X~ by U(F;-), we assign to a given p € X~ the linear
map

AV — Ei-, A= (p(a))aji-

which collects maps assigned to the arrows to the sink ¢~. Then the moment map equation
for U(E;-) is AA* = A, where A .= 0, > 0. If we let

Gr(d+,V) ={A:V — E;- | AA* = \} JU(E;-),

which is isomorphic to the Grassmannian of d;+-dimensional subspaces in V' via A — Ker A,
then the Kéhler quotient of X~ by U(E;-) is thus

Gr(dﬁ—, V) X @ HOIn(Es(a), Et(a))' (5.10)
a€Q1,t(a)#i~

Similarly, we assign to a given p’ € X the linear map
B: Ex —V, B = (p(aop))a:j%i—

which collects maps assigned to the arrows from the source i*. Then the moment map
equation for U(E;+) is —B*B = —\ = 6/,. If we let

Gr'(dy+,V) = {B: E;+ — V| B*'B=\} JU(E;+),

which is isomorphic to the Grassmannian of d;+-dimensional subspaces in V' via B +— Im B,
then the Kéhler quotient of X+ by U(E;+) is thus

GI‘,(diJr, V) X @ Hom(ES(a), Et(a))' (511)

a€Q,s(a)#it
It is clear that the two quotients (5.10) and (5.11) are naturally identified, even as
Kahler spaces, since the quotient yields the standard homogeneous Kéhler form scaled by

A on both Grassmannians. The remaining group

Uo= [l UWEB)=UJUE-)=U"/U(E;)
7'€Q07,L7él_
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acts on both in a compatible way. We claim that the two moment map equations cut out
corresponding subsets.

Suppose p € X~ satisfies the moment map equation for U~. A corresponding p’ € X+
(unique up to U(F;+)) is obtained by choosing a map B fitting into a short exact sequence

05 By BV E- 50 (5.12)

and satisfying B*B = \. By definition of A, p(a) = Aoinc,: E; — E;-, and we define p/
by p'(a°?) = pr, o B: E;+ — E;. Also, p/(a) = p(a) for arrows not incident to i*. This
is the explicit description of the identification between (5.10) and (5.11).
Note that
A*A+ BB* = A\

Indeed, A"'A*A and A~ BB* are the orthogonal projections onto Im(A*) = (Ker A)* and
Im(B) = Ker(A), respectively. The rearranged BB* = A — A* A implies
p'(a°P)(p'(a°P))" = pr, BB*inc, = A — pr, A*Ainc, = A — p(a)*p(a)
for a: j — i~. Summing over all arrows from j to ¢~, we obtain
2. AP @) =ni-A= 3 pla)pla).
a: j—i— a: j—i—

In the moment map equation at j, an arrow a: j — i~ contributes —p(a)*p(a), while after
reflection the arrow a°: i+ — j contributes p/(a?)(p'(a°?))". Consequently, the moment

map parameter at j changes from 6 to
0]' —+ niij)\ = 9] + Tlif’j(gif = 9;

and the claim follows.

The above moment map calculation shows that the Kdhler quotient of (5.10) by Uy,
which is just M(Q,d, ) by reduction in stages, is naturally identified with the Kéhler
quotient of (5.11) by Up, which is M(Q’,d’,8"). O

By the same mechanism as in the proof of the above theorem, we obtain a strong
Morita equivalence!'® of C*-algebras.

Theorem 5.11. Let Q be an acyclic quiver with sink i, § € RQ0 with 6,— > 0, and s;-Q,
0" as above. Then the C*-algebras C(Q,0) and C(s;-Q,0") are strongly Morita equivalent.

The proof will make use of the following elementary fact about strong Morita equivalence
of C*-algebras, see for example [Bla06, I1.7.6.5(iii)].

Lemma 5.12. Let B be a C*-algebra, p € B a projection such that
Span(BpB) = B.

Then A := pBp is strongly Morita equivalent to B.

16Tn the modern operator algebra literature, one typically just refers to these as Morita equivalences.
We retain the adjective here to avoid potential confusion, as much of the rest of paper works in a purely
algebraic setting.
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Proof of Theorem 5.11. We may assume that 6;- = 1 after rescaling the generators corre-
sponding to arrows a: j — i~ .

Let B be the #-algebra generated by the quiver @ with the relations of B(Q,0),
B(s;-Q,0"), and the additional relations

=b
S aa® =0,  a'b+aP@P) =@ (5.13)
— 0 else
a: j—i
for a,b € Q1 with t(a) =t(b) =i~. Let aq,...,a, be the arrows to i, then in terms of
A= (ay,...,ay), B = (af,...,a%)"T

the relations become AB = 0 and

A*A + BB* = diag (es(m)v R ,es(a")) .

We also have AA* = e;— and B*B = ¢;+ from (5.6). Thus, for any *-representation of B (in
Hilbert spaces) the sequence (5.12) is exact with the first map, p(B), an isometric inclusion
and the second map, p(A), an orthogonal projection. This means we can reconstruct the
entire sequence, up to isometry, from either one of the maps, i.e. any *-representation of
B(Q,0) (or B(s;-Q,0")) extends uniquely up to unitary isomorphism to B. Here we have
also used that the relation from B(Q,0) at a vertex j # i~, (5.7), together with the second
set of relations in (5.13), imply the corresponding relation from B(s;-Q,6") at j:

Z aa* — Z a*a —Oje; = Z aa* — Z a*a — Z a*a — Oje;

a€Q1 a€Q1 a€Q1 a: j—i~ a€Q1
t(a)=j s(a)=j t(a)=j s(a)=j,t(a)#i~
= > ad* + Y a®(@P) —ni-je;— > a*a—bje;
a€s,— Q1 a: j—i~ acs,— Q1
t(a)=j,s(a)#£iT s(a)=j
= Z aa* — Z a‘a — ngj.
a€s,— Q1 a€s,— Q1
t(a)=j s(a)=j

~ We conclude that C(Q, ¢) is a sub-C*-algebra of the universal C*-algebra, ? , completing
B. Let e ==} .cq, €; be the unit of C(Q,0). We claim that C(Q,0) = eCe. It suffices

to show B(Q,0) = eBe. To see this, note that if a path starting and ending in Q C Q
contains an arrow starting or ending at 77, then that is part of a term of the form a?(b°P)*
as in (5.13), and so we can use that relation to remove such a pair. By induction we obtain
a linear combination of paths containing only arrows of the type a or a* with a € Q.

By the above, to show that C(Q, ) is strongly Morita equivalent to C, it suffices to
show that e € C satisfies the condition of Lemma 5.12. To see this, note that the relation
B*B = ¢;+ implies that e;+ € Span(CeC) and thus 1 € Span(CeC).

Similarly, C(s;- @, €') is also strongly Morita equivalent to C, so the theorem follows. [

5.4 Extension of mass and flow to complexes

In this subsection we extend the notions of mass and minimizing flow from metrized quiver
representations to complexes of such. Our construction is formally analogous to Quillen’s
extension of Chern—Weil theory to (Chern) superconnections [Qui85, BGS88|. The rough
idea is that when we rescale the differential on the complex by a large positive constant,
the mass should concentrate more and more on the harmonic part.
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First, given a quiver ), we take a certain double, A(Q), which is a graded *-algebra and
roughly Koszul dual to the x-algebra B(Q, ) considered in Section 5.2. Our requirements
for a graded x-algebra are |a*| = —|a| and the Koszul sign rule (ab)* = (—1)lelltlp*g*,

Definition 5.13. Given a quiver @, define A(Q) to be the graded x-algebra with the
following basis:

o ¢, fi for each vertex i € Qo, |e;| = |fi| =0, ef = e;, [ = fi,

e a, a* for each arrow a € Q1, |a| =1, |a*| = —1.

The non-zero products are:
2 * * *
e =¢€, efi=fiei=fi, eja=aei=a, ea =a’e=a’,
* *
aa™ =/ —1fj, a“a =—V-1f;,
where a: i — j is any arrow.

Remark 5.14. The algebra A(Q) is formally analogous to the algebra of forms on a
Riemann surface, with the e; corresponding to 0-forms, the a’s corresponding to (1, 0)-forms,
the a*’s corresponding to (0, 1)-forms, and the f;’s corresponding to 2-forms. However,
the grading on A(Q) does not correspond to form degree, but rather to the exotic degree
considered in [Qial7].

Given a Qo X Z-graded vector space E = Djcq,nez Li' with dimE < oo and a
Hermitian inner product on each homogeneous component, we consider the tensor product
algebra

A(Q, E) == A(Q) ®c End(E)

where End(F) is graded by cohomological degree and the *-involution is given by

(5.14)

T* Tt for T' even
- V=1t for T odd

where T is the usual (ungraded) Hermitian adjoint of a linear map (cf. [DM99, (4.4.6)]).

Suppose further that E has the structure of a metrized complex of representations of ().
Concretely, each E} == @, <7 E*, i € Qo, is a cochain complex of Hermitian vector spaces
with differential d; of degree +1 and for each a: i — j we have a chain map p(a): E} — Ef
of degree 0. This data is encoded in terms of the element

A= e@di+ Y. a®pla) c AYQ,E).

1€Q0 a€Q

Then A2 = 0 is equivalent to the identities d> = 0 and [d, p(a)] = 0 for a complex of
representations.

Remark 5.15. The suitable choice of *-algebra Afg, as in our general framework in
Section 4.2, is @; , End(E}") € A°(Q, E). An element of Met(E) is however not just given
by a Hermitian metric on each E}*, since this would not be invariant under isomorphism
in D’Rep(Q). Instead, an element of Met(FE) is represented by any metrized complex of
representations E’ which is isomorphic to E as an object of D’Rep(Q).

Assume that Im(z;) > 0 for all i € Qp. Set

Fo=(A— A")2 = —AA* — A*A, F.o=vV-1) fi®az, F:=Fy+F,
1€Qo
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then Fp is skew-Hermitian (Ff = —Fp), F' is normal (F*F = FF*) and of degree 0. More
explicitly, we compute

VAP ==Y ¢ (ddf +dd,)

1€Qo
+ Z a® (d}p(a) - p(a)dz) +v-1 Z at® (p(a)de - dip(a)T)
a: i—j a: i—j

+ > (fz®P pla) = f; @ pla)p )+Zfz®zz

a:i—j 1€Q0

Using the exponential function exp: A(Q, F) — A(Q, E) we define
Q= (—1)%Bexp(—v/—1F); € End’(E)

where for X € A(Q, E), X denotes the endomorphism of E obtained by projecting X to
the summand

P f; ® End(E})

1€Qo
and then identifying f; ® T with T on E?. Note that € specializes to (5.2) for complexes
concentrated in degree zero.

Lemma 5.16. Q is normal and (—1)3Q = exp(—/—1F); has spectrum in the upper
half-plane.

Proof. Normality of €2 follows directly from normality of F. Since Fy commutes with F,
we get

(—1)desq) = (exp(—ﬁpo)exp(—ﬁn))f

= (exp(—ﬁFg) (1 + Z [i® Zz))
1€Qo f
= exp(—\/leo)f + Z Zi €XP (_dld;[ - d1d2>

i€Qo
thus ( )d
_1)des
Q-9 =Y Im(z) exp (~did] — dld;
2T by (- )
which is positive definite. O

Lemma 5.17. trQ = Z(F).

Proof. Consider
7 = tr ((_l)deg exp (—\/ —1tFy + FZ)f)

for t € [0,1], then Zy = Z(F) and Z; = tr {2, so it suffices to show that Z; is constant in t.
We compute

%exp (~V=1tFy + F.) = exp (—V/=TtFy + F.) (—/=1F)

=F
= —V/—1E(A— A%)?
V=1

= —?[E(A —A"),A— A
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using the fact that [F, A — A*] = 0. Here, [a,b]s denotes the supercommutator. But
the functional a — tr((—1)%as) on A(Q, E) vanishes on supercommutators, showing
d

<Z; = 0. O
dt 't

The mass and flow on the space of metrics are then given by

dh
m = tr|Q, h_la = —arg(Q) (5.15)

where h is the Hermitian metric on £ and on the summand E™ the branch of arg is chosen
in (—mn,m(1 —n)). Lemma 5.17 gives the “BPS inequality” |Z(E)| = |[tr Q| < m.

Question 5.18. Does the mass decrease monotonically under the flow (5.15)?

Our next goal is to provide more explicit formulas for the mass and flow in the simplest
examples where both d and p are non-trivial.
The rank 1 case

Proposition 5.19. Suppose that E is a complex of “rank 17 representations of @, i.e.
dim E' <1 for alli € Qo,n € Z. Then the component of Q on EI* (complex scalar) is
given by

(]

Qp = (—1)re A <zi

+ 3 (a4 (ol = al ™! — B 2By - 87 + BT — 7))

a:i—j
+ 30 (—an+ (= al) (B = B (BT - Bt 4 B - BEY) )
a: k—1
where . )
eS—s—
ay = p"(a)p" (@), Bf = dp(d})T, ©a(s) = —a

Here, d¥: B — EP and p"(a): EP — E} for ati— j and oy, Bi' are considered as
non-negative real scalars.

Proof. We calculate exp(—+/—1F);. Given the structure of A(Q, E), this will be a sum of
terms coming from each of the f;-terms of F' and each pair of a- and a*-terms of F. Since

we are in the rank 1 case, the e;-terms commute with the f;-terms. Thus, the contribution
of the f;-terms of F' to (—1)"Q is

e Br=B" (Zz‘+ dooap- >, afj).

a:i—j a: k—i

Fix an arrow a: ¢ — j and n € Z such that E and E;?_l are non-zero, thus 1-
dimensional. Let p: E* — E and g: E;-]_l — E;-"”_l be the respective identity maps and
choose linear maps z: E}* — E]’-"”_1 and y: E;-l_l — E7 which are inverse isomorphisms. The

contribution of the a- and a*-terms in F' to €2 only involves the 6-dimensional subalgebra
Aon € A(Q, E) with basis

ei®p7 ej®Q7 CL®IIJ‘, _V_la*®y7 fl®p7 fJ®Q7
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in which

(a®z)(—V-1a*®y) = V-laa* @2y = —f; ® q,
(—V-1la*@y)(a® ) =V—-1ld*a@yz = f; @ p.

The action of A, 5, on the left ideal with basis e; @ p, a®z, and f; ®p gives the (non-faithful)
representation

Alei®p+)\gej®q+)\3a®x—)\4\/—1a*®y+)\5fi®p+)\6fj®q

A0 0
— )\3 A O
As M 0N

under which the part of —/—1F in A, ,
e @ (=d () — (@) + ey @ (—dp~(dy ) = (@)idy) 516)
+a® ((d)p"(a) = ") (@) +vV=Ta* ® (p"(@)dy — dip" (o)1),

is mapped to

—Bp — B 0 0
A3 —B;7 = By 0
0 A —pr — gt
with
Xada = = (@) p"(@) = p" M (@)(d)) (" (@)} — d7p"~H(@))

= —(d})'p"(a)p"(a )Td" (d”) P (a)d; p"H(a)f
+p" Ha) () p ()} — o) (@) " ()
n—1

n

:(aa_aa )(ﬁz _ﬁj)'
The lower-left entry of the matrix exponential of a matrix of this type is given by

M 00 o
exp )\3 )\2 0 = €>\1)\3)\4
0 M M

— (A2 —N) -
(>\2 - A1)?

w2(A2—A1)

31
hence the contribution to (—1)"Q7 is

e (ol — ol (B — B pa(BE — BT + B - L),

To calculate the contribution to (—1)”_19?_1 we consider the left ideal of A, , with
basis e; ® ¢, —v/—1a* ® y, and f; ® ¢ which yields the representation

Ae;@p+Aoe; @q+A3a@c —MV—1a"@y+ X5 fi @p+ A fj @ ¢q

Ay 0 0
— )\4 )\1 0
A6 —A3 A2
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under which (5.16) is mapped to

—B7 ! - pr 0 0
A —gp — gt 0
0 —A3 -8y -7

The contribution to (—1)”_19?71 is then

e (0 — o) (B2 — Bl e (B — B2 + B — BT

which upon the substitution n — n + 1, ¢ — k, j — ¢ becomes
—pn—pntt
T (O L e i L (e e . )

which is the final term in the claimed formula. OJ

A minimal example
We consider the following complex of representations of the As quiver, concentrated in

degrees 0 and 1.
(C,e"2) ———— 0

ol

o T
(Cve )p(T)=1> ((Cve )

Here, the horizontal map is the action of the unique arrow a: 0 — 1, the vertical map is
the differential, and x;, i = 0, 1,2, are coordinates on the space (0,00)% = R3 of Hermitian
metrics on the complex of representations. Let

. . . 0 . 1
T = X1 — Tg, Y = To — Xg, a=¢e" = ag, B=r¢eY=p.

Fix central charge parameters zg, z1 in the upper half-plane. Then from Proposition 5.19
we get

Q=) = e (2 + a),

O = Q? =21 —a+ (—a)(=B)p2(=B) = 21 — ap1(=H),

Q=0 = —¢ (20 + (—a) Ba(B)) = —¢ (20 + @) + a1 (—B)

where ¢1(s) = (e®* — 1)/s. The flow is

O ()~ ara(@), Y = axg(00) — arg(02)

where arg(€), arg(€21) € (0,7) and arg(22) € (—m,0). The dynamics of the system depend
on the order of arg(zp) and arg(z1). Especially when the angle between 2y and z is large,
the vector field decomposes the (z,y)-plane into regions separated by curves along which
the direction of the flow changes abruptly, see Figures 4 and 5.
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Figure 4: Vector field for zgp = —1 + 0.14, z; = 1 + 0.17 (stable case). Contour lines show
mass M.

5.5 Kahler metrics from increasing convex functions

Fix a quiver Q = (Qo, @1, s,t) and for each vertex i € Qg a stability parameter 6; € R and
a Hermitian vector space F;, dim F; < co. In Section 5.1 we considered the Kahler quotient
of the vector space X = @,. ;; Hom(E;, E;), equipped with the standard translation-
invariant (flat) metric, by the compact group U = [l;cq, U(E;) of isometries. This
quotient depends on § € R0 C 4" and is identified with the moduli space of f-polystable
representations of () with fixed dimension vector (dim(F£;))icq, by Theorem 5.1.

Instead of starting with the flat metric on X, we could, more generally, take any
U-invariant Kahler metric. According to our philosophy, the various Kéhler metrics for
different dimension vectors should be determined by a single “noncommutative Kéhler
metric” for (). Here, we propose examples of such metrics which depend on a choice
of function f,: [-00,4+00) — R for each arrow a € @, satisfying certain properties.
Given such functions, we replace the terms tr(p(a)*p(a)) in the Kéhler potential by
tr f, (log p(a)*p(a)). The following definition provides sufficient conditions on the f, to
ensure positivity.

Definition 5.20. A ramp function is a function f: [—00,+00) — R which satisfies the
following conditions:

(1) folog: [0,+00) — R is of class C?,

(2) f/(A\) >0and f”"(\) >0 for A € R,
(3) lim,_,q+ £Uo80) — d _Joloeg>0,
() Ty oo f/(3) = 0.

It follows from differentiability of f olog: [0,4+00) — R at 0 that limy—,_ f'(A) = 0.
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Figure 5: Vector field for zo = 1+ 0.1¢, z; = —1 + 0.17 (unstable case). Contour lines show
mass M.

Thus, f': R — (0, +0c0) is a C! diffeomorphism.
Example 5.21. The function f(\) = Ae* + B is a ramp function for A,B € R, A > 0.

A C? function ¢: C* D U — R is strongly plurisubharmonic if \/—100¢ is a Kihler
2
form. More explicitly, this means that the matrix with entries %{5’% is positive definite.

Lemma 5.22. Suppose f: [—00,+00) — R is a ramp function, then the function

Hom(C",C™) — R, T — tr f (logTT™)

is strongly plurisubharmonic.'”

In fact, the conclusion of the lemma requires only the first three conditions of a ramp
function, not the fourth.

Proof. Suppose first that f: [-o00,+00) — R is some function such that g = f o
log: [0, +00) — R is C?, but not necessarily satisfying the other conditions in the lemma.
Define $f: [0, +00)? — R by

for x # vy
forz =y

['(log z)—f"(log y)
y

)z, y) = {f”(log )

To see that this is well-defined when & = 0 or y = 0, or both, write $f in terms of g:

g (@)z—9' W)y

_ Ty for z # y
(ﬁf)( ay) : {g”(m)x—l—g’(:ﬂ) for z =y ’

1"Using T*T instead of TT* changes the trace only by a constant depending on m,n, hence does not
affect the associated Kéhler form.
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We claim that:

90tr f (logTT*) = > ((Hf/)T*T @ Iy, I, @ TT™))

,9,D,4

ap,ap deq VAN dipq (517)
where z,,: Hom(C",C™) — C is the (p,q) matrix coefficient. Given the above identity,
the lemma follows, since §)f is everywhere positive by our assumptions on f and thus
OHITT @ Iy, I, @ TT™) is positive definite.

It remains to verify (5.17). Note first that both sides of the equation depend linearly
and continuously (in the C? topology) on f. By polynomial approximation, it suffices to
check the special case where g(z) = f(logz) = 2%, i.e. f(A) = €F, for some integer k > 1.
For ©f we then get:

k

Hf)(x,y) = k

_kzxrklr

so the right-hand side of (5.17) is

k:z > (T ) )y (T dzgg A digg

pp
r=0p,q,p,q

using the fact that (A ® B)gp.gp = AggBpp- The left-hand side of (5.17) is
09 tr(TT*)* = ko tr (TT*)FTOT*)

k—1
= kY tr (OT(T*T) AGTH(TT*)!17)
r=0

- kkil Z dzpq ((T*T)T)qq N dZpg ((TT*)k—l—r) )

r=0p,q,0,q pp
which proves the claim. O

Let us fix for each a € @)1 a ramp function f,. Given vector spaces F;, i € Qg as before,
we define S: X x C* — R by

S(p,w) =Y tr fa(log (p(a)"p(a))) + log w| (5.18)

aceQ1

which is plurisubharmonic and strongly plurisubharmonic in p by the previous lemma. In
particular, we obtain a Kéhler metric on X and on the Kéahler quotient of X by U.
The critical points of S are given by the solutions to

> fo(og pla)p(a)*™) — fu (log p(a) =Y bip(e;)

acQ1 i€Qo

and this again has a solution for some choice of metric iff the representation is #-polystable.
This relies on a generalization of the Kempf-Ness theorem from the norm-squared function
to suitable strongly plurisubharmonic functions [AL93].

In the next section we will consider the non-Archimedean limits of the Kéhler metrics
coming from the f,.
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6 Representations of quivers: non-Archimedean case

In this section we develop non-Archimedean analogues of some of the definitions and results
which appeared in the previous section. This is based on the well-known analogy between
symmetric spaces and affine buildings. Our main motivation for considering this case
is that Fukaya categories are typically defined over a non-Archimedean (Novikov) field,
instead of C.

In Section 6.1 we illustrate the passage from the Archimedean setting to the non-
Archimedean one by considering families of metrics depending on a small parameter.
Section 6.2 reviews definitions and results around norms on finite-dimensional vector spaces
over a non-Archimdean field K, including the structure of the affine building of such a
vector space. Finally, in Section 6.3, we introduce a notion of harmonic norm in this
setting and prove an analogue of Theorem 5.1 on the existence of such metrics.

6.1 Passing to the non-Archimedean limit

We describe the passage from Archimedean to non-Archimedean Kéahler geometry in the
case of representations of quivers. This motivates our constructions in Section 6.3, but is
logically independent.

Throughout, we fix a quiver @, for each vertex i € QQy a stability parameter ; € R,
and for each arrow a € Q1 a ramp function f,: [—00, +00) — R as defined in Section 5.5.
Given a representation (E, p) of @ over C with a reference Hermitian metric on each E;
we consider the function

S(h) = Z tr f, (log (p(a)p(a)™)) — Z 0; log det h; (6.1)

ac€Q1 i€Qo

on the space of Hermitian automorphisms of E which are a direct sum of Hermitian
operators h; on E;, i € Qo. (This is the symmetric space [[;cq, GL(E;)/U(E;).) Here,
pla)*h = S_(Z)p(a)*ht(a) is the adjoint with respect to the Hermitian metric determined by

h. Note that (6.1) specializes to (5.4) when f,(\) = e for all a € Q.
We let

Pi=—dS =Y fi(logp(a)™p(a)) — fi (logp(a)p(a)™) + > Oip(e;)

acQ 1€Qo

i.e. —dS(h=16h) = tr(h~16hP), where dS is considered as a 1-form and h~'6h a tangent
vector at h.

To find the non-Archimedean analogue of S and P, we introduce a parameter ¢ > 0
and vary the metric by setting

FLON) = e faleN).

Note that f,ﬁe) will generally no longer be a ramp function, and the corresponding Kéhler
metric may be singular. In spite of this, we will still consider

SO =t Y tr fo (elog (pa)p(a)™) — 3 0 logdet hy,

a€Q1 1€Qo

P9 = 3" fi(clog p(a)™ p(a)) — f; (clog pla)p(a)™) + > Oip(es).

a€Q1 i€Qo
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We want to make sense of the above expressions when ¢ = e~'/€ is a formal parameter.
To that end, consider as in Section 3 the (Novikov) field K = Now of formal series of the

form

Z Cat®

aeR
where ¢, € C and the set of @ € R with ¢, # 0 is discrete and bounded below. The field
K is non-Archimedean and complete with respect to the absolute value

Z cat®| == exp (—min{a | ¢y # 0}) € [0, +00).
a€cR

There is an operation of (coefficient-wise) complex conjugation which fixes the totally
ordered subfield Kr C K of series with coefficients in R. The positive cone in K consists
of series whose leading coefficient (i.e. coefficient of the smallest power of ¢) is positive. The
order and absolute value are compatible in the sense that 0 < z < y implies |z| < |y[.1®

Definition 6.1. A Hermitian inner product on a K-vector space V is a K-linear map
VorgV—K, (v,w)— (v,w) with (v,w) = (w,v) and (v,v) > 0 for v # 0.

The simplest example is V' = K with (v,w) = vw. Intuitively, a K-vector space V'
with Hermitian inner product is a family of Hermitian C-vector spaces depending on an
infinitesimal parameter ¢. The limit of this family as ¢ — 0 is the C-vector space

Vo i=Veo/Vao ={v eV [|v]| <1}/{v eV ||vl <1}
with the induced inner product.

Definition 6.2. A refined norm on a finite-dimensional K-vector space V' is given by:
(1) a non-Archimedean lattice norm | - || on V' (see Section 6.2 below),

(2) a Hermitian inner product (_, )¢ on the C-vector space Vj.

Lemma 6.3. A Hermitian inner product (__, ) on a K-vector space V gives rise to a

refined norm via ||v|| = \/[{v,v)], (v,w)o == (v,w) mod t>°.

Proof. The proof is standard. Let us show the ultrametric triangle inequality
[z +yl < max(||z[,[lyl),  zyeV.
This follows from
lo+yl? = [z +y, 2 + )| < max (|21 [yl |z, )] ) = max (|l2] y]?)
where we have used the Cauchy—Schwarz inequality

(@, )] < [l ][]yl

which is shown in the usual way.
The other statements are immediate. O

18K is an ordered *-field in the terminology of Holland [Hol80], and the valuation v(x) := — log |z| is its
order valuation in the sense of [Hol80, Theorem 4.4].
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Suppose a € Ky, a > 0, converges absolutely for ¢ > 0 sufficiently small. Write
a =t = e /¢, where |¢| = 1, then

—

lim a° =e @ lim ¢* =€ = |al.
e—0t e—0t
More generally, it is reasonable to define lim,_,¢+ a® := |a| whenever a > 0. Moreover,

this extends to linear operators @ € End(V) with Q* = @, @ > 0, where V is a finite-
dimensional Hermitian vector space over K. In an orthonormal basis of V' where Q =
diag(ey, ..., ¢n) we have

lim Q° := diag (|c1|, ..., |cn]) € End(Vh)

e—0t

with respect to the induced orthonormal basis of V4.

Lemma 6.4. Let T: V — W be a linear map between finite-dimensional Hermitian vector
spaces over K. Then

lim (T*T)° € End(Vp), lim (TT*)¢ € End(Wj)

e—0t e—0t

depend only on the refined norms on V and W.

Proof. By the singular value decomposition for matrices with coefficients in K (see Sec-
tion 6.2 for a review) we can write

T=Yt""ei, Vi T =3t fi e
=1 i=1

where e, ..., e, is an orthonormal basis of V', f1,..., f;n is an orthonormal basis of W,
and o1 > ... > o, r =1kT. We compute

r T
T = Zt_zai <€i,_>€i, TT" = Zt_20i<fi’ _>fz
i=1 =1
and

lim (T*T Z eQC” {es, Yoei, lim (TT%)¢ 262‘71 _Jofi

6*)0+ €*>0+

where e; also denotes the image of that basis vector in Vj, and sumlarly for f;. If we forget
the inner products on V, W and only remember the induced refined norms, then 7™ is no
longer defined, but we claim that the above limits can still be recovered from 7" alone. It
suffices to know the set of real numbers ¥ = {01, ...,0,} and the subspaces

V) = span{e; | 0; = A} C W, Wy = span{fi | o; = A} € W.

In fact, using the splitting coming from the inner products on Vj and Wy it suffices to
know the R-filtrations

Var =V @ P Vi, Wsy = P W,

759 u>A

where

neER

1
(@ v, ) (Ker(T) N V<o)/(Ker(T) N Vo).
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But these can be defined alternatively using the non-Archimedean norms by

Var=F (M) ={ve V|3t 5 € V: |3l < 1,|T5] < e},

Wy =FHT)\ = {w eWp|FweV:|Tv| <1,To lifts w, [Jv]| < e*’\}.
Moreover, 3 is precisely the set where V<) (equivalently, W>,) jumps. ]

The above discussion shows that we can make sense of lim,_,o+ €S and lim,_,o+ P,
and these only depend on the refined norms on the K-linear spaces F;, i € Q. To write
explicit formulas, let

kq kq
_)‘a - —_ _/\a
pla)pla) =Dt rpr, pla)pla)™ =Dt rerph,
k=1 k=1
where a: i — j is an arrow, A1 < ... < Agk,, and pfk are orthogonal projectors (to

eigenspaces). We use the same notation for the induced projectors Dokt (Ei)o — (F;)o and
Par: (Ej)o = (Ej)o, k=1,..., ks Then

kq
SO = lim 5O = 3 S £, (ag) tr (p;k) — Y bilog| det(hy),

e—0t

a:i1—j k=1 1€Qo
ka
pO) _ lim PO = 37 3" £ () (P = Ple) + D Oprsy,,
e a:i—j k=1 i€Qo

where | det(h;)| is the volume of the non-Archimedean norm on E;, compared to some
fixed reference norm. We want to interpret the equation P(®) = 0 as an instance of King’s
equation (5.3) for some quiver Q*.

Definition 6.5. Let Q be a quiver with stability parameters 6; € R, i € (), functions fq,
a € @1 as before, and a representation (E, p) over K with a non-Archimedean norm on
each E;, i € QQp. Remove any arrows a € Q1 with p(a) = 0. We define a quiver Q* with 67,
i € @), and a representation E* of Q* over C as follows.

The A, 1 are as before and, by Lemma 6.4 and its proof, are the well-defined values
where the increasing filtration 7~ (p(a)), (equivalently: the decreasing filtration F*(p(a))s)
jumps. The quiver Q* has vertices of three types:

(1) A vertex for each vertex i € Qg with

0 =0+ > filAak.)

a€Q1:s(a)=t
and Ef = (E;)o.
(2) A vertex (a, k,—) for each pair (a,k), a € Q1,0 < k <k, — 1, with

* - {_f(;()‘a,l)a k=0

ko fé(/\a,k)_fé()\a,k—&—l)a k= 1a--~aka_1
and with an arrow to s(a). We set

By = {f— (p()) o0 = F~(pla))cxs, k=0
T ff(p(a)))\kj E=1,...,ks—1

and assign the inclusion map to the arrow.
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(3) A vertex (a,k,+) for each pair (a,k), a € @1, 1 < k < kg, with

* o {_fclz()‘a,l)v k=1
P Qake1) = Folhak)y k=2, kq

and with an arrow to t(a). We set EY, | = F*(p(a)),, and assign the inclusion
map to the arrow.

Note that our requirement that each f, is a ramp function implies that 67 , , <0.

Remark 6.6. The above definition also makes sense if 6; are replaced by central charges
z; in the upper half-plane.

Proposition 6.7. Suppose Q, 0;, fa, (E,p), and a non-Archimedean norm on each E;
are given as above. Then P() =0 for some refinements of the norms if and only if E* is
0*-polystable.

Proof. Suppose we are given some refinement of the norms on each F;, thus pf . and PO
are defined. For an arrow a: ¢ — j let

_ L — — + ot +
Pa,<k "= PY(E)o T Pak+1 — -+~ Pak,: Pazk = Paj T+ T Pak,

then

kq—1

Z f Cl k pa k - Z 02,k7_p;)gk + f,(Aa7ka’)pr(Ei)0
k=0
ka
+
- Z f a k pa k — Z 0;,k,+pa,2k
k=1

by the telescoping sum. Thus, we can re-write P(9) as

ko—1
PO =" 6rprimy, + (29 , pa<k+20ak+pa>k>

1€Q0 a:i—j \ k=0 k=1

Now, suppose P(©) = 0 for our refined norms. Then we give each E * the Hermitian

inner product so that the inclusion It ak' E;ZE — E¥, which is part of the representation

E*,is \/—0%, . times an isometric inclusion, i.e.
vy

* * *
— (=Y _ _g* - + (+ Y~ o+ - + _ _p*
Ia,k (Ia,k) - _ea,k,—pa,gk’ Ia,k (Ia,k) - _9a7k7+pa,2k’ <Ia7k> Ia,k — Va,k,+t-

With this choice, (5.3) is satisfied and E* is polystable by Theorem 5.1.

In the other direction, if E* is polystable, then by the other half of Theorem 5.1 we
have a metric on E* satisfying (5.3) which means precisely that the inclusions assigned to
arrows are isometric up to scalar factor as above and that P(®) = 0. O

The proposition suggests an analogy between the following “harmonicity” conditions
on a metrized quiver representation E':

(1) Over C: P =0.
(2) Over K: E* is polystable.

This analogy motivates the definitions in Section 6.3.
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6.2 Preliminaries on norms

Throughout this subsection, K is a complete non-Archimedean field, i.e. K comes with an
absolute value | - |: K — [0, 00) satisfying the ultrametric inequality |a + b| < max(]al,|b|)
and is complete with respect to the metric d(a,b) = |a — b|. There is a corresponding
valuation on K given by v: K* — R, v(a) = —log|a|. We denote by O := {a € K : |a| < 1}
the valuation ring, m := {a € K : |a| < 1} the maximal ideal in O, and k := O/m the
residue field.

Conventions: We will consistently index filtrations and gradings by the “energy’

)

—v =log|-|. Vector space always means finite-dimensional vector space in this subsection.
Definition 6.8. A norm on a vector space V over K is a function || - ||: V' — [0, c0) such
that

(1) ||v]| =0iff v =0,
(2) ||av]| = |a| - ||v]| for all a € K, v €V,
(3) llv+wl < max({jo]l, [[wl]).

Let V be a vector space over K, by,...,b, a basis of V, and c1,...,c, € R. Then
lvib1 + ... + by ||p.c == max (e |vi],..., e |vy]) (6.2)

is a norm on V. Norms of this form are said to be diagonalizable. For general K, not all
norms are diagonalizable, see Proposition 6.9 below. The norms of the form || - ||, i.e.
with ¢; = ... = ¢, = 0, are the lattice norms corresponding to the O-submodule (lattice)
with basis by,...,b,, giving the closed unit ball in V.

Proposition 6.9. The following are equivalent for a non-Archimedean field K :
(1) All norms on all K-vector spaces are diagonalizable.

(2) K is mazximally complete, i.e. there is no complete extension L/K with the same
value group and residue field.

(3) K is spherically complete, i.e. any nested family of closed balls has non-empty
intersection.

Proof. The equivalence between 1. and 2. is [BE21, Lemma 1.12]. The equivalence between
2. and 3. is a theorem of I. Kaplansky, cf. [BE21, Section 1.1]. O

Example 6.10. (1) If K is discretely valued, i.e. v(K*) C R is discrete, then K is
easily seen to be maximally complete. In particular, this applies to any field with the
trivial valuation (v = 0), in which case norms on vector spaces are the same as complete
R-filtrations.

(2) The Novikov field of formal power series 3", cg cxt® where the set of A with ¢y # 0
is discrete and bounded below, as in Section 6.1, is not maximally complete. Its maximal
completion consists of those power series where the set of A\ with ¢y # 0 is only required
to be well-ordered as a subset of R. This is an example of a Mal’cev—Neumann field,
see [Po093] for more details.

Non-expansive maps

A linear map f: V — W between normed vector spaces is non-expansive if || f(v)|| < ||v]|
for all v € V. Let Norm(K) denote the category whose objects are normed vector spaces
over K and whose morphisms are the non-expansive maps. Thanks to the ultrametric
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inequality, Norm(K) is additive. Furthermore, Norm(K) has kernels and cokernels: The
kernel of a morphism f: V' — W is the linear map kernel Ker(f) < V together with the
restriction of the norm on V. The cokernel of a morphism f: V — W is the linear map
cokernel W — Coker(f) together with the quotient norm induced from W.

The category Norm(K) is moreover quasi-abelian: Kernels (strict monomorphisms) are
stable under pushout and cokernels (strict epimorphisms) are stable under pullbacks [Sch98,
BBK17]. The same is true for the full subcategory of diagonalizable norms, which is closed
under subobjects and quotients by [BE21, Lemma 1.13], but not extensions (unless all
norms are diagonalizable).

The space of norms

If V is a vector space over K, let N'(V') denote the set of norms on V. The Goldman—Iwahori
metric on N'(V) is defined by

o]
[l

doo (|| - 11 [I') = sup
veV\{0}

log

It is easy to see that (N (V),dx) is complete, even without assuming completeness of K.

Let N'488(V) C A/ (V) be the subspace of diagonalizable norms. This is a dense subset
by [BE21, Theorem 1.19(ii)] (and N'488(V) = M(V) if K is maximally complete, by the
above).

Let A(V) = N428(V)/_ be the space of norms up to homothety (scaling). This is
an example of an affine (Bruhat-Tits) building [BT87, Par00, Rou09]. It is a simplicial
building iff the valuation group v(K*) C R is discrete. See [RTW15] for a discussion on
the relation with Berkovich spaces. In the following, we will not assume any familiarity
with the theory of affine buildings, however the more general perspective can be a useful
conceptual device.

Since N'428 (V) is a trivial R-bundle over A(V), there is not much difference between
these spaces, and we will routinely go back and forth between the two.

The non-positivity of the curvature of A(V') will play a key role in our considerations.
See [Par00, Proposition 2.10], [Rou09, Proposition 6.5].

Proposition 6.11 (Bruhat-Tits). Any affine building is a CAT(0) metric space with
respect to the metric dy which restricts to the Fuclidean metric on each apartment. (This
metric is bilipschitz equivalent to d.)

In the remainder of this subsection we will review some properties of Ngiag(V) and
A(V') using the terminology from the theory of buildings.

Apartments

Apartments of Ngiag(V) and A(V') correspond to splittings V = L1 @& ... ® Ly, where
dimL; =1,7=1,...,n = dimV, up to permutation of the L;’s. Choose 0 # b; € L;,
t=1,...,n then we have an isometric embedding

R" L>-/\/’diag(‘/% c— ” ’ Hb,c

where the diagonalizable norm || - |5 is defined as in (6.2). This induces a map R"™1 =
R"/R < A(V) whose image is the apartment corresponding to the splitting. Different
choices of total order of the L;’s and the basis give different parametrizations of the same
apartment related by the action of the affine Weyl group S, x (v(K*))"~1 C S, x R*~L.
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Tangent cones and singular values

Let (V,|| - ||) be a normed vector space over K. For a € R consider the quotient of
O-modules
Vo={veV: || <e*}/{veV:|v|| <e}

which is a vector space over the residue field k. Multiplication by a € K* defines an
isomorphism Vi, — V,,_,(4) which is well-defined up to a factor in k™. Let I' := v(K*) C R
be the valuation group and

grV .= @ Va
a€R/T

which is an R/I"-graded vector space over k, each summand being canonical up to rescaling
by k*. We write gr(V,| - ||) if we wish to emphasize the dependence on the norm. This
construction is functorial in the following sense: If f: (V| - ) — (W,]| - ||) is a non-
expansive map, i.e. ||[f(v)|| < ||v|| for v € V, then f induces a grading-preserving map
grf: grV — grW of R/I'-graded vector spaces.

Example 6.12. (1) If I' = {0}, then a norm is just a complete R-filtration on V', and
grV is the associated R-graded vector space.

(2) If |- I =l - llp,0 is & lattice norm, then gr V' = V4 is homogeneous.

While it is defined more generally, we will only consider gr(V,|| - ||) when || - | is a
diagonalizable norm. The following proposition, whose proof we omit, explains the relevance
of this definition.

Proposition 6.13. The tangent cone to N42&(V) C N(V) at a diagonalizable norm || - ||
is canonically identified with the space of complete R-filtrations on gr(V, || -||) as a graded
vector space. For A(V') the same is true if we identify R-filtrations under the action of R
on itself by translation.

In particular, the tangent cone to A(V') is the cone over the set of complete R-filtrations
with at least two jumps on gr(V,| - ||), modulo the action of the orientation preserving
affine group Aff™(R) on R by translation and scaling by positive constants. If || - || is a
lattice norm, this is nothing but the spherical building associated with gr V ~ k™.

The R-filtrations in Proposition 6.13 are a special case of the following more general con-
struction, which is the analogue of the singular value decomposition in the non-Archimedean
setting.

Definition 6.14. Let T': (V.|| -||) — (W,]| - ||) be a linear map between vector spaces with
diagonalizable norms.

(1) Define an increasing R-filtration, F~(T), on gr V whose restriction to (grV), is
(F~(T)<p), = {v € (@V)a | FUift 5 € V2 |T5] < e**7}.

(Note the inequality can be written, for v # 0, as log(||7'0||/||?2|]) < 5.)
(2) Define a decreasing R-filtration, F*(T'), on gr W whose restriction to (gr W), is
(,7:+(T)ZB) = {w € (grW), | Fv eV : Tolifts w, ||v] < eo‘*ﬁ}.

(Note the inequality can be written, for w # 0, as log(||Tv||/||v]]) > B.)
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(3) The singular values'® of T are the numbers oy > ... > o,, 7 = rk T, where the
filtration F~(T) (equivalently: F*(T')) jumps, where the multiplicity of the jump o;
in the descending list is dimy F~ (1) <o, /F (1) <o, -

Computationally, the filtrations F*(T') can be found by the algorithm that produces
the Smith normal form, i.e. Gaussian elimination where the pivot is chosen to have maximal
absolute value.

The filtrations F*(T) are functorial with respect to non-expansive maps, as made
precise in the following lemma.

Lemma 6.15. Let

V#V’

b

WTH/V’

be a commutative diagram of normed vector spaces over K, where f and g are non-expansive.
Then gr f and gr g are filtration preserving in the sense that

(er f)(F (T)<p) € F (T')<p, (gr g)(F(T)>p) € F(T)>p

Proof. Let v € (F~(T)<p)a- By definition, there is a lift & € V of v such that | T3] < e*+5.
Take ¢/ := f(0) € V’, then this is a lift of (gr f).(v) and

T3 | = |IT" f ()] = lg(To)|| < || T5] < e**P,
thus (gr f)a(v) € (F(T")<B)a-
Similarly, suppose w € (F"(T)>3)q. By definition, there is a v € V' so that Tv lifts w
and ||v|| < e 8. Take v :== f(v), then T'v' = T'f(v) = g(T) lifts (gr g)o(w) and
1]l = [1F ()] < [lv]| < e*?
thus (grg)a(w) € (FT(T")>p)a- O
The convexity of certain sums of ¢;’s will be used in the next subsection.

Lemma 6.16. Let T: V — W be a linear map between vector spaces over K, r = rkT.
Then the partial sums of singular values

§1: =01, 82 =01+02, ..., S =01+...+0,
define convex functions on Ngiag(V) X Ndiag(W).

Proof. Fix some i € {1,...,r}. Since any geodesic connecting two points in Ngjae (V) x
Naiag(W) is contained in an apartment, it suffices to prove that the restriction of s; to any
apartment is convex. Thus, we fix bases of V and W, up to scalar factors depending on
the coordinates in the apartment, and present T' as a matrix. Then

s; = max{log|det M| : M is an i x ¢ minor of T'},

see for example [Ked10, Chapter 3]. Hence, the restriction of s; to the apartment is the
pointwise maximum of a collection of affine functions, thus convex. O

9They should really be called logarithms of singular values, in analogy with the Archimedean case.
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Spherical building at infinity

Any apartment R" < Ngiag(V') can be compactified by adding a sphere S"~! at infinity.
The points of this S”~! have the following modular interpretation: Let V = L; @ ... ® Ly,
be the splitting of V' into lines corresponding to the given apartment. Then to each ¢ € R”
we can assign a complete R-filtration F¢ of V' given by

./T'.gé = @ Lz

e <a

This induces a bijection between S"~1 = (R™\ {0})/R=o and the set of complete R-
filtrations F of V where each subspace F, C V is a direct sum of L;’s and which have a
jump away from 0 € R, up to rescaling. The union of all these spheres is then the set of all
complete R-filtrations F of V which have a jump away from 0 € R, up to rescaling.

Similarly, each apartment R*~! < A(V) can be compactified by adding a sphere S™ 2
at infinity, whose points correspond to complete R-filtrations F of V where each F, is a
direct sum of L;’s and which have at least two jumps, up to action of Aff*(R) on R by
scaling and translation. The union of these spheres is thus the set of complete R-filtrations
F of V which have at least two jumps, up to action of Aff*(R). This is the spherical
building at infinity, A(V)*°, of A(V). This is an example of the general construction of
the boundary at infinity of a CAT(0) space [BH99, Chapter IL.8].

6.3 Harmonic norms

Fix a non-Archimedean field K with valuation ring O and residue field k. As before,
I':=v(K*) C R is the valuation group. We assume that K is spherically complete so that
all norms on finite-dimensional vector spaces are diagonalizable (see Proposition 6.9).

For the purposes of this subsection, a weaker notion of ramp function than the one
defined in Section 5.5 suffices:

Definition 6.17. A weak ramp function is a continuous function f: [—00,4+00) — R
such that:

(1) fleis C,
(2) f'(A\) >0 forall A € R,
(3) f’ is strictly increasing,
(4) limy— oo f/(A) = 0 and limy o f'(N) = Fo00.
Let @ be a quiver and fix for each ¢ € @)y a stability parameter 6; € R and for each
arrow a € Q1 a weak ramp function f,: [—00,4+00) — R . We begin by defining a suitable

category C(Q) of metrized representations, as well as a category C,(Q) which receives the
singular value data of such a representation.

Definition 6.18. Define C(Q) to be the quasi-abelian category over O whose objects are
representations (F, p) of @ over K together with a norm on each FE;, and whose morphisms
are intertwiners of representations which are furthermore required to be non-expansive.

Definition 6.19. Define C,(Q) to be the quasi-abelian category over k whose objects are
given by:

(1) for each i € Qg a finite-dimensional R/I-graded vector space V; over k,

(2) for each a € Q; an increasing R-filtration 7* on Vj(,), compatible with the grading,
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(3) for each a € Q; a decreasing R-filtration F*' on Vi(a), compatible with the grading.

Morphisms are collections of linear maps V; — V/ compatible with the gradings and
filtrations.

Define 60*: K¢(C,(Q)) — R by

0" (V)= 3 Oidim(Vi) + Y fo(A) (dim (F2,/F2,) — dim (F23/72)))
1€Qo acQ1
AER
There is a functor Core: C(Q) — C,(Q) which sends a metrized representation (E, p, || - ||)
to the object (V, F%) of C.(Q) with V; = gr(E;, || - ), F¢ = F*(p(a)). A morphism (f;)
in C(Q) is sent to (gr(fi)) which preserves filtrations by Lemma 6.15. There is also the
obvious forgetful functor C(Q) — Rep(Q, K).

Definition 6.20. A norm || - || on a representation (F, p) of Q over K, i.e. a lift to C(Q),
is harmonic if Core(E, p, | - ||) € C+(Q) is #*-semistable.?

To relate this to the quiver Q* introduced in Section 6.1, we note that the definition
of @* generalizes to arbitrary non-Archimedean field K, with the only difference that all
vector spaces over k are R/I'-graded. Equivalently, one considers the quiver with a separate
copy of the vertex i (resp. (a,k,=+)) for each homogeneous summand component of E
(resp. E;,:f) Then Core(E, p, || - ||) is 0*-(semi)stable iff E* is 6*-(semi)stable.

Example 6.21. For the simplest non-trivial example we take ) = e — o to be the A,

quiver and the indecomposable representation K L K. This representation is f-stable
for stability parameters 61,0 attached to the first and second vertex, respectively, iff
01 = —63 < 0. Assume this to be the case. Norms on K are classified by ||1]| € (0, +00),
and up to overall rescaling we can assume that the norm on the first K is the absolute
value |_| and the norm on the second K is |Jv|| = e*|v| for some A € R. This norm is
harmonic iff §; = f’()\), where f is the chosen weak ramp function for the single arrow.
Existence and uniqueness of a solution A € R to this equation are ensured by the conditions
on f. Note that in the limiting case where 6; = 2 = 0 and the representation becomes
strictly semistable, a harmonic norm does not exist.

Example 6.22. Let @ be the Dy-type quiver

where the numbers under the nodes indicate our choice of #;’s. Take a representation
(E, p) where dim Ey = 2, dim E; = 1 for ¢ = 1,2, 3, all p(a;) are inclusion maps, and the

20We use semistability rather than polystability in the definition, since the limiting moment-map equation
may degenerate to a semistability condition on the associated graded object.

75



three lines E1, Ey, E3 C Ej are distinct. Under these conditions, E is determined up to
isomorphism and indecomposable. Our choice of §# makes E semistable, but not polystable,
because of the f-stable subrepresentation given by F; (at both vertices 0 and 1).

Choose a norm || - || on E and let o; be the singular value of the rank 1 map p(a;). The
representation E* of Q* looks as follows:

Va Va
f3(o2)—% —f4(o2)
Vo +— W Vi
/ 1 —fi(o1) fi(o1)-1
V3 V3
fi(o3)—3 —f3(03)

where Vg ~ k?, possibly not R/I-homogeneous, V; ~ k, i = 1,2, 3, maps assigned to arrows
are injective, and where the numbers under the vector spaces indicate the value of 6*
assigned to that vertex. Thus, the metric is harmonic iff

1
9 = fé(O'S)

(which can be achieved by suitably rescaling the norms on the E;, i = 1,2,3) and the
representation of the Dy-part of Q* is #*-semistable. This is true in two distinct cases:

filo) =1, faloz) =

(1) V4, Va, V3 C Vp are all distinct (identifying V; with its image in Vp). This essentially
reproduces the situation we started with, just over k instead of K, so E* is 6*-
semistable but not polystable. Note that this can only happen if V4 is homogeneous
with respect to the R/T'-grading, i.e. the norm on Ej is a lattice norm, up to rescaling.

(2) Vi # Vo = V3, in which case E* is §*-polystable.
We conclude from the above example that the existence of a harmonic norm on a repre-
sentation does not imply its #-polystability, unlike in the Archimedean case. Additionally,

f-semistability is not sufficient for existence of a harmonic norm as the As quiver example
shows. Thus, both implications in the following theorem cannot be reversed, in general.

Theorem 6.23. Let Q@ be a quiver, 0; € R, i € Qo, fo weak ramp functions, a € Q1, and
E = ((E))i, p) a representation of Q) over K. Then there are implications:

FE polystable — E admits a harmonic norm —> FE semistable.

Question 6.24. Can the spherical completeness assumption on K be omitted in Theo-
rem 6.237

The proof of Theorem 6.23 will occupy the remainder of this subsection. Fix Q, 0;, fa,
and a representation F of () over K as before. Let

N(E) = ] M(E)
1€Qo

be the space of (diagonalizable, since K is spherically complete) norms on E. Motivated by
the considerations in Section 6.1, we introduce the potential function S: N (F) — R with

5= Z Z fa(N) dim (F~ (p(a))<r/F~ (p(a))<r) — Z 0; log vol(E;)

a€@Q1 AER 1€Qo
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Figure 6: Graph of the function S on the ball of radius 4 in the affine building N (K2)/~
with center the standard norm (the unique global minimum of S). S increases slowest
along the standard apartment K? = K @ K.

where we have fixed some norm on each Det(E;) = K so that vol(F;) is well-defined for a
given choice of norm on Fj.

Example 6.25. Consider the “rank 1”7 case where E; = K for all ¢« € ()9 and suppose,
after possibly removing some arrows, that p(a) # 0 for all a € Q1. Set ¢, = log|p(a)|
and let €% - | be the norm on E;, i € Qp, i.e. z € R?0 parametrizes the norms on the
representation. The potential is then

S(z) = Z falzj —xi+cq) — Z 0;x;

a:i—j i€Qo

and its critical points, the harmonic norms, given by solutions to the system of equations

0; = Z fa@i — x5+ ca) = Z fo(xj — xi + ca), i € Qo.

a: j—1 a:i—jJ

In particular, there is no dependence on K, and in fact the equation is the same in both
the Archimedean and the non-Archimedean case.

Example 6.26. Let Q be the quiver with a single vertex and two arrows and the following
simple representation:

0 1 0 0
2 _ _
AC K? DB, A_<0 0), B_<1 0)
Assume, for concreteness, that K = Q9 are the 2-adic numbers with the usual 2-adic norm
such that |2"| = 27" and choose f,(\) = 2*. Figure 6 shows part of the graph of S.
Lemma 6.27. The function S: N(E) — R is convez.

Proof. By definition, convexity of S means that for any geodesic c¢: [0, L] — N (F) the
composition S o ¢ is convex. Since any such geodesic is contained in an apartment, it
suffices to show that the restriction of S to any apartment is convex. As the term

- Z 0; log vol(E;)
1€Q0
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is an affine function when restricted to any apartment, the lemma is implied by the following
claim: If T: V' — W is a linear map of rank r between vector spaces V,W over K and f a
weak ramp function, then the function

-
P:NV)xNW)— R, P::Zf(ai),
i=1
where o1 > 09 > ... > 0, are the singular values of T', is convex. In fact, we will only use
that f: R — R is convex and increasing.
To prove this, let ¢: [0,L] — N(E) be a geodesic, p := ¢(0),q = ¢(L), t € [0,1],
m = c(tL),
x; = toi(p) + (1 — t)oi(q), y; = o;(m),

then by Lemma 6.16 we have

J J
Z%ZZQM jzl,...,’f’.
i=1 i=1

By convexity of f and Karamata’s inequality (for non-decreasing convex functions f) we
get

T

tP(p) + (1 = t)P(q) = Y (tf(0i(p)) + (1 — 1) f(0i(a)))

i=1
> flzi) = fyi) = P(m)
=1 =1
as claimed. ]

In the following, it will be convenient to introduce certain notations around R-filtrations.
First, if F is an R-filtration and ¢: R — R an increasing homeomorphism, then ¢(F)) =
Fy-10n)- Thus, if F jumps at \; < ... < Ap, then ¢(F) jumps at ¢(A1) < ... < ¢(\,) with
the same subquotients. Next, if F is a finite R-filtration of some object in an abelian or
exact category A and 6: Ky(A) — R is a linear functional, then as in Lemma 2.8 we define

0, F) = Z AO(Frn/F<n).
AR

Finally, suppose F and G are R-filtrations on a finite-dimensional vector space. Then

famgﬁ
FaNGep+ Fea NG

(F,G) = Z a3 dim

a,BER
Lemma 6.28. A norm on E is harmonic iff it minimizes S.

Proof. Fix a norm on E, i.e. a point in N (F). By Proposition 6.13, the tangent cone
to that norm is given by the space of complete R-filtrations on gr . Let G be such an
R-filtration, then we want an expression for the first derivative of S in the direction G,
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(65)(G). We have

(08)(G) = Y- ({fa(F* (p(a))), &) — (Jo(F~(p(a))), G)) — (6,G)
a€Q1
_ / o im f+(p(a))a mgﬁ
=2 2 dales (d T (p{@)a NGy + FF (p(@))<a NG5

a€eQq a,BER
F(p(a))a NGs )
]:_(p(a))a N g<ﬁ + }—_(p(a))<a N gﬁ
= > D abidim((Ga N Ei)/(G<a N Ey))
1€Qo aER

= —(0".G).

— dim

By Lemma 2.8, the norm is harmonic iff —(6*,G) > 0 for all G. Equivalently, the norm
locally minimizes S. Since S is convex by Lemma 6.27, the claim follows. O

For the statement of the following lemma, note that if 6(E) = 0, then S is invariant
under rescaling the norm and thus descends to N (F)/~. In particular, this is true if F is
stable.

Lemma 6.29. If E is stable, then the sublevel sets {x | S(x) < C} of S: N(E)/~ — R
are bounded.

Proof. Fix a lattice norm || - || on E and let pg € N(E)/~ be the corresponding point in
the building. The statement of the lemma is equivalent to the claim that for any C' > 0
there is an R > 0 such that if x lies along a geodesic ray starting at py and has distance at
least R from pg, then S(z) > C. Importantly, R should not depend on the choice of ray.

By the discussion of the spherical building at infinity in the previous subsection, a ray
starting at pg corresponds to a complete R-filtration F of E as a QQp-graded vector space
(not necessarily compatible with the maps p(a), a € Q1) which has at least two steps,
modulo the action of Aff"(R). We fix the Aff*(R)-ambiguity by requiring the first step of
F to be at 0 € R and the last step of F to be at 1 € R.

There are two cases to consider:

(1) If F is a filtration by subrepresentations, i.e. preserved by all p(a), a € @1, then by
Lemma 2.8 we have (—6,F) > 0. More precisely, (2.2) shows that, thanks to our
normalization of F, there is a positive lower bound

emin
—0 >
(=0, F) 2 dim F >0

where 0, is the minimal value of §(A) as A ranges over non-trivial subrepresentations
of E (the dimension vectors of which form a finite set). Thus, the second term in S
increases at a rate of at least 2min . On the other hand, the first term is bounded

dim E*
below on all of N(E)/~ by

Z fa(—00) 1k pq.
ac@Qq

(2) If F is not a filtration by subrepresentations, then there is some a € () such that
p(a) does not preserve F. Looking at the second term of S, its slope (—6, F) along
the ray can in this case be negative, but has a lower bound

—dim E - max{|0;| | i € Qo}
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which depends on E only. This is compensated by the first term: The largest singular
value, o1, of p(a) eventually (after an a priori bounded amount of time) grows at a
rate

o =min{8 | p(a)(Fa) C Farg} > 0

as one travels along the geodesic ray. Since f/(01) — 400 as 01 — +0oo (the fourth
condition on a weak ramp function), the first term eventually dominates and we get
a linear lower bound on S along the ray.

O

Proof of Theorem 6.23. Let A := N(E)/~. be the space of norms on the representation E,
up to rescaling. This is a CAT(0) space and metrically complete by our assumption on K,
thus a Hadamard space. If E is stable, then S has at least one minimum by Lemma 6.27,
Lemma 6.29, and the standard fact about Hadamard spaces that lower semicontinuous
convex functions with bounded sublevel sets have minima, see [Ba¢l4, Lemma 2.2.19].
Lemma 6.28 then implies existence of a harmonic norm on F. The general polystable case
follows by taking direct sums of stable representations with harmonic norms.

For the second implication in the statement of the theorem, suppose that E is not
semistable, so there is a subrepresentation 0 # A C E with 6(4) < 0. Then, for
any choice of metric on E, there is a corresponding subobject Core A C Core £ and
0*(Core A) = (A) < 0, so FE cannot admit a harmonic norm. O

7 Spectral networks in the plane

The goal of this section is to formulate a conjectural correspondence between spectral
networks in the plane and quiver representations over a non-Archimedean field equipped
with a pair of ascending-phase filtrations with metrized subquotients. This is, by itself, not
a full-fledged example of a categorical Kéhler structure, but represents the local picture of
hypothetical examples of such structures coming from Fukaya categories of surfaces with
coefficients, cf. Section 3.5.4.

In the preliminary Section 7.1 we discuss the relation between semistability of a quiver
representation over a non-Archimedean field K and its residue field k. Here, We restrict
to those representations which admit a norm for which all maps p(a) are non-expansive,
and the whole discussion can be seen as a much simplified variant of the one in Section 6.
In Section 7.2 we define our notion of spectral networks in the plane in terms of certain
curves in the space of norms on a quiver representation. We then formulate the conjectural
correspondence with pairs of ascending-phase filtrations with metrized subquotients. Finally,
in Section 7.3, we discuss a special case of the general conjecture which is related to Horn’s
problem and honeycomb diagrams.

7.1 Non-expansive representations

Fix a complete non-Archimedean field K with absolute value |- |: K — [0, 00), valuation
ring O = {a € K : |a|] < 1}, maximal ideal m := {a € K : |a| < 1}, and residue field
k .= O/m. Also fix a quiver @) and central charges z; € R>oe‘/jl(0’ﬂ, i € Qo-

In the following, norm will always mean diagonalizable norm (see Section 6.2).

Definition 7.1. A norm on a representation (E,p) of Q over K is non-expansive if
each p(a), a € Q1, is a non-expansive map with respect to this norm. If a non-expansive
norm exists on F, we say that (E, p) itself is non-expansive. Denote by Rep™(Q, K) C
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Rep(Q, K) the full subcategory of non-expansive representations. This subcategory is
closed under subobjects, quotients, and extensions, in particular itself abelian.

Remark 7.2. Rep™(Q, K) = Rep(Q, K) iff Q is acyclic (or K is trivially valued). To
see this, note that if ¢ = apa,—1 - --ap is an oriented cycle of @ and p(c) has an eigenvalue
p with || > 1, then (F, p) cannot be in Rep™(Q, K).

Given a representation (F, p) over K equipped with a non-expansive norm we obtain a
representation (gr E, gr p(a)) of @ over k, where the functor gr was defined in Section 6.2
and is just _ ®e k in the case of lattice norms.

The parameters z;, i € Qq, give us central charges

Z: Ko(Rep™(Q, K)) — C, 7Z: Ko(Rep(Q,k)) = C
satisfying the HN property and the support property.

Definition 7.3. A non-expansive norm on a representation (F, p) is harmonic if (gr F, gr p)
is Z-semistable in Rep(Q, k).

Proposition 7.4. A non-expansive representation (E,p) of Q over K admits a harmonic
norm iff it is Z-semistable in Rep™(Q, K).

Proof. One direction is immediate: If (F, p) has a subrepresentation of strictly larger phase,
then so does (gr E, gr p) for any choice of non-expansive norm.

For the converse, let £ = (E, p) € Rep™(Q, K). We must show that either there exists
a harmonic norm on E, or that F is not semistable.

Pick some non-expansive norm || - || on E. If the norm is harmonic, we are done. If not,
choose 0 # Ag C gr E to be the maximal destabilizing subobject, i.e. the first HN factor of
gr E. We can choose, by diagonalizability of || - ||, an orthogonal splitting £ = E' @& E” such
that gr B/ = Ay. There are two cases. If E’ is a subrepresentation of (E, p), i.e. preserved
by all p(a), a € @1, then we have found a destabilizing subobject and are done. Otherwise,
there is an a, € @1 so that the block p(as)o1: E' — E” of p(a.) is non-zero. We can choose
a. € Q1 so that the operator norm ¢ = ||p(a«)21|| € (0,1) is maximal, and modify the
norm on E by multiplying its E” component by 1/t > 1. Denote this new norm by || - ||;n0d-
The maximality of ¢ ensures that all 21-blocks remain non-expansive after this rescaling,
while the 12-blocks become strictly contracting, hence p is still non-expansive with respect
t0 || - |lmod- With respect to the new norm, gr p(a)21 # 0 and gr p(a)i12 =0 for all a € Q1.
This means there is a non-split short exact sequence in Rep(Q, k) of the form

0— BO — gT(E, || : Hmod) — AO —0 (71)

i.e. with the roles of the subobject and quotient object reversed. Applying Proposition 2.13
to (7.1) yields

m(gr(E, || - lmod)) < m(Ao) +m(Bo) = m(gr(E, || - [1))-

By discreteness of the set of masses (Proposition 2.12), this process must terminate by
either finding a harmonic norm or a destabilizing subobject of E. O

Remark 7.5. Inspection of the proof of Proposition 7.4 shows that the same statement is
true if we restrict everywhere to lattice norms, instead of diagonalizable norms.
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Remark 7.6. The notion of harmonicity considered here is reminiscent of the one considered
in Section 6.3, and the statement of Proposition 7.4 is somewhat similar to that of
Theorem 6.23, although the proof is much simpler and does not require the spherical
completeness assumption on K.

Proposition 7.4 Theorem 6.23
Rep™(Q, K) Rep(Q, K)
Rep(Q, k) C(Q)
? S: Miiag(E) = R

Remark 7.7. There is also an analogy between Proposition 7.4 and Theorem 8.20 below,
and the idea of the proof of Proposition 7.4 will be re-used in the proof of that theorem.

7.2 Harmonic paths

Fix a non-Archimedean field K and a quiver () with central charge as before. Additionally,
we require that Im(z;) > 0, which is generically satisfied. We also fix a smooth area form
w = f(z,t)dz A dt on R? = R2, satisfying the following properties:

(1) The area of the strip between any pair of parallel lines is finite.
(2) The area of any conical sector between intersecting lines is infinite.

For instance, one can take f(xz,t) = 1/(1 + 2% +t?). This gives us another coordinate, \,
on R? defined by

Mz, t) = /Om f(u, t)du.

In the following we consider the closed subset Nye(E) € Ngiag(E) of non-expansive
norms on a representation £ = (E, p). We have a notion of piecewise smooth curve in
Nie(E): these are curves which, on each piece, are contained in a single apartment and
are smooth there.

Definition 7.8. Suppose c: R — N,o(FE) is a continuous curve which is smooth away
from a finite set D C R of the domain. Thus, for ¢ ¢ D, the velocity % is a complete
R-filtration F% of gr(E,c(t)). The support of ¢ is the closure, W(c), of the set of pairs
(z,t) € R? such that 8a(z,t) F' # 0. We restrict to curves ¢ where W(c) is topologically a
graph with finitely many vertices. Each edge of the graph comes with a label, the object
gz F ' € Rep(Q, k). The path is said to be harmonic if every edge of W(c) is labeled
by a Z-semistable object in Rep(Q,k), and the edge is a straight line with direction

+Z(A). (See Figure 1, right.)

Note that, by definition, there can be no horizontal edges (constant ¢), which is why we
impose the condition Im(z;) > 0 on the central charge. The reason for using the complex
conjugate Z(A) of the central charge, is that we want

total phase = phase (=angle/7) of edge + phase of object on edge

to be constant across the graph, cf. [HKS24, Section 4.2] and (3.5).

Remark 7.9. The above definition of spectral networks in the plane in terms of paths in
the space of norms breaks the symmetry between = and ¢. An equivalent definition, more
natural but more involved, can be made in terms of curved A,.-deformations and solutions
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to the Ay, Maurer—-Cartan equation as in [HKS24]. The supposed equivalence of the two
definitions is established by a version of family Floer homology with respect to the family
of horizontal lines in R2. This, minus the harmonicity condition, is similar in spirit to the
equivalence between the augmentation category of a Legendrian link A and the category of
microlocal sheaves on R? with rank 1 singular support along the front of A [NRS*20].

Suppose we are given a harmonic path ¢c: R — Nyo(FE). We claim that we can assign
to it a pair of ascending-phase filtrations on E together with harmonic norms on the
subquotients. These filtrations encode the asymptotic behavior of ¢(t) as t — +oo. First,
suppose t > 0 so that vertices of W(c) are strictly below the horizontal line R x {¢t}. Then
the phases of the semistable objects gry F* increase with increasing A (going right, compare
Figure 3), so the filtration of E by rate of growth of ¢(t), as t — +o0, is an ascending-phase
filtration .7-"; of E/. Here, the area assumptions on w ensure that the correspondence

growth-rate of norm <+— phase ¢

is one-to-one. The induced norms on the subquotients gr, F * are harmonic (because
objects labeling edges are by assumption semistable), but not independent of ¢. To fix this,
we rescale these norms by e~ 4(®) | where

A(t) = /Ot /OMS f(z, s)dzds, W= —cot (me),

and take the limit ¢ — +oco. Similarly, we get another ascending-phase filtration, Fgs from
the limit ¢ — —oo. Indeed, suppose t < 0 so that vertices of W(c) are strictly above the
horizontal line R x {t}. Then the phases of the semistable objects gry F* increase with
decreasing A (going left), so the filtration of E by rate of growth of ¢(t), as t — —o0, is an
ascending-phase filtration F 6 of E. The induced norms on the subquotients gr, F~ are
obtained by rescaling by e=4® and taking the limit ¢ — —oo.

We are now ready to state our main conjecture in this section.

Conjecture 7.10. Fix K, @), z;, w, and F as before. The map described above induces a
one-to-one correspondence between:

(1) harmonic paths in Ne(E), and

(2) pairs of ascending-phase filtrations on E together with harmonic norms on their
subquotients.

Remark 7.11. Following the proposal in Section 3.5.4, we expect that the data of a quiver
@, or rather its category of representations, together with the z;, can be replaced by a more
general C-linear coefficient category C with stability condition o¢. In this case, K = Nov
is the Novikov field.

Example 7.12. In the simplest case, () = e is a single vertex with no arrows, so F is just
a vector space of some finite dimension n = dim £ over K. Let z be the central charge
assigned to the vertex and p = —Ezgzg Suppose first that E = K and let c(t) = e*®)| - |
be a harmonic path. The support W(c) is given by the curve z(t) with \(x(¢),t) = o/(t).
By harmonicity, z(t) = ut + xo for some zp € R. Hence,

t t pus+xo
a(t) = / s + xo,s)ds + C = / / f(x,s)dzds + C
0 0 Jo
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for some constant C' € R. The asymptotic norms on the subquotients of the (trivial)
ascending-phase filtrations F* are || - ||+ = e*| - | where

oo puttxo
Ai—/ /‘ f(x,t)dxdt + C

where the integral is finite by the first condition on f. Moreover, given A+ we can find the
corresponding xg and C by the second condition on f, which ensures that

+oo ut+xo
lim / (z,t)dxdt =
ut

ro—rFoo

The case where n = dim F is arbitrary can be reduced to the n = 1 case as follows.
Suppose we are given a pair of diagonalizable norms || - ||+ on E. There is a basis of F
which diagonalizes both of them. Each basis vector yields a summand of the harmonic
path, whose support is a union of n parallel lines, counted with multiplicity, which is the
k-dimension of the vector space labeling them.

Example 7.13. Let () = ¢ — e be the Ay quiver. The three indecomposable representa-
tions, up to isomorphism, in Rep(Q, K) are

A=0—>EK), B=(KIK), C=(K=0)

which fit into a short exact sequence 0 - A — B — C' — 0. Take the central charge with
Z(A) = e™V16 7(C) = 2™V-VS | Z(B) = Z(A) + Z(C) = \/—1. (The precise values are
not so important in what follows, only the fact that B is stable.) Then any norm on A or
C is harmonic, and a norm on B is harmonic iff its restrictions to the two K’s coincide, i.e.
p(a) is norm-preserving.

Take £ = B? = (K? 5 LN 2) and consider ascending-phase filtrations of the form
A — FEy — FEy — E, where Ey/E; = B, E/Ey = C. These are classified by a pair of
lines in K2: Im(A — E) and Ker(E — E/F5). An example of a harmonic path with
asymptotics of this type is shown in Figure 7. Other topologies are possible: The central
polygon could have fewer vertices or collapse entirely, so that the graph is a tree. The
w-area of the central hexagon is essentially the valuation of the cross-ratio of the four lines
in K2, cf. [HKS24, Section 6.3].

Figure 7: Support of a harmonic path with central hexagon. The labels A, B, C refer to
the three indecomposable representations of the As quiver over k.
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A possible approach to proving existence of harmonic curves is to use calculus of
variations and formulate the harmonicity condition as a critical point condition for an
action functional

b
Steliaa) = [ Lit,e(t), e(t)dt

for a suitable Lagrangian L which is convex in ¢. There is an a priori bound on the number
of vertices of the harmonic path coming from the Legendrian dual of the graph. The dual
is a tiled polygon, where the sides of all tiles are central charges of semistable objects and
thus have a lower bound on their lengths by the support property. Moreover, the perimeter
of the polygon is fixed by the boundary condition coming from the two ascending-phase
filtrations.

Modular lattice variant

Suppose K is trivially valued, then a non-expansive norm on (F, p) is simply an R-filtration
on (E, p), i.e. a collection of R-filtrations on each F;, i € (g, compatible with the maps p(a),
a € Q1. This notion depends only on the lattice of subobjects of E € Rep(Q, K), which
is a bounded modular lattice. Piecewise smoothness for paths in the space of filtrations
means the following: Away from a finite set, the underlying finite sequence of subobjects
does not change, only the points in R where the filtration jumps.
Given any bounded modular lattice A, define a central charge on it to be a map

Z: A — C satisfying

(1) Z(aVb)+ Z(aNb) =Z(a)+ Z(b), a,b e A,

(2) Im(Z(a)) > 0 for a # 0,

(3) Z(0) =0.
This is required to satisfy the analogue of the HN and support properties. See also [HKKP23,

Section 4.2], where this is called a polarization. In this setting one can define, in the same
way as before, a notion of harmonic path and the analogue of Conjecture 7.10.

7.3 Honeycomb diagrams

We discuss a special case which is related to honeycomb diagrams. Assume, for simplicity,
that v(K*) = R, e.g. K is a Novikov field with real exponents. Take @ to be the As quiver,
Z as in Example 7.13, and E = (K" i, K™). Suppose F~ is the trivial (one-step) filtration
and F7 is the (unique) filtration with subquotients A™ and C™. Choices of harmonic
norms on the subquotients of the filtrations F+ amount to a triple of diagonalizable
norms, | - ||, ¥ = 1,2,3, on K™. Such a triple gives three sequences of real numbers,
ap > ... > ap, P12 .. 2 Buy, Y1 = ... = Yn, which are the singular values of the
identity maps (K", | - |l;) = (K™, | - ||;) for (¢,7) = (1,2),(2,3),(1,3), respectively. By
multiplicativity of the determinant,

ar+...+a,+0+...+B=711+...+ V. (7.2)

Which triples (a, 3, 7) satisfying (7.2) arise from a triple of norms? For n = 1 there are no
additional constraints. For n = 2 it is an easy exercise that the inequalities

max(a; + B2, 2+ 01) <m < a1+ fi

are necessary and sufficient. For general n, the list of inequalities, discovered by A. Horn,
is recursively defined, see for example [Ked10, Section 4.5] which cites [Ful00].
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For harmonic paths ¢ giving rise to such F*, the support W(c) is a honeycomb diagram
in the sense of Knutson—Tao [KT99, KT01]. Fixing a, 8,7 we can consider three sets:

(1) The set P of pairs of ascending-phase filtrations, equivalently (in this setup) triples
of non-Archimedean norms on K™ with prescribed singular values.

(2) The set S of harmonic paths with prescribed asymptotics as t — 4-00.

(3) The set H of honeycomb diagrams with prescribed spacings of the infinite edges.
(These depend on the triple «, 5, and the area form w.)

We have the following diagram of maps between these sets:
)
N
P H
The Knutson—-Tao honeycomb theorem tells us that P is non-empty iff H is non-empty,
equivalently iff the Horn inequalities for (o, 3,7) hold. Conjecture 7.10 says that the
left arrow is a bijection. Assuming this, we get a map P — H from triples of norms to

honeycombs (depending on w). From the perspective of [HKS24], the fibers of the map
S — H are sets of solutions of certain Ay, Maurer—Cartan equations.

8 (Co)monads and stability

In the previous sections we discussed examples of categorical Kéhler structures arising
from fairly concrete data: quivers, stability parameters, ramp functions, and area forms on
the plane. In this section we switch gears and consider examples related to a more abstract
categorical setup: certain (co)monadic adjunctions of stable co-categories. These unify
both curved A.-categories and formal neighborhoods of effective divisors.

This section is organized as follows. In Section 8.1 we study monadic adjunctions be-
tween stable co-categories, reformulating monadicity in terms of filtered objects. Section 8.2
contains the proof of our main theorem of this section on transporting stability conditions
from a stable co-category with a monad to the quotient of the Eilenberg—Moore category by
the Kleisli category, under suitable conditions. Sections 8.4 and 8.5 discuss examples arising
from divisors in smooth varieties and formal deformations of A..-categories, respectively.

8.1 Monads on stable co-categories

In classical category theory, a monad is given by an endofunctor T': C — C of a category
C, together with a pair of natural transformations p: 7% — T, n: 1¢ — T satisfying
certain compatibility conditions which say that (7', i, n) is a monoid object in the category
Fun(C,C) of endofunctors. Any adjunction F' : C = D : G gives rise to a monad with
T = GF on C, and conversely from any monad (7, u,n) one constructs an adjunction
C = CT where CT is the Eilenberg-Moore category of T-algebras. However, there are
typically many adjunctions which give rise to the same monad in this way. An adjunction
is monadic if it is, up to equivalence, of the form C < CT for some monad 7. Monadic
adjunctions are characterized by the Barr—-Beck monadicity theorem.

An oo-categorical generalization of the theory of monads was proposed and developed
by Lurie [Lurl7, Section 4.7] and Riehl-Verity [RV16]. The main challenge, compared with
the classical case, is dealing with a rather large amount of higher coherence data when
defining monads and their co-categories of algebras. Nevertheless, it turns out that the
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monadicity theorem has a satisfactory generalization to this setting in the following form.
(The definitions of simplicial object and split simplicial objects will be recalled below.)

Theorem 8.1 (co-categorical monadicity theorem, [Lurl7, Theorem 4.7.3.5]). An adjunc-
tion I : C =S D : G between oo-categories is monadic if and only if the right adjoint G
satisfies the following conditions:

(1) G is conservative, i.e. f is an isomorphism iff G(f) is.

(2) If Xe is a simplicial object in D such that G(X,) is split, then the colimit of Xo exists
in D and is preserved by G.

For our purposes, we will take the above pair of conditions as the definition of a monadic
adjunction. Furthermore, we focus on adjunctions of stable co-categories, for which one
can reformulate the second condition via the oco-categorical Dold—Kan correspondence.

Remark 8.2. The definitions of monads and their categories of algebras have not been com-
pletely translated to the language of dg/ A categories. Anno—Arkhipov—Logvinenko [AATL23|
have given a definition of “A.,-monad on a dg category” and its Eilenberg—Moore category.
In their upcoming work, they intend to prove a Barr—Beck-type theorem in this setting.

We recall the definition of split simplicial object. Let A_., be the category with objects
the totally ordered sets

n] ={-0c0 <0< - <n}, n> -1,

and morphisms the non-decreasing maps f: [m] — [n] such that f(—oc) = —oo. The
augmented simplex category is the subcategory A, C A_, with the same objects and
morphisms satisfying f~1({—oo}) = {—occ}. Thus, in A, we might as well exclude the
element —oo from each [n]. More precisely, A is isomorphic to the category whose objects
are the totally ordered sets {0 < --- < n}, n > —1, where [—1] = ), and morphisms are
non-decreasing maps. Finally, the simplex category is the full subcategory A C Ay which
excludes the object [—1] = {—oc0}. A simplicial object in an oo-category C is a functor
Xo: N(A°P) — C. An augmentation (resp. splitting) of a simplicial object is an extension
of Xo to N(AT) (resp. N(A%,)). A simplicial object or augmented simplicial object is
split if it admits a splitting.

From now on we assume that C is stable. The oco-categorical version of the Dold—Kan
correspondence [Lurl7, Theorem 1.2.4.1] is a canonical equivalence of functor co-categories

Fun(N(AP),C) — Fun(N(Z>o),C) (8.1)
which sends a simplicial object X, to the filtered object
Yoo Y1 > Yy — ..., Y,, .= colim sk,, Xe

where sk, Xo € Fun(N(A°P),C) is the n-skeleton of X,. We remark at this point that the
data of a functor Y,: N(Z>o) — C includes objects Y, n > 0 and morphisms f,: Y,—1 —
Y., n > 1, but also morphisms Y, — Y,,, m < n, as well as coherence data (values of
Y on simplices of dimension > 0). However, all this additional data is determined, up
to a contractible space of choices, by the sequence of f,’s, and we can thus suppress the
distinction.

There is also an augmented variant of (8.1), a canonical equivalence

Fun(N(AP),C) — Fun(N(Z>_1),C)
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which can be constructed from (8.1) as follows. We have A = [—~1] x A + Al x A which
yields an embedding

Fun(N(A),C) — Fun(A' x N(AP),C).

On the level of objects, this sends an augmented simplicial object X, to the corresponding
morphism of simplicial objects X>9 — X_1, where X>( is the restriction of X, along
the inclusion A°? € AT and X_; is the constant simplicial object with value X_; € C.
By (8.1), there is a canonical equivalence

Fun(A! x N(A°P),C) — Fun(A! x N(Zx),C)

which sends the subcategory of morphisms to a constant simplicial object to the subcategory
of morphisms to a constant (up to equivalence) filtered object. Finally, we send the
morphism of filtered objects Yo — X_;, where X_;: N(Z>o) — C is now, by abuse of
notation, the constant filtered object with value X_1, to a functor Ze: N(Z>_1) — C
with Z_1 == X_1[-1] and Z,, = fib(Y,, = X_1), n > 0. Moreover, this construction can
be made functorial and is an equivalence, as it is fiber rotation in the stable co-category
Fun(N(Z>0),C).

To set up some terminology, we refer to Z>_1-filtered objects as extended filtered
objects and Z>o-filtered objects together with a morphism to a constant filtered object as
augmented filtered objects. By the discussion above, the two notions are equivalent.

Lemma 8.3. An augmented simplicial object X4 in a stable oo-category C is split iff the
corresponding extended filtered object

Yflgyvof—gylf—%YQ—)...
satisfies fn, ~ 0 forn > 0. We call such an extended filtered object split.

Proof. By [Lurl7, Corollary 4.7.2.9], an augmented simplicial object X, is split iff the
canonical map Dec; X, — X, admits a right homotopy inverse. Here, Dec.., the augmented
décalage [Lur26, Construction 04SN], is the endofunctor on the co-category of augmented
simplicial objects in C given by pullback along the functor Ay — A4, [n] — [0]*[n] =~ [n+1].
Under the Dold-Kan correspondence, the augmented simplicial object Decy X corresponds
to an extended filtered object W,, := fib(Y,, — Y,41), n > —1, which is split, and
the morphism Dec; X, — X, corresponds to the canonical morphism of filtered objects
p: We — Y,. If p has a right homotopy inverse, then we conclude that Y, is also split.
Conversely, if Y, is split, then W,, ~Y,, @Y, +1[—1], so the required right homotopy inverse
comes from the inclusion of the first summand. O

Corollary 8.4. An adjunction F : C = D : G between stable co-categories is monadic if
and only if the right adjoint G satisfies the following conditions:
(1) G is conservative. (Equivalently: G(A) ~0 — A ~0)

(2) If Xo € Fun(N(Z>0), D) is a filtered object in D and G(X,o) admits an augmentation
so that the corresponding extended filtered object is split, then the colimit of X exists
in D and is preserved by G.

The following lemma is useful for checking the second condition in the above corollary.

Lemma 8.5. Let C be a stable co-category and Xo € Fun(N(Z>o),C) a filtered object in
C. Then the following are equivalent:
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(1) Xo admits an augmentation Xe — X_1 so that the corresponding extended filtered
object Yo (with Y_1 = X_41][-1], Y,, = fib(X,, = X_1)) is split.

(2) X, is the direct sum of a constant filtered object X_1 and a filtered object Yy LN
Y1 9, Yo S . for which all maps are zero maps. We say in this case that Xe is

essentially constant.

Proof. The implication (2) == (1) is clear, since we can take as augmentation the projection
to the direct summand X_;. It remains to show (1) = (2).

So suppose Xo = Xo 25 X7 &5 X5 — -+ admits an augmentation X, — X_; so that
the corresponding extended filtered object

Yfl fO:O

}/0 flzo }/1 f2:0 }/QH"'
is split. By definition, we have exact triangles
ln Pn on
Y, = X, — X1 = Y,[1]

in hC, and [f,] = 0 implies [0,] = 0, i.e. all these triangles are split. We construct the
splittings s,: X_1 — X, inductively so that [s,] = [gn][sn—1] in the homotopy category
hC for n > 1 and sg is an arbitrary choice of splitting. The morphism between split exact
triangles

then shows that [g,] is just projection to the summand X_j, i.e. the only non-zero block
of [gn] with respect to the decompositions X,, = X_; @Y}, is the identity of X_;. Indeed,
identifying morphisms with their images in hC in the following calculation:

PndnSn—1 Pnnln—1 _ Pn—1Sn—1 Pn/fnfn _ 1X,1 0
thgnSn—1  trgnln—1 tnSn tnLnfn 0 0)°
Hence, X, is a direct sum as a filtered object. O

Remark 8.6. The second condition in Corollary 8.4 almost makes sense if C and D are
only triangulated, i.e. without assuming the existence of an enhancement. The problem is
that homotopy colimits of filtered objects are, to our knowledge, not defined in general
triangulated categories, but only in those with countable direct sums [BN93]. The existence
of countable direct sums is however incompatible with the axioms of a stability condition,
so we will not impose it.

Canonical resolutions

For the rest of this subsection, fix a monadic adjunction between stable oco-categories
F :C S D: G with counit e: FG — 1p and unit n: 1¢ — GF. Complete the counit to a
cofiber sequence

FGS1p 5 S
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from which we build an extended filtered object Re in Fun(D, D) given by

n+1 TS -] n+2
. — Ry =85""0o[-1]] ———= S" o[-l =Ryy1 — ...,
thus beginning with R_; = [—1] T, Ry=8o[-1]— ...

Lemma 8.7. The extended filtered object GR, is split, i.e. the natural transformations
GR,, — GRy+1 vanish, and moreover colim R, = 0.

Proof. By definition of 7 there is a fiber sequence

GFG % ¢ 5 g,

but Ge has right homotopy inverse nG by one of the triangle identities of the adjunction, so
G7 = 0 and the first claim follows. In particular, colim GR, = 0. By the second condition
in Corollary 8.4 we get G(colim R¢X) ~ colimGR,X = 0 for any X € D. (View an
extended filtered object as a filtered object by shifting the whole sequence to the right and
take the augmentation by the zero object.) Since G is conservative by the first condition
in Corollary 8.4, it follows that colim R, X = 0. Since X was arbitrary, colim Ry = 0. [

Let the augmented filtered object corresponding to Re be Jo — 1p = R_1[1]. This is a
coherent diagram

FG = Jy J1 Jo
1p
where
Tn+1
Jn = cofib([~1] = R,) ~ fib(lp =— S"T), 7" = (78" 1) ... (97

By definition of J, and the octahedral axiom, there are fiber sequences J,, — Jp+1 —
FGS™!, which shows by induction that the image of each J,, is contained in the full
triangulated subcategory of hD generated by the image of F'. The corresponding full stable
subcategory of D is the stable Kleisli co-category in the terminology of [Chr23].

Proposition 8.8. The filtered object GJo is essentially constant and colim J, ~ 1p.

Proof. The first claim follows immediately from Lemma 8.5. As a consequence of this and
monadicity of G, there are natural isomorphisms G(colim J,) ~ colim GJ, ~ G, and thus
colim Jo, ~ 1p. O]

The following lemmas will be used in the proofs in the next subsection. Since they
require no additional assumptions on the monadic adjunction, we will discuss them here.

Lemma 8.9. Let T := cofib(l¢ -5 GF) o [1], then there is a natural isomorphism of
functors GS ~ TG. (This is true for any adjunction of stable co-categories.)
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Proof. This follows from the octahedral axiom applied to the triangle identity 1¢ =~
(Ge) o (nG):

where the dotted arrows denote the degree-one connecting morphisms in the corresponding
exact triangles. O

Lemma 8.10. Suppose X,Y € D are such that Map,(T"GX,GY) is contractible for
all n > 0, where T is as in the previous lemma. Then Mapp(X,Y) is contractible. In
particular, Hompp(X,Y) = 0.

Proof. Recall from Proposition 8.8 that X ~ colim,>¢J,X, and that there are fiber
sequences J, X — Jp1 X — F GS™1X. We first show by induction that

Mapp(JpnX,Y) >~

for every n > 0.
For n = 0, we have JoX ~ FGX, and hence, by adjunction,

Mapp(JoX,Y) ~ Mapp(FGX,Y) ~ Map,(GX,GY) ~ x.

Now suppose that Mapp(J,X,Y) ~ . Applying Mapp(—,Y) to the fiber sequence
Jn X — Jpi1 X — FGS™1 X gives a fiber sequence of mapping spaces

Mapp(FGS" ™ X, Y) — Mapp(Jn1X,Y) — Mapp(J,,X,Y).
By adjunction and Lemma 8.9,

Mapp(FGS™ ™ X Y) ~ Map (GS" ™ X, GY)
~ Mape(T" "G X,GY) ~ .

Thus the other two terms in the fiber sequence are contractible, and hence Mapp(J,+1X,Y)
is as well. This completes the induction.
Finally, since mapping out of a colimit is a limit,

Mapp (X, Y) >~ Mapp (colimy,>o J, X, Y) =~ ligé Mapp(JnX,Y) > *.

O

Lemma 8.11. Let X € D, Y €C, and f: GX — Y be a morphism. Suppose that there
are:

(1) objects Y,, € D and morphisms f,: GY, =Y, n >0,
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(2) bicartesian squares

ray, 29, py

o

Yo —— Yo
forn>—1 (set Y1 =X, f1:=[),

such that, forn >0, f, is a left homotopy inverse to the morphism Y 5 GFY — GY,.
Then f lifts along G in the sense that there is a Y € D, f: X =Y, and an isomorphism
GY ~Y wunder which G(f) corresponds to a morphism homotopic to f.

Proof. The lower arrows in the given bicartesian squares together give a filtered object Y.
We claim that GY, is essentially constant. To see this, consider the coherent diagram

NGYn

Gy, 1 qaray, <9 gy,

fnl lGF (fn) J

Yy % L GFY —— GYni1

which shows that the map GY;,, — GY,,;1 factors through the common summand Y. Here,
the left square comes from naturality of 7 while the right square is the image under G of
one of the given bicartesian squares. By monadicity, the colimit Y := colim Y, exists, and
GY ~Y. By functoriality of the colimit, the morphisms X = Y_; — Y, from the constant

filtered object induce a morphism f: X — Y which is the required lift of f = f_;. O

Remark 8.12. One can show that for fixed X € D the following two types of data are
equivalent:

(1) A morphism f: X - Y in D.

(2) An object Y € C and a sequence of objects Yy, Y1, Y, ... € D together with:
e morphisms f,: GY,, =Y, where n > —1 and Y_; = X, and
e bicartesian squares

ray, 29, gy

o

Y, — Yo

for n > —1, or equivalently, isomorphisms

gn: Yn+1 i) cofib (ﬁb(F(fn)) — Yn) y

so that, for n > 0, f,, is a left homotopy inverse to the morphism Y T, GFY — GY,.
The previous lemma essentially recovers f from the other data. To go from (1) to (2) take
Y = GY, Z = cofib(f), Vs, = fib(J,Z — Z — X[1]), f-1 == G(f), fn = G(Y, = Y).
Since we will only need Lemma 8.11 in what follows, we omit the details.
8.2 Transport of stability conditions
In this subsection we complete the proof of the following theorem using the results of the

previous subsection and those of Section 2.3.
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Theorem 8.13. Let F' : C = D : G be a monadic adjunction of stable co-categories such
that T = cofib(1¢ 2 GF) o [1] is an autoequivalence of C, and let o € Stab(C,T,cl) be a
stability condition preserved by T and such that cl o Ko(T) = cl. If we set & := D/F(C),
then:

(1) For any X € D, the class cl(|[GX]) € T’ depends only on the isomorphism class of the
image of X in E. Moreover, this induces a well-defined map clg: Ko(E) — T.

(2) There is a stability condition o’ on £ with respect to the map clg characterized by
the following: The central charge is the same as for o and an isomorphism class of
objects in & is o’ -semistable of phase ¢ if and only if it has a representative X € D
such that GX is o-semistable of phase ¢.

In the above theorem, D/F(C) is shorthand for the cofiber (in the oo-category of
small stable oco-categories and exact functors) of the inclusion functor of the full stable
subcategory of D generated by the image of F. On the level of homotopy categories, this
coincides with the Verdier quotient. In fact, the enhancement of h€ will play no role in
our arguments.

To say that T preserves a stability condition o, one really needs to specify a compatible
action of 7" on I' which preserves Z. Since we already require clo Ko(7T') = cl, the additional
condition is just that T'(Cy) = Cy, i.e. T preserves the property of being semistable of phase
¢ for all ¢ € R.

Remark 8.14. Suppose that T fixes o, but does not necessarily act trivially on I". Then
we can replace I' by IV :=T'/ Ker(Z). To show the support property for I, choose a norm
on I ®7 R so that the quotient map becomes non-expansive.

Remark 8.15. If T moreover induces the identity on K(C), then there is in fact a
well-defined map Ko(E) — Ko(C), as follows from inspection of the proof below.

For the rest of this subsection we fix an adjunction F' : C = D : GG and a stability
condition ¢ on C as in the above theorem. Denote by L: D — £ the localization functor.
As in the previous subsection, let S := cofib(FG = 1p) and 7: 1p — S the natural
transformation.

Remark 8.16. We do not require that .S is an autoequivalence, i.e. that the adjunction is
spherical in the sense of [AL17, DKSS24], but this will hold in all examples we consider.

Lemma 8.17. The quotient category € = D/F(C) coincides with the localization along
the components of the natural transformation 7: 1p — S. Furthermore, any morphism
f € Homype(X,Y) can be represented by a cospan in hD of the form

X % sy & Y, Ty = Tgn—1y -+ TSYTY
for some n >0, in the sense that f = (13)"1g in hE.

Proof. Each component 7x: X — SX maps to an isomorphism under L by definition of .
Conversely, if X € C, then F X is a summand of FGF X by the triangle identity of the
adjunction, and FGFX ~ fib(trx), so LFGFX = 0 and thus LFX = 0. This shows the
first claim.
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For the second claim it suffices to show that morphisms which can be represented in
this way are closed under composition. This can be seen from the following diagram:

The square commutes by naturality: 79" and 73, are the components of the natural
transformation

= (TSm’l) o (TSm72) o---o(rS)or:1p — S™.
Finally, 720,78 = 70" O
Lemma 8.18. Let X,Y € D such that GX,GY € C are non-zero o-semistable with phases
d(GX) > ¢(GY). Then Hompp(X,Y) =0 and Homye(LX,LY) = 0.

Proof. Since T preserves o, TG X is semistable of phase ¢(GX) for every n > 0. Hence,
for every k£ > 0,
Homhc(T”GX[k], GY) = 0,

because ¢(T"GX[k]) = ¢(GX) + k > ¢(GY). In other words, Map,(IT"GX,GY) is
contractible for every n > 0. The vanishing of Homyp(X,Y") then follows from Lemma 8.10.
By Lemma 8.17 we can represent a morphism LX — LY by a cospan of the form

x L 57y &7 v where [ is a morphism in D and L(7y}) is an isomorphism. By Lemma 8.9
we have GS™Y ~ T"GY, which, thanks to T'(c) = o, is semistable of phase ¢(GY'). Hence
the vanishing of f and thus the corresponding morphism in £ follow from the first part
applied to the pair X, S"Y. O

Lemma 8.19. Let X € D. Then either the HN filtration of GX lifts to a filtration of X,
or there is a morphism : X — X' such that L(f) is an isomorphism, m(GX') < m(GX),
and cl([GX']) = cl([GX]) in T.

Proof. If X = 0, there is nothing to prove, so we assume X # 0 and thus also have
GX #0. Let f: GX — Y be the map to the semistable factor Y of GX of minimal phase

¢ = o_(GX), i.e._W := fib(f) is an extension of semistable objects of phase > ¢. Set
Y 1 =X, f1 = f and assume by induction that we have a fiber sequence

W — Gy, I Y.

By adjunction we get a morphism h,,: FT" W — Y,, and we define Y,,.1 = cofib(h,).
Consider the resulting octahedral diagram:

Yn+1

T”HW\ — GY,
UTM ' %(hn)

GFT" W
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There are two possibilities:

(1) 6, #0: Since ¢ = ¢(Y) = ¢, (V) < ¢_(W) = ¢_(T"2W), where we used T(c) = o,
Proposition 2.13 gives

m(GYp41) < m(Y) +m(W) = m(GX).
Thus, we can set X’ := Y41 and 8 to the composition

X=Y 12Yy—..=Y, =Y, 1 =X
where each L(Y; — Yj41) is an isomorphism by construction and

A([GY,41]) = c([T]) + ([T 2T7]) = cA([GX])
~—_———

cl((w)

where we have used cl o Ky(T') = cl. This shows the claim and the induction ends.

(2) 0, = 0: In this case we can choose f,11: GY, 41 — Y which splits the top triangle in
the octahedron. This yields a fiber sequence

T2 s Qe 2L Y

and we continue the induction.

If the induction does not terminate at any step (all d,, = 0), then Lemma 8.11 gives a
morphism f: X — Y in D which lifts f. Let W := fib(f), so GW ~ W. By induction on
m(GX) (which ranges over a discrete subset of R>¢ by Proposition 2.12) we may assume
that the statement of the lemma is true for W.

In the first case, the HN filtration of GW lifts, so we combine it with the morphism
W — X to obtain a lift of the HN filtration of GX.

In the second case, there is a Sy : W — W' with L(By ) an isomorphism, m(GW') <
m(GW), and cl([GW']) = cl([GW]). Let Bx: X — X’ be the pushout of W — W’
along W — X, ie. X’ = cofib(fib(W — W’) — X). Then L(fx) is an isomorphism,
[GX'] — [GX] = [GW'] — [GW], and

m(GX) =m(GY) + m(GW) > m(GY) + m(GW') > m(GX")
using Proposition 2.13. This completes the proof of the lemma. O

Proof of Theorem 8.13. Slicing: Define £y to be the full additive subcategory of £ of those
objects which have a lift X € D with GX € C4. To show existence of a HN filtration for
X € & we choose a lift Y € D, LY ~ X, with m(GY) minimal among all lifts. This exists
by discreteness of the set of masses, cf. Proposition 2.12. Lemma 8.19 implies that the HN
filtration of GY lifts to a filtration of Y. The image of this filtration in £ is a HN filtration
of X. Lemma 8.18 tells us that there are no non-zero morphisms in strictly decreasing
phase.

Map clg: Ko(€) — T': Since £ = D/F(C), the sequence

Ko(0) 2 ko) KO8 io€) — 0

is exact. It follows from the assumption clo Ky(T") = cl, that clo Ko(G) o Ko(F') = 0. Thus,
cl o Ko(G) lifts uniquely to a homomorphism clg: Ko(€) — T

Stability condition: Compatibility of the slicing and the central charge on £ holds
by definition. The support property is also clear, since the set of v € I' supporting a
o’-semistable object is contained in the set of classes supporting a o-semistable object. [
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We state for convenience the dual version of our main result, which follows by passing
to opposite categories and conjugate stability conditions (Proposition/Definition 2.11).

Theorem 8.20. Let F: C S D : G be a comonadic adjunction of stable co-categories such
that T == fib(FG = 1p) o [~1] is an autoequivalence of D, and let o € Stab(D,T',cl) be a
stability condition preserved by T and such that cl o Ko(T) = cl. If we set £ :=C/G(D),
then:

(1) For any X € C, the class cl([FX]) € I' depends only on the isomorphism class of the
image of X in E. Moreover, this induces a well-defined map clg: Ko(E) — T.

(2) There is a stability condition o’ on € with respect to the map clg characterized by
the following: The central charge is the same as for o and an isomorphism class
of objects in £ is o’'-semistable of phase ¢ if and only if it admits a representative
X € C such that FX is o-semistable of phase ¢.

Relation to general framework

Let us explain how comonads with stability conditions as in Theorem 8.20 provide an
example of our general framework as described in Section 4. (There is an almost identical
discussion in the dual monadic case.) We think of the adjunction and the stability condition
o on D as providing a geometric structure for the enhanced triangulated category £ with
its stability condition o’.

Metrized objects. The category of metrized objects and non-expansive maps is C with
its localization functor L: C — £. Thus, a metric on an object X € £ is an object XecC
together with an isomorphism f: LX — X. The functor S := fib(1¢ 2 GF ) together with
the natural transformation 7: .S — 1¢ induce a Zxg-action on the set Met(X) of metrics
on X by sending (X, f) to (SX, fo L(75)). We can think of this action as rescaling the
metric down (up in the monadic case).

Mass measures. The mass measure pi 5 is determined by the HN filtration of FX as

follows: If Ay,..., A, € D are the semistable factors of F)~(, then

ps =Y |Z(AR)I64a0)
k=1

where g4 is the Dirac measure concentrated at ¢ € R. In particular, X is harmonic iff FX
is o-semistable.

Flow. There is a kind of discretized minimizing flow implicit in the construction in the
proof of Lemma 8.19. For a given object X € £ with initial metric Xy € Met(X) it yields
a sequence

X0<—X1<—X2<—<—Xn:)?oo<—)?oo<—)zoo<—

in C and Met(X) so that m(X},) decreases strictly until the sequence stabilizes at a metric
Xoo = Xpn, n > 0, so that the HN filtration of F'X lifts to a HN filtration of X. In
particular, X, is harmonic iff X is ¢’-semistable. See also Example 8.31 in Section 8.5
below.

8.3 Comonads from limits

The following proposition will be useful in establishing comonadicity in examples.
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Proposition 8.21. Let F': C S D : G be an adjunction of stable co-categories with unit
n completed to a cofiber sequence S = 1¢ -5 GF and let 7% =70 (1S) 0 --- 0 (18" 1) as
before (but dual). Suppose there is a coherent diagram of stable co-categories and functors

C
F X Fn
D o Cy o Ca o Cs Cn

which is a limit cone with apex C, i.e. C ~1imC,. Suppose further that P,(t"™') =0 and
all C,, are idempotent complete. Then F' is comonadic.

Remark 8.22. One can weaken the assumption that the C,, are idempotent complete to
the hypothesis that those idempotents whose image in D is split are also split in C,,.

The proof of the proposition will require two basic lemmas on limits in co-categories.

Lemma 8.23. Let Xy — Yo — Z, be a fiber sequence in the oco-category Fun(N(Z<o),C)
of cofiltered objects in a stable co-category C. IflimY, and lim Z, exist in C, then so does
lim X, ~ fib(lim Yy — lim Z,).

Proof. This is an instance of Fubini’s theorem for limits in an co-category [Lur26, Tag
06A2] applied to the pair of simplicial sets N(Z<g) and N(e — e < o) = A3 O

Lemma 8.24. Let D be a simplicial set, C an idempotent complete co-category, X,Y €
Fun(D,C) so that Y is a retract of X. If lim X € C exists, then limY € C exists and is a
retract of lim X.

Proof. Let Idem be the category with a single object e and a single non-identity morphism
which is an idempotent. Since retracts give idempotents [Lur26, Tag 03Z7], we get a functor
X': N(Idem) x D — C extending X. By assumption, the functor X = X'(e, ): D — C
has a limit A := lim X'(e, ) € C, thus, again using Fubini’s theorem for limits, the functor
X' has a limit A" := lim; X’(_,i) € Fun(N(Idem),C). By idempotent completeness of C,
B :=1lim A’ ~ lim X’ ~ limY exists and is the required retract of A. O

Proof of Proposition 8.21. Consider, as in Section 8.1, the endofunctors

Jp = cofib($" 70 10)

which can equivalently be defined inductively by

Jo = GF, GFS" ™ — Jo1 — Jy is a fiber sequence. (8.2)
Furthermore, the assumption P,(7"*!) = 0 implies
P,J, ~ P, ® (P,S""[1]). (8.3)

Suppose X € C with FX = 0. From (8.2), together with FS"t! ~ TnHlF (see
Lemma 8.9), it follows that J, X = 0 for all n > 0. But then (8.3) implies that P, X =0
for all n, thus X = 0, since C ~ lim C,,. This shows that F' is conservative.

Let X, be a cofiltered object in C such that F' X, is essentially constant. Fix n > 1. We
will show by induction on 7 > 0: lim; P,J; X; exists in C,, and is preserved by the functor
F,=QoQ1 - Qn_1: C, — D. For the base case i = 0 we have that P,JyXe = P,GF X,
is essentially constant by assumption, so the limit exists and is preserved by any additive
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functor. Suppose the statement is true for <. We have a fiber sequence of cofiltered objects
in Cy,:
P,GFS™'X, - P,Ji;1Xe — P,Ji X,

and again using F.S™t! ~ T+ F we see that the first term is essentially constant. By the
induction hypothesis and Lemma 8.23, it follows that lim; P,.J;11.X; exists in C,, and is
preserved by F,. In particular, if we set i = n we deduce from (8.3) and Lemma 8.24
that X (™ = lim; P, X; exists and is preserved by F},. From the universal property we get
isomorphisms Q, X ™tV = X (™) which determine an object X € C which is a limit of X,
and

FX ~ F,X™ from F ~ F,P, and P, X ~ X",
~ [, li}n P, X; by definition of X ("),
~ li§n F,P,X; limit preserved by F),,
~ h}n FX; using F' ~ F, P,.

This verifies the second condition of (the dual of) Corollary 8.4 for F', so F' is comonadic. [J

Remark 8.25. The proof of Proposition 8.21 shows that the functors F,,: C, — D are
“almost comonadic” in the sense that they satisfy the two conditions of (the dual of)
Corollary 8.4, but may not have a right adjoint, as is typically the case in the examples we
consider.

8.4 Formal neighborhoods of divisors

Our goal in this subsection is to give examples from algebraic geometry where Theorem 8.20
on transport of stability conditions along comonadic adjunctions can be applied. As
Proposition 8.21 from the previous subsection already hints at, such examples can be found
in the setting of formal schemes. For simplicity, we restrict here to those formal schemes
which arise as formal completions.

Before continuing with examples, we briefly address the relation between the language
of dg categories, which are common in derived algebraic geometry, and the language of
oo-categories (weak Kan complexes), which we have been using so far in this section. The
dg-nerve construction [Lurl7, Section 1.3.1] produces an oo-category N9(C) from a small
dg category C, and C and N9(C) have canonically isomorphic homotopy categories. If C is
moreover pretriangulated, then N9(C) is stable [Coh13, Faol7]. This correspondence is
compatible with the formation of (homotopy) limits and colimits. To obtain adjunctions
between oo-categories in the sense of [Lur09] we appeal to [Lur09, Proposition 5.2.2.8|
which constructs such an adjunction from the data of a unit or counit alone. In what
follows, we will assume without further mention that N98 has been applied when appealing
to results stated earlier in this section in the language of stable oco-categories.

Let X be a Noetherian separated scheme over a fixed ground field k, and let j: Z — X
be a closed subscheme cut out by the corresponding ideal sheaf 7, C Ox. The n-th
infinitestimal neighborhood, j,: Z, — X of Z has ideal sheaf Ig“. If jon: Zm — Zn,
m < n, are the inclusions, then the functors j;, ,,: Perf(Z,) — Perf(Z,,) form a projective
system of dg categories. Its (homotopy) limit lim,, Perf(Z,) =: Perf ()? 7) is, by definition,
following [Efi17, Definition 2.1], the category of perfect complexes on the formal completion
X of X along Z. By [Efi17, Theorem 2.3], Perf ()A( 7) is quasi-equivalent to a certain full
subcategory of the derived category of quasi-coherent sheaves on X, D(QCoh(X)).
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Proposition 8.26. Let X be a Noetherian separated scheme over k and j: Z — X a
closed subscheme with ideal sheaf T; C Ox. Suppose that X is reqular and Ly is invertible,
thus Z an effective divisor. Then there is a comonadic adjunction

Perf(X7) —— D’Coh(Z)
VE

and the unit and counit fit into exact triangles

N . .« +1
I2®_ = Loy, = " —

7Tz ® _ — §%jx = 1pbcon(z) =
where j*L,; = NZV/X is the conormal sheaf of Z C X.
Proof. The right adjoint j, is the composition
D’Coh(Z) — DPCoh(X) ~ Perf(X) —s Perf(Xy)

where the first functor is induced by the (exact) direct image functor Coh(Z) — Coh(X),
the quasi-equivalence is a consequence of regularity of X [Sta26, Tag 08E(], and the
third functor arises from the universal property of the limit applied to the functors
g Perf(X) — Perf(Z,). The claimed adjunction follows from the usual adjunction
between direct and inverse image, together with the realization of Perf ()? z) as a full
subcategory of D(QCoh(X)).

The exact triangle for the unit comes from the short exact sequence of sheaves 0 —
Z7; - Ox — j.Oz — 0. The exact triangle for the counit is also standard and follows
by a local calculation, see for example [Huy06, Section 11.1]. Comonadicity follows from
Proposition 8.21 applied to the sequence of categories Perf(Z,,). The required vanishing of
the morphism j;fLIgH — JnOx = O, follows by definition. O

Suppose we are in the setting of the above proposition. The autoequivalence T of
DCoh(Z) as in Theorem 8.20 is thus ./\/}//X ® __. By that theorem, we can transport any

stability condition preserved by T' (and with a suitable choice of lattice T') from D?Coh(Z)
to

£ = Perf(Xz)/j.D°Coh(Z) =: Perf(X; \ Z).
This can be thought of as the category of perfect complexes on the punctured formal
neighborhood “Xz \ Z” of Z.

Example 8.27. Assume that k is algebraically closed and chark = 0. Suppose X is
smooth over Spec(k[[t]]) and Z is the fiber over 0. Then Perf(Xz \ Z) = DbCoh(Xk((t)))
by [Mor25].

8.5 Deformations of A,-categories

Formal 1-parameter deformations of A..-categories are described by curved A..-categories
over the formal power series ring k[[t]]. In this subsection we review this notion and show
that it gives rise to a comonad of stable co-categories where T' = fib(FG < 1p) o [—1] is
the identity functor. For a more in-depth discussion of curved A..-algebras and categories
we refer the reader to [Fuk02, Pos18, DDL18§].

Fix a coefficient field k. A k[[t]]-module M is topologically free if it is isomorphic to the
completion (with respect to the t-adic filtration) of M @y k[[t]], where M = M @y k. In
particular, if M is a finite-dimensional vector space over k, then M @y k[[t]] is topologically
free.
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Definition 8.28. A curved A..-category over K[[t]], A, is given by
(1) a collection of objects Ob(.A),

(2) for each pair X,Y € Ob(A) a Z-graded k[[t]]-module Hom(X,Y’) such that each
Hom'(X,Y) is topologically free,

(3) for each n > 0 and Xy, ..., X, € Ob(A) a map of k][t]]-modules
m,,: Hom(X,_1,X,)® -+ ® Hom(Xy, X;) — Hom(Xy, X,)

of degree 2 — n such that the curvature mg € Hom?(X, X) has vanishing constant
term and the (curved) A, equations

S (=pllelittladiyg (e, my(aisg, - aiga), - a) =0
i+j+k=n
hold, where ||a|| := |a] — 1. Moreover, we require the existence of strict units

1x € Hom’(X, X), X € Ob(A).

For the definitions of A.-functors and natural transformations in this setting we refer
to [Hai24, Section 2.1]. These resemble their counterparts for the more standard (uncurved)
Ao-categories over k, except for additional terms coming from my.

A curved Aso-category A has a kind of closure under finite direct sums, shifts, extensions,
and infinitesimal formal deformations of objects, the (uncurved) Ao-category of twisted
complexes, Tw(.A), whose objects are pairs consisting of:

(1) A formal expression X = @, Vi ® X;, where V; are finite-dimensional Z-graded
vector spaces over k and X; € Ob(A).

(2) A twisting cochain ¢ € Homl(X , X) whose constant term is strictly upper triangular.
Thus, ¢ is given by matrix coefficients d;; € Hom'! (V; ® X;,V; ® X;) which vanish
mod t for ¢ > j. These need to satisfy the Ay, Maurer—Cartan equation

Zmn(é,...,é):o
n=0

where the series converges t-adically by the assumptions on J.

In the case where A is an (uncurved) A.o-category over k, J is required to be strictly upper
triangular, and such twisted complexes are sometimes referred to as one-sided. See [Hai24,
Section 2.2] for the definitions of the morphism spaces and structure maps of Tw(.A).

If Ais a curved As-category over k[[t]], then the category Ag = A @y k with the
same objects and morphism spaces reduced modulo ¢ is an (uncurved) A.-category over
k. There is a canonical functor F': A — Ay which induces a functor F': Tw(A) — Tw(Ap)
denoted by the same letter.

In a similar vein to the discussion in the previous subsection about the relation between
oo-categories and dg categories, we need to address the relation between (stable) oo-
categories and (pre-triangulated) A.o-categories, so that we can apply the main results
of this section on comonads to the present setting.?! Starting from an A.-category A,
one constructs an co-category N e (A) via the As-nerve construction [Faol7], which
generalizes the dg-nerve construction. Alternatively, one can argue that any A..-category
is quasi-equivalent to a dg category, in fact canonically via the Yoneda embedding, and
then apply the dg-nerve. This construction extends to A..-functors. Further, if A is
pre-triangulated, in the sense that the embedding A — Tw(.A) is a quasi-equivalence, then
NA<(A) is stable.

2INote that we will neither attempt nor need to relate curved Aoo-categories with co-categories.
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Remark 8.29. Additional difficulties arise if the base ring is not a field or if strict unitality
is relaxed. We refer the reader to [COS24, Tan24].

Our main goal in this subsection is to prove the following:

Proposition 8.30. Let A be a curved A -category over K[[t]], then F': Tw(A) — Tw(Ap)
yields, via the Aso-nerve construction, a comonadic functor between stable co-categories.
Furthermore, T = fib(FG = 1p)o[—1], where G denotes the right adjoint constructed below,
s equivalent to the identity functor, and the base change functor induces an equivalence

Tw(A)/G(Tw(Ao)) — Tw(A) @y k(())-

Combining this with Theorem 8.20, we obtain, after fixing some cl: Ko(Tw(Ay)) — T,
a canonical map

Stab(Tw(Ag)) — Stab(Tw(A) @y k(()))

over Hom(I", C), which is thus a local homeomorphism, although in general neither injective
nor surjective.

Proof. A right adjoint G was already constructed in [Hai24, Section 2.3]. We recall its
definition. First, choose vector space splittings

Hom4(X,Y) = Homy(X,Y) @ (Hom4(X,Y)t)

and write elements as a = a + at with a and at in the first and second summand above,
respectively. We initially define G on 4y and then extend it to Tw(.Ap) in the natural way.

For X € Ob(Ap) let
G(X) = (X o X[1], (n?o 3))

and for a morphism a in Ajg:

a 0
Gi(a) = ((—1)”“”1’?11(61) a) .

The higher order terms of G are given by

0 0
Gn(an,...,a1) = <(_1)||a1||+...+||anﬁln(am c..,aq) 0)

for n > 2. Tt is shown in [Hai24, Proposition 2.12] that G is an Ay.-functor Ay — Tw(.A).
We denote its extension to Tw(.Ap) by the same letter.
The composite F'G is given on objects of Ay by

FGX = (X & X[1], (nfo 8))

and there is a natural transformation €: F'G — 14, whose components are just projection
to the first factor. This is a counit in the sense that it induces quasi-isomorphisms

Homy(4)(X, GY) = Hommpy(a,)(FX,Y) (8.4)

as shown in [Hai24, Proposition 2.13]. The same proposition also tells us that fib(e) ~ [1],
i.e. T is the identity functor.
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The composite GF is given on objects of Tw(.A) (which have vanishing curvature my,
by definition) by

0 t

GFX = <X ® X|[1], (O .

)) ~ cofib(t-1x: X — X).

Furthermore, S := fib(n) is also the identity functor and the natural transformation
7: S — lpy(a) as in Proposition 8.21 has components 7x = ¢ - 1x. In particular, the
localization along 7 is Tw(A) @y k(()) and, together with the dual of Lemma 8.17, this
gives the claim about Tw(A)/G(Tw(Ap)).

Consider the sequence of A,.-categories

Ap = Tw (A (i) k[t]/t"H)

where we take twisted complexes which are two-sided, i.e. not necessarily strictly upper-
triangular, and whose reduction mod ¢ is one-sided, just as for curved A,.-categories over
k[[t]]. By construction, Tw(A) = lim,, A, and the image of 7"*! in A,, vanishes. It follows
from Proposition 8.21 that F' is comonadic. This completes the proof of the proposition.
An alternative proof that F' is conservative is found in [Hai21, Proposition 2.1]. O

Figure 8: Discrete curve shortening on the torus 72 punctured along the lattice of points P:
Start with the object in F (T2 \ P) represented by the blue curve. Its Harder-Narasimhan
filtration is represented by the solid piecewise-linear curve. The red segment is the HN
component of maximal phase. A single step of the mass (length) minimizing procedure
replaces the object by one whose HN filtration includes the dashed segments instead of
the red segment and the two adjacent ones. Intuitively, we are allowing the curve to pass
through the two endpoints of the red segment and pull it tight.

Example 8.31. Take 72 = R2?/Z? to be the flat torus, punctured along the N? points on
the lattice P = %ZQ /7?2 C T?. According to [HKK17], there is a corresponding stability
condition on the wrapped Fukaya category D = F(T?\ P) (over some arbitrary fixed base
field k). The category itself, up to equivalence, does not depend on the locations of the
punctures, only their number, and is mirror dual to D*Coh(Y’), where Y is a necklace of
N? projective lines. The stability condition does depend on the location of the punctures
and its stable objects correspond to straight lines on 72 which do not pass through any
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puncture and are either closed loops or are arcs whose endpoints lie in P. The wrapped
Fukaya category is the central fiber of a relative Fukaya category C := F(T?, P) over k[[t]]
where immersed disks in 72 are counted with weight ¢, n being the number of punctures
inside the disk, cf. [HKS24]. The general discrete minimizing procedure discussed at the
end of Section 8.2 is, in this example, a kind of curve-shortening procedure on piecewise
straight paths on T2 with vertices on P, see Figure 8. Of course, more general choices of
surfaces and locations of punctures are possible.
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