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ABSTRACT. The SYZ approach to mirror symmetry for log Calabi-Yau manifolds starts
from a Lagrangian torus fibration on the complement of an anticanonical divisor. A mirror
space is constructed by gluing local charts (moduli spaces of local systems on generic
torus fibers) via wall-crossing transformations which account for corrections to the analytic
structure of moduli spaces of objects of the Fukaya category induced by bubbling of Maslov
index 0 holomorphic discs, and made into a Landau-Ginzburg model by equipping it with a
regular function (the superpotential) which enumerates Maslov index 2 holomorphic discs.

When they occur, holomorphic discs of negative Maslov index deform this picture by
introducing inconsistencies in the wall-crossing transformations, so that the mirror is no
longer an analytic space; the geometric features of the corrected mirror can be understood
in the language of extended deformations of Landau-Ginzburg models. We illustrate this
phenomenon (and show that it actually occurs) by working through the construction for
an explicit example (a log Calabi-Yau 4-fold obtained by blowing up a toric variety), and
discuss a family Floer approach to the geometry of the corrected mirror in this setting.
Along the way, we introduce a Morse-theoretic model for family Floer theory which may
be of independent interest.

1. INTRODUCTION

1.1. SYZ mirror symmetry relative to a nef anticanonical divisor. The Strominger-
Yau-Zaslow (SYZ) approach to mirror symmetry gives a geometric construction of mirror
spaces from Lagrangian torus fibrations on Calabi-Yau manifolds: roughly speaking, a mir-
ror Calabi-Yau is obtained as a dual torus fibration, modified by “instanton corrections”
in the presence of singular fibers [SYZ96]. A more modern interpretation of the SYZ con-
jecture describes the mirror as a moduli space of objects of the Fukaya category of X
supported on the torus fibers; this viewpoint leads naturally to Fukaya’s family Floer pro-
gram [Fuk02l [Abol4l [Abol7, Tul4l Yuan20], which produces a rigid analytic mirror space
out of a fibration by unobstructed Lagrangian tori of vanishing Maslov class (as well as a
functor from the Fukaya category of X to coherent sheaves on the rigid analytic mirror,
which one may then try to use to prove homological mirror symmetry).

The SYZ approach was subsequently extended to the setting of log Calabi-Yau pairs
(X, D), where X is a smooth Ké&hler manifold and D is a (reduced, normal crossings)
complex hypersurface in X representing the anticanonical class —Kx. Given a suitable
Lagrangian torus fibration on the complement of D, one first constructs an SYZ mirror to
the open Calabi-Yau X° = X \ D, before analyzing the manner in which the divisor D
deforms the Lagrangian Floer theory of the torus fibers (and hence the geometry of the
mirror). This deformation is typically described by a regular function W € O(XV) called
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superpotential, so that the SYZ mirror of X (or more accurately, of the pair (X, D)) is a
Landau-Ginzburg model (XV,W). The superpotential W records the fact that the torus
fibers, while unobstructed in X \ D, are only weakly unobstructed as objects of the Fukaya
category of X, i.e. the Floer-theoretic obstruction my € CF(L,L) is a scalar multiple
W - 1 of the identity, where W is a weighted count of Maslov index 2 holomorphic discs
with boundary on L. See e.g. [Aur(7] for an informal overview, and [AAKI16, [Yuan20| for
a more up-to-date perspective. (We briefly review the main ingredients in below.)

The situation is simplest when the Lagrangian torus fibers do not bound any holomor-
phic discs in X \ D, and D is numerically effective (nef). The fibers are assumed to have
vanishing Maslov class in X \ D, so the Maslov index of a disc is equal to twice its in-
tersection number with D, and the simplest holomorphic discs (intersecting D just once)
have Maslov index 2. The prototypical setting where these assumptions are satisfied is
when X is toric Fano and D is the toric anticanonical divisor. The mirror XV is then
an algebraic torus (parametrizing rank 1 local systems on the fibers of the toric moment
map), and it follows from an explicit classification of Maslov index 2 discs bounded by
the fibers that W € O(XV) is a Laurent polynomial determined combinatorially by the
moment polytope [CO06, [Aur07, [FOOO10]. The next simplest case is that of semi-Fano
toric varieties, when the toric anticanonical divisor D is nef but not necessarily ample. In
this case, the coefficients of the Laurent polynomial W are modified by the contributions
of nodal configurations consisting of a Maslov index 2 disc in X together with one or more
rational curves with ¢;(X) - C = 0 contained in the toric divisor D. The first example in
which these contributions were determined explicitly is the Hirzebruch surface Fo, i.e. the
total space of the CP'-bundle P(Ogp1 ® Ogp1 (—2)) over CP! [Aur09, [FOOO12]. General
results were subsequently obtained by Chan et al. using comparisons between open and
closed Gromov-Witten invariants; see e.g. [Chanlll [CLLI2l [CL14) [CLLT17).

Outside of the toric setting, the Lagrangian torus fibration 7 : X° — B typically has
singular fibers, and the geometric picture is complicated by the presence of holomorphic
discs of Maslov index 0. (Still assuming D to be nef, these are precisely the discs which
do not intersect D). The fibers of m which bound such discs typically lie along (a small
neighborhood of) a union of walls of codimension 1 in B. There is a discontinuity in the
Floer-theoretic behavior of the fibers of m on either side of a wall, due to bubbling of
Maslov index 0 discs; nonetheless, it follows from deep results of Fukaya et al. [FOOOQ9]
that, across each wall, the moduli spaces of local systems on the fibers can be glued together
via a suitable analytic coordinate change (the wall-crossing transformation) to construct a
moduli space of objects of the Fukaya category of X° supported on the fibers of 7, i.e. the
mirror XV [AurQ7, [AAK16), Tuld, Yuan20]. In general there may be an infinite collection
of walls, possibly covering a dense subset of B, so that XV cannot be described explicitly
but rather arises as the limit of an inductive construction [KS06l [(GS11].

While the positions of the walls in B depend on the choice of complex structure, near
the large complex structure limit (also known as tropical limit) the whole process can be
understood combinatorially in terms of tropical geometry: B carries an integral affine struc-
ture (outside of the locus B*™ of singular fibers of 7), and the scattering diagram, i.e. the
set of walls and the corresponding wall-crossing transformations, can be determined via an
inductive process first proposed by Kontsevich and Soibelman [KS06], based on consistency
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of the scattering diagram, i.e. the requirement that the wall-crossing transformations must
satisfy the cocycle property around each codimension 2 locus where walls intersect. This
approach allows one to bypass symplectic geometry altogether: the Gross-Siebert approach
to mirror symmetry starts from a toric degeneration to construct a tropical manifold B, its
scattering diagram, and a mirror; see e.g. |[GS11], [GHK15], etc.

Under the assumption that D is nef, discs (or stable discs, i.e. nodal unions of discs and
spheres) which intersect D have Maslov index at least two, so X and X have the same
scattering diagram, and the mirror of (X, D) is a Landau-Ginzburg model (X, W) where
XV is entirely determined by the geometry of X°. The main point of this paper is to show
that this generally fails to hold when D 1is not nef, even in examples where the geometry of
SYZ fibrations is well understood. Namely, if D contains rational curves with ¢;(X)-C < 0,
then:

(1) the scattering diagram for (X, D) may contain additional walls compared to that
for X©, or the wall-crossing transformations for (X, D) may differ from those of X?;

(2) in the presence of discs of negative Maslov index, the scattering diagram for (X, D)
may be inconsistent, so that the wall-crossing transformations defining X no longer
satisfy the cocycle condition.

While the example we give below is mostly a proof of concept, this has significant implica-
tions. For instance, the construction of Landau-Ginzburg mirrors for general hypersurfaces
in toric varieties given in [AAKI6] may require modifications when the stated assumptions
about Chern numbers of rational curves do not hold; more generally, it is not quite clear
which classes of varieties should be expected to admit genuine Landau-Ginzburg B-model
mirrors, rather than deformed LG models of the sort we discuss below. By contrast, this
issue does not seem to affect the other direction of homological mirror symmetry: forthcom-
ing work of the author with Abouzaid (the sequel to [AA24]) is expected to prove that the
(suitably defined) Fukaya categories of the Landau-Ginzburg A-models given by the con-
struction in [AAKI6] are indeed equivalent to the derived categories of the corresponding
hypersurfaces, without Chern class restrictions.

Remark. Our results do not contradict in any way the recent work of Gross and Siebert
[GS22] (see also Keel and Yu [KY23]) constructing a canonical scattering diagram for log
Calabi-Yau pairs (X, D) and proving its consistency. Namely, Gross-Siebert’s scattering
diagram only includes Maslov index 0 discs which are contained in X \ D, and determines
the SYZ mirror of X \ D; whereas we are studying SYZ mirror symmetry for X, whose
scattering diagram also involves Maslov index 0 configurations consisting of a disc in X
together with one or more rational curves in D.

1.2. A log Calabi-Yau 4-fold with an inconsistent scattering diagram. Our main
example is the following. Let Kgp1 = Opp1(—2) be the total space of the canonical bundle
of CP! = C U {oc}. The toric mirror Landau-Ginzburg model of C? x K¢p1 is (a domain
in) the algebraic torus (K*)* (where K is the nonarchimedean field over which we define the
Fukaya category, say the Novikov field over C for concreteness) with coordinates (z1, ..., z4),
equipped with the superpotential

W:zl+zg+(1+q2+q23+qz§1)z4,
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where ¢ € K* is a constant determined by the choice of Kihler form (namely, ¢? is the
Novikov weight of the zero section Cp C Kgpt).

Theorem 1.1. Let X be the blowup of C* x Kgp at Hy = C x {1} x Ly and H

{1} x C X Lo, where Ly and Lo are the fibers of Kgp1 over 0 and oo € CP! respectively,
and let D be the proper transform of the toric anticanonical divisor of C? x Kepr. Equip X
with a suitable Kahler form. Then X\ D carries a fibration by Lagrangian tori of vanishing
Maslov class, whose SYZ mirror consists of four charts which are domains in (K*)*, with
superpotentials

W__ = =z —1—22+(1+q2+qZ3—|—qz§1)Z4,
W_i = z1+20+qd2+d2z321) + (1+ ¢+ gz + q23 )z,
(11) Wio = 21(l4+qd"za+q"25"21) + 22+ (1 4+ ¢* + qz3 + q23 ) 2,
Wiy = 21(1+qq 2+ q"23 20) + 20(1 4+ qq' 24 + ' 2324) + ¢'¢" 212024 +

+(1+¢* + qz3 + qz3 1)z,

where ¢',q" € K* are suitable constants. These charts are glued pairwise by coordinate
transformations which preserve z3, z4 and act on z1, 29 by

I
=

w_o(z1,22) = (21, 22(1 + q¢'z4 + ¢'2324)), @

Zo(W--) -

r0(z1,22) = (21, 22(1 + qq' 24 + ¢’ 2324 + ' " 2124)), ehoWye) = Wiy,

(1.2)  @o-(21,22) = (21(1 + q¢" 21 + ¢"25 ' 2), 22), o (W) =W, _,
wor(z1,22) = (21(1 + q¢" 21 + ¢" 25 24 + ¢ ¢ 2224), 22), o+ (W_y) = Wiy

The wall-crossing transformations ((1.2)) are inconsistent, in the sense that

P00 Yot F Po— © P10

This inconsistency arises from the presence of a codimension 2 locus in the base of the
SYZ fibration over which the fibers bound stable nodal discs of Maslov index —2. Indeed,
the cocycle property for wall-crossing transformations is equivalent to the statement that
Maslov index 0 discs can only break into unions of Maslov index 0 discs; whereas in our
example they can also degenerate to the union of discs of Maslov indices 2 and —2. We
expect this to be a general feature of mirror symmetry in settings where the non-negativity
of Maslov index cannot be guaranteed.

The proof of Theorem is given in Section [2) the main new ingredient compared to
previous calculations on blowups of toric varieties (see in particular [AAK16]) is a study
of the contributions of stable nodal configurations consisting of a holomorphic disc in X
together with a rational curve in D.

Remark 1.2. By contrast, the construction of the SYZ mirror of X \ D involves the same
four charts, but the wall-crossing transformations have simpler expressions:

(1.3) ©o=v%:  (21,22) = (21, 22(1 + ¢'2324))
V53— = @i, - (z1,22) = (z1(1 + q"z§124), 29).

(These are determined by Maslov index 0 discs in X \ D, whereas the additional terms
in ([1.2)) correspond to Maslov index 0 configurations with sphere components in D.) The
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formulas ([1.3]) match the consistent scattering diagram constructed by Gross-Siebert [GS22]
for the mirror of X \ D.

We also give in §2.7] the analogous formulas for the mirror of a compact example, namely
the projective log Calabi-Yau (X, D) obtained from (X, D) by compactifying C to CP!
and K¢pr to the Hirzebruch surface Fo: namely X is the blowup of CP! x CP! x Fy at

Hy = CP' x {1} x Lo and Hy, = {1} x CP! x L, where Ly and L, are the fibers of
the projection from Fy to CP! over 0 and oo, and D is the proper transform of the toric
anticanonical divisor of CP' x CP' x Fs.

The mirror as a deformed Landau-Ginzburg model. Even though the mirror in The-
orem [1.1|is no longer a Landau Ginzburg model, setting ¢'¢” = 0 in the formulas (L.1)—(L.2

(i.e., d1scard1ng the terms ¢'q"” 212224 in W, 1, p10, and ¢g4+ ) cures the inconsistency in (|1.2))
and gives a well-defined Landau-Ginzburg model (XY, W), of which the mirror in Theorem
can be viewed as a deformation. By a result of Lin and Pomerleano [LP13, Theo-
rem 3.1], the Hochschild cohomology of the category of matrix factorizations of (XY, W) is
the hypercohomology of the complex of sheaves (A*T'xv,tqw) on XV. We claim that the
first-order deformation in Theorem [L.1] can be viewed as a class in

HH*(MF(XY,W)) =H"(X",(A*Txv, taw))
determined by the contributions of holomorphic discs of Maslov index —2 in X.

The Maslov index —2 discs bounded by the Lagrangian torus fibers sweep a complex
codimension 2 locus in X, namely {1} {1} X Kp1, with a Floer-theoretic weight equal to
q'q" z4 mod higher order terms (see §2). Thus, the first-order deformation induced by these
discs is a 2-cocycle on the base of the ﬁbratlon with values in the second cohomology of the

fiber, hence dually in A2T'xv, whose value on the relevant overlap of coordinate charts is
(1-4) q'q"24 alog PA 8log zo+

This element w® e H? (XY, A%Txv) is not closed under tqy, but it can be completed to a
Hochschild cocycle in HH®*"(MF (XY, W)) by adding to it a 1-cochain w(!) with values
in Txv, whose Cech coboundary cancels out tqyy (w(z)); meaning that the value of dw(®) on
the overlap of coordinate charts is the vector field

LdW(q/q”Z4 alog A alog 22) = q,q”Z4(Zlalog 22 T 228log zl)a

which is exactly the inconsistency in . Specifically, we can match ((1.2) by setting

1 1 1
w(—g ( ) O ’LUS_) - q/q"zlz46‘10gz2, and wéﬁ = q'q”z224810g21.

Finally, cancelling out gy (w(?) in turn forces one to also add a 0-cochain w(®) with values

in Oxv, namely we take

_ _ ©) _ s n
=w'y =w,. =0 and w), =qq 212224.
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1.3. A family Floer perspective. The above example shows that the construction of SYZ
mirrors in the presence of discs of negative Maslov index requires a change of perspective
from the usual approach. In Section |3| we begin a general (but informal) exploration of the
geometry of SYZ mirror symmetry in the setting considered here from the perspective of
family Floer homology.

Consider as before a Lagrangian torus fibration 7 : X° — B on X° = X \ D whose fibers
Fy, = 771(b) have vanishing Maslov class in X° and are weakly unobstructed in X. Denote
by X V0 the uncorrected SYZ mirror of the smooth locus, a rigid analytic space whose points
correspond to unitary rank 1 local systems on the smooth fibers of 7. More precisely, we
restrict ourselves to a simply connected subset B° of the smooth locus B\ critval(r), so as
to ignore the issues of compactification over the singular fibers of m and consistency around
the singular fibers, which are largely orthogonal to our discussion.

The pushforward of the sheaf of analytic functions on X V° under the rigid analytic torus
fibration 7 : XV0 — BY defines a sheaf O, over BY, which is a certain completion of a
local system over B® whose fiber at b is K[Hy(F})]. (This is just a fancy way of saying that
rigid analytic functions on affinoid domains in X0 are given by Laurent series which satisfy
appropriate convergence conditions.)

Moduli spaces of pseudo-holomorphic discs in X with boundary in the fibers F, (where
b is allowed to vary over B’) determine Ao.-operations {my}x>0 not just on Floer cochains
of a fixed fiber F}, with coefficients in K[H;(F})], but also on cochains on 7~ 1(B°%) c X°
with coefficients in the pullback of O, or equivalently, via Kiinneth decomposition, on

(1.5) ¢=Pe = Ci(B; CI(F) & Oun).
0] i

The precise nature of these cochains depends on the chosen model for Lagrangian Floer
theory. Under very strong transversality assumptions on evaluation maps, a convenient
model consists of an enlargement of differential forms to include currents of integration
along smooth submanifolds (cf. §3.1.1). While it is likely that these assumptions can be
lifted by working with Kuranishi structures, it seems technically easier to work with a
Morse-theoretic model, such as the one we describe in § (see also Keeley Hoek’s
thesis [Hoek25] for a more detailed treatment).

Definition 1.3. The Floer complex € is weakly family unobstructed if my can be expressed
as a sum of degree ¢ cochains with values in degree ¢ cocycles,

(1.6) o e CY(BY; ZH(F) & Oun), i=0,1,...

This definition is quite restrictive (exactly how much depends on the precise model chosen
for cochains) and clearly not satisfied by all SYZ fibrations, but we conjecture that weak
family unobstructedness should arise in SYZ mirror symmetry from the existence of a
degeneration of the complex structure on X to the tropical limit, possibly after correction
by a suitably chosen weak family bounding cochain (see below). Indeed, in the tropical
limit one expects that the moduli spaces of holomorphic discs which sweep loci of real
codimension 2i inside X should concentrate along “walls” of codimension i inside BY.

There is a natural bracket of degree —1 on H*(F}) ® K[H;(Fp)], defined by
(1.7) {Va,2" o/} =24 (@A (1y0) + (D)l (pa) A o)
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for all o, € H*(F,) and 7,7 € H1(Fp). Extending to the completion H*(F}) ® Oy, and
combining with the cup-product on B?, this determines a bracket on C*(B%; H*(F},) ® Ogy),
symmetric on even degree elements, which we again denote by {-,-}.

Conjecture 1.4. For SYZ fibrations on log Calabi-Yau varieties near the tropical limit,
there exists a model of the family Floer complex € for which mg can be expressed as an
element in @ C*(B°; H (F}) ® Ou,) and satisfies, up to sign, the master equation

1
(1.8) omo = 5 {mo, mo},

where {-,-} is the bracket defined by (1.7) and & is the differential on cochains on B°.

Remark 1.5. We expect to hold whenever the moduli spaces of holomorphic discs
underlying mg behave like closed manifolds, as a consequence of (a family version of) the
master equation in Floer theory with free loop space coefficients [Fuk06l Mrie20]; see Sec-
tion So the expectation that this happens for SYZ fibrations near the tropical limit is
the geometric content of the conjecture. However, it is quite possible that the conjecture is
too strong as stated, and that the A,-structure on € may need to be deformed by a suitable
“weak family bounding cochain” b € €5 C € (the subspace of elements whose components
have positive Novikov valuation everywhere), in order for the deformed mgy term

m§ := mg + my(b) + ma(b,b) + - € Cxg

to satisfy the requirements of the conjecture. We note that, even when mg satisfies weak
family unobstructedness, there is no geometric reason for the master equation to hold;
rather, it needs to be imposed as an extra requirement on b. It also seems natural to
require b to vanish outside of a neighborhood of the walls in B® (when there are infinitely
many walls, this statement should be understood order by order).

On the other hand, we sketch in Section [3.3|a possible approach to the master equation in
a Morse-theoretic setup, via a deformation of the moduli space of treed holomorphic discs.

Via the isomorphism H'(Fy,R) ~ A‘H'(Fy,R) ~ A‘Tg, an element of H'(F})® Oy
naturally determines a section of A‘Txvo over (7¥)~1(b), where we again denote by X0
the uncorrected mirror, equipped with the rigid analytic torus fibration 7v : XV0 — B
(locally modelled on the valuation map, and dual to 7). Hence, under the assumption of
weak family unobstructedness, the components a(? of mg determine elements
(1.9) W e CHXV0, ATy o),

which encode the instanton corrections to the geometry of X V0 see Section We denote
by W= 3,0, W® € C*(XV0, A*Txvo) the sum of these terms. The master equation for
mg can be transcribed (by an easy argument, cf. §3.4) into an analogous identity for W:

Proposition 1.6. If mg satisfies (1.8), then W = WO £ W ... e C*(XV0 A*T'xvo)

satisfies
1
(1.10) oW + i[W,W] =0,

where & is the differential on cochains and [-,-] is the bracket induced by the cup-product
and the Schouten-Nijenhuis bracket.
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Equation ([1.10]) is equivalent to the property that the operator 6 + [W, ] squares to zero;
in particular, the components of W satisfy the equations

(1.11) S+ WO Hwo = o,
(1.12) E+WDD? = Lo (W), ],
(1-13) (5 + [W(l)a ]) W(Q) = laqw(0) (W(S))>

and so on. The geometric interpretation of these equations depends on the chosen model for
cochains in the above discussion, though in all cases W) can be viewed as a deformation
of the analytic structure of X0, and states that W(® is analytic with respect to the
deformed structure, even as measures the failure of § + W) to genuinely equip the
corrected mirror with an analytic structure.

If we view mg as an element of the de Rham complex (Q*(B°, H*(F,) © Oqy), d) of dif-
ferential forms on B° with coefficients in the sheaf H*(F},) @ Oy, then W ends up being an
element of (Q%*(XV9 A*Txvo),d"), the tropical Dolbeault complex of differential forms on
X9 with coefficients in polyvector fields. (See [CLD12, [Jell22] for a general construction;
the version we need here is significantly simpler because our forms are pulled back from the
fixed tropicalization ¥ : XV0 — B0.)

Assuming convergence, we can view X0 as a family of complex manifolds over a punc-
tured disc, degenerating to the tropical limit. The tropical Dolbeault complex specializes
to the usual Dolbeault complex, and we can then view W) € Q01(XV0 Tyvo) as a defor-
mation of the complex structure on X0 (deforming 9 to 9 + W), The equation
then states that the function W(® : XV0 — C is holomorphic with respect to this deformed
complex structure; and states that the deformation in general fails to be integrable,
i.e. 9+ WW is only an almost-complex structure, whose Nijenhuis tensor is required to be
equal to ¢y (W®) € QO2(XV0 Txvo).

On the other hand, if we work with Cech cochains rather than differential forms, then
we end up with a picture similar to that discussed above for our main example: W)
can be viewed as a deformation of the gluing transformations used to assemble XV from
local affinoid charts, states that the expressions for W(? in these local charts match
under the deformed gluing transformations, and states that ¢y 0) (W) measures the
amount by which the deformed gluing transformations fail to satisfy the cocycle condition.

These two perspectives on deformed Landau-Ginzburg models ought to be equivalent; for
example it is readily apparent from both viewpoints that the critical locus of the superpo-
tential W() remains an honest analytic space (since the right-hand side of vanishes
along it), even when the deformed total space fails to be one, so that it still makes sense
to try and relate the symplectic geometry of X to the algebraic geometry of crit(W(O)) in
order to establish homological mirror symmetry.

Remark 1.7. The A, -structure on the family Floer complex € is a curved deformation
(induced by holomorphic discs) of the classical algebraic structure on C*(B%; C*(F)®@Ou),
which we have just seen can be compared to the dg-algebra C*(XV0; A*T'xvo) of cochains
with values in polyvector fields on the uncorrected mirror. Even though we expect that the
curvature mg of the family Floer complex € determines the required instanton corrections to
the geometry of X0 (see also Remark , it is not true (even in the simplest examples)
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that € itself, as constructed in describes cochains with values in polyvector fields on
the corrected mirror. Indeed, unlike the latter algebra, € has nonzero curvature; and its
differential m; does not match with the desired expression § + {mg,-}. On the other hand,
work in progress of the author with Keeley Hoek suggests that a variant of the construction
in can be used to define an uncurved algebraic structure on the family Floer complex
that appears to describe the geometry of the corrected mirror.

Acknowledgements. I am heavily indebted to Ludmil Katzarkov and Maxim Kontsevich
for many stimulating discussions about deformations of Landau-Ginzburg models, which
directly led to this investigation of their geometric origin in Lagrangian Floer theory. I am
also grateful for the hospitality of IHES, where most of this work was carried out. This
work was partially supported by NSF grant DMS-2202984 and by the Simons Foundation
(grant # 385573, Simons Collaboration on Homological Mirror Symmetry).

2. A 4-DIMENSIONAL EXAMPLE

This section is devoted to the geometric construction of our main example and proof of
Theorem [1.1 The geometric setup is similar to [Aur09, Section 3] and [AAKI6, Sections
3-5], which also deal with SYZ mirror symmetry for blowups of toric varieties.

2.1. The geometric setup. Let Kp1 = Ogpi(—2) be the total space of the canonical
bundle of CP* = C U {oc}, and denote by Lo and L the fibers of Kqp1 over 0 and oo in
CP!. We equip the product C? x Kp1 with coordinates (21, x2, 23, x4), where 1, x5 are the
standard coordinates of C2, 23 € CU{oc} is a coordinate on CP', and x4 is a coordinate in
the fibers of Kp1 in the trivialization given by the 1-form dlog x3 over C*. In other terms,
the affine chart {z3 # 0o} C Kgp1 is isomorphic to C? with coordinates (3,25 '24), while
the affine chart {x3 # 0} is isomorphic to C? with coordinates (3", x314).

We denote by X the blowup of C% x K1 along Hy = C x {1} x Lo, i.e. the locus where
x9 = 1 and z3 = 0, and along Ho, = {1} x C x L, i.e. the locus where z; = 1 and
x3 = oo; we denote again by x1, ..., x4 the pullbacks of the coordinates of C? x Kp1 under
the blowup map p : X — C? x Kep1. The T?-action on C? x Kcp1 rotating the x3 and x4
coordinates leaves Hy and H., invariant, and hence lifts to X.

We equip X with a T?-invariant Kéhler form w constructed as in [AAKI6, Section 3.2],
symplectomorphic to a toric Kihler form on C? x Kgp1 away from a neighborhood of the
exceptional divisors Ey = p~!(Hp) and E., = p~(Hy). For example, one can take

-/ /)
) + 5200 (xlog(lws = 11 + [a3])) + 500 (xlog(la1 — 1 + a5 "))

w=p*(we2 @ WK cp1

where we2 @ wi, is a product toric Kéhler form on C? x Kcp1 (standard along the first
factor), €/,€” > 0 are the areas of the fibers of the exceptional divisors Fy and E, and
xlog : Ry — R is the product of the logarithm with a suitable cut-off function.

We denote by p = (i3, t4) the moment map of the T2-action on X rotating the x3 and
x4 coordinates; away from FgU E it coincides with the pullback of the moment map of
the chosen toric Kéhler form on Kyp1, and they have the same moment polytope A C R2.
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We normalize the moment map so that
A= {(&.&) € R?| & > max(0, & — a)},

where a > 0 is half the symplectic area of the zero section of Kp1.

For every (£3,&4) € A, the reduced space p~1(€3,&,)/T? is canonically identified with
C? via projection to the x; and x5 coordinates. The reduced Kihler form Wred,(£3,64) 1S @
product form in the (x1, z2) coordinates, and coincides with the standard Kéhler form of C?
whenever p1~1(&3,&4) lies sufficiently far away from Ey U E,. Near Eg (which maps to the
region of A where &, < —&3 — a + €’), the z3-component of the reduced Kéhler form differs
from the standard area form near xo = 1, and similarly near Fo, (where § < & —a+ €”),
the x1-component differs from the standard area form near x; = 1. The reduced Kéahler
form is singular along xo = 1 for £ = —&3 — a + €’ (this corresponds to a stratum of points
with S! stabilizers where Ejy meets the proper transform of C x {1} x K¢p1), and similarly
along z1 = 1 for 4 = &3 —a+¢€” (where E, meets the proper transform of {1} x C x Kp1).
(The arguments are similar to [AAKI6l Section 4.1] and we omit the details.)

Since the reduced Kiihler form on =1 (€3, &4)/T? is a product form on C2, the product tori
{|z1| = r1, || = 7o} are Lagrangian in the reduced space, hence their lifts to = 1(&3,&4) C
X are T?-invariant Lagrangian submanifolds of X, singular when the lift contains degenerate
T?-orbits and smooth otherwise. Hence, we have:

Definition-Proposition 2.1. For (r1,72,&3,&4) € B := R% xint(A), denote by Flr o 65.64)
the Lagrangian submanifold of X defined by the equations

lz1] =11, |z2] =712, M3 =&3, pa = &u.
Denoting by D C X the proper transform of the union of the toric divisors of C? x Kep,
m = (|z1], |z2|, 3, ppa) : X \ D — B
defines a Lagrangian torus fibration on X \ D, with singular fibers over
(2.1) B ={ry=1, 4= —a+e}U{ri=1, &=&—a+€'} CB.
The fibers of © which lie sufficiently far from the exceptional divisors, i.e., away from
(2.2) B ={ry=1 &< -&G-at+tu{n=1 &<&-a+} CB,

are lifts to X of product tori in C? x Kcp1, hence special Lagrangian with respect to the
holomorphic volume form p*(][dlogz;) on X \ D with simple poles along D. This implies
immediately:

Lemma 2.2. The fibers of ™ have vanishing Maslov class in X \ D, and the Maslov index of
a disc in X with boundary on a fiber of m is twice its algebraic intersection number with D.

2.2. Discs and spheres. The next few sections are devoted to the enumerative geometry
of stable holomorphic discs in X with boundary on the fibers of 7. We start with two
lemmas describing the relevant discs and spheres.

Lemma 2.3. Let F be a fiber of m which is the lift to X of a product torus {|x;| = r;} in
C? x Kep1, and let u : D? — X be a holomorphic disc with boundary on F. Then:
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(1) The components ofp ou have Blaschke product expansions

na
z— oy , Z— 049
(2.3)  z1(2) =€y —_— To(z) = P2 ry || —25
)
1704112 ,llfozi,gz
1=
. n n.
T =g\ b T Z— i3 1T 2 — Qia
x3(z) =€ r3 H ) x4(z) =€y H - H —
1— a3z Q3% sy l—auigz ol —aigz

where %% ¢ ST, Q€ D2, and €; 3 € {£1}.
(2) w is regular, except possibly if x1(z) or x2(z) is constant and equal to 1 for all z.
(3) The Maslov index of u is

(2.4) w(u) =2(ny +ng+ns+ng — ko — ko),

where kg and ko are the total contact orders of p o u with Hy and Hs; in the absence of
multiple roots kg is the number of i € {1,...,n3} such that €;3 = +1 and z2(o;3) =1, and
koo is the number of i such that €;3 = —1 and x1(cy3) = 1.

Proof. (1) The Blaschke product expansions follow from the general classification of holo-
morphic discs with boundary on T™-orbits in toric manifolds, see e.g. [CO06, Theorem 5.3];
the only specific feature in our case is that, given our choice of coordinates on Kgp1, 3 is
allowed to have poles, and x4 must vanish at the zeroes and poles of x3.

(2) Via the projection p, moduli spaces of holomorphic discs in X with boundary on F
correspond to moduli spaces of holomorphic discs in C2? x Kcp1 with prescribed contact
orders with Hy and Hy,. For fixed z1(z) and x5(z), requiring z3(z) to vanish to given
order at a certain roots of x2(z) — 1, and/or to have poles of given order at certain roots of
x1(z) — 1, cuts out a smooth subvariety of the space of possible Blaschke products of given
degree for x3(z), of the expected codimension except when x3(z) — 1 or z1(z) — 1 vanishes
identically. (This is because the conditions amount to independent linear constraints on the
coefficients of the polynomials Hei,3:+1(z — «a;3) and Hem:—l(z — «;3).) The regularity
of u then follows from a general regularity result for holomorphic discs in the toric setting
[CO06, Theorem 6.1] and from the fact that the prescribed incidence conditions with Hy
and H., define a transversely cut out, smooth submanifold of the expected codimension.

(3) By Lemma 2.2} the Maslov index of  is twice its intersection number with the divisor
D; since D + Eg + E is the pullback of the toric anticanonical divisor of C? x Kep1, the

intersection number is given by counting the zeroes and poles of z1, ..., x4, and excluding
intersections with the exceptional divisors Fy and E., which correspond to the intersections
of pow with Hy and H.. ]

Lemma 2.4. The only simple holomorphic spheres in X are (1) the spheres S, ., given
by the product of a point {(x1,22)} € C? with the zero section of Kqp1, or their proper
transforms when x1y = 1 and/or xo = 1, and (2) the fibers of the projection p : X —
C? x Kep1 above the points of Ho U Hy,

Proof. By the maximum principle, x1, 2 and x4 are necessarily constant along any holo-
morphic map u : S? — X, and x4 is necessarily zero since the nonzero levels of x4 are
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biholomorphic to C2 x C*. If x3 is nonconstant then we end up with S(a1,2) OF & mul-
tiple cover; otherwise the image of w is contained in a fiber of p over the blown up locus
HyU H. O

We note that S, ,,) has normal bundle O & O ® O(-2) for x1,z2 # 1, while S, 1)
has normal bundle O ® O(—1) © O(-2), similarly for S(; ,,), and S(; ;) has normal bundle
O(—1) ® O(—1) @ O(—2). Since the d operator on O(—2) fails to be surjective, the curves
S(21,22) are not regular. However, we will see that the union of S, ;,) with a holomorphic
disc that meets the zero section of Kqp1 transversely is regular as a stable disc.

2.3. Regularity of stable nodal discs. Let C' be a nodal Rieman surface with boundary
(in our case, C' will be a Riemann sphere glued to a disc at an interior point, e.g. the origin),
and let v : C — X be a holomorphic map with boundary on a Lagrangian submanifold
L (in our case a fiber of 7). The first-order deformations of u and their obstructions can
be analyzed by methods of algebraic geometry, following Behrend-Fantechi [Beh97, BF97].
Recall that, when C'is smooth and u is an immersion, the deformations and obstructions are
governed by H° and H' of the normal bundle N, = w*TX/TC, i.e. first-order deformations
correspond to holomorphic sections of N, over C' with real boundary conditions given by
Ngu = w*TL/TOC, while obstructions live in H'(C, N,). In the presence of singularities,
the dual of the normal bundle is replaced by a complex of sheaves, and the deformations
and obstructions are given by

Exti({u 0 25 b}, 00)
for i =0 and i = 1; see [PT14], §1%] and the discussion before Lemma 2.6 in [GHS03].

As noted in |[GHSO03], things are simpler if we assume that the two branches of u near
each node of C are immersed and their tangent lines at the node are distinct: then
Homo, ({u*Q — QL}, O¢) is isomorphic to a coherent sheaf N, the normal sheaf of u,
whose global sections and first cohomology determine the deformations and obstructions.
The sheaf N, has an explicit description if we assume moreover that the restriction of u to
each component of C' is an immersion. In this case, the restriction of A, to each component
of C is the sheaf of meromorphic sections of the normal bundle with at most a simple pole
at each node, whose normal direction must be the tangent space to the other branch of u
through the node; the meromorphic sections over the two branches must additionally satisfy
a matching condition at the node, which we state below.

Lemma 2.5. Let C' = C'U,C" be a curve with a single node p, and u : (C,0C) — (X,L) a
holomorphic map whose restrictions u' = ucr and u|”C,, are IMmMEersions; assume MmMoreover
that the tangent lines du'(T,C"),du"(T,C") C Ty X are distinct, and denote by Ny =
W*TX/TC" and Ny = u"*TX/TC" the normal bundles to the two components. Denote by
2, 2" local coordinates on C',C" near p.

Then the first-order deformations of u (resp. the obstruction space) are the global sec-
tions over C (resp. the first cohomology group) of the normal sheaf Ny, (with real boundary
conditions along 0C'), which are pairs of sections

(v/,0") € H(C', Ny @ Oci(p)) ® H(C", Nyr @ Ocn (p))
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(i.e., meromorphic sections of Ny and Ny» with at most simple poles at p) satisfying the
following matching conditions:

e there exists a constant X\ € C such that the polar parts of v' and v" are respectively

A o’ A o
(2.5) V() ~ piey (p) and V"(2") ~ 7 @(p);

e the projections of v' and v" onto T, X/(du/'(T,C") + du” (T,C")) coincide at p.

Lemma [2.5] can also be understood from a differential geometric perspective, since a
node-smoothing deformation of u can be viewed as the restriction to the family of curves
Cy = {2'2" = 4(t)} of a family of maps i from C’ x C” (in our case, CP* x D?) to X. We
then have, for 2/, 2" # 0,

d Oy ~'(0) diig

_ S (o Ny — 27 / !

dt‘t:o(ut(z ,’Y(t)/Z )) at |t:0(z ,O) + 7 82// (Z ’O)7 and
i ~ "Ny % " 7/(0) a120 "
dt|t:0(Ut(,}/(t)/z 7Z )) a at |t:O(O’ : ) + Z// azl (07 z )

The first term in these expressions, 0u;/0t, is a genuine section of u*TX over C (i.e., a
pair of sections of «'*T'X and u”*T'X whose values at the node coincide); while the second
term has a first-order pole at the origin, where the leading order term is exactly as in
with A = +/(0) (the rate at which the node is getting smoothed by the deformation).
Deformations of the map u are then governed by the kernel and cokernel of the 9 operator
on sections of u*T'X with the appropriate behavior at the node; or, after quotienting out
by vector fields on C' (reparametrizations by diffeomorphisms), the kernel and cokernel of
the 0 operator on pairs of sections of the normal bundles N, and N,» (allowed to have a
simple pole at p and satisfying the matching conditions described in Lemma .

While the above suffices for our purposes, we also refer the reader to [SSZ25, Section 6]
for a related discussion in the framework of polyfolds.

We now use Lemma to prove the regularity of certain nodal configurations in X with
boundary on the fibers of .

Lemma 2.6. Given (x1,22) € (C*)2, let u : C = CP' UD? — X be a stable map with
boundary on F|4| |es|¢5,64) Whose restriction to CP! parametrizes the sphere S(a1,22), and

whose restriction to D? parametrizes a disc of suitable radius in the x4 coordinate, with
constant values of x1, o, 3.

(1) If 1,29 # 1, then u is regular as a stable disc in X with boundary in F(‘xl‘,|m2|7£3’54).

1 =1 and 2 , then u is reqular as a stable disc in with boundary in the

2) I 1 and 1, th ) l ble disc in X with bound in th
family of fibers Fi,, |1,)¢5.¢4) where r1 is allowed to vary.

T and x9 = 1, then u 1s reqular as a stable disc in with boundary wn the

2 I 1 and 1, th ) l ble disc in X with bound n th
family of fibers F{|z,| ry.65.64) where ro 1s allowed to vary.

(3) If 11 = w9 = 1, then u is regqular as a stable disc in X with boundary in the family of
fibers Fp, ry.65.6,) where r1 and ro are allowed to vary.

Proof. The normal sheaf splits into a direct sum N,, = Ny, 1BN,, 2N, 34, where the first two
summands correspond to the xz; and xo directions and Nu,34 corresponds to deformations
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inside {(z1,22)} x Kcp1 (or its proper transform if 1 or z2 is 1). To prove the vanishing of
H'(C,N,) (or equivalently the surjectivity of the appropriate 0 operator) we consider each
summand separately.

The first summand N, ; is a holomorphic line bundle over C', whose restriction to CP!
is O if 11 # 1 and O(—1) if 21 = 1, and trivial over D?, with a trivial real line subbundle
as boundary condition. The O operator on the disc component is surjective, with a real
1-dimensional kernel corresponding to constant sections; meanwhile, the 0 operator on the
CP! component is surjective, and for z; # 1 it remains surjective if we restrict the domain
to sections of O which have a prescribed value at the node. Thus, H'(C, N, 1) = 0 when
x1 # 1. However, for z; = 1 the 9 operator on the CP' component is only surjective if we
consider all sections of O(—1), without imposing a value at the node; and the 0 operator
on the disc component is no longer surjective if we restrict its domain to functions which
take a prescribed value at the node. Thus, regularity fails if we consider u as a disc with
boundary on a fixed fiber of 7w. Instead, we relax the boundary condition and consider
deformations of u among discs with boundary on fibers F{;, |4, ¢;.¢,) Where rq is allowed
to vary. Modifying the problem in this way enlarges the domain of the 0 operator on the
disc component to the space of complex-valued functions whose imaginary part is constant
(rather than zero) at the boundary, so that surjectivity holds even if we restrict to functions
that take a prescribed value at the node.

The situation is identical for NV, o: we find that H'(C, N, 2) = 0 when x5 # 1, and for
x9 = 1 we achieve regularity by relaxing the boundary condition and allowing r9 to vary.

Finally, NV, 34 is a sheaf of sections of the normal bundles to the components of u(C')
inside Kcp1 with at most simple poles at the node and matching residues. The normal
bundle to the CP' component is O(-2), so its 0 operator has a one-dimensional cokernel;
however, the O operator becomes surjective if we enlarge the domain to allow a simple pole
at the nodal point. Meanwhile, the normal bundle to the disc component is trivial, with
trivial real boundary condition, so the corresponding 9 operator is surjective (on honest
sections, and hence also on sections with a fixed polar part). Thus H'(C,Ny34) =0. O

Lemma 2.7. Assume F(;, ;,¢;.¢,) @5 the lift to X of a product torus in C? x Kepr -

(1) Forry > 1, letu: C = CP UD? = X be a stable map with boundary on Flr ro,63,60)
such that wcpt parametrizes the sphere S(;, 1) for some x1 such that [z1]| = r1, and up2 18
as in with ny =n3 =0 and ng = ng = 1 (i.e., x1 and x3 are constant while xo and
x4 have degree one), with x2(z) = 1 at the unique point where x4(z) = 0. If x1 # 1 then u
is reqular as a stable disc with boundary on F. ., e, ¢y If x1 =1 then u is regular as a
stable disc with boundary on a family of fibers where r1 is allowed to vary.

(1") Similarly for a stable map with boundary on Fy, 1, e, ¢,y (11 > 1) which is the union
of S(1,2,) With a disc on which x2 and x3 are constant, x1(z) and x4(z) have degree 1, and
x1(z) =1 at the unique point where x4(z) = 0.

(2) For r1,m2 > 1, the union of S(1 1y with a disc on which x3 is constant while x1(z),
x9(z) and x4(2) have degree 1, and x1(z) = x2(2) = 1 at the unique point where x4(z) = 0,
is reqular as a stable map with boundary on F, ., e5 ¢,
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Proof. The normal sheaf A, has a subsheaf N, ; & N, 2 corresponding to deformations
which take place purely along the x1 and xo directions. We establish vanishing of the first
cohomology separately for Ny 1, NV, 2, and the quotient N, 34 := Ny /(N1 & Ny2).

When z; is constant along the map w, the situation for NV, ; is exactly as in Lemma
and the same argument proves the vanishing of H'(C, N, 1) if x1 # 1, and the regularity
once we allow r1 to vary if 1 = 1. When x; has degree 1 on the disc component of u,
the restriction of N, 1 to the disc component is still a trivial holomorphic line bundle, but
now the boundary condition is given by a family of real lines which rotates by one turn
in the positive direction along the unit circle, namely the line spanned by ix1(z) at every
z € OD?. The 0 operator on this space of sections is surjective, and remains surjective even
after we restrict the domain to sections which take a prescribed value at the node. (This
can be checked e.g. by comparing the index of the operator and the dimension of its kernel,
which consists of infinitesimal automorphisms of the disc). This implies the vanishing of
HY(C,N,1) even when 1 = 1. The argument for NV, 2 is identical.

Finally, NV, 34 can be identified (via projection to the (z3, z4) coordinates) with the normal
sheaf of the projection of u(C') to Kp1, which is exactly as in Lemma and whose first
cohomology vanishes by the same argument. O

Next, we give some constraints on nodal configurations which contribute to the enumer-
ative geometry of discs in X with boundary on fibers of 7.

Consider a stable disc v : C' — X with boundary on a fiber of 7 which does not meet
EoUE., ie., F=nr"1(b) for b € B\ B®°. Denote by Nj(u) the total intersection number
of u(C) with p~1({0} x C x Kgp1), i.e., the sum of the degrees n; in for the disc
components of u , and by Na(u) the intersection number with p~1(C x {0} x Kgp1), i.e.
the sum of the values of ng for the disc components. (Note that the z; and xzo components
of p o u always have Blaschke product expansions, without needing to assume that F is
the lift of a product torus in C? x Kgpi.) Let Nas(u) be the total intersection number of
u(C) with the preimages of the toric divisors of Kp1; when F is the lift to X of a product
torus, N34(u) is the sum of the quantities n3 + n4 in for the disc components of u.
Finally, denote by Ko(u) and K (u) the intersection numbers of u(C) with Ey and Eo;
i.e., Ko(u) is the sum of the quantities kg in for the disc components, plus the degrees
of the sphere components mapping to the curves S;, 1, minus the degrees of the sphere
components mapping to fibers of the projection p contained in Ey; and similarly for K (u).
The Maslov index of u is

(2.6) p(u) = 2(N1(u) + Na(u) + Naa(u) — Ko(u) — Koo(u)).

Proposition 2.8. There exist arbitrarily small deformations J' of the complex structure
on X such that, given any holomorphic stable disc u : C' — X with boundary on a fiber F
of m that does not meet Eg U Es, if u deforms to a J'-holomorphic stable disc then:

(1) The sum of the multiplicities of the spheres Sy, z, i u(C) is at most N3s(u);

(2) Ko(u) < N3g(u) and Ko(u) < N3g(u);

(3) Ko(u) < Na(u), except possibly if x2 is constant and equal to 1 on a disc component
of u(C); and K (u) < Ni(u), except possibly if x1 is constant and equal to 1 everywhere
on a disc component of u(C).
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Proof. The x4 coordinate defines a Lefschetz fibration f = x4 : Kop1 — C, whose two
critical points both lie in the fiber x4 = 0 (which is the union of the zero section of Kp1
and the lines Ly and Lo,). We deform this Lefschetz fibration slightly so that its two
critical values become distinct, and deform the complex structure to some J’ so that the
deformed fibration f" : Kp1 — C remains J'-holomorphic. (This deformation can be viewed
as an open subset of the deformation of the Hirzebruch surface Fo considered in [Aur09,
Section 3.2], so that the deformed total space can be identified with the complement of a
curve of bidegree (1,1) inside CP! x CP'.) The projection of F to Kepr is disjoint from
f71(0), and so by choosing the deformation to be sufficiently small we can ensure that it is
also disjoint from the preimage under f’ of a small disc containing both critical values. We
may additionally assume that Ly and L., remain components of the singular fibers of f’
(now living over the two distinct critical values), or denote by Ly, L.  the J’-holomorphic
deformations of Ly, Lo, which arise in this manner.

We deform the complex structure on X to the blowup of (C? x K¢pi,.Jo & J') along
H) =Cx {1} x L and H., = {1} x C x L. By abuse of notation, we again denote by
J' the deformed complex structure on X, and by f’: X — C the pullback of f’ under the
composition of the blowup map p’' : X — C? x Kp1 and projection to the second factor.

Now, assume that a holomorphic stable disc v : C — X with boundary on F' deforms
to a J’-holomorphic stable disc v’ : C' — X. The only rational curves in (X, J’) lie inside
the fibers of p’ in the exceptional divisors Ej, = p'~}(H{) and E, = p'~}(H.,), and have
nonpositive intersection numbers with Ej and E. . Meanwhile, the disc components of
u’ have total intersection number N34(u) with the fibers of f’ near the origin. Hence, by
positivity of intersections with the components of the singular fibers of f’, the intersection
numbers of p’ o w/ with C? x Lj and C? x L/ are bounded by Ns4(u). This has two
consequences. First, the sum of the multiplicities of the spheres S;, », in u(C) (each of
which contributes 1 to the intersection numbers of p o u with C? x Ly and C? x L)
is at most Nss(u). Second, the total contact orders of p’ o v’ with H) and H/_ are at
most Nsg(u), so, after adding the non-positive contributions of any sphere components,
[ (C")] - [Ej] = Ko(u) and [v/(C")] - [EL] = Koo(u) are bounded by Na4(u).

On the other hand, the disc components of u’ project to the z1 coordinate as a multisec-
tion of degree Nj(u) over the disc of radius 71, which implies that the intersection number of
p ou' with {1 = 1} is bounded by Nj(u). Therefore, the total contact order of p’ o v’ with
H!_ is at most Ny (u), unless 1 is constant and equal to 1 on a component of p’ o u'; this in
turn implies that [v/(C")] - [EL ] = Koo (u) is bounded by Nj(u). The bound Ky(u) < Na(u)
(unless x5 is constant and equal to 1 on a component) is proved similarly by considering
the intersection number of p’ o v’ with {x9 = 1}. O

Remark 2.9. Using basic methods of complex analysis to classify holomorphic discs in
conic bundles (arguing as in [Aur07, [Aurl5l [AAKT6]), the deformation considered in the
proof of Proposition [2.8] can also be used to give an alternative proof of Lemmas
by explicitly finding the discs that the various nodal configurations deform to, as well as
another derivation of the superpotential formulas given in Section [2.5]
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Corollary 2.10. For r1 # 1 and ro # 1, an arbitrarily small perturbation of the complex
structure ensures that all holomorphic stable discs in X with boundary on F,., ,, ¢, ¢,) have
Maslov index at least 2.

Proof. Let u : C — X be a non-constant holomorphic stable disc with boundary on F =
Flry ro5,60)- Since r1,72 # 1, Fis disjoint from Fy U E, and its projection to C? x Kepr
is disjoint from the toric divisors. Therefore, either one of x1, z9 is non-constant along u, in
which case Ni(u) or Na(u) is positive, or pou is a non-constant disc in {(x1,x2)} X Kcp
with boundary on a product torus, in which case N34(u) must be positive.

By Proposition (3), the stable discs which survive the perturbation of the complex
structure to J' satisfy Ko(u) < Na(u) and Ko (u) < Ni(u). (The other possibility, that
x1 or g9 is constant and equal to 1 on a disc component, is excluded by the assumption
that 71,72 # 1.) Using (2.6), it follows that z(u) > 2N34(u). If N3s(u) > 0 the conclusion
follows. Otherwise, if N34(u) = 0 then Proposition[2.8](2) implies that Ko(u) = Koo(u) = 0,
so pu(u) = 2(Ny1(u) + Na(u)) > 2. O

2.4. A brief review of SYZ mirror symmetry. Before proceeding further, we recall the
construction of the SYZ mirror of X relative to the anticanonical divisor D; see [AAKI6),
Section 2 and Appendix A] and [Yuan20] for details.

The construction of the mirror XV starts from a moduli space of objects of the Fukaya
category of X? = X \ D consisting of weakly unobstructed fibers of 7 : X° — B equipped
with rank 1 unitary local systems. We work over the Novikov field over a field k, say k = C
for concreteness,

K=A,= {ZaiT)‘i\a,- ek, M, R, \;, — —|-OO},

and recall the unitary subgroup Ug = Valfl(()) C K*, where the valuation map val : K* —
R is defined by val(}a;7*) = min{)\;|a; # 0}. Unitary rank 1 local systems over a
Lagrangian torus Fj, = 7~ !(b) are determined by their holonomy hol € hom (7 (Fy), Ug) =
H'(F,,Ug), which enters into the formulas for weighted counts of holomorphic discs in
Lagrangian Floer theory; specifically, a disc with boundary on F} representing the class
B € ma(X, Fp) is counted with a weight

28 = 1%Phol(88) € K*.

Over a simply connected subset P C B where the fibers of 7 are smooth and do not
bound any holomorphic discs of Maslov index less than 2, using isotopies between the fibers
to identify mo (X, Fy) ~ mo(X, Fy) for b,V € P, there is a natural analytic structure on

Xp = | | H (B, Uk)
beP
for which the functions 2# € O(X}) are analytic. (Typically one might take P to be a
bounded rational convex polyhedral subset, so that X} is an affinoid domain.) X}, can be
identified with a domain in (K*)" by considering the coordinates z; = 2% for some choice
of classes f31,..., B, such that 881, ...,08, are a basis of Hy(Fy,Z); all other 2° are then
Laurent monomials in z1, ..., z,. Moreover, the non-archimedean torus fibration defined by
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the natural projection X}, — P is modelled on the valuation map in these coordinates, in
the sense that the diagram

(zi)1<i<n

Xp ———— (K"

(2.7) l lval

P (W(Bi))1<i<n RN
commutes.

The superpotential W € O(X)) is the coefficient of identity in the Floer-theoretic ob-
struction mg for fibers of m equipped with unitary rank 1 local system, i.e. a weighted count
of Maslov index 2 holomorphic discs with boundary on Fjp passing through a generic point
of Fy. Namely,

(2.8) W = ng 2P,
)=2

where ng € Z is the degree of the evaluation map ev : M (F}, 5) — Fp from the moduli
space of holomorphic discs with boundary in Fj representing the class 8 and one boundary
marked point, My (Fy, 3), to the Lagrangian F} (after fixing suitable orientations of both
spaces, and possibly a perturbation to achieve regularity of the moduli space).

The mirror X" is assembled from the subsets X}, via suitable gluing maps: the transition
functions between the affine coordinates in the bottom row of are given by elements
of GL(n,Z) x R™, and in the absence of discs of Maslov index less than two the local
analytic coordinates (z;) on the subsets X} C X transform by the corresponding monomial
automorphisms of (K*)™. However, walls over which the fibers of 7 bound Maslov index 0
discs induce a modification of the transition functions between between the portions of XV
which correspond to subsets of B lying on either side of the wall. The existence of analytic
(valuation-preserving) coordinate changes which restore the analytic dependence of Floer
theory across the wall follows from the work of Fukaya-Oh-Ohta-Ono on the invariance
of Floer cohomology for Lagrangians with weak bounding cochains [FOOOQ09] (in their
language, the wall-crossing coordinate transformation arises as an induced map on the
moduli space of weak bounding cochains); the new phenomenon we will evidence below,
however, is that in the presence of discs of negative Maslov index these coordinate changes
need not be path-independent.

Remark 2.11. The above statements about gluing maps between local charts of XV which
lie over different subsets of B (and, a fortiori, the composition of such transformations along
paths in B) require further explanation, since the local charts corresponding to disjoint
subsets of B do not actually overlap in XV. The key observation, known as Fukaya’s trick
[Fuk10], is that when two fibers F, F’ of 7 are close enough to be mapped to each other by
an isotopy ¢ such that the almost-complex structure J' = 9,.J is w-tame, the Floer theory
of F" with respect to J’ is related to the Floer theory of F with respect to J by analytic
continuation. This implies that Floer-theoretic expressions calculated for fibers of m over a
given region of B (possibly just a single fiber) can be analytically continued over a slightly
larger region of B. We can then form a cover of B by rational convex polyhedral subsets
that overlap nontrivially, with the understanding that, on the overlaps, the gluing maps
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amount to a comparison of the Floer theory of given fibers of m with respect to almost-
complex structures that are pulled back along different isotopies. In practice, for sufficiently
simple examples, such as the one we consider here, it is often the case that the wall-crossing
transformations are given by birational maps, and can be composed freely without worrying
about convergence issues. For this reason we do not discuss the details further, and instead
refer the reader to [Abol4l Section 3] and [Yuan20), Section 4] for details.

A key property that can be used to determine the wall-crossing coordinate transforma-
tions between the coordinate charts X is that the local expressions for the superpo-
tential must match and assemble to a global analytic function W € O(XV) (to the extent
that the corrected mirror XV is globally well-defined). More generally, the same property
holds for weighted counts of holomorphic discs in moduli spaces that match under wall-
crossing after accounting for disc bubbling. For example, expressions angzﬁ where the
sum ranges over classes § with fixed intersection numbers with certain divisors D; C X are
also invariant under wall-crossing, as long as the intersection numbers with D; are zero for

all Maslov index 0 bubbles.

2.5. The superpotential: discs of Maslov index 2. We now return to our main ex-
ample, and prove the first part of Theorem [1.1] namely we determine the superpotential
on each chart of the mirror XV. By Corollary the Lagrangian tori F,, ,, ¢; ¢,) only
bound discs of Maslov index at least 2 as soon as r; # 1 and 12 # 1; hence we work sep-
arately over each of the four domains P__ = {r; <1, ro < 1}, P-4 = {r; <1, ro > 1},
P, ={r; >1, 1o <1} and Py = {r; > 1, ro > 1}, calculating the superpotential on
each chart and showing that it is given by .

The very simplest holomorphic discs that we will encounter are the lifts to X of “stan-
dard” Maslov index 2 holomorphic discs bounded by product tori in C? x Kcp1. Using the
same notations as in Lemma these are the discs for which ny +na2+ns+mn4 =1 (i.e., one
of the n; is equal to 1 and the others are zero). For i € {1,2,4}, we denote by 3; the class of
a disc of the appropriate radius along the z; coordinate axis, while the other coordinates x;
for j # i are constant, and by z; = 2% the corresponding Floer-theoretic weight. For i = 3
there are two different classes of discs with ng = 1 and ny = ny = ng = 0, depending on
whether the x3 coordinate has a zero or a pole (i.e., whether the disc intersects C? x Lg or
C? x Loo). We denote by f5 1 their homotopy classes, and define z3 = q*124_1253’+, where
q =T Since B3 4 + B3 = 284 + [S(z, 2)), and the Novikov weight of the zero section of
Kepr is T2 = ¢2, we find that 2%+ = qz§E124.

We will use 21, 29, 23, 24 as coordinates on each of the four charts that make up XV;
we observe that these are the weights of disc classes f1,..., 84 (up to a factor of ¢ in the
case of z3) whose boundaries 0f; correspond to the standard basis of the first homology of
product tori in C2 x Kp1. Moreover, using the fact that the symplectic area of a disc which
is invariant under a Hamiltonian S'-action is equal to the difference between the moment
map values at its boundary and at its center, one finds that val(z3) = & and val(z4) = &4.

We are now ready to determine the formulas for the superpotential on each of the four
charts. Since the counts ng do not vary inside each of the four regions Py 4, it suffices to
carry out the calculation for fibers of m which are lifts of product tori in C? x Kgp1.
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Since we only consider fibers of 7 for which r; # 1 and ro # 1, Proposition [2.8] implies
that all the Maslov index 2 holomorphic stable discs v : C' — X contributing to the sum
(2.8]) satisfy Ko(u) < min(Na(u), N3s(u)) and Koo(u) < min(Ni(u), N34(u)). As noted in
the proof of Corollary plugging these bounds into it follows that

(2.9) p(u) > 2max(Ny(u), Na(u), Naa(u)).

Hence, we only need to consider stable discs for which each of Nj(u), No(u), N3g(u) is either
0 or 1. Moreover, since equality must hold in (2.9, necessarily Ko(u) = min(No(u), N3a(u))
and Ko (u) = min(NVy(u), N34(u)). It is apparent from the proof of Proposition [2.8| that for
these equalities to hold, u cannot have any sphere components contained in the fibers of m;
whereas by Proposition (1) the total multiplicities of the spheres S(,, ,,) add up to at
most Nzgq(u) < 1, i.e. C contains at most one sphere component, and any such component
must map to some S(;, ,,) with degree one. Furthermore, since each disc component of u
must separately satisfy the constraints of Proposition the Maslov index 2 configurations
we consider have only one disc component.

With these constraints in hand, we can list all the possible homotopy classes which may
contribute to the superpotential.

Case 1: N3s(u) = 0. Then there are no sphere components, Ko(u) = K (u) = 0, and
Ni(u) + No(u) = 1. Hence z3,x4 are constant along u, while one of xy,z2 is constant and
the other parametrizes a disc of radius r; parallel to the z; coordinate axis. Thus [u] is
either B1 or (B2, and its weight is either z; or zo. Both of these families of discs are regular
and contain exactly one disc through each point of F' = F{,. ., ¢, ¢,). The orientation of the
moduli space works out as in the classical toric case, and ng, = ng, = 1. Summarizing, the
contributions of the discs with N34(u) = 0 add up to

(210) 21 + 22.

Case 2: N3y(u) =1, n3 =0, ng = 1. (Recall that N34(u) is the sum of the ng and ny
degrees appearing in (2.3).) Then x3 is constant along the disc component of u, while x4
parametrizes a disc of the appropriate radius.

When Nj(u) = Na(u) = 0 (i.e., the disc component of u is parallel to the x4 coordinate
axis and represents the class 84), we can either have just the disc component, or consider its
union with the sphere S = S, ,,y (for the same constant values taken by z1,x3 along the
disc); the latter nodal configuration is regular by Lemma (1) In both cases there is one
such configuration through each point of F', and the orientations work out as in the toric
case (the contributions of the sphere component to the linearized Cauchy-Riemann problem
amount to complex linear operators and do not affect signs). Hence ng, = ng,4q) = 1,
contributing (1 + ¢?)z4 to the superpotential. We will now see that in all other cases (when
either Nj(u) or Na(u) is non-zero) a sphere component must be present.

Ni(u) is either zero or one. If it is zero then z; is constant along u. If Nj(u) = 1, then
we must have Ko (u) = 1 as well; and since the disc component does not meet E, (x3 has
no pole), this forces the presence of a sphere component mapping to S(1,25) for some value
of 5. This in turn implies that 1 must equal 1 at the point of the disc component where
x4 vanishes. Since x7 takes values in the disc of radius rq, this is only possible if r; > 1.
After a suitable reparametrization, the 21 and x4 coordinates along the disc component of
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u can be put in the form

r1(2) =112, x4(2) = €"ry —

for some e € S, and the sphere S(1,2,) 1s attached to the disc at z = 1/r1.
Similarly, Na(u) is either zero or one; if it is zero then x9 is constant; if No(u) = 1 then

necessarily ro > 1, the xo component takes the value 1 at the point of the disc where x4
vanishes, and a sphere component S(,, 1) is attached to the disc at that point.

The case where Ni(u) and No(u) are both equal to 1 does occur; this requires the sphere
component to map to S ;). Hence we must have (1, z2) = (1,1) at the point of the disc
where x4 vanishes (and necessarily r1, 79 are both greater than 1).

The various configurations we have found are precisely those covered by Lemma[2.7} hence
they are regular, and one easily checks that there is one disc in each family through each
point of F'. As before, the incidence constraints and contributions from sphere components
modify the linearized Cauchy-Riemann problem by complex linear operators, so that the
evaluation maps again have degree 1. Thus,

By +B4+(S(1.0)] = 1 form >1 (and 0 otherwise),
By 4 By+(S(y, 1)) = 1 for ry > 1 (and 0 otherwise),
By +BotBat[Sany) = 1 for ri,79 > 1 (and 0 otherwise).
Setting ¢/ = T%¢ and ¢" = T° <", the Floer weights of S(1,22)> S(z1,1): S(1,1) are respectively

T20=<" — ¢4, T?0¢ = ¢¢/, and T2 <" = ¢/¢". Hence, the contributions of discs with
n3 =0 and ny = 1 add up to

(14 ¢z ifry<landry <1
(2.11) (14 ¢*)za + qq' 2224 ifrip <landry >1
(14 ¢*)z1+ qq" 2124 ifry >1and ry <1
(1+q Vza +qq" 2124 + qq' 2224 + ¢ ¢ 212024 ifry >1and 7o > 1

Case 3: N3g(u) =1, n3 =1, ng = 0. Because the disc component of u does not meet the
preimage of the zero section of Kp1, there cannot be any sphere component, and u is as in
. Moreover, x3 has either a zero or a pole along u, but not both, so u meets at most
one of Fy or Ey. However, for this to happen, x; or x2 needs to be non-constant and take
the value 1 at the point where x3 has its pole or zero. There are therefore three subcases.

If N1(u) = Na(u) = 0, then z; and z2 are constant along u, and w represents one of the
classes 33 + discussed above; arguing as in the toric case, ng, , =ng; = 1.

If Ni(u) = 1, then Ko (u) = 1, forcing z3 to have a pole and not a zero; this in turn
forces Ko(u) = 0 and Na(u) = 0, i.e. 2 is constant along u. Moreover, z1 needs to take the
value 1 at the pole of x3, which can only happen if ; > 1. Assuming this is the case, after
a suitable reparametrization we can write

r— 2z riz —1
I ry—

x1(z) =r1z, z3(z)=¢e T3rlz—1’ x4(z) =e —

for some €3, et € S, There is one such disc through every point of F.
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If No(u) = 1, then Ky(u) = 1, forcing x3 to have a zero and not a pole; hence K (u) = 0,
Ni(u) = 0, and x; is constant along u. Moreover xo takes the value 1 at the zero of x3.
Such discs can only exist if ro > 1; after a suitable reparametrization they are of the form

roz — 1

x2(z) =122, w3(z) = ei93T37~27_z’ za(2) = ro—z’

roz — 1

and there is one such disc through each point of F'.
Summarizing, the contributions of discs with ng = 1 and nqy = 0 add up to

qz3z4 + q25124 ifri<landry <1
(2.12) qz3z4 + qu_lZ4 + ¢ 292374 ifriy <landry >1
. qzaza +qz3 bz + @ zg e ifry>landr <1

qz324 + qz§124 + q”zlzgl,a + ¢ 292324 ifry > 1 and ro > 1.

Adding (2.10), (2.11)) and (2.12)), we arrive at the expressions (|1.1)) for the superpotential
on the various charts of XV.

2.6. Wall-crossing: discs of Maslov index 0 and —2. In this section we study the
wall-crossing transformations along which the coordinate charts Xli corresponding to the
domains Py + C B are glued to each other. Our first observation is that, after a small
perturbation of the complex structure as in Proposition Maslov index 0 discs only exist
along the walls 1 = 1 and 7 = 1, and are entirely contained in the divisors {z; = 1} and
{z9 = 1}, while negative Maslov index discs can only exist at 71 = ro = 1.

Proposition 2.12. Every holomorphic stable disc u : C — X with boundary on a smooth
fiber F' = Fy| vy ¢5.60) 0f ™ which deforms to a stable disc for arbitrarily small perturbations
of the complex structure on X chosen as in Proposition[2.§ satisfies the following:

(1) if w has negative Maslov index, then 1y =19 = 1;
(2) if (ri,r2) # (1,1) and u has Maslov index zero, then either r1 = 1, in which case
x1 =1 at every point of u(C), or ro =1, in which case xo =1 at every point of u(C).

Proof. We prove, equivalently, that if r; and 7o are not both equal to 1 then u(u) > 0, and
if p(u) = 0 then the conclusion of (2) holds. There are two cases: either r; # 1 or ro # 1.
The argument is the same for both; we give the proof for ry # 1.

As in Proposition we deform slightly the Lefschetz fibration f = x4 : Kgp1 — C to
f": Kepr — C with two distinct singular fibers. Denote by A = f71(0) the singular fiber of
f, which is the union of the toric divisors of Kp1, and by Aj, AL, C Kqpt the two singular
fibers of f’, labelled so that L{ (i.e., Ly or a small deformation thereof) is a component of

b and L. (L or a small deformation) is a component of A’_. Recall that we deform X
to the blowup of (C? x Kgp1,Jo @ J') along H, = C x {1} x Ljy and H., = {1} x C x L.,.

Because ro # 1, the fiber F' is disjoint not only from the anticanonical divisor D C X but
also from the exceptional divisor Ey. This implies that, for a small enough deformation,
it is also disjoint from the proper transform Z’  of C? x A’_ under the blowup at H’_.
(Indeed, Z’_ is a small deformation of the union Z, of the proper transform of C? x A and
the exceptional divisor Ej.)
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Furthermore, the anticanonical divisor D C X is homologous in the complement of F' to
the (non-effective) divisor D’ = ({0} x C x Kgp1) + (C x {0} x Kppr) + ZL, — Ej (since
the proper transform of C? x A is homologous in X \ F to Z., — E{). Hence, the Maslov
index of the J'-holomorphic deformation v’ : C’ — X of the holomorphic disc u is equal to
twice its intersection number with D’ .

If 7o < 1, then the maximum principle for |z3| implies that the image of «’ is disjoint
from Ej. It then follows from positivity of intersections between the J’-holomorphic curve
u/(C") and the other components of D’ (and the absence of any rational curves intersecting
those components negatively) that p(u') = 2[v/(C")]- [D_] > 0, and if u(u’) = 0 then u/(C")
is disjoint from every component of D’ .

If ro > 1, then we can deform D’ inside the complement of F' to an effective divisor D',
which is the sum of three components: {0} x Cx Kp1, the proper transform of Cx {1} x Kp1
under the blowup at Hy), and Z. . It then follows from positivity of intersections (and the
lack of rational curves intersecting D', negatively) that p(u') = 2[u/(C")] - [D/,] > 0, and if
p(u') = 0 then u/(C") is disjoint from every component of D, .

Since p(u') = p(u), we have proved that p(u) is non-negative, and if it is zero then the
image of v/ is disjoint from the components of D', or D’ depending on the value of rs.

From now on we assume that p(u) = p(u') = 0. Since «'(C’) N D/, = (), the image of v/
is disjoint from {0} x C x Kp1 and from Z.; since the deformation from Z., to Z., does
not cross F, the intersection numbers of u(C) with {0} x C x Kyp1 and Z,, also vanish. A
first consequence is that x7 ou and x1 o v/ are nowhere vanishing holomorphic functions on
C and (', taking values in the circle of radius r; at the boundary; this implies that z; is
constant along u(C') and u'(C”).

Now assume, in addition to u(u) = 0, that the constant value of x; along u(C) is
not equal to 1. Thus, u(C) is disjoint from Fo,, and its total intersection number with
Zso U By (the total transform of C? x A) is zero. Since the boundary of u(C) lies away
from Zo, U Eoo = {4 = 0}, the intersection number of «(C') with the levels of x4 near zero
is also zero. The nonzero levels of x4 do not contain any rational curves, so positivity of
intersection implies that u(C') is disjoint from those levels of x4, and hence also from z4 = 0.
This in turn implies that u(C) is disjoint from Z.,, hence from the proper transform of
C? x A and from the exceptional divisor Ej.

We have now shown that «(C) is disjoint from all components of the anticanonical divisor
D C X, except possibly p~!(C x {0} x K¢p1). The vanishing of y(u) then implies that u(C)
is also disjoint from that divisor. (Or, slightly abusing the notation introduced before
Proposition having shown that Nj(u) = N3y(u) = Ko(u) = Ks(u) = 0, we deduce
from p(u) = 0 that Na(u) = 0 as well.) The non-vanishing of x2 in turn implies that z is
constant on u(C'). Arguing as in the proof of Corollary we now have that u is a stable
disc in {(z1,22)} x Kgp C X with boundary on a product torus (since F is T?-invariant),
and disjoint from all the toric divisors of Kqp1. Such a disc is necessarily constant.

Summarizing: if p(u) = 0 and ro # 1 then z; is constant along u, and if moreover wu is
not a constant disc then the value of x; along u(C') is necessarily equal to 1 (which also
implies that r; = 1). This completes the proof in the case where r9 # 1. The argument for
the case r1 # 1 is identical (up to exchanging the roles of x1 and z2, Ey and Ex, etc.). O
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Corollary 2.13. The wall-crossing coordinate transformations ¢o— : XY_ — XY_ and
Yot XJVrJr — XX+ across the walls at 11 = 1 preserve the coordinates zo, 23, z4. The wall-
crossing coordinate transformations p_o : XY — XY_ and @40 : XY, — XY_ across the
walls at ro9 = 1 preserve the coordinates z1, z3, 24.

Proof. The wall-crossing transformations ¢g— and o are determined by the bubbling
phenomena that occur in moduli spaces of holomorphic discs with boundary on fibers
Flr ra,63,60) Of T as the value of 71 passes through 1 (after regularization by a small pertur-
bation of the complex structure as in Proposition . We focus our attention on Maslov
index 2 discs representing the classes (B2, 83+ and B4, whose boundary passes through a
generic point of F(, ., ¢, ¢,). The value of 21 along each of these discs is constant, and equal
to the value of the x1 coordinate at the chosen boundary point constraint. Thus, as long
as the family of point constraints we choose for varying ry avoids x1 = 1 as the value of rq
crosses 1, it follows from Proposition[2.12] that none of these discs can participate in any disc
bubbling phenomena. (Indeed, given that all Maslov indices are non-negative, wall-crossing
for Maslov index 2 discs only involves Maslov index 0 bubbles, but by Proposition [2.12
those all live inside the divisor {z; = 1}.) It follows that the portions of the superpotential
which count those discs must match under the wall-crossing transformations. As noted in
Section ng, = ngy+ = ng, = 1 in all four coordinate charts. Hence, the terms 2z,
qZ§:124, and z4 in the expressions for Wi 4 must match under g4 ; it follows that ¢o— and
o+ preserve each of the coordinates zo, 23, 24.

The argument for ¢_¢ and ¢ is identical: we consider the contributions to the super-
potential from Maslov index 2 discs representing the classes 31, $3+ and 4, along which
T9 is constant, so that disc bubbling across ro = 1 can be excluded by considering a family
of point constraints that avoid xo = 1; this implies the invariance of 21, 23, 24 under the
wall-crossing transformations. O

Theorem @ now follows directly from the calculations of the superpotentials W4 4 car-
ried out in Section the fact that the expressions (|1.1]) must match under the wall-crossing
coordinate transformations, and Corollary

To be more explicit, the “basic” stable discs of Maslov index 0 that arise along the
walls at 79 =1 for & > —&3 —a + € (i.e., away from the exceptional divisor Fy) belong to
three families, one of which only exists for r; > 1:

(1) The proper transform of a “standard” disc in C? x Kp1 with ng =1 and ny = ng =
n4 = 0, with zo = 1, and where z3 has a zero rather than a pole. These discs have
Maslov index 2 in C? x Kp1, but intersect the toric divisor C? x Lg at a point of
Hy, so that their lift to X is disjoint from the divisor D and has Maslov index zero.
(These are the “typical” Maslov index 0 discs that arise in blowups of toric varieties
along codimension 2 subvarieties contained in a toric divisor; compare [AAK16].)
These discs represent the class (3 — [{p], where [{g] is the class of the fiber of p
above a point of Ey, and their Floer-theoretic weight is ¢'2324.

(2) The union of a standard disc along the z4 coordinate axis (representing the class
B4) at x3 = 1 and a rational curve S(,, 1). These stable discs are regular by Lemma
2.6((2"), and their weight is ¢q’zy4.
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(3) For 71 > 1: the union of S(; ;) with a disc on which zo and z3 are constant,
with o = 1, while x1 and x4 have degree 1, and 1 = 1 at the unique point
where x4 vanishes. The disc component can be parametrized by zi(z) = 7 2,
24(2) = €¥ry(r1z — 1)/(r1 — 2), and represents the class #; + 4. These stable discs
are regular by Lemma 2.7(1’), and their weight is ¢'q" 21 24.

There are of course other Maslov index 0 discs, representing classes which are linear com-
binations (with non-negative integer coefficients) of these three, including multiple covers
as well as discs built from unions of the above configurations. The proof of Theorem
shows that the various Maslov index 0 discs present along the walls at ro = 1 altogether
amount to the wall-crossing transformations ¢_g and @1 described by . A similar
analysis can be carried out for the walls at r; = 1.

To complete our discussion, we briefly consider the stable discs of negative Maslov
index which occur at r; = ro = 1; for simplicity we only consider the fibers of m which
lie away from the exceptional divisors Ey and F,, and only aim to identify the “basic”
negative Maslov index discs from which all others may be constructed.

Assume that a stable disc u : C — X of negative Maslov index deforms to a J'-
holomorphic stable disc «’ : C' — X under arbitrarily small deformations of the complex
structure as in Proposition Restricting to a subset of the components of u, we may
assume that C” has only one disc component. (When decomposing u according to the com-
ponents of C’, at least one of the resulting pieces must still have negative Maslov index.) It
then follows from Proposition that z1 and x9 are constant and equal to 1 along u(C).
Indeed, if z; # 1 then Proposition [2.8| gives Ko(u) < N34(u) and Koo(u) < Ni(u), so using
(2.6) we conclude that pu(u) > 2Ny (u) > 0; and similarly if 9 # 1 then Ky(u) < Na(u) and
Koo (u) < N3g(u) so that p(uw) > 2N;(u) > 0. This in turn implies that «(C) is a stable disc
with boundary on a product torus in p~1({(1,1)} x Kgp1); we can restrict our attention
to the proper transform of {(1,1)} x Kgp1, since sphere components inside Fy or E have
positive Chern number. We are thus left with a disc in Kgp1, whose x3 and x4 components
admit Blaschke product expressions with ng and ns + n4 factors as in , together with
one or more sphere components mapping to S(;1) with total multiplicity m.

The Maslov index in X of such a stable disc is u(u) = 2ng4 — 4m. Moreover, positivity
of intersection of u/(C’) with the divisors Z, and Z.  (and careful consideration of the
local contributions to these intersections) implies that m < n4[| Hence, the very simplest
configuration with p(u) = —2 corresponds to the case where ng = 0 and ny = m =1, i.e.
the union of a standard disc along the x4 coordinate axis (representing the class 4) and the
rational curve S(; 1y. This configuration is regular by Lemma(3) (in the sense described

there), and its Floer-theoretic weight is ¢'q”z4.

IThe intersection number of u'(C’) with Z{ (resp. Z..) is the number of poles (resp. zeroes) of x3 plus
n4 minus m. Considering the local contributions to these intersection numbers over the regions of C’ which
correspond to clusters of sphere components of C, non-negativity of the local intersection numbers implies
that the total multiplicity of the sphere components attached at any point of a disc component of u(C) is
at most the order of contact of the disc component with the zero section of Kcp1. Thus, near every point of
the domain the local contribution to m is bounded by the local contribution to na4.
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The next case to consider is when n3 > 0 and ny = m = 1. These configurations
arise in families that have excess dimension along the x3, x4 factors (as the disc component
is the proper transform of a disc of higher Maslov index in Kgp1), but carry nontrivial
obstruction bundles along the 1 and/or x coordinate axes (N, 1 or Ny, 2 in the terminology
of Lemma depending on whether x3 has poles and/or zeroes. We conjecture that these
discs do not contribute to the enumerative geometry of X. Specifically, it seems that a
suitable deformation of the complex structure on X would ensure that the walls of Maslov
index 0 discs with n3 = 1 propagating from the exceptional divisors Fy and F., live at
slightly different values of x1 and xo than the Maslov index —2 discs with ny = 1 which
propagate from S(; 1), preventing the occurrence of configurations representing a linear
combination of these classes. More generally, we conjecture that the only stable discs
of negative Maslov index relevant to the enumerative geometry of X are those we have
discussed above, representing the class 54 + [5(1,1)].

2.7. A compact example. Our main example is not very interesting from the perspective
of homological mirror symmetry, as the mirror superpotential does not have any critical
points in the geometrically relevant range of values of the coordinates z; (val(z;) € RZ,x A),
and the wrapped Fukaya category of X is expected to be trivial. In this section we briefly
describe the analogous result for a compactified example.

Let X be the blowup of CP! x CP! xFy at Hy = CP! x {1} x Lo and Hy, = {1} xCP! x L,
equipped with a suitable T%-invariant Kéhler form; here Fy = P(O¢p1 @ Ocpi (—2)) is the
second Hirzebruch surface, and Ly and L., are the fibers of the projection from Fy to CP!
over 0 and co. The proper transform D of the toric anticanonical divisor of CP! x CP! x [y
is an anticanonical divisor in X. We construct a Lagrangian torus fibration on X \ D with
fibers

F(T17T27£37§4) = {’$1| =T, ’x2| =T, p3 = &3, M4 = 54}
exactly as in Deﬁnition—Proposition with the only difference that (£3,£4) now take values
in the interior of the moment polytope of Fa, i.e.

A = {(&,&) € R*| max(0, &) — a) < & < b}

Here a is again half the symplectic area of the exceptional section of Fo, and b is the
symplectic area of the fibers of the projection to CP'. Let A;, A5 be the symplectic areas
of the two CP! factors, and denote by € and €” the sizes of the blowups as previously.

The derivation of the SYZ mirror of the log Calabi-Yau pair (X, D) equipped with this
Lagrangian torus fibration runs along the same lines as the argument presented above for
(X, D); in particular, it is again the case that Maslov index zero discs only arise along walls
at 1 =1 and r2 = 1, and negative Maslov index discs only arise at r; = ro = 1.
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Proposition 2.14. The SYZ mirror of (X, D) is built out of four charts which are domains
in (K*)*, with superpotentials
W__ = zi+aqz (1+q¢"z+ q,/2§124) + 22+ g2z (14 qq'z4 + ¢ 232a)
+q1024'q" 7 'z 2+ (L4 ¢ + gz + gz )z +quzy |
W_y = z14+qz (0 +qq"2a+q" 25 2) + 22(1 + qq' 24 + ¢ 2324) + qozg *
+q1q'q" 2 P eoza + (L+ @ + qzs + qz3 ) za + quzy
(213) Wi = z1(1+qq"2a+q 25 24) + quzyt + 20+ qozg *(1+ qq'za + ¢'2324)
+02q'q" 2125 2a+ (L + ¢ + gz +q235 )z + qazy
Wiy = 21(0+qq"za+q"25 " 2a) + 121 ' + 22(1+ qq'za + ¢’ 2321) + qozy '
+q'q"nzz+ 1+ ¢ +qzs +q23 o+ @z
where q =T, ¢ =T, ¢" =T, g1 =T, qo = T4, and q4 = T®. These charts are
glued pairwise by coordinate transformations which preserve z3, z4 and act on z1, z2 by
p_o(z1,22) = (21, 22(1 + qq'za + ¢’ 2324 + 1¢'q" 21 ' 2a)), O o(W_) =W_yg,
@ro(z1, 22 (z1,22(1 4+ qq'za + ¢ 2324 + ¢'¢" 2124)), OoWio) =Wy,
(214) o
(

PYo+(21, 22

) (
21,22) = (21(1 + qq" 22 + ¢" 25 2 + 42d ¢ 25 M 24), 22),  pi_(W__) = W4,
) o (

= (21(1 +qq" 21 + q" 23 24 + ¢ 2024), 22), Yor(W_y) =Wy,

The proof is essentially identical to that of Theorem except the case analysis is more
tedious as the 21 and x5 coordinates can now have poles as well as zeroes (as does x4, though
this doesn’t matter nearly as much, as the standard discs hitting the section at infinity of
Fsy, with weight q4z;1, do not participate in any of the wall-crossing). It is helpful to note,
as a consistency check, that the symmetry x; < a:l_l of X induces a symmetry of the mirror,
which exchanges 21 and ¢12; ! while swapping the chambers with 71 < 1 and those with
ry > 1. Similarly, xo < x5 L induces a symmetry of the mirror which exchanges zp and
G229 ! while swapping the chambers with 7o < 1 and those with ry > 1.

3. DEFORMED LANDAU-GINZBURG MODELS FROM FAMILY FLOER THEORY

3.1. Family Floer theory. As before, we consider a Lagrangian torus fibration 7 : X° —
B on the complement X° = X \ D of an anticanonical divisor D in a Kihler manifold X,
whose fibers Fj, = 7~1(b) have vanishing Maslov class in X°. Let BY be a simply connected
open subset of B which is disjoint from the critical values of w. We consider the uncorrected
mirror
X0 =XYoo = | | H'(F, Uk),
beBO

with its natural analytic structure for which the Floer-theoretic weights of disc classes
B € m(X, Fy) define analytic functions z° € O(XV9); we denote by 7V : XV0 — B0 the
natural projection map.

Fixing a base point by € B? and a basis vi,...,v, of Hi(Fy,,Z) (hence of the first
homology of every fiber over BY), we can consider the Floer-theoretic weights z; (1 <i < n)
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of cylinders with boundary on Fy, U F}, obtained by transporting a loop in the class 7; in
the fibers of 7 over a path connecting by to b inside BY. The coordinates (21,. .., z,) allow
us to identify XV9 with a domain in (K*)™. The functions z? are then Laurent monomials
in z1,...,2, (with exponents determined by the coefficients of 93 in the basis (y1,...,7Vn)).

Given a subset P of BY, analytic functions on X} = (7V)~!(P) are Laurent series in
z1,-..,2n which converge adically at all points of P; these are a certain completion of
the ring of Laurent polynomials K[z, ... 2] = K[H;(F,)]. The collection of these
completions as P ranges over suitable subsets of BY (e.g. polyhedral subsets whose faces
have rational slopes with respect to the natural affine structure of BY, whose inverse images

are affinoid domains in (K*)") then determines a sheaf O, = 7Y (Oxvo) on BY.

Remark 3.1. The main reason why we restrict ourselves to a simply connected subset
of B is to be able to treat the uncorrected mirror XV° as a single space, rather than as a
collection of local charts to be assembled in a manner that is inconsistent (until appropriately
corrected) around the singular fibers due to the monodromy of the affine structure on B.
This allows us to view Floer-theoretic corrections as geometric deformations of a single
space. Another convenient feature is that, since the abelian groups me (X, F}) form a local
system over B\ critval(7), they can be transported over paths in B° to provide distinguished
isomorphisms between the groups m2(X, Fy,) for all b € BY; we use this repeatedly in the
discussion below in order to treat the classes of discs with boundary in arbitrary fibers of
7 over BY as elements of a single relative homotopy group.

However, by essence our constructions are local over (the smooth part of) B, and the
Floer-theoretic structures on cochains with coefficients in O, we introduce below can be
defined over all of B\ critval(m). If one works with the Morse-theoretic model of family
Floer theory we describe below, the corrections to the mirror geometry naturally come out
to be Cech cochains, and it is not particularly difficult to upgrade the construction to work
over all of B \ critval(m) by reformulating the output in a way that only refers to the local
pieces X rather than to the whole of XV0.

We consider Floer-theoretic operations induced by moduli spaces of holomorphic discs
with boundary on the fibers of m on cochains on X% = 771(BY%) with coefficients in the
pullback of Oy, giving an A..-deformation of the classical differential and cup-product.
There are various possible models; we describe two, of which the first one is more intuitive
but unlikely to be well-defined without further foundational work, while the second one
should be viewed as a more realistic setup to develop the theory. (Note in any case that
our main discussion only focuses on my and its properties.)

3.1.1. Singular differential forms. We denote by C*(X%, 7*0,,,) the space of linear combi-
nations of differential forms of degree j with coefficients in 7*O,, on smooth codimension
¢ submanifolds of X%, for all 0 < j,¢ < k such that j + ¢ = k, i.e., the completion of
D, r—r Peodimy—¢ YV (Y) @ 7* Oy, with respect to the Novikov valuation. We regard these
cochains as an enlargement of differential forms of degree k& on X which includes currents
of integration along smooth submanifolds.
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Given a nonzero class € mo(X, Fp,) and d > 0, we denote by
Ma1 (X9, 8,0) = | Maga(x=(0),8,7)

be BY
the moduli space of J-holomorphic stable maps from nodal discs with d4+1 boundary marked
points 2, . .., z¢ (in order along the boundary) to X, with boundary contained in some fiber

of 7 over a point of BY, possibly regularized by some perturbation. (As noted above, we use
parallel transport over B to identify the groups m2(X, F}) with each other for all b € BY.)
This moduli space carries d + 1 evaluation maps evgy,...,evgq : Mgp1(X9 8,J) — X0
(all mapping to the same fiber of 7 by construction). Assume (rather optimistically) that
Ma1(X% 3, J) is a smooth manifold with corners of dimension 2n +d — 2 + u(3), with

(31) 8ﬂd+1(X00’B7‘]) = U mdl—l—l()(ooa/B].a<]) ev[gl‘ixevlgzyo Mdg—}—l(XOOMBQaJ)'
B1+B2=p
d1+da=d+1
1<i<d;
Assume moreover that, for given ay,...,aq € C*(X%, 7*O4,) supported on submanifolds
Yi,...,Yy € X%, the evaluation map evg,; is transverse to Y; for ¢ = 1,...,d, the sub-

manifolds evﬁ_%(Yi) C Mg 1(X% 3,J) intersect transversely, and the restriction of the
evaluation map evgg to their intersection is a submersion onto a smooth submanifold of

X0 (or that a consistent perturbation scheme can be used to achieve these properties).
Then we define

mg g, .., aq) = (evgo)(evg a1 A+ Aevg gaq).

For 8 = 0 we set m; o(a) = da, the natural extension to C*(X%, 7*O,,,) of the de Rham
differential (if o is supported on Y € X% then da = da+ajpy ), and moo(a1, a2) = a; Aas
(as a form supported on the intersection of the supporting submanifolds of «; and g, which
are assumed to be transverse); mg g is zero for d # 1, 2.

Finally, we set

(32) md(al, e ,ad) = Zzﬂ mdﬂ(al, ce ,ad).
B

In particular,

mo = Z 2P (605,0)* M1 (X005,7),
B#0
where given our assumptions the nonzero terms correspond to currents of integration along
evgo(M1 (X%, B8,J)) when these are embedded submanifolds of X% (obviously an ex-
tremely restrictive setting). Assuming the restriction of 7 to each of these submanifolds
is a submersion onto a smooth submanifold of B, we can further rewrite mg as a sum of
cochains on B? with coefficients in ,,-valued cochains on the fiber tori, i.e. elements of

the bigraded complex € defined in ([1.5)).

It seems likely that deformation by a suitable bounding cochain b € €< can be used to
“smudge” the support of my and turn it into a smooth differential form, avoiding many of
the pitfalls of working with currents. We will not consider this further, and instead turn
our attention to a Morse-theoretic model whose technical foundations are easier to set up.
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3.1.2. Morse cochains and perturbed holomorphic treed discs. We fix a Morse function f
and a Morse-Smale metric on X%, and assume that V£ is transverse to the boundary of
X9 over dBY. (See the next section for a particularly convenient class of Morse functions
for our purposes.) We now denote by C*(X%, 7*0,,,) the space of linear combinations of
index k critical points of f, with coefficients in O,,,; the coefficient of p € crit(f) is typically
expressed as a sum of monomials 27, 5 € 7y (X, Fﬂ(p)), and lies in a suitable completion of
K[H1(Fr(p))] (more on this below). We use a family version of the construction described in
[CW22| Chapter 4] for a single Lagrangian (itself an elaboration on the work of Cornea and
Lalonde [CL0G]), and define Floer operations in terms of counts of perturbed J-holomorphic
treed discs. (See [Hoek25| for details.)

Given 8 € mo(X, Fy), d > 0, and po, ..., pq € crit(f), we denote by
May1(po,p1s - pa; 8, J)

the moduli space of perturbed .J-holomorphic treed discs with inputs at p1, ..., pg and output
at pg, representing the class 5. These consist of:

e an oriented metric ribbon tree 7' with d + 1 semi-infinite edges (d inputs and one

output);
e for each d, + 1-valent vertex v of T, a stable (perturbed) pseudo-holomorphic map
u, from a (nodal) disc D, with d, + 1 boundary marked points 2,0, ..., 24, (and

possibly also some interior marked points) to X, with boundary in the fiber of =
over some point b, € BY;

e for a finite edge e of T connecting the output of a vertex v to the i-th input of
a vertex v, a gradient flow line u, of (a perturbation of) f connecting u,(zy,0) to
Uy (Zv/,i);

e for a semi-infinite edge of T' connecting the i-th input of the tree to the j-th input
of a vertex v (resp. the output of a vertex v to the output of the tree), a gradient
flow line connecting the critical point p; to u,(2y;) (resp. uy(2v,0) to po).

(As a degenerate case, for d =1 and = 0 the moduli space consists of gradient flow lines
of f connecting two critical points p; and pg.)

Recalling that the abelian groups m2(X, F},) form a local system over B\ critval(w), we
use the identifications given by parallel transport along the images under 7 of the gradient
flow lines u, and define the total class of a treed disc to be the sum of the classes of its
components, § =Y S, where 3, = [u,] € m(X, Fp, ).

Transversality can be achieved as in [CW22] by considering domain-dependent pertur-
bations of the complex structure and of the Morse function, using interior intersections
with Donaldson hypersurfaces to stabilize the domain discs. The latter point requires some
adjustment compared to the case of a single Lagrangian, as we cannot arrange for a single
stabilizing divisor to be disjoint from all the fibers of 7 simultaneously. However, for each
rational point b € BY we can find a stabilizing divisor Dj, which is disjoint from 7~1(b), and
hence from 7~1(U,) for some neighborhood U, of b. A finite number of these neighborhoods
U, © = 1,..., N suffice to cover an arbitrarily large compact subset of B° (containing
the projections of all the critical points of f and connecting Morse flow trees). Discs with
boundary in 771 (b) can thus be equipped with several collections of marked points, coming
from the intersections with the stabilizing divisors D, for all ¢ such that b € Up,. One then
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needs to choose consistent domain-dependent perturbation data for discs equipped with
several collections of interior marked points, in a manner which depends continuously on
b and moreover factors through the forgetful map which erases the marked points coming
from intersections with Dj, whenever b gets sufficiently close to OUy,.

With this understood, we define
(3-3) ma(p1,- - pa) = Y (#Map1(po,p1, - -, pa; 8, 7)) 27 po

P03
for generators of the Morse complex, where the sum ranges over critical points py and
classes 3 such that the expected dimension of Mg,1(po,p1,---,pa; B, J) is zero. We then
extend the definition of my to general inputs in C*(X%, 7*O,,) in an O,y,-linear manner;
in particular,
mg(2%p1, ..., 2%pg) 1= 22T T my(py, . pa),

where as before we implicitly use parallel transport in the local system {ma(X, Fp)}pepo to
make sense of the sum a1 + - + ay.

As in the case of a single Lagrangian, the A.-relations follow from the fact that the
boundary of Mgy1(po,p1,--.,pd;53,J) consists of configurations in which a gradient flow
lines breaks through a critical point of f, i.e. pairs of perturbed J-holomorphic treed disks.

Because of the manner in which the Floer-theoretic weights of holomorphic discs are
transported along Morse gradient flow lines to different fibers of w, the total symplectic
areas of the J-holomorphic treed discs in the moduli space Mgy 1(po, .. .,pd;53,J) do not
coincide with the symplectic area of the class 3 € m2(X, Fr(,)), which determines the
valuation of each term in ; in fact the latter quantity does not even need to be positive
in general. The convergence of the sum is therefore not automatic. One possible
solution is to choose the Morse function f so that its gradient flow trees are guaranteed to
remain within subsets of B? that are sufficiently small for Fukaya’s trick to apply.

Specifically, every point b € BY admits a neighborhood V}, such that the fibers of 7 over
points of V;, can be mapped to Fj, by diffeomorphisms ¢y _,;, which are C'-close to identity,
ensuring that ¢;,_,,w tames J and that the symplectic areas of a .J-holomorphic disc with
boundary on Fjy with respect to w and ¢j,_,,w differ by at most a bounded multiplicative
factor. Thus, given critical points p1, . ..,pq € 71 (V}), and assuming that the gradient flow
lines appearing in any treed disc with inputs pi,...,pq are guaranteed to remain within
771(V}), the symplectic area of such a treed disc and the valuation of its contribution to
my(p1,...,pq) differ by at most a bounded factor; hence the sum converges by the
same Gromov compactness argument as in the case of a single Lagrangian. Moreover,
convergence also holds for linear combinations of critical points in 771 (V}) with coefficients
given by Laurent series which converge adically at every point of V4. With this understood,
we cover an arbitrarily large compact subset of BY by finitely many of the neighborhoods
Vb;» @ = 1...,M, and choose the Morse function f in such a way that the gradient flow
lines appearing in any treed disc are guaranteed to be entirely contained within a single V;,.

3.1.3. Adapted Morse functions. While the above construction can be carried out for fairly
general Morse functions (with the restrictions noted), the connection to family Floer theory
becomes clearer for specific classes of Morse functions, constructed as follows.
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Start from a simplicial decomposition P of a large compact subset onto which BY retracts,
with every cell of P contained in a single open subset V},. Pick a Morse function / : B 5 R
and a Morse-Smale metric on B, such that for every k-cell o € P the function h has
a unique critical point b, in the interior of o, of index k, whose descending manifold is o
itself. (Such a function and metric can be constructed e.g. from a barycentric subdivision
of P.) Then construct the Morse function f : X% — R by combining the pullback of h
under the projection 7 with Morse functions on the fibers of m, as well as a Morse-Smale
metric on X%, in such a way that:

e all the critical points of f project to critical points of h;

e for each cell o € Pl the restriction of f to 7'(b,) is a standard Morse function on
the n-torus (i.e., it has 2" critical points, whose ascending and descending subman-
ifolds represent dual standard bases of H,(T™)), and every index j critical point of
Jix—1(b,) 18 also a critical point of f, of index k + j;

e for each cell o, the gradient flow of f is tangent to 7~ '(b,), and the union of the
descending submanifolds of the critical points of f which lie in 771(b,) is 77 (o).

Definition 3.2. We call a Morse function f : X% — R with these properties adapted to
the simplicial decomposition P.

(The assumption that fix=1(b) has only 2" critical points and vanishing Morse differential
is extraneous and might be best left out of the definition, but it is convenient for the rest
of our discussion.)

The main advantage of adapted Morse functions for our purposes is that Morse cochains
can be expressed as Morse cochains for the function h on B° with coefficients in the Morse
complexes of the functions fi -1(,). In this sense, for adapted f we have

CH( X, 7*Ogn) = C*(B"; C*(Fy) © Oan);
denoting €%/ = C(B% CJ(Fy) ® O,y), this recovers the setting considered in (1.5). More-

over, the assumption made on the restrictions of f to the critical fibers implies that the
fiberwise Morse differential vanishes, so in fact we have

¢t = CYBY; HI(Fy) & Oun).

By construction the Morse differential 6 and the Floer differential my; on this complex
are filtered, in the sense that the Morse index i on B is non-decreasing; and the only
terms which preserve i are the (trivial) Morse differential and the Floer differential on
C*(Fy,) = H*(Fy,) for each 0. Meanwhile, the terms which increase i by one correspond
to Morse, resp. Floer-theoretic continuation maps from C*(Fy, ) to C*(Fy_,) over a gradient
flow line of h from b, to b,s; and those which increase ¢ by more than one correspond to
homotopies between different compositions of such continuation maps.

Remark 3.3. It is typically possible to arrange for the latter homotopies to vanish in Morse
theory (e.g., since we have assumed B° to be simply connected and one also typically has
mo(BY) = 0, by trivializing m over B” and taking f to be the sum of the pullback of h and
a fixed Morse function on T™). The Morse complex (€, ) is then identified with the Cech
complex C*(B%; H*(F,) ® O,y) for the polyhedral cover of (a retract of) B° given by the
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stars of the vertices of . We will use this fact below to recast mg as a Cech cochain (with
values in polyvector fields) on the uncorrected mirror X V0.

We finish this section by noting the manner in which the Floer-theoretic obstruction
my € € encodes information not only about the holomorphic discs bounded by individual
fibers of m but also about those bounded by families of fibers over the simplices of P.
Namely, the part of mg which lies over an index 0 critical point of h at a vertex of P
counts (treed) holomorphic discs bounded by the fibers of 7 over that point, in the sense of
Floer theory for a single Lagrangian; whereas the portion of my which lives over an index ¢
critical point b, of h corresponds to (treed) family counts of holomorphic discs bounded by
the fibers of m over the i-dimensional cell ¢ C B°.

In this sense, the component of my in EBjCi’j counts families of holomorphic discs that
occur along (possibly thickened) codimension i walls in B, i.e. those which can be mean-
ingfully counted along i-dimensional families of fibers of m. The notion of weak family
unobstructedness (Definition expresses the requirement that all non-zero counts should
live in fiberwise cohomological degree j = i, i.e. correspond to discs of Maslov index 2 — 2i.

Remark 3.4. Besides fleshing out the details of the construction of the curved A,,-algebra
¢ via perturbed J-holomorphic treed discs, Hoek’s thesis [Hoek25] also implements a key
step of the family Floer program in this setting by constructing a functor from the Fukaya
category of Lagrangian sections of the fibration 7 to the category of A.,-modules over €.

3.2. A heuristic derivation of the master equation. The algebraic properties of my
generally follow from the fact that the boundary strata of moduli spaces of holomorphic
discs are fibered products of moduli spaces of discs, as expressed in . Most immediately,
this yields the identity mj(mgy) = 0, which is part of the A, -equations. Our goal, however,
is to find (when possible) a constraint involving only mg: the master equation (|1.8)).

In this section we give a heuristic derivation of this equation under the assumption that
the moduli spaces of holomorphic discs entering into the definition of mg are fiberwise closed,
in order to provide motivation for Conjecture (It seems difficult, or in any case well
beyond the scope of this paper, to make the argument rigorous under realistic assumptions.)

One particularly convenient way to understand the origin of the master equation in La-
grangian Floer theory is at the level of loop spaces, as first proposed by Fukaya [Fuk06], and
further studied by Irie [Irie20], even though the technical details are daunting. (Working
in families however does not bring much additional complexity.) A very informal account
is as follows. The moduli space M1(X%, 3, .J) carries an evaluation map not only to X%,
but also to its free loop space £LX (in fact, to free loops contained in the fibers of 7).
(This requires preferred parametrizations of the boundary loops, which can be done e.g. by
stabilizing the domains or by using arc length in X°). Denote by m& 5 € Conayy(p)(LX 00y

the evaluation pushforward of the fundamental chain of M1 (X%, 3, .J) (after a suitable reg-
ularization). Summing over relative classes, we set m§ = 5 mﬁ P 2P € O (LXD; 1 Op).
By analogy with [Fuk06] Irie20], one expects that (up to sign)

1
(3.4 omf = - {mf, mf},
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where {-,-} denotes a chain-level refinement of the Chas-Sullivan bracket on H,(£X%); or
rather, as shown by Irie, the chain-level master equation also involves higher order terms due
to the chain-level loop bracket actually being only part of a homotopy Lie (Lo ) structure
on chains on the loop space [Irie20]. To avoid the inherent difficulties of chain-level string
topology, we focus on the main case of interest to us, and assume that the moduli spaces
of holomorphic discs under consideration are fiberwise closed manifolds. To further avoid
the need to regularize the moduli spaces, we make the following (unrealistic) assumptions
about M1(X% 3, J):

e (regularity) My (X%, 3,J) is a smooth manifold with corners, of the expected di-
mension, whose boundary is as in ;

e (transversality) the projections m, : M7 (X% 3,J) — B° induced by 7 are sub-
mersions onto smooth submanifolds of BY with boundary and corners which meet

transversely; o
e (fiberwise closed) the fibers of 7, : M1 (X%, 3,J) — B are closed manifolds, i.e.

(3.5) T (OM (X, 8, J)) C d(me(M1(XP, 8, .0)).

Then we can view moﬁ as a chain on BY with coefficients in Hy(LF}) ® Ogp, and the master

equation ([3.4) expresses the boundary of m§ (as a chain on B°) in terms of the bracket
induced by the classical cup-product on B? and the Chas-Sullivan loop bracket [CS99,
Definition 4.1] on H.(LFy).

Lemma 3.5. Under these assumptions, (3.1)) implies that m§ € Cu(B% H.(LFy) ® Oun)
satisfies the master equation (3.4]).

Sketch of proof. On one hand, 8m€6 is the image of the boundary of M1(X%,3,J) un-
der the loop space-valued evaluation map. On the other hand, the evaluation image of
My (X% B1,J) evs, 1 X evg, o M7 (X% By, .J) is the chain formed by inserting the loops that
appear in m& 5, into the loops that make up m& 5 whenever the latter pass through the

base points of the former, i.e. mém * moﬂﬁ1 in the notation of [CS99] §3]. Summing over all
081, B2 such that 51 + B2 = [, we find that the evaluation image of the right-hand side of
(3-1) is equal to the coefficient of z° in m§ x m§ = L{mf§, m§}. O

Now we observe that each term mg 5 consists of loops representing the class op € Hi(Fp),
and recall that each component of LF} is homotopy equivalent to Fj itself, via evaluation
at the base point. A simple calculation shows:

Lemma 3.6. Denoting by L,T" the component of LT™ which consists of loops in the
class v € Hi(T™), and using evaluation at the base point and Poincaré duality to identify
H, (L, T") with Ho(T™) ~ H" *(T™) ~ N""* HY(T™), up to sign the Chas-Sullivan bracket
{0} Ho(LJT") @ Ho(LyT™) = Hy(LyyyyT™) is given by

{a,d'} = a A (1ya) + (—1)‘“'(%/04) Aal.
Proof. We can represent the classes a,a’ by cycles consisting of straight line loops on a
flat torus, with tangent vectors given by « and 7 respectively (under the identification of

the first homology of a flat torus with the lattice of integer tangent vectors). The element
1y is (Poincaré dual to) the cycle on T™ obtained by spreading the evaluation image of
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o/ by translation along ~, i.e. the set of points p € T™ such that the straight loop in the
direction of v based at p hits the base point of one of the loops in the cycle o’. Thus,
a A (1y') corresponds to the cycle formed by the base points of loops in the chain o which
hit the base points of the loops in the chain o’. This is, up to sign, the operation denoted
o x o in [CS99) Section 3], whose skew-symmetrization is the Chas-Sullivan bracket [CS99,
Definition 4.1]. O

Using Lemma to rewrite the Chas-Sullivan bracket {m4, m§} in terms of the bracket
defined by (1.7) on H*(T") ® K[H(T™)], we arrive at:

Corollary 3.7. Still assuming reqularity of moduli spaces and transversality of evaluation
maps, if m§ € Co(B% H.(LF,) ® Oup) satisfies (3.4) then mg € C*(B% H*(Fy) ® Ouy)
satisfies (|1.8]).

We can in fact give a more direct derivation of ([1.8)) without involving loop spaces:

Proposition 3.8. Assuming that family Floer theory can be set up using the singular dif-
ferential forms model of Section |3.1.1] and that the moduli spaces of holomorphic discs are
fiberwise closed in the sense of (3.5)), the cochain mg € C*(B%; H*(F,) ® Oyy,) satisfies (1.8)
up to sign.

Proof. Fixing a family of flat metrics on the fibers of m over B?, we can deform by si-
multaneous homotopies the boundary loops of all holomorphic stable discs in M (Fy, 3, J)
(parametrized e.g. by arc length) into straight line geodesics representing the class [03] €
H1(Fy), for all b € BY. This produces a homotopy between the chains represented by the
evaluation map
(evgo,evpr) s Ma(XY, 8,J) — X0 x X%

and by

(evgjo,t[afg] @) e’l)g’o) : ﬂl(XOO, B, J) X Sl — XOO X XOO,
where t55 : X 00 % 81 — X9 denotes translation along the straight line geodesics in the
class [0] inside the fibers of 7. This implies that

(evs,,0)« [m2(X00751’J) evg, 1 X evg, 0 Ml(XOOa/B%J)}

and
(evﬁl,o)* [ﬂl (XOO’ B, J) X Sl t[agl]Oevgl,oXeng,o ml (X007 B2, J)}

are equal as cochains on BY with coefficients in H*(F}). Since the fiber product expresses
the condition that the output marked points of the two discs line up along a straight line
geodesic in the class [031], the latter cochain can be expressed as

(evgl,o)* [ﬂl(XOO 617 J) evg,, Oxt[aﬂl]oevﬂz 0 (ﬂl(XOO,IBQ, J) X Sl)}
(evg,,0)x [MX™, B, J)] Nty ((€v8y,0)x[M1(XY, B2, J)] x S*) .

Since spreading a homology class along [01] corresponds under Poincaré duality to interior
product with [0f1], this expression can be rewritten more concisely as

mo 5, A Lo, (Mo,6,)-
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It then follows from (3.1)) that 2” dmyg g is, up to sign, equal to

1
>, ATPRmos Avggymop, =5 Y {#Mmog,,2Mmos, )
B1+B2=p PrtPa=p

Summing over /3 then gives (|1.8). O

3.3. Spliced treed J-holomorphic discs and the master equation. With some care,
it seems likely that the argument of Proposition [3.§ can be transcribed into the language of
Morse cochains and perturbed holomorphic treed discs, to arrive at a similar result in that
setup, still subject to very strong assumptions about moduli spaces of discs. However, it is
more appealing to try to modify the model of Section [3.1.2] to arrive at a setup where the
master equation holds in full generality. In this section, we sketch such an approach.

Despite the fairly detailed outline, the description we give here is by no means complete:
we skip over various limiting cases, and do not attempt to check consistency, discuss orien-
tations, or prove the existence of suitable perturbation data. The details of the construction
will appear elsewhere.

Remark 3.9. The approach we describe here using “standard loops” has some advantages
but also some notable drawbacks, chief among them the need to choose and keep track
of a number of homotopies between various types of loops. As of this writing it is likely
that the construction will eventually be modified to rely on a suitable geometric flow and
evolve families of fiberwise loops along the tree portions of spliced treed discs, rather than
homotoping them to standard loops.

The boundary of the usual moduli space of treed holomorphic discs Mj (po; 3, J) consists
of configurations where the length of an internal edge becomes infinite; these can be viewed
as pairs of treed discs where the output of one treed disc serves as an input for the other,
giving rise to the identity my(mp) = 0. Our aim is to modify the moduli space so that its
boundary consists of pairs of configurations whose outputs are matched to each other via
the bracket {-,-} defined in (I.7). We do this by allowing the matching condition at the
ends of broken (infinite length) gradient flow lines to deform towards the output py. More
precisely, once the length of a gradient flow line in a treed disc becomes infinite (i.e., the
flow line breaks through a Morse critical point), we first allow the incidence condition for
the end point of the flow line to deform along a homotopy from the boundary loop of the
appropriate disc component to a “standard” loop in the same homotopy class, and then
we allow the standard loop to slide along the gradient flow tree towards the output of the
treed disc. (Standard loops, defined below, are a class of loops which are well-behaved with
respect to the action of Hp(F,) on the Morse cohomology of f by interior product.) For
simplicity, we assume that we work with an adapted Morse function for some simplicial
decomposition P of BY in the sense of Definition

3.3.1. Standard loops. By Definition the critical points of an adapted Morse function
f: X% 5 R lie in fibers F,, = 7 '(by) indexed by the cells o € P of P, and the
restriction of f to Fp, is a standard Morse function on 7™, i.e. there is a basis €5 1,...,€5n
of Hi(Fp,) such that the ascending and descending submanifolds of the critical points of
J| F, Tepresent exterior products of elements of the basis. For I C {1,...,n} we denote by
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Po,1 the critical point of index |I| whose descending (resp. ascending) submanifold within
F,, represents the homology class €51 = A,cj €0, (vesp. e, 7, where I = {1,...,n} —1I).

Given a homology class [y] = Y njes; € H1(Fp,,Z), interior product with [y] defines an
operator of degree —1 on H*(F} ,,Z) ~ CM*(f\F,,U7Z),

i) CM*(fir,) = CM* " (fiR,, ),

which maps po.; t0 1 (Per) = Do (~DIM=Hlnp, ;. For poy € crit(f), we
denote by [W+ (po,r)] the fundamental chain of the (closure of the) ascending manifold of
po.r inside X%, and for [y] € Hy(F,) we define [W+(L[,y] (po.,1))] to be the appropriate linear

combination of the ascending manifolds W (Po1—iy)s 1 € 1.

Definition 3.10. Let X% be the space of pairs ([y], z) where 2 € X% and [] € Hy(Fr(z), Z).

A system of standard loops for f is a smooth submersive map from X0 x ST to X0,
(], 2, t) = spy)(x,t) = 5}4]2(t), such that:

(1) for all [y] and =, s},), : St — X% is a loop in Fr(x) based at x, representing the
homology class [v];
(2) for every critical point p, s of f, and for every [y] € Hi(Fy,),

(3.6) P (W (o)) = (W (113 (o))

as chains in X% modulo degenerate chains supported on the lower-dimensional
submanifold W (Po.1); here p : X9 x ST — X005 the projection to the first factor,
and we implicitly identify H;(Fp) ~ Hy(Fp, ) for b near b,.

For [y] = €5, i € I, condition (2) states that the loop s|,) , passes through the ascending
manifold of p, 1 if and only if z lies in the ascending manifold of p, ;_(;), and in that case
it does so just once (counting with appropriate signs). Likewise for general [y] and linear
combinations of ascending manifolds of the critical points appearing in ¢(,)(po,r)-

As will be clear from the arguments below, it would in fact suffice for the two sides of
to be equivalent from the perspective of Morse theory, i.e. that they intersect in the
same manner with the ascending and descending submanifolds of other critical points of f.

Lemma 3.11. When B° is simply connected, there exists an adapted Morse function f
which admits a system of standard loops.

Proof. Since m1(B%) = 1, the structure group of the fibration 7 : X% — BY reduces to
translations of the n-torus 7" = (S')", i.e. we have well-defined fiberwise coordinates up to
translation on the fibers of 7. We can then choose the admissible Morse function f so that
its restriction to each fiber of 7 is the sum of standard Morse functions on the S* factors
and a Morse function on the base BY, and choose the metric in a suitable manner, so that
the ascending manifold W (po.1) is invariant under translation along the i-th S! factor in
the fibers of m whenever i € I, and translating it along the i-th S* factor for i € I yields
exactly W+(p0717{i}).
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Denoting by e; the homology class of the i-th S! factor, and given a class [y] = > nse;
and a point z € X%, we define the loop 5[4,z t0 be the concatenation of loops based at x
which run successively n; times along each S! factor of Fr(z) (with vanishing derivatives at
the end points so that the concatenation is a smooth loop). The identity then follows
from the observation that a loop based at = and running along the i-th S* factor intersects
W (po,r) if and only if z lies in the image of W (po,r) under translation along the i-th S*

factor, i.e. W+(pa,1_{i}) ifi eI and W+(pg7[) itself otherwise. O

3.3.2. Spliced treed discs. A spliced treed disc consists of a collection of k41 treed discs Ty, =
(T, { Do }vevert(ta))s @ € {0, ..., k}, inductively attached onto each other by k semi-infinite

edges eipl, a € {1,...,k} (the splicings). Each splicing P! connects the output of the treed
disc T,, to some point ¢ (the target of the splicing) in T2, == - Tor U Uy o €7, the
underlying tree of the configuration obtained by splicing the treed discs T, for o/ < a.

The end result of this process differs from a stable treed disc in that there are some
broken (infinite length) internal edges, formed by the output edges of the tree discs T,
together with the splicing edges ez’ l, and these broken edges do not attach to the boundary
of a disc, but rather onto the underlying tree

T+ =T, U el
« «

of the spliced treed disc; the manner in which this translates into an incidence condition for
the end point of a gradient flow line is governed by splicing data which we describe below.
(Note that T is not a ribbon tree, as the splicing data does not specify how the splicing
edge fits into a cyclic ordering at its target.)

The splicing data for a given splicing depends on whether its target lies on an edge of T
or at a vertex, and on the number of splicings which share the same target t = t5/ !, The set
of incidence conditions we impose on the ends of the splicings with target ¢ is parametrized
by a manifold with corners S*P!(¢); when all the splicings have distinct targets, S*P!(¢) is S* if
t lies on an edge of T, or [0, 1] x S' if it lies at a vertex. The incidence conditions we impose
on the ends of the splicing edges with target ¢ are described by maps o : S*PH(t) — X%
for all o such that £3P' = ¢, defined below.

Definition 3.12. A spliced treed J-holomorphic disc u : Tt — X with domain T+ =
UTaUU e consists of:

e for each «, a (perturbed) treed J-holomorphic disc uq : T, — X, i.e., (perturbed)
stable J-holomorphic discs u, : D, — X with boundary in some fiber Fp of 7
for every vertex v of T,, connected to each other and to the output critical point
Po,a € crit(f) by (perturbed) gradient flow lines u, of f for every edge e of Ty;

e for each point t of T which is the target of one or more splicings, a choice of splicing
data 0; € S*PL(t);

spl

e for each splicing edge €4, a semi-infinite (perturbed) gradient flow line of f whose
negative end converges to the critical point pg o, and whose positive end maps to
the point 04(0,sp1) € X,



DISCS OF NEGATIVE MASLOV INDEX AND EXTENDED DEFORMATIONS 39

The description of the maps o4 : S*P!(t) — X involves the standard loops introduced
in the previous section, as well as the following definition:

Definition 3.13. The weight Bic. of an edge e of the tree T underlying a spliced treed
holomorphic disc u : TT — X at a point ¢ € e is the sum of the homotopy classes 8, = [uy]
of all the disc components of v which correspond to vertices v € | Vert(T,) such that the
path in 7" from v to the output of T passes through ¢, and reaches t via the edge e.

As in we use the identifications between the abelian groups m2(X, Fy), b € B
along the images under 7 of the gradient flow lines u. to define the sum of the homotopy
classes f3, and view the weight fic. as an element of ma(X, Fp) for b = m(ue(t)). We also
introduce the homology class

(3.7) [Vice] = OBtce € H1(Fyp).
With this understood, let e’ " be a splicing edge, with target ¢t = o’ Ler+.

Case 1. Assume t is an interior point of an edge e of T+, mapping to = = u(t) € X,
and no other splicing has the same target ¢t. Then we require the end point of the splicing

to lie on sp,_,] 5, the standard loop at x in the homology class [yiee] = 0Bice. Namely, we
spl

set S°PL(t) = S', and require the end point of ey to map to o, (6;) := Siyeel,x(01)-

Case 2. Assume t is a vertex v of one of the trees T,, corresponding to a stable J-
holomorphic disc u, : D, — X with boundary in F}, , and no other splicing has the same
target. Denote by e; the edges of T, that attach to the input boundary marked points
Zy,i € 0Dy, by Byi = Buee,; the weights of these edges at their end points, and by z; = wy(2y,;)
the end points of the gradient flow lines u(e;). Finally, let By 1ot = Bo + Y Bvi € m2(X, F3,),
where (3, = [uy(D,)] is the class of the stable disc u, : D, — X.

We use this data to define two loops in F},, both based at the image of the output marked
point of Dy, = uy(zv,0). On one hand, let o1 = 53, ,,,)» De the standard loop at z in
the homology class 03, 10t- On the other hand, let o be the loop obtained by inserting the
standard loop sjg, ;) +;, at each input marked point z,; into the boundary loop w,9p, of the
disc u,. This loop does not have a canonical parametrization by S*, but we can choose one
in a consistent manner, using the fact that the domain D, is stable (possibly after adding
interior marked points corresponding to intersections with stabilizing divisors).

Denote by o : [0,1] x S1 — F, a homotopy between oy and o; produced by some
consistent method of interpolation between based loops in the fibers of 7; for example, after
identifying all the fibers with flat tori we can just use straight line interpolation. We set
S5PL(t) = [0,1] x S, 0o = o, and require the end point of ef”" to map to o(6;).

This choice is motivated by the observation that the boundary of the homotopy o precisely
accounts for the various ways in which a splicing with target v can deform: the target can
move into the output edge, whence the required incidence condition becomes a standard
loop in the class 98, ot (cf. Case 1 above), or it can move into one of the input edges e;,
and the incidence condition becomes a standard loop in the class 98, ; or the splicing can
disappear altogether by deforming to an honest gradient flow line attached to wu,(0D,).
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Things become more complicated when two or more splicings share the same target. We
describe the splicing data and incidence condition in the next simplest case, to illustrate
the general construction, which will appear elsewhere.

Case 3. An interior point ¢ of an edge e of T is the target of exactly two splicings ez:

and €. Denote by 8 = Bice, B1 = Byeesmt and B2 = B, sp the weights of the different

a1 a2

edges which attach together at ¢, and let & = wu.(t).

As in Case 2 above, the space S*/(t) and the maps oa,, 00, : SP(t) — X% should
describe a homotopy between the incidence conditions imposed on the ends of the splicing
edges e and e after small deformations which make their targets ¢; and ¢ distinct.
There are four manners in which such a configuration can deform to one where the two

splicings have distinct targets ¢; and to:

e Type I: t; lies before ty along e (farther from the output),
e Type I': ¢ lies after t9 along e (closer to the output),

e Type II: ¢ can move to the edge e,

e Type II': t5 can move to eiF'.

When ¢ lies before t5 along e (Type I), the incidence condition at ¢; is given by a standard
loop in the class 03, while at t5 it is a standard loop in the class 9(5 + 51) (both based
at points close to ). When #; lies on ef? instead (Type II), the incidence condition at t
is a standard loop in the class 95 (based near x), while at ¢; it is a standard loop in the
class 0y (now based near the end point of the second splicing, rather than z). Similarly
for Types I’ and II’, exchanging the indices 1 and 2.

We set S*PL(t) to be the disjoint union of two copies of [0,1] x S* x S'. On the first one,
we define 0,, (7,01,02) = si93),,(01), i.e. the incidence condition for e is independent of
7 € [0,1] and lies along the standard loop at x in the class 95. Meanwhile, we pick for each
value of #; a homotopy (chosen by some consistent process, e.g. straight line interpolation
after identifying F(,) with a flat torus)

081080+ [0,1] X ST = Fry
between the standard loop S[68]+-[051],x (for 7 = 0) and the loop obtained by inserting S[981],y
into s[gg],» at the point y = 553 ,(01) (for 7 = 1); and we set

Tay (7,01, 02) = Sj8],1081),,0, (T, 02)-
This parametrizes a homotopy between the incidence conditions associated to Type I de-
formations (for 7 = 0) and the union of the incidence conditions for Type II’ deformations
together with the “symmetric” incidence condition where both splicings map to the standard
loop s[gg],.- On the second copy of [0, 1] x S x S, we set instead

Tay (7,01,02) = S98],[982),2,00 (T, 01)  and 04, (7,01, 02) = s[98),2(02).
This yields a homotopy between the incidence conditions for the remaining types of defor-
mation (Types I" and II) and the symmetric incidence condition S[98],c X Sjap),a» SO that the

two components of S (t) taken together provide the desired homotopy between incidence
conditions.
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We expect that a similar construction of homotopies between different incidence con-
ditions can be used to deal with the remaining cases (when two splicings have a vertex
as common target, or when more than two splicings have the same target). A detailed
treatment will appear elsewhere.

3.3.3. The master equation. Returning to the notation of §§3.1.2H3.1.3] we define

mi e (X0 1 Opp) = C*(BY; H*(Fy) @ O4p)
to be the same weighted sum as in (3.3)) (with d = 0), except we use moduli spaces of spliced
treed holomorphic discs instead of their ordinary counterparts. (As usual, mg” lisa weighted
count of rigid spliced treed holomorphic discs, i.e. those which arise in zero-dimensional
moduli spaces, while the master equation comes from considering the boundaries of one-

dimensional moduli spaces.) The master equation is now expected to arise from the behavior
of spliced treed holomorphic discs at the boundary of the moduli space.

Boundary configurations where the output edge of the tree breaks through a critical point
of the Morse function f contribute dmg” ! where § is the Morse differential.

Otherwise, once the length of an internal edge e of a treed holomorphic disc becomes
infinite, it turns into a splicing edge, whose target can move up along the remaining part
of the tree, all the way to the output edge e,,;. The boundary of the moduli space of
spliced discs is reached once the target of the splicing has moved “to infinity” along ey, at
which point the gradient flow line corresponding to e,,; must also break through a critical
point of f below the target of the splicing. Thus, in the limit we have a pair of rigid treed
holomorphic discs uy : Ty — X with outputs py € crit(f), together with gradient flow
lines of f from p+ to a pair of points x+ with the property that x_ lies on the standard
loop S|y, ]z, through z, representing the homology class [v4] = [08+] of the boundary of
the treed disc u4+ (and then upward from x4 to a critical point of f which is the overall
output of the limit configuration). The conditions involving p+ and x4 can be rewritten as:

vy € W )] Npus (W (),

which by is the same as [W+(p+)] N WJF(L[,M(])_))]. In other terms, the gradient
flow line from p_ to x_ can be replaced by a gradient flow line from one of the critical
points appearing in the linear combination ¢, +](p_) to x4, and after this modification the
top-most portion of the limiting configuration amounts to a gradient flow tree computing
the cup-product py A ¢py, (p-)-

Summing over all such configurations, with appropriate weights, we therefore arrive at

spl spl 1 spl spl
My *Mp = 51Mg M h

where * denotes the operation of degree —1 on C*(X% 7*O,,) = C*(B%; H*(F}y) ® Oup)
defined by

(3.8) (2% pg) % (277p-) = 27 py Ay, (p-),

whose skew-symmetrization is the bracket (1.7]).
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Unlike the case of ordinary treed holomorphic discs, configurations where the targets of
several spliced edges simultaneously escape to infinity can also contribute to the codimension
1 boundary of the moduli space of spliced treed discs.

When the targets of two different splicings e; and ey both escape towards the output
of the spliced treed disc in such a way that the distance between the two targets also
goes to infinity, we arrive at codimension 2 strata consisting of three treed discs w1, uo, w4
with outputs p1, po, p+, together with gradient flow lines of f which attach onto each other
via standard loops. Using , these can be recast by the same trick as above as a
broken gradient flow tree computing one of py A vy 1(P1 Atpy,1(P2)), P+ Aty (P2 ALy (P1))s
(P+ A Uy ) (P1)) A Ly (P2), O (D4 At 1(P2)) A Ly 401 (P1)- (Here [11], [y2], [v4] are the
homology classes associated to the boundary loops of the treed discs uy, ug, uy.)

However, when the targets of e; and es remain a finite distance apart, the configuration
of gradient flow lines gets recast as a gradient flow tree of the sort used to define higher A.-
operations in Morse theory, and/or the incidence conditions we impose on the end points of
the gradient flow lines involve homotopies between the various products of standard loops
appearing in the above expressions (see the discussion of Case 3 in above). Due to the
extra degree of freedom afforded by the various homotopies, these strata have codimension
1 rather than 2.

Algebraically, these homotopies define an operation of degree —3 on C*(X% 7*0,,,)®3,
whose skew-symmetrization ¢3 is the next term in a shifted Loo-structure whose first two
operations are the Morse differential ¢ and (up to sign) the bracket {-,-}. Configura-
tions in which two splicing targets escape to infinity then contribute an additional term
%Eg(mgp L mg’ L mg’ l) to the master equation; and so on with higher homotopies when more
than two edge lengths simultaneously become infinite. To summarize:

Conjecture 3.14. (1) The Morse complex C*(X% 7*O4y) carries operations
b C*(XOO,W*(’)an)@m — C*(XOO,Tr*Oan)[B —2m], m>1,

defined in terms of counts of spliced configurations consisting of m — 1 splicing edges and
one infinite gradient flow line, without any disc components; in particular 1 is the Morse
differential and 0y is (up to sign) the bracket {-,-}. These operations define a shifted Loo-
structure on C* (X%, 7*O,p).

(2) Weighted counts of rigid spliced treed holomorphic discs define an element mgpl €
C*(X% 7*O,p) which satisfies the Lo, master equation

1 1 1
(39) D —ln((mg™) ") = o = o {mg", mg?"} - Ly (m”, i, mg”) 4 =0,
m>1"""

Remark 3.15. Since the product on the Morse complex is only homotopy associative, it
shouldn’t be surprising that in general the bracket {-,-} should only be the leading term
of an L., structure, and hence that the master equation should also involve higher order
terms. As noted in §3.2] above, Irie’s result on the chain-level master equation with loop
space coefficients [Irie20] also involves higher terms, due to the chain-level string bracket
being part of an L, structure on the space of chains on the free loop space.
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However, we expect that, for suitable choices of the adapted Morse function f and of
the system of standard loops (s|,),), one can arrange for the higher terms of the Lo.-
structure to vanish, reducing to the ordinary master equation . The reason for
this expectation is that, choosing f as in Remark [3.3] the Morse complex we consider can
be recast as the Cech complex of a suitable cover of B® with coefficients in H*(Fy) ®Oqn,
which is a dg-algebra; and, as we shall see below, the bracket {-, -} corresponds under mirror
symmetry to the Schouten-Nijenhuis bracket for Cech cochains on the uncorrected mirror
X VY with coefficients in polyvector fields, which satisfies the Jacobi identity at chain level.

Remark 3.16. Spliced treed discs can be used to produce not only the element mg” ! but

also a wealth of algebraic operations on C*(X%, 7*O,,). Work in progress of the author
with Keeley Hoek suggests that, by counting spliced treed holomorphic discs whose inputs
all lie on the tree that contains the output (i.e., the treed discs that feed into splicings do
not carry any inputs), one can define operations ﬁlip ! for k > 1 which make C* (X% 1 Oun)
into an uncurved As.-algebra. The details will appear elsewhere. Beyond this, one might
hope that more general moduli spaces of spliced treed discs also endow C*(X%, 7*0,,,) with
the structure of a framed FEs-algebra (or homotopy BV algebra); compare with [AGV24].

3.4. From mg to the geometry of the corrected mirror. We finally turn our attention
to the passage from family Floer theory to the geometry of instanton corrections on the
mirror. As explained at the beginning of the uncorrected mirror X0 comes equipped
with a rigid analytic torus fibration 7V : XV0 — B9 locally modelled on the valuation map
H'(F,,K*) — H'(Fy,R), or more explicitly after choosing a basis (71, . ..,vn) of Hi(Fy,Z),
the valuation map (K*)™ — R".

Under the assumption of weak family unobstructedness (Deﬁnition, family Floer the-
ory as described in the preceding sections determines an element mg € C*(B?, H*(F}) ® Oay),
where Oy, = 7Y (Oxvo) is a completion of the ring K[H; (F})] of Laurent polynomials in the
local coordinates of X V9. Moreover, mg can be expressed as a sum of elements

o e OB, H (F}) & Oan)
which encode counts of holomorphic discs of Maslov index 2 — 2¢ in X bounded by -
dimensional families of fibers of the Lagrangian torus fibration 7 : X% — B9,

The natural isomorphism H!(F,,R) ~ TyB allows us to map elements of H'(F},) (resp.
H*(Fy) = A*HY(F,)) to vector fields (resp. poly vector fields) on XV?. Namely, denoting
by (21,...,2,) the local coordinates on XV? induced by a choice of basis (v1,...,7v,) of
Hy(F), and by (775,...,7%) the dual basis of H!(F}), we map each basis element 7; to the

vector field Jiog -, = 2;0,;, and extend this map to H*(F}) ® Ogn by setting
(3.10) 27 ’y;‘l ARRRWA fy}‘k — 27 810gzj1 Ao A 810gzjk.
Combining this with pullback of cochains under the projection 7V : XV9 — B?, we obtain
a (bigraded) map
(3.11) C*(B%, H*(F}) ® Oapn) — C* (XY, A*T'xvo).

If we use the Morse-theoretic model of §3.1.2| for an adapted Morse function in the sense
of §3.1.3] then by Remark the Morse cochains on the left-hand side of (3.11]) can be
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recast as Cech cochains for a certain polyhedral cover of B (by the stars U, of the vertices of
the simplicial decomposition P). The right-hand side of should then be interpreted
as Cech cochains for a cover of XY by affinoid domains approximating the preimages
(=)~ Y(U,), v € vert(P).

On the other hand, if we assume the existence of a model for family Floer theory in
which mg is expressed as a differential form on B® with values in H*(F},) ® Oup, then the
right-hand side of should be interpreted in terms of tropical differential forms (also
known as superforms) on X0 (see e.g. [CLDI2, [Jell22]). Choosing a basis of Hi(F}) as
above, and denoting by (z1,...,2,) and (z1,..., 2,) the corresponding local coordinates on
BY and on XVY? (with val(z;) = z;), we define

(r7)"(dz;) = d"log |z],
a superform of type (0, 1); and similarly for exterior products. By definition, the pullback
of differential forms intertwines the de Rham differential d on Q*(B°) and the tropical
Dolbeault differential d” on Q%*(XV?). Consequently, the map also intertwines the
de Rham differential d on Q*(B%, H*(F}) ® O,y) and the tropical Dolbeault differential d”
on QU (XVO A*Txvo).

The key to the proof of Proposition is the following lemma:

Lemma 3.17. The map (3.11)) intertwines the bracket {-,-} on C*(B%; H*(F},) ® Oqp) de-
fined by (1.7) and the negative of the Schouten-Nijenhuis bracket —[-,-] on C*(X V9, A*Txvo).

Proof. Since the map is compatible with the cup-product of cochains, it suffices to
compare the brackets on H*(F) ® Oy, and on A*Tyvo.

Recall that the Schouten-Nijenhuis bracket is a bracket of degree —1 on polyvector fields,
characterized by the following properties [Mar97]: given a smooth function f, vector fields
X,Y, and polyvector fields P, @Q, R of degrees p,q,r,

(1) [X, f] = Lx f = tar(X);

(2) [X,Y] = LxY;
(3) [P,Q] = —(~=1)P~ D@, PJ;
(1) [P.QAE| = [P.Q| AR + (-1~ 1Q A [P, ]
(5) [PAR,Ql=PA[RQ+ (1) V[P,Q A R.

Assume now that the polyvector fields P and @) have constant components in some local
coordinate system, and let f, g be two smooth functions. Then properties (2), (4) and (5)
imply that [P,Q] = 0, whereas (1) and (5) imply that [P, g] = (—1)?"'.44(P). Hence, by
(4) we have [P,gQ] = (—1)P"1i44(P) A Q. Meanwhile, (3) and (4) imply that [f, Q] =
9[f, Q] = —giqr(Q). Finally, using (5) once more we arrive at
[fP,gQ) = (=1)P " frag(P) A Q — (1) Pguge(Q) A P

(3.12) = (1" f149(P) AQ = g P N 14 (Q).

Recall that, for v € Hy(Fy), a, o/ € H*(F}), we define
(3.13) {Va,2Vd} =27 (A (h0)) + (—1)'0“(L a) Ad).
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Denote by V, V' € A*T'xvo the images of «, @’ under (3.10)), which are polyvector fields with
constant coefficients in terms of the basis formed by exterior products of djog.,. By (3.12),
(3.14) —[2V, V] =2"V A Lazy (V') + (=1)led Ly (V) AV
Thus, in order to complete our comparison of the two brackets it suffices to show that ([3.10)
maps 27 1,0’ to tg(.)(V'), and similarly for the other interior product appearing in (3.13).

Distributing the interior products into the expressions of o/ and V’ in the chosen bases,
it is in fact sufficient to compare 27 t,a’ to ¢4+ (V') in the specific case where o/ = 7; is
an element of the chosen basis of H 1(Fb), and V' = Ohog 2 Expressing v in the chosen basis
of Hi(Fp) as v = a1y + - -+ + anyn, we find that

Z’y L’Y(’Y;) = a/j’z’7 = alOng (Zﬁ/) = Ld(z’Y)(along)7

which completes the proof. ]
Proof of Proposition[1.6. Recall that W (resp. W) is by definition the image of mg (resp.
its components o)) under the map (3.11)). The compatibility of (3.11)) with the differentials

implies that it maps dmg to dW; while Lemma implies that it maps {mg,mp} to
—[W, W]. The master equation ([1.8) for my thus maps to the equation ((1.10) for W. O

We also give a derivation of equations (|1.11))—(1.13) for completeness. Recall that the
Schouten-Nijenhuis bracket satisfies the Jacobi identity

[[Pv Q]aR] - [Pv [Q?RH - (_1)(1)—1)((1—1)[@, [P7 RH
(where p = deg P, ¢ = deg Q). Since W is even, this yields

Moreover, the differential § on cochains does not interact with the Schouten-Nijenhuis
bracket (this is manifest in the case of Cech cochains, and for tropical differential forms
it follows from the fact that ¢ is the Dolbeault differential d” on (0, *)-forms while the
Schouten-Nijenhuis bracket involves differentiation along analytic vector fields). Hence,

Thus, assuming ([1.10]), we have
1
(3.15) (6 + [W,])? = 6[W, -] + [W,6(-)] + [W, [W, ]] = [dW,] + S [W, W], ] = 0.
Writing W = WO + Wl 4+ with W ¢ C*(XVO ATxvo), the component of (1.10]) in
bidegree (1,0) (i.e., in C*(XV9 Oxwo)) is
s [W(l), W(O)] =0,
which gives . The component of (3.15)) in bidegree (2,1) is
(5 + [W(l)v ])2 + [W(2)7 [W(O)7 ]] + [W(0)7 [W(2)7 H = 07

which can be rewritten using the Jacobi identity as

(0 + W0, )2+ W, W] ) =0.
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Since W& WO = —4 10 (W®P), this yields (L.12). Next, the component of in
bidegree (3,2) is

SW@ 4w w4 (w® W] =o,
which yields (1.13]); and so on.

Remark 3.18. The components of the Cech cochain groups C*(B%; H*(F})®04,,) obtained
from a simplicial decomposition of BY are certain completions of H*(F,) @ K[H1(F})], which
can be viewed as the symplectic cohomologies (in the classical limit, before any instanton
corrections) of the local pieces of the corresponding decomposition of X%. (See also Groman
and Varolgunes’ work introducing the relative symplectic cohomology sheaf of an SYZ
fibration [GV22].) In this sense, the map can be viewed as a local version of the
expected isomorphism between the Hochschild cohomologies of the Fukaya category of X%
(without instanton corrections) and the derived category of the uncorrected mirror X0,
with the latter recast in terms of polyvector fields via the Hochschild-Kostant-Rosenberg
isomorphism. In this language, Lemma |3.17] expresses the fact that homological mirror
symmetry intertwines the BV-structures on these local Hochschild cohomologies.

The claim that the element W € C*(XY? A*T'xvo) obtained by applying to mg
represents the instanton corrections to be applied to the geometry of the uncorrected mirror
XV also follows naturally from this perspective. Namely, we expect that the Fukaya cate-
gory of X can be recovered from the local relative wrapped Fukaya categories of the pieces of
X% by a pullback diagram. Prior to any instanton corrections, the “classical limit” of this
pullback diagram (using the “classical” local wrapped categories rather than their relative
deformations inside X') matches the description of the derived category of the uncorrected
mirror XV° in terms of local pieces. The components of the Floer-theoretic obstruction
mo € C*(BY H*(F,)®0,;,) describe the deformations of the classical local wrapped cate-
gories and of their gluing data needed to account for holomorphic discs in X and arrive at
the relative wrapped Fukaya categories and the diagram via which they recover the Fukaya
category of X. Thus, the corresponding element W € C*(XV? A*Txvo) should similarly
be used to deform the local pieces of the uncorrected mirror XV? and their gluing data in
order to arrive at the correct mirror.

(In the Calabi-Yau setting, the above ideas are also likely related to Chan, Leung and
Ma’s work on the construction of mirror spaces by using Maurer-Cartan elements to deform
gluings of BV algebras [CLM25].)
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