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1 Introduction

Representations of a quiver () give rise in general to the category of cohomo-
logical dimension one. In this sense quivers are analogous to curves.

In a similar vein representations of the preprojective algebra Ily give rise
in general to the category of cohomological dimension two. Since preprojec-
tive algebras are obtained as simplectic reductions, we can say that they are
analogous to Higgs bundles on a curve. Likewise the deformed preprojective
algebras I1* are analogous to algebraic vector bundles with connections on a
curve. The interplay between algebraic and geometric sides of this dictionary
is a subject of many papers (here are few random samples: [2], [7], [17]).

The above categories can be “upgraded” to 3-dimensional Calabi-Yau
categories. On the algebraic side it can be achieved by constructing a “triple”
quiver  endowed with a cubic potential W, see e.g. [16] or Section 2 below.
On the geometric side one takes the total space of an appropriate rank two
vector bundle on a curve or the total space of the anticanonical bundle on a
surface. From the point of view of, say, gauge theory, the lower-dimensional
categories can be thought of as “dimensional reductions” of the corresponding
3-dimensional Calabi-Yau categories.

The framework of 3-dimensional Calabi-Yau categories is appropriate for
the theory of motivic Donaldson-Thomas invariants (see [12], [13]). The
above-mentioned dimensional reduction gives rise to the corresponding the-
ory in a lower dimension. It is natural to ask about the meaning of the objects
arising as a result of such dimensional reduction. Our paper illustrates this
philosophy in two examples.

In our first example we discuss semicanonical bases (see [14], [15]) from
the point of view of Cohomological Hall algebras (see [13]). In our second
example we formulate a conjecture about an analog of the Kac polynomial of
a 2-dimensional Calabi-Yau category. The conjecture is motivated by [16] in
which the motive of the stack of indecomposable representations of a quiver
(Kac polynomial) was expressed in terms of the motives of stacks of rep-
resentations of the corresponding preprojective algebra and the Donaldson-
Thomas invariants of the corresponding 3C'Y category.

It is known after Lusztig (see [14], [15]) that semicanonical bases can be
interpreted in terms of top-dimensional components of the stack of nilpotent
representations of the preprojective algebra IIg associated with the quiver
Q. On the other hand, the critical loci of Tr(W) contains the stack of
representations of IIg. This gives an idea that the semicanoniccal basis can



be derived from the pair (@, Ww).

Indeed, the pair (@, W) gives rise to the corresponding Cohomological
Hall algebra (COHA for short), see [13]. It is natural to transport the
associative product from the COHA to the vector space generated by the
above-mentioned top-dimensional components (in a more invariant way one
can speak about the Galois-invariant part of COHA, cf. [13]). We will show
that in this way we obtain an associative algebra endowed with a basis which
enjoys the properties of the semicanonical one.

From the point of view of the above dictionary between algebra and ge-
ometry, the preprojective algebra Iy should be replaced in general by a
2-dimensional Calabi-Yau category (2C'Y" category for short), while the pair
(@, W) should be replaced by a 3-dimensional Calabi-Yau category (3C'Y
category for short). The “dimensional reduction” of this 3C'Y" categories to
a 2-dimensional category (as well as the relation between the corresponding
cohomology groups of stacks of objects) was described in [13], Section 4.8.
One can expect a similar story in the general categorical framework.

In particular we expect that the notion of semicanonical basis has intrinsic
categorical meaning for 2C'Y" categories. A class of such categories is proposed
in Section 3.2. The categories from our class are parametrized by quivers.

One can also hope that the reduction from 3C'Y categories to 2-dimensional
categories will help to understand the relation between motivic Donaldson-
Thomas theory (see [12], [13]) and some invariants of 2CY categories, e.g.
Kac polynomials.t

It is not surprising that some notions introduced for Kac-Moody algebras
can be interpreted in terms of 2CY categories, since Kac-Moody algebras
arise naturally in the framework of 2C'Y categories generated by spherical
collections a’la [13]. Spherical objects generate a t-structure of a 2C'Y" cate-
gory. Its heart corresponds to a Borel subalgebra, and the spherical objects
themselves correspond to simple roots. In a similar vein Schur objects cor-
respond to positive roots, etc. Change of the t-structure corresponds to the
change of the cone of positive roots (and hence to the change of Borel sub-
algebra in the corresponding Kac-Moody algebra). Reflections at spherical
objects correspond to the action of the Weyl group. Space of stability func-
tions (i.e. central charges) on a fixed ¢-structure corresponds to the Cartan
subalgebra. It contains the lattice which is dual to the K-theory classes

IThe relationship between motivic DT-invariants and Kac polynomials was studied in
many papers, including [6], [16], [8].



of spherical objects. The Euler bilinear form on the K-group of the cate-
gory (it is symmetric due to the 2CY condition) corresponds to the Killing
form on the Cartan subalgebra. The moduli stack of objects of the heart of
the t-structure is symplectic, and it contains a Lagrangian substack (in fact
subvariety). 2

Notice that every 2C'Y category gives rise to a 3CY category with the
trivial Euler form. Geometrically, the underlying Calabi-Yau 3-fold is the
product S x A', where S is a Calabi-Yau surface. Upgrade from Il to
(@, W) illustrates the algebraic side of the dictionary (in general the 3C'Y
category should have a t-structure with the heart containing pairs (E, f),
where F is an object of the heart of a fixed t-structure of our 2CY category
and f € Hom(E, E)).

Motivic Donaldson-Thomas invariants of such “upgraded” 3CY cate-
gories do not change inside of a connected component of the space of stabil-
ity conditions. As a result, the DT-invariants are in fact invariants of the
t-structure of the underlying 2C'Y" category.

Finally, we remark that there are 2CY categories which have purely ge-
ometric origin (e.g. the category of coherent sheaves on a K3 surface). The
above questions about semicanonical basis or Kac polynomial make sense in
the geometric case as well.

Acknowledgements. The idea of the paper goes back to the discussions of
the second author (Y.S.) with Maxim Kontsevich during the conference on
DT-invariants in Budapest in 2012 (the conference was sponsored by AIM).
We are grateful to Maxim Kontsevich for sharing with us his ideas on the
subject. We also thank to George Lusztig for encouraging us to continue
the study of the relationship between COHA and semicanonical bases. Y.S.
thanks to THES for excellent research conditions. His work was partially
supported by an NSF grant.

2 COHA and semicanonical basis

We start by recalling the definition of the product on the critical COHA
proposed in [13]. For the convenience of the reader we will closely follow the

2This Lagrangian subvariety should be compared with Lusztig’s Lagrangian nilpotent
cone, whose irreducible components correspond to positive roots. In the spirit of the
analogy with Higgs bundles it is similar to the Laumon nilpotent cone.



very detailed exposition from [5] which contains proofs of several statements
sketched in [13] as well as several useful improvements of the loc.cit.

2.1 Reminder on the critical cohomology

Let Y be a complex manifold, and f : Y — C a holomorphic function. We de-
fine the vanishing cycles functor ¢y as follows: @ F[—1] := (R {ge(r)<0}F) f-1(0)-
This is a nonstandard definition of this functor, which is equivalent to the
usual one in the complex case. There is an isomorphism Qy ® T4™Y — DQy,
where T is the Tate motive, and D is the Verdier duality. The above isomor-
phism induces an isomorphism

©;Qy ® T — »,DQy. (1)

If g: Y — Y is a map between manifolds, then the natural transformation
of functors I'{re(r)<oy — 9+l'{Re(rq)<019" induces a natural transformation

©f = 9P rgg" (2)

Assume that g is an affine fibration, then by [5, Cor. 2.3] there is a natural
equivalence

CrG1Ge = QP fgs- (3)

Definition 2.1. For any submanifold Y*P C 'Y, the critical cohomology with
compact support HS"*(Y*P_ f) is defined as the cohomology of the following

object in P*(MMHS) (MMHS denotes the category of monodromic mized
Hodge structures):

(C* — Al)g(Ys” XC"=>CHWYPxC" =Y xC)'p:Qyxc,
where u s the coordinate on C*.

Let Y = X x A™ be the total space of the trivial vector bundle, endowed
with the C*-action that acts trivially on X and with weight one on A”. Let
f:Y — Al be a C*-equivariant holomorphic function, where C* acts with
weight one on A'. Then f = Eii? frxg, where {xg, k = 1,...,n} is a linear
coordinate system on A", and f; are functions on X. Let Z C X be the
reduced scheme which is the vanishing locus of all functions f;. Then Z is
independent of the choice of z,. Let 7 : Y — X be the natural projection,
and 7 : Z — X be the closed inclusion.



Theorem 2.2. ( see [5, Cor. A.6]) There is a natural isomorphism of functors
in 2°(MHM(X)):

mMQFT — M0

In particular,

Hy™(Y, f) = H}(Z x A", Q) ~ H}(Z,Q) @ T".
Here MHM(X) denotes the category of mized Hodge modules on X .

IfY; = X; x A™ with equivariant functions f; satisfy the above conditions
for 1 = 1, 2, then we have

Theorem 2.3. (see [5, Prop. A.5])
The following diagram of isomorphisms commutes:

Hco,crit(y’l X }/’2’ fl H f2) Ts Hc.7crit(}/i7 fl) & Hco,c’/‘it(yé’ f2)

H2(Zy x Zy x A"+, Q) Ke H2(Z) x AM,Q) @ H(Z, x A™,Q)

Here T'S denotes the Thom-Sebastiani isomorphism, and Ku the Kiinneth
isomorphism (see loc.cit.).

Corollary 2.4. (see [5, Cor. A.7])
Let X°P C X be a subvariety of X and Y*P = X x A", Z°P = 7 N X*P.
There is a natural isomorphism in MMHS

Hco,crit(YSp7f) ~ HC.(ZSP X An7Q)'

The above statements also hold in equivariant case. Let us recall that
framework. Assume that Y is a G-equivariant vector bundle over X, where
G is an algebraic group embedded in GL(n,C), and f : Y — Al is G-
invariant. Let fr(n,N) be the space of n-tuples of linearly independent
vectors in CV for N > n, and (Y,G)y =Y xg fr(n,N). We denote the
induced function by fy : (Y,G)y — A'. For a G-invariant closed subset
Y’ C Y, we define the equivariant cohomology with compact support by
H"git(Y’, f) = 131_1};0 HS (Y, fy) @ T=4mUrN) swhere Yy, € (Y, G)y is

C,

the subspace of points projected to Y.
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Theorem 2.5. (see [5, Cor. A.8]) Let Y*P = X x A" be the total space of
a sub G-bundle. Then there is an isomorphism in MMHS

H;érzt(ysp f) ~ ;,G(ZSP X An)@)

Moreover, the following diagram of isomorphisms commutes:

Ho cmt<Ysp % Y;p, fl Bﬂ f2> Ts H;érzt(}/lsp, fl) ® Ho cmt(YvQSp,fQ)
c.,G(pr % Z;:D % Am-l—m’(@) Ku ;G(pr X Am,Q) ® H.G(Zsp % An2 Q)

2.2 COHA and preprojective algebras

Let () be a quiver with the set of vertices I and the set of arrows (2. We
denote by a;; € Z=o the number of arrows from ¢ to j for 4,7 € I.

One constructs the double quiver @, the preprojective algebra Iy, and the
triple quiver with potential (CA), W) as follows. For any arrow a : i — j € €Q,
we add an inverse arrow a* : j — i to Q to get Q, then Il = CQ/ Y acala, a’].
Adding loops [; : i — i at each vertex i € I to Q gives us the “triple” quiver
Q. It is endowed with cubic potential W = " _qla,a*|l, where [ = )., [;.
For any dimension vector v = (v%);es € Zéo we have the following algebraic
varieties:

a) the space Mg ., of representations of the double quiver Q in coordinate
spaces (C" )i

b) the similar space of representations My, , of HQ;

¢) the similar space of representations MA of Q

All these spaces of representations are endowed with the action by con-
jugation of the complex algebraic group G, = [],.; GL(v",C).

Let xo(71,72) = x(Ext* (21, 72)) = — 'ZI aivivs + Z:I’y{’yé be the Euler

1,J€ 1€
form on the K group of the category of ﬁn]ite dimensional representations of
@, where x; and x5 are arbitrary representations of () of dimension vectors
~v1 and vy, respectively.

In the context of the previous section, let X = Mg _, Y = M = Mg, X
A" (dot denotes the inner product), and f = T’I‘(W) = Z fikTik,

ielk=1,...,(y")?



where f;, are functions on M@m and {x;;} is a linear coordinate system on
A77. Then Z = My, ,. Denote by My, ., ,, the space of representations of
II, in coordinate spaces of dimension <y; + 2 such that the standard coordi-
nate subspaces of dimension 7; form a subrepresentation. The group G, -, C
G, consisting of transformations preserving subspaces (C”l C C")ier acts
on Mp, 5, ,,- Suppose that we are given a collection of G,-invariant closed
subsets M%‘: , C Mg ., satisfying the following condition: for any short exact

sequence 0 — Ey — E — FE5 — 0 of representations of ) with dimension
vectors 1,y = 71 + Y2, 72 respectively, E € M%p . if and only if E; € M%’ .
and F, € M%’ Then MSP ng x A7,

The COHA of (Q W) (see [13]) induces the coproduct on the vector space
D H.e My, Q) as follows:

'YEZ>0

e Hg My, .,Q) = Hlg (M, ,,Q), which is the pullback associ-
ated to the closed embedding of groups G,, ,, — G, with proper quo—
tient. The projections pry, , v+ (Mg, Gyin), = (Mg, Gy)
duce natural transformations of functors ¢, x — (D7, 49N )1Py.71 79,8 (prvmz, N)*
by (2) and properness of pr,, , v, thus give us

(7T%N)!907/U7N(7T%N)* [—1] = (7~ hi(prsy ,727N)!90(%V1 2)/u,N (D7 72, ) " (0, 3) [ 1]

Here ¢, n = @rrw), , is the vanishing cycles functor of the function
tr(VV)V yon (Mg, Gy) , and @,y 4, n corresponds to Tr(W), 08

n (Mg, Gy ), (Note that in subscript of ¢, 4, v, 7 indicates
the dimension Vector of Mg _, and 1,7, indicate those of G, ,,. We

will use similar notations in the subsequent steps.)

Since the following diagram commutes:

% PTy1,v2,N N *
(Mg, Goye)y, X C Mg, G,), xC

Ty,v1 72, N Ty, N

PTQ 172, N

(M@q, GVlW?)N x C* (M@ﬁ, GW) x C*

N
we have
(T, NPT 1 792, N )12 (. 11.92) /10N (PP 0, 8) ™ (7, 3) [ 1]

= (p"’ém ,7271\{)! (G ,Wz,N)!SO(vm nm)/u,N(W%M 2N (pTém,w,N)* [—1].
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By Theorem 2.2, we have two isomorphisms:
(70,3 )10 /N (T, 8 ) [ 1] 22 (70 )1 (70, 8) " () (2,0)
and

(pT@m ,'yQ,N)! (7"%71 ,WQ,N) 1Py v2) /u,N (.va ,72,N)* '(p/rl@,’}/l ,vz,N)* [—1]
= (pra,')/l,'yg,]\/)! (T 2 N )Ty 1 70 ) (B 1 0 ) (B 0 N ) (prém ,WQ,N)*'

Here i, n and iy, ~,,n are inclusions, and the subscripts have the same
meaning as the vanishing cycles functors above.

Pulling back to M2  x C* gives us the commutative diagram

7N
o crit e,crit
HEGH (M W) HIGE (M2 W)
0 0
HC.vGW (MIS{Q Y7 Q) ® T HC.»Gﬂwz ( HQ Y Q) ® T

H;,GVMQ( HQ 7’ Q) — H: Gwl ., (MHQ e Q) ® T-n

~Hre  (My . Q)@T ", where My, | =My

- Gy vy Mg,v1,72 Mg, ’ymMHQv'Vl V20
it

and My o, C Mg, 5, is the pullback of My x My _ under

the projection My, , 5, = Mg, 5, X Mg, 4,. This is the pullback as-

sociated to the closed embedding My, -, 5, — Mn, . The inclusions

JnaeN - (Mg 0y Gyie) y = (Mg, Gy ap) , induce natural trans-

formations of functors vy 1, vo N = (Jy172,8)« P12, N (Fyimav)™ DY (2).
So we have

(7T'y,'71 ,727N)!90F7,71 2)/u,N (77%71 772,N?* [_ 1]
— (77%71 ,’yz,N)! (]’Yl ,WQ,N)*SO(M 2)/u,N (j’n 7'727N)*(7T’77’YI ,’yz,N)* [_1]'

By the commutative diagram

j71,72,N
* *
(MQm,vz’ G%W)N xC (MQ v G’Ylﬂz)N x C
Ty1v2,N Ty,71:v2:N
]6,71,72,1\7
_ * . *
(MQ:'YL'}Q’ G71772)N xC (MQ;yv G%WQ)N x C



we have

(7_T%w ﬁz,N)! (j’Yl a’szN)*sD(’Yl»’Y?)/qu (jmm,N)* (ij ﬁz,N)* [_ 1]
(]@m ,72,N)* (W’Ylv’szN)!Sp(% 772)/U7N(7T’Yl ,’7271\7)* (Jém,'yg,N)* [_1]-

Then the isomorphisms

(va ,727N)!¢(7771772)/U7N('Tr%'Yl 7727N)*[_1]
= (77%71 nz,N)! (77%71 nz,N)* (lvm nz,N) * (2%71 7’727N)*

and

(‘7:@71 nm,N)* (7?71 ﬁz:N)!SO(vlrrz)/u,N (771 :’Y%N)* (-7'@171,72,N)* [—1]

= (]@,71,72,N)* (7T’Yl ,72,1\7)! (77-717“/2,1\/)* (i% ,72,1\7)* (2'71 ,”/2,N>* (jé,'n ,WQ,N)*

obtained from the theorem give us the commutative diagram by pulling
back to M? x C*:

Qv v1y2,N

Ho,crz’t (Msp W»y) ~ H',crit (Msp W,y)

&G g Qe ,Gryp g Q120
o crit sp o crit AP
HC,GA/LAQ <MQ777 W’Y) HC,G’Yp’Yz (MQ,’yl Y2 W’Yl 7'Y2>
o sp vy o ArP I
HcﬁGﬁleQ (MHQ77’ @) ®T HC,G“/L“/Q <MHQ771772’ Q) ®T
where [y =7 -7 — v - 2.
He MSP ~ H* MSP T—7172 Th
ch’yl,’yg ( g v1,720 @> — CvG’yl XG’YQ ( Ig.mye? @) ® : €
affine fibrations gy, p,, v : (Mg, 0, Gy X Gyy) o = (Mg, 0 Gy)

induce isomorphisms @y, )/, N Q@G- 77 xc-
Q1,2 T Y12/

— (¢4, ,’YQ,N)*Q(MQ G xGy) «c+)- By applying Verdier duality we
1 N

get Q"(w,vz)/mN(@nm,N)!DQ(M@%w,Gﬁ,l XGoy) XC* 7 D@(MQWNQ,GMWQ)NX(C*)'
®

Then P11 772)/U,N((Q'Y1772,N)!Q(M,\ G-, XG’yg)NXC* ;> Q(M

Q,71,72° Qv1v2?

T772) by (1), and (q’Yl,’YQ,N)!SD(%NWYl><72)/U7NQ(M@771W2,G71><G72)N><<C*

G’le’Yz)N xC*
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*
= (q“/17’727N)!S0(’717’Y2,71><’Y2)/U,N(q’71,727N) Q(MA G ) xCx
G ve G2

> P2/ ( Qi G ) xcr ® T772) by (3). Then we have
»72 N

Q71,72

isomorphisms

(W71 7’727N)!90(71 ﬁz)/%N(W’Ylﬂz,N)*(Q(M ) XC* ® T712)

- (ﬂ-’yl 772’N)! (q'yl 7727N)!()0(71a72771 X'Y?)/qu(qul 772’N)*(7r’yl 7727N)*Q(

Q172 Goypve

Mg *e
Q,ryl,«Q’G’YL’YZ)NX(C

The commutative diagram

41,79, N
—~ * N *
<MQ,V1,72’ GW X GW)N xC (MQ,%,W? G%,w)N xC
Ty1,72,71 %72, N Ty1,v2,N
9Q,v1.72.N
_ * — *
<MQm,w G,, x GW)N x C (MQmm’ Gwm)N x C

gives us isomorphisms

(7% ﬁz,N)! (%1 ,vz,N)ISD(vwzm Xm)/u,N(q'n 772,N)*(7T“/1 mz,N)* [_1]
Q,v1,72,N /M My1 72,71 Xv2,N )V (v1,7v2,m1 X2) /u, N Xy v2,71 Xy, N . Q.y1,72,N =1
(95 )i( )i (m )*(ag ) [-1]

Theorem 2.2 implies isomorphisms
(71—71 7721N)!¢(71 ,’72)/U7N(7T711“12,N>* [_1] = (7T’71,V2,N)! (71-71 7“/27N)* (Z'“flﬁ%N)* (i% 7721N)*
and

(%m ,WQ,N)! (Ty1m2m sz,N)!QO('yl 2571 sz)/u,N(ﬂ'w A2 X2 N)" (%m ,WQ,N)* [—1]
= 90,41 ,42,N)! 7TV1772,71X72,N)!(7TV1772,W1sz,N>*<Z71,'y2mXVQ,N)*(Z%W,MX'yz,N)*(q@m,w,N)*~

Pulling back to Mg N X C* gives us the commutative diagram
V1,772,
o crit AP ~ o crit AP -
) ~ ’ ~ Y1772
C,G,“,,72 (MQ,’Yl,’YQ’ W’Yl 7’72) HC,G-Yl XG’YQ (MQ,’yl Y20 W’Yl 772) ® T

l l

I A5P I A5P

Heg, . (Mp,. 0, Q@I "” —Z=Hee o (Mp,,,,,, Q) @ T 217

11



M, = —xg(v2:71)
* HC Gy X G (MHQ’W’WW @> — HC.7G’Yl XGry (MHQ M MHQ 2 @)®T QUM

Similar as the previous step, the affine fibrations p.,, -, v : (M G, x GW)N —

@771,72’
(Mém X MQW .G, X GW)N induce isomorphisms
(P12, N 1931 2 91372, (P ,WQ,N)*Q(MQ7 XMg .Gy xGry) X C*
— wleVQ’N(Q(M@,“/ Mg ., G XG’YQ)NX(C* ® Tl)’Where I = Z 7{75

a:i—>j€@1
Then we have isomorphisms

(71592, N )H(Pa1.92, N 1P (s 72, x72) f10, N (P 92,3) ™ (T sz,N)*Q(MQ Mg Gy X Goy) | XC

~

> (T 92, N 1P (B2 fu, N (T o, V) <Q(MQ~/

LT
vaG'nXG'vg) xcr @ )

The commutative diagram

Py1,v2,N
* R *
Mg, 1 Gy X Goy) X C—————=> (Mg xMg_ .G,y xG,,), xC
Ty1,72,71 Xv2, N Ty1 X2, N
M G, xG Cr el g G, x Gy, xC*
— —
( Qe T X 72)1\7 X ( am X Qw’ X x

implies isomorphisms

(7% X72,N)! (p'ymz,N)!‘P(w 21 X72)/qu(p’Yl’72yN>* (7771 XW2,N)* [—1]
= (p@»yl ,72,N)! (7]—71 Y2571 ><’72,N>!§0(71 Y2571 ><72)/u7N(7TV1 Y2571 ><727N)* (p@,'yl ,'yg,N)* [_ 1] .

By Theorem 2.2, we have
(Tr’YlX’Y27N)!<IO(71EE’YQ)/U,N(7T’YIX’Y27N)*[_1] = (7T’Yl><’Y27N)!(7]-%><727N)*(i71><727N)*(Z.71><721N)*
and

(p@m,yz,N)! (7T71 2 sz,N)!QO('yl 2,7 X'yz)/U,N('ﬂ'w 21 ><727N)Hk (p@,yl ,»yg,N)* [—1]
p@,w,w,N)! Tyt iy %72, N ) T1 1 5728 ) (s y vV ) (B vz s ) (pém ,WQ,N)*-

By pulling back to (1\/%‘:71 X M%pm, G, X G”)N x C*, we have

Ho,crit (Mip W, ) i H;gjf %Gy (MS}) X Mz»§72, W’h H W’YQ) & Tl

6,Gryy XGry Q1727 T2 QM

—~—sp !
HC.,G»Yl XG’YQ (MHQ Y1,Y27 Q) T !

c.,Gm X Gy (MHQ n X MHQ 72” Q) ® T
where [y =y -y —"v -7y, and lo =1 -1 + 72 - 72 + L.

12



b C.vG’Yl XG’YQ (MHQ,'yl Mls_fQ Y2 Q) _> H. Gﬂyl (Mis_fQ Y1’ Q)®H.G (Mls_fQ Y2 Q)
This is the Kiinneth isomorphism compatible with the Thom- Sebastiani
isomorphism by Theorem 2.3.

The above computations can be summarized for convience of the reader
in the form of the following statement.

Proposition 2.6. The coproduct making the vector space @ H G(Z\d%pQ Q)
7€Z>0
into a coalgebra is given by the composition of the maps

CG (M.SHPQ 77@) CG’Yl 72( er 'Y’Q)
. ° 5D e
Hc Gwl 72 (JM%Q’M’W’ @) ® T = H Gv1 Y2 (MHQ”Yl,’YQ’ Q) ® T oz

2
CGMXG“Q( HQ’Ylw’Q)@T e
D - ) - )
CGW1><G’YQ( HQ .’ ]MT]Q 72,@) ® T—xe(:72)=xq(r2:m)
p

Hc GW1( T, 71,@) & H'G (Mf_i”Q o Q) ® T~ xQ(r2)—xQ(v2m)

72

Now let H, := Hlg (My, ,, Q)" @ T™x@ 0 and H = €@ H,. Then
'yGZéO
the above coproduct makes H an associative algebra with product

'Hyl & HW = C'le (Mf.f@ 71,Q)V ® T—xe(v1,71) ® H' . (MISTPQ " Q)V ® T—Xe(r272)

H;,G'n ( HQ 71’ Q) ® H.G'yg <MSHpQ Y2 Q) ® T XQ(’Yl”Yl) XQ(’YQ”YQ)

HC"G71+72 (M?IPQ . Q)Y ®T- xeMmm2)=xQ(r2m) @ T—xe(r1:m)—xQ(r2,72)

= ° —xQ(rtyzm+r2) —
N HchW1+W2 (MHQv’YH"YQ’ Q) ® T xe - %71+’72'

Nzlw

i

Definition 2.7. The associative algebra H is called the Cohomological Hall
algebra of the preprojective algebra Ilg associated with the quiver Q).

Remark 2.8. In the framework of equivariant K-theory a similar notion
was introduced in [19].

Corollary 2.9. This product preserves the modified cohomological degree,

thus the zero degree part H* = @ H) = @ H;g@(%“f)(wm’@)v
VGZ‘;O wezéo

T-Xxe() s a subalgebra of H.

We can reformulate the definition of COHA of Il using language of
stacks. The natural morphism of stacks M, 1, 4,/ Gy, — Mg, /Gy is
proper, hence it induces the pushforward map on H. Composting it with the
pullback by the morphism M, 1, 4,/ G v = Mg, /Gy X Mg 4,/ Go,,
we obtain the product.
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2.3 Lusztig’s seminilpotent Lagrangian subvariety

In this subsection we work in the framework close to the one from [1].

Let @ be a quiver (possibly with loops) with vertices I and arrows €2, and
denote by €2; the set of loops at ¢ € I. We call 7 imaginary if the number
of loops w; = || > 1, and real if w; = 0. Let I"™ be the set of imaginary
vertices and ["¢ real vertices.

Definition 2.10. A representation x € Mg is seminilpotent if there is an
I-graded filtration W = (Wo =V, D ... D W, = {0}) of the representation
space Vo, = (Vi)ier, such that x,- (W ) Q Wei1, and x,(Wo) C W, for a € Q.

Remark 2.11. Our definition of seminilpotency is slightly different from that
in [1]. We put nilpotent condition on the dual arrows a* rather than a. But
main results of [1] hold in our situation as well.

We denote by M °p the space of seminilpotent representations of dimen-

sion . Then by [1, Th 1.15], the space of seminipotnet representations of
I of dimension -, Mer . C M °P is a Lagrangian subvariety of Mg,
Let My, ., = {2 € My, |Cod1m( B @ ) @Im%) =1}. Then My, =
z,a:]%zm

U My by the seminilpotency condition. There is a one to one corre-

Tlg,v,i,l
iell>1
spondence of the sets of irreducible components (see [1, Prop.1.14])

Irr(M;?

g ,v,i,l

) —> II'I'(M —le; 20) X Il"l"(Ml—f)Q lq) (4>

where ¢; = (0;;) er. For any vertex 4, we have r(My ) = || Irr(MsHpQ i)
>

If i € I" then Irr(Ml‘g—nylei) consists of only one element, namely the zero
representation. We denote by Z;; the only element in Irr(Ml‘ifQJei). Ifi e '™,
then there are two cases. If the number of loops w; = 1, then IH(M?Q,ZQ) is
parametrized by €;; = {¢ = (c)}, the set of partitions of [ (i.e., >, ¢ =1,
¢k > 0,Vk, and ¢;yq > ¢). If w; > 1, then it is parametrized by the set of
compositions also denoted by &€;; (i.e., >, cx =1, ¢ > 0,VEk).

We put [c] = >, ¢ for ¢ € €, and denote by Z;. € Irr(Myy;..) the
irreducible component corresponding to c. Let Z € Irr(Mf{’Qﬁ), then there
exists ¢ € I and | > 1 such that ZanfQ,«,,i,l is dense in Z. We denote by
g:(Z) the corresponding partition or composition if 1 € I'™, and &;(Z) = [ if
i € I, via the one to one correspondence (4).

14



Now let ., be the Q-vector space of constructible functions f : M‘f{’Qﬁ —
Q which are constant on any G,-orbit, and .# = P, .#,. Then one can
define a product * on .# in the way which is analogous to the definition of
Lusztig for nilponent case in [14, Section 12].

More precisely, let us denote by Mf-[pQ’V the space of seminilpotent repre-
sentations of Il with I-graded vector space V, and .#y the Q-vector space
of constructible functions f : M?f@yv — Q constant on any G-orbit. Let V7,
Vo and V' be I-graded vector spaces of dimensions 7y, 72 and v = v, + 7
respectively, and f; € #y,, i = 1,2. Then f, * fo € Ay is defined using the
diagram

Sp sp P1 ’ P2 7 p3 sp
NIHQ,V1 X MHQ,VQ F F MHQ,V

where the notations are as follows: F” is the variety of pairs (z,U) with
WS MprQy and U an z-stable I-graded subspace of V' with dimension ~,; F”
is the variety of quadruples (z,U, R”, R') where (z,U) € F", R" : Vo — U
and R’ : V; — V/U. The maps p,(z,U, R", R') = (21, z2) where 1R = R'x;
and xR" = R"xy, po(x, U, R", R') = (x,U), and p3(z,U) = x. Note that ps is
a Gy, X Gy,-princepal bundle and ps is proper. Let f(zq,22) = fi(z1) f2(x2),
then there is a unique function f5 € .#p» such that pjf = pifs. Finally,
define fi * fo = (p3)i(f3). By identifying the vector spaces .# for various V
with .#, in a coherent way (dim(V') = ~), we define the product * on .Z,
making it an associative QQ-algebra.
One can also reformulate this product using the diagram of stacks

MHQ,%/G% X MHQ,'Yl/G'Yl — MHQ7'Y27’71/G’Y2"71 - MHQKY/G'Y'

We denote by 1;. (resp. 1;;) the characteristic function of Z;. (resp.
Zi1), and My C A the subalgebra generated by L and 1;;. For any
Z € Irr(Myy, ) and f € A, let pz(f) = cif Z (N f'(c) is open dense in Z.

Theorem 2.12. (see [1, Prop. 1.18]) For any Z € Irr(My, ) there exists
fz € My = My M, such that pz(fz) =1, and py(fz) =0 for Z' # Z.

2.4 Generalized quantum group

We recall some definitions and facts about generalized quantum group intro-
duced in [1].
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Let (e, @) be the symmetric Euler form on Z’ defined by (i,7) = 25;; —
aij — aji, and (¢, 7) = 1(i,7) if o = (i,1) € Io = (I"* x {1}) Y(I"™ x N3;) and
jel.

Definition 2.13. Let F be the Q(v)-algebra generated by (E,),cr.., N -graded
by |E,| =1i for .= (i,1). If AC N’ then let F[A] = {E € F||E| € A}.

For any v = (7%);er € Z', let ht(y) = >, 7" be its height, and v, = ivgi,

where v; = v)/2. We endow F with a coproduct §(E;;) = >, v E;;, Eiy,,
l1+12=1

where E; o = 1. Then for any family (v,),er.,, € Q(v), there is a bilinear form

{e,®} on F' such that
o {E,E'} =0if [E] # |E],
e {E,E}=uv,Y€ I,
e {EE E"}y={F®FE 0FE")},VE,E'E" € F.

El2
It turns out that > (—1)h ilEL /,1 is in the radical of {e, e}.
Litle=—(u,5)+1

Definition 2.14. Let U+ be the quotient of F' by the ideal generated by the
above element and the commutators [E;;, E; i) for w; = 1. Then {e, 0} is

well-defined on U+. Let Ut be the quotient of Ut by the radical of {o,0}.

Theorem 2.15. (see [1, Th. 3.34]) There is an isomorphism of algebras
(b . Z/{;F:l % %{),

Ei,(l) — 12-7(1), 1€ Iim,
Ei,l — ]_@1, 1€ 1.

Definition 2.16. The semicanonical basis of U,_; is ¢~ ({fz|Z € Irr(Mir,)}).

2.5 Semicanonical basis of #°

We have already seen that for an appropriate subspace M%’ , C Mg ., the

degree 0 part H° of COHA is a subalgebra. In particular, we can take

MSP to be the space of seminilpotent representations of Q. Then MHQ ,
the space of seminilpotent representations in My, ,, and dlm(MSp ie )
—xq(7,7), so the classes of irreducible components {[Z]|Z € Irr(Mf{’Qﬁ)} lie

in H°. In fact, these classes form a basis of H° by the following theorem.
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Theorem 2.17. Let X be a scheme with top dimensional irreducible com-
ponents {C*}, and a connected algebraic group G acts on it. Then chfép(X)

has a basis one to one corresponding to {C*}, where top is the dimension of
the stack X/G.

Proof. Choose an embedding G < GL(n,C). Let fr(n,N) be the space of
n-tuples of linearly independent vectors in CV for N > n. Then X x fr(n, N)
has irreducible components {C* x fr(n, N)}, thus X xg fr(n,N) = (X x
fr(n,N))/G has irreducible components {C*} one to one corresponding to
{C*} since G is irreducible. Then the Borel-Moore homology HEM (X x¢
fr(n,N)) has a basis {{C*]}, where @ = dim(X) + dim(fr(n, N)) — dimG,
implying that H?*(X xg fr(n,N))" = HEM(X x¢g fr(n, N)) has basis one
to one corresponding to {C*} (For details of Borel-Moore homology, see [4,
Section 2.6]). Then Hztgp(X) = ]\}1_r>n H?*(X xg fr(n,N)) @ T~dmfr(nN) hag

basis one to one corresponding to {C*}, where top = e — dim(fr(n, N)) =
dim(X/QG). O

Definition 2.18. We call the basis defined above the semicanonical basis of
the subalgebra HP.

Given an element F in 2°(X) with constructible cohomology, and x &
X, the function x(F)(z) = x(Fx) = >_;(=1)'dim(H*(F,)) is constructible.
Moreover, the standard operations (pullback, pushforward, etc.) in 2°(X)
and the corresponding operations on constructible functions are compatible.

Recall the family of constructible functions {fz|Z € Irr(My,)}. Then
Uy = f,'(1) is constructible. Let fzx be the characteristic function of
(Uz,G,)y, and Qz n be the constant sheaf on (Uz, G,),. Since the opera-
tions on constructible functions and constructible sheaves agree, there is an
isomorphism of algebras U : H° — #;7,[Z] — fz. It is obtained by taking
the dual of compactly supported cohomology and passing to the limit.

Furthermore, notice that H® ~ (U,_,)°, and that Lusztig’s product * is
opposite to the product of COHA (see the end of Section 2.3).

The semicanonical basis of H° is compatible with a certain filtration.
More precisely, we have the following result.

Theorem 2.19. Fizd = (d;) € ZL,. Then the subspace spanned by {[Z]|3i, s.t.|e;(Z)| >
d;} coincides with Y.,  H°[Z; ], where Z; . € Irr(M, ) is the irreducible

i€l |c|=d; ’
component corresponding to ¢ (defined in Section 2.3), and ¢ =1 if i € I"®.
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Proof. By definitions, Y. H°[Z;.] is contained in the subspace spanned
’L'EI,|C|=d¢
by {[Z]|3i,s.t.le;(Z)| = d;}. To prove the reverse inclusion it suffices to
show that for any i € I, v € ZL,, and [Z] € H’ such that Z € Trr(My, )
and |e;(Z)| = 1, we have [Z] € > H"[Z;.]. We use descending induction
le|=t
on | < 7. For above Z, we have v — le; € N, and by the proof of [1,
Pro. 1.18], there exists a unique Z’ € Irr(Myy, ) and Z;. € Irr(Myy, ,..)
such that |e;(Z')] = 0 and [Z'][Z;c] = Z+ ). az[Z] for some az € Q. By
lei(Z)1>1
applying the induction hypothesis to Z we have that the subspace spanned
by {[Z]|3i,s.t.|ei(Z)| > d;} is contained in Y, H°[Z;.]. Thus the two
’L‘EI,‘C‘:di
subspaces coincide. ]
The dual of representations of Il induces a bijection * : Irr(Mf-fQﬁ) —

Irr(Myr, ), Z + Z*, thus an antiautomorphism of H°. Then the dual of the
above theorem holds:

Theorem 2.20. The subspace spanned by {[Z]|3i, s.t.|e;(Z*)| = d;} coincides
with Z [Zi,C]HO.

iEI,|c|:di

3 2CY categories and Donaldson-Thomas se-
ries

In Section 2 we discussed the semicanonical basis obtained as a result of the

dimensional reduction from 3CY category to the 2-dimensional category. In
this section we are going to discuss DT-series for 2C'Y" categories.

3.1 DMotivic stack functions and motivic Hall algebras:
reminder

Let X be a constructible set over a field k of characteristic zero, G an affine

algebraic group acting on X. In this section we are going to recall the

definition of the abelian group of stack functions Moty ((X,G)) following
[12, Section 4] (see also [9] for a different exposition).
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Let us consider the following 2-category of constructible stacks over k.
Objects are pairs (X, G), where X is a constructible set, and G is an affine al-
gebraic group acting on it. The category of 1-morphisms Hom((Xy, G1), (X2, G2))
consists of pairs (Z, f), where Z is a GG; x Ggo-constructible set such that
{e} x G acts freely on Z in such a way that we have the induced G-
equivariant isomorphism Z/Gs ~ X;, and f : Z — X, is a G1 X Gy-
equivariant map with trivial action of G; on X,. Furthermore, objects of
Hom((X1,G1), (X2, G2)) form naturally a groupoid. The 2-category of con-
structible stacks carries a direct sum operation induced by disjoint union of
stacks.

After the above preliminaries we define the group of motivic stack func-
tions Moty ((X,G)) as the abelian group generated by isomorphism classes
of 1-morphisms of stacks [(Y,H) — (X,G)] with the fixed target (X,G),
subject to the relations

o (Y1, Hy) U (Yy, Hp)) — (X, G)] = [(V1, Hy) = (X, G)] + [(Yo, Hs) —
(X, G,

o (Yo, H) —» (X,G)] = [(Y1 x A{, H) — (X,Q)] if Yo — Y] is an H-
equivariant constructible vector bundle of rank d.

One can define pullbacks, pushforwards and fiber products of elements of
Moty ((X,G)) in the natural way (see loc.cit.).

Let C be an ind-constructible locally regular (e.g. locally Artin) tri-
angulated A,-category over a field k (see [12]). Then the stack of ob-
jects admits a countable decomposition into the union of quotient stacks
Ob(C) = Uier(Yi, GL(N;)), where Y; is a reduced algebraic scheme acted by
the group GL(N;).

Definition 3.1. (c¢f. [12]) The motivic Hall algebra H(C) is the Mot(Spec(k))—module
D.cr Mot (Y, GL(N;))[L",n < 0] (i.e. we estend the direct sum of the

groups of motivic stack functions by adding negative powers of the Lefschetz

motive L), endowed with the product defined below.

The product is defined as follows. Let us denote dimEzt'(E,F) by
(E, F');, and use the truncated Euler characteristic (E, F)<y = >, n(=1)"(E, F);.
Let [m; : Yi — Ob(C)],i = 1,2 be two elements of H(C), then for any n € Z
we have constructible sets

W = {1, 42, @)|yi € Yy, @ € Bt (ma(ya), m (1)), (m2(y2), m(y1)) <o = n}.
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Then [tot((m x m)*(EXT!)) = Ob(C)] = 3, c7[Wn — Ob(C)]. Define the
product [Y; = Ob(C)] - [Yo — Ob(C)] = >, cz[Wn — Ob(C)]L™", where the
map W,, — Ob(C) is given by (y1,y2, @) — Cone(a : m2(y2)[—1] — m1(y1)).

Theorem 3.2. (see [12, Prop. 10]) The algebra H(C) is associative.

For a constructible stability condition on C with an ind-constructible class
map cl : Ko(C) — T, a central charge Z : I' — C, a strict sector V C R?
and a branch Log of the logarithm function on V', we have (see [12]) the
category Cy := Cy, 104 generated by semistables with the central charge in V.
Then we define the corresponding completed motivic Hall algebra q (Cy) :=

I H(Cy Nel™(7)). It contains an invertible element Al =
YE(INC(V,Z,Q)) {0}
L4 = > .cr Lovey)ny,,arLn,)), Where 1 comes from the zero object. The
element Ay corresponds (roughly) to the sum over all isomorphism classes
of objects of Cy, each counted with the weight given by the inverse to the

motive of the group of automorphisms.

Theorem 3.3. (sce [12, Prop. 11]) The elements A satisfy the Factor-
1zation Property:
A‘Ijall — A{/Ilall . A‘I};all

for a strict sector V.= Vi UV, (decomposition in the clockwise order).
Let’s fix the following data:

(1) a triple (I, (o, ®), Q) consisting of a free abelian group I" of finite rank
endowed with a bilinear form (e, @) : '@ ' — 7Z, and a quadratic form
Qonlg=T®R,

(2) an ind-constructible , Gal(k/k)— equivariant homomorphism cli : Ko(C(k)) —
[' compatible with the Euler form of C and the bilinear form (e, e),

(3) a constructible stability condition o € Stab(C, cl) compatible with the
quadratic form @ in the sense that Q|ker(z) < 0 and Q(clg(E)) > 0,

VE € C*(k).

We define the quantum torus Rr g over a given commutative unital ring R

containing an invertible symbol L? as an R-linear associative algebra Rr g :=
®76F R - €,, where the generators e,y € I' satisfy the relations e, e,, =

L%”Wﬂaﬁw, €0 = 1. For any strict sector V' C R?, we define the quantum
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torus associated with V' by Ry g := 1T R-e,, where Cy(V, Z,Q) =
~eTNCo(V,Z,Q)

C(V,Z,Q)U{0}, and C(V, Z, Q) is the convex cone generated by S(V, Z, Q) =

{r e 'r \ {0}[Z(z) € V,Q(x) > 0}.

In the case when C is a 3C'Y" category, one can define a homomorphism
from the algebra H(Cy) to an appropriate motivic quantum torus (the word
“motivic” here means that the coefficient ring R is a certain ring of motivic
functions). This homomorphism was defined in [12] via the motivic Milnor
fiber of the potential of the 3C'Y category. The notion of motivic DT-series
was also introduced in the loc.cit.

It was later shown in [13] that in the case of quivers with potential one
can define motivic DT-series differently, using equivariant critical cohomology
(cf. our Section 2). In that case instead of the motivic Hall algebra one uses

COHA.

3.2 A class of 2C'Y categories

Let us consider a class of 2-dimensional Calabi-Yau categories C which are:
1) Ind-constructible and locally ind-Artin in the sense of [12].

2) Endowed with a constructible homomorphism of abelian groups (class
map) cl : Ko(C) — T, where I' ~~ Z! carries a symmetric integer bilinear
form (e, e), and the class map cl satisfies (cl(E),cl(F)) = x(E, F) =
> iez(—1)'dimExt'(E, F).

3) Generated by a spherical collection €& = (E;);cr in the sense of loc. cit.
such that cl(E;) € I ~ ZL,. This means that Ext*(E;, E;) ~ H*(5?),
and that Ext™(E;, E;) can be non-trivial for m = 1 only as long as
i .

4) For any v € I'y the stack C,(£) of objects F' of the heart of the ¢-

structure corresponding to (FE;);c; such that c/(F) = v is a countable
disjoint union of Artin stacks of dimensions less or equal than —31(v,7).

5) For any strict sector V' C R? with the vertex at (0,0), and a con-
structible stability central charge Z : I' — C such that Im(Z(E;)) :=
Z(cl(E;)) € Vi € I, the stack of objects of the category Cy generated
by semistable objects with central charges in V' is a finite union of Artin
stacks satisfying the inequality of 4) above.
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With the category from our class one can associate a symmetric quiver
(vertices correspond to spherical objects E; and arrows correspond to a basis
in Ext'(E;, E;)). Similarly to [12], Section 8 one can prove a classification
theorem for our categories in terms of Ginzburg algebras associated with
quivers. Many 2C'Y categories which appear in “nature” belong to our class.
For example, if () is not an ADE quiver, then the derived category of finite-
dimensional representations of Il belongs to our class. Without any restric-
tions on () one can construct a 2C'Y category as the category of dg-modules
over the corresponding Ginzburg algebra.

3.3 Stability conditions and braid group action

Assume that C is a 2CY category from our class. We consider an open
subset of the space Stab(C) of stability conditions which is defined as U :=
[Lc;(Imz > 0), ie. it is a product of upper-half planes. A point Z =
(2:)icr € U defines the central charge Z : I' ;== Z! — C which maps classes
of spherical generators to the open upper-half plane (hence the stability con-
dition is determined by Z and the ¢-structure in C generated by (E;)cr).

Recall that with every ¢y € I we can associate an autoequivalence of C
(called reflection functor) by the formula

Rp, : F'w Cone(Ext* (B, F) @ F' — F).

7

Then Rg, (Ei,) = Ei,[-1], and Rg, (Ej),j # io is determined as the
middle term in the extension

0— E; = Rg, (E;) = E;, ® Ext' (E;, E;) = 0.

07

The inverse reflection functor R]_Ei1 is given by
0

Ry (Ey,) = Ei [1],

0

0 — B, ® Ext'(E;,, E;) — REjO(Ej) — E; — 0.

Reflection functors Rp,,i € I generate a subgroup Braide C Aut(C),
which induces an action on Stab(C). The orbit D := Braide(U) C Stab(C)
is the union of consecutive “chambers” obtained one from another one by
reflection functor Rg;. Such consecutive chambers have a common real codi-
mension one boundary singled out by the condition Im Z(E;) = 0.
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Remark 3.4. The group Braide plays a role of the braid group (or Weyl
group) in the theory of Kac-Moody algebras. If we add also the group Z of
shifts F' — F[n],n € Z then we obtain an affine version of the braid group
Braide X 7. In some examples 7, C Braide.

3.4 Motivic DT-series for 2CY categories

Let C be an ind-constructible locally regular 2C'Y category over k. Let us fix
R = Mot(Spec(k)) as the ground ring for the quantum torus Rr z. We will
denote the latter by Rp. It is a commutative algebra generated by elements
€,,7 € I' such that e, ., = e,,€,,, e = 1. Let us also fix a stability condition
on C with the central charge Z : ' — C.

Definition 3.5. The motivic weight w € Mot(Ob(C)) is defined by w(E) =
LAGEE))

Then we have the following result.

Proposition 3.6. The map ® : H(C) — Rr given by ®(v) = (v,w)e,,v €
H(C), satisfies the condition ®(vy - v5) = ®(11)P(1va) for Arg(y1) > Arg(yz),
where v; € H(C).,. (here (o, ) is the pairing between motivic measures and
motivic functions.)

In other words, ® can be written as [7 : Y — Ob(C)] — fY L%X(”(y)m(y))@d(ﬂ(y)).

Proof. 1t suffices to prove the theorem for vg, = [0g, : pt — Ob(C)], where
o, (pt) = E; € Ob(C). Recall that we denote dim Ext'(E, F) by (E, F);,i €
Z.

We have ®(vg,) = L%X(E"’Ei)é\%, which implies that ®(vg,)®(vg,) =
L%(X(El’E1)+X(E2’E2))€71+72.

On the other hand, vp, - vg, = L™ E2E)<0[ry, « Eat!(Ey, Ey) — Ob(C)].
Then

. — T —(E2,E1)<0 IN(Ea,Ea
(I)<I/E1 VEZ) - ]L - faGEItl(EQ,E1) ]LQ
_ —(E2,E1)<oT % (x(E1,E1)+Xx(E2,E2)+x(E1,E2)+x(E2,E1)) >
= L 0Lz faeExtl(Ez,El) Ey1t2

)/\
6’}’1 +72

—(E9,E1) <o+2(x(E1,E1)+x(E2,E2))+x(E2,E Es.E1)15
L—( )<ot3 (x( )+x( N+x(E2, )] (E2 e

1
_ 5 (X(E1,E1)+x(E2,E2))+(E2,E1)25
— La&( )+x( N+( ) €1t

If Arg(y1) > Arg(7s), then (Es, Ey)y = (E1, Ey)o = 0. Thus ®(vg,-vg,) =
<I>(VE1)(I)(VE2)- D
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Recall the categories Cy and set V' = [ be a ray. For a generic central
charge Z let us consider the generating function

w(E)/e\cl(E)
4mot §
[E],E€Ob(C;)

(E.E t cl(E)

[E],E€0b(C))

where t = e, for a primitive v, such that Z(vyy) € [ generates Z(I') N
[ and [Aut(FE)] denotes the motive of the group of automorphisms of E.
More invariantly, A" = ®(AH) where A% € H(C;) corresponds to the
characteristic function of the stack of objects of the full subcategory C; C C
generated by semistables E such that Z(FE) € [ (cf. loc.cit.).

Definition 3.7. We call A™" the motivic DT-series of C corresponding to
the ray .

Suppose that C is associated with the preprojective algebra IIg. One can
show that A" can be obtained from the motivic DT-series for the 3CY
category associated with (@, W) by the reduction to C. Similarly to A" we
define AP for any strict sector V.

The Proposition 3.6 implies that the series A7 is the (clockwise) product
of A" over all rays [ C V. This can be also derived from the dimensional
reduction and the results of [12].

Corollary 3.8. The collections of elements A7t = ®(AHN) parametrized by
strict sectors V. C R? with the vertex in the origin satisfies the Factorization

Property: if a strict sector V is decomposed into a disjoint union V= ViUV,
in the clockwise order, then Ay = ARt ARt

Proposition 3.9. Motivic DT-series A" is constant on each connected
component of the space of stability conditions.

Proof. Similarly to the case of 3C'Y" categories, each element A7*** does not
change when we move in the space of stability conditions on C in such a way
that central charges of semistable object neither enter nor leave the sector
V. But in the case of 2C'Y categories the Euler form is symmetric, hence
the motivic quantum torus is commutative. It follows that the wall-crossing
formulas from [12] are trivial. This implies the result. O
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For a 2C'Y category form our class one can construct the corresponding
3CY category (see Introduction). We expect that the motivic DT-series
arising in this situation are quantum admissible in the sense of [13] and can
be described in terms of the corresponding COHA (the latter is expected to
exist for quite general 3C'Y categories, see [18]).

Therefore, by analogy with the case of 3C'Y categories, we can define DT-
invariants Q(7) in 2CY case using (quantum) admissibility (see [13], Section
6) of our DT-series by the formula:

APt = Sym ZL” Z Qy)e, | =

n>0  ~y#£0,Z(y)eV

_ Sym (ny;ﬁozw)ev Q(v)%)

1-L

By Proposition 3.9 our motivic DT-invariants €2(y) depend only on the
connected component of Stab(C) which contains Z. The Conjecture 3.10 (see
next subsection) says that () is (essentially) the same as Kac polynomial
a(LL) (or the motivic DT-invariant of the corresponding 3CY category, see
Introduction).

Let us fix the connected component in Stab(C) which contains such cen-
tral charge Z that for each spherical generator E; of C we have Z(FE;) =
(0,...,1,...0) (the only nontrivial element 1 at the i-th place). We will call
the corresponding ¢-structure standard. We denote the corresponding motivic
DT-invariants by Q2" (~).

3.5 Kac polynomial of a 2CY category

We can now introduce an analog of the Kac polynomial in the case of a 2C'Y
category from our class following the ideas of [16].

Notice that the coefficient ring Mot(Spec(k)) of the quantum torus Rr
has a A—ring structure, which can be lifted to the quantum torus (which is
commutative in the case of 2CY categories). Recall that for a A-ring we can
introduce the operation of symmetrization by the formula:

Sym(r) =) _ Sym"(r) =Y (=1)"N"(=r) = Y _(=1)"A"(r)) "

n=>0 n=>0 n=>0
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For any ray [ C H,, where H, is the upper half plane, we have the (quantum)
admissible element A"

Let C be a 2CY category from our class. We fix the standard ¢-structure.
Recall the motivic DT-series AJ"".
Conjecture 3.10. There ewist elements al*(IL) € Mot(Spec(k)) which are
polynomials in 1L and such that the following formula holds in the (commu-
tative) motivic quantum torus:

At = Sym (Z%wa(_a@”m(ﬂ‘) ']L)g”) :

1-L

Furthermore, there exists a 3CY category B such that the elements a™* (L)
coincide with motivic DT -invariants with respect to some stability condition
on B.

Some related results can be found in [3], [6] [8], and especially in [16].
In fact Theorem 5.1 from [16] establishes the Conjecture in the framework
of quivers. More precisely, if C is the 2C'Y category associated with the
preprojective algebra of a quiver, then for its standard ¢-structure the element
aZ'*(IL) coincides with the Kac polynomial a,(IL) of the Kac-Moody algebra
corresponding to the quiver.

We plan to discuss the general case in the future work.
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