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1 Introduction

The goal of this paper is to geometrize Homological Mirror Symmetry (HMS) in order to
get some geometric consequences. We introduce the idea of Landau-Ginzburg models with
several potentials and show how to exchange the role of a divisor and a potential. The novelty
of the paper is in introducing several new approaches for studying the connection of HMS
with coverings, linear systems, taking divisors out. We also suggest ways to employ even
further Hodge theory and higher categories in HMS. The paper is somewhat of an appendix
to [KKP08a] - we try to run some algebro-geometric constructions through HMS to extract
information for both the A and B sides. We explain in some detail how Birational Geometry
interacts with HMS with hope that we or others will look at possible applications of the
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constructions outlined here in the future. The geometric applications we have in mind are
rationality questions. We outline a new approach of studying non-rationality of algebraic
varieties based on HMS, categories and vanishing cycles. We give several examples.

Acknowledgments: We are grateful to D. Auroux, V. Golyshev, M. Gross, T. Pantev,
P. Seidel, D. Orlov, M. Kontsevich, A. Kuznetsov, V. Przyjalkowski for many useful conver-
sations. Many thanks go to V. Boutchaktchiev without whom this paper would not have
been written. We are grateful to IHES, ESI and EPFL for the support,

This paper came out of a talk given in Augsburg 2007. We apologize for the rather terse
exposition due to pressure with time. More details will appear elsewhere.

2 Generalized HMS

Mirror symmetry was introduced as a duality between two N = 2 super conformal field
theories. Historically, the first version of the HMS conjecture was formulated for Calabi-
Yau manifolds. Generalizations to symplectic manifolds with nonzero first Chern class,
and the role of Landau-Ginzburg models as their mirrors, appeared soon afterward, first in
mathematics and then in physics. From a mathematical point of view, this generalization
covers a variety of issues of vastly different complexity.

We first recall some basic notions and facts about the categories we are going to use.
These categories and their modifications will play an important role throughout the paper.
The following definition is due to P. Seidel. Historically the idea was introduced first by
M. Kontsevich and later studied by K. Hori. We begin by briefly reviewing Seidel’s con-
struction of a Fukaya-type A∞-category associated to a symplectic Lefschetz pencil.

Let (X, ω) be an open symplectic manifold of dimension dimR X = 2n. Let f : X → C

be a symplectic Lefschetz fibration, i.e. f is a C∞ complex-valued function with isolated
non-degenerate critical points p1, . . . , pr near which f is given in adapted complex local coor-
dinates by f(z1, . . . , zn) = f(pi)+z2

1 + · · ·+z2
n, and whose fibers are symplectic submanifolds

of X. Fix a regular value λ0 of f , and consider an arc γ ⊂ C joining λ0 to a critical value
λi = f(pi). Using the horizontal distribution which is symplectic orthogonal to the fibers
of f , we can transport the vanishing cycle at pi along the arc γ to obtain a Lagrangian
disc Dγ ⊂ X fibered over γ, whose boundary is an embedded Lagrangian sphere Lγ in the
fiber Σ0 = f−1(λ0). The Lagrangian disc Dγ is called the Lefschetz thimble over γ, and its
boundary Lγ is the vanishing cycle associated to the critical point pi and to the arc γ.

Let γ1, . . . , γr be a collection of arcs in C joining the reference point λ0 to the various
critical values of f , intersecting each other only at λ0, and ordered in the clockwise direction
around p0. Each arc γi gives rise to a Lefschetz thimble Di ⊂ X, whose boundary is
a Lagrangian sphere Li ⊂ Σ0. We can assume that these spheres intersect each other
transversely inside Σ0 - see [Sei07].

Definition 2.1 (Seidel) The directed Fukaya category FS(f ; {γi}) is the following A∞-
category (over a coefficient ring R): the objects of FS(f ; {γi}) are the Lagrangian vanishing
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cycles L1, . . . , Lr; the morphisms between the objects are given by

Hom(Li, Lj) =











CF ∗(Li, Lj ; R) = R|Li∩Lj | if i < j

R · id if i = j

0 if i > j;

and the differential m1, composition m2 and higher order products mk are defined in terms
of Lagrangian Floer homology inside Σ0.

More precisely,

mk : Hom(Li0 , Li1) ⊗ · · · ⊗ Hom(Lik−1
, Lik) → Hom(Li0 , Lik)[2 − k]

is trivial when the inequality i0 < i1 < · · · < ik fails to hold (i.e. it is always zero in this case,
except for m2 where composition with an identity morphism is given by the obvious formula).

When i0 < · · · < ik, mk is defined by fixing a generic ω-compatible almost-complex struc-
ture on Σ0 and counting pseudo-holomorphic maps from a disc with k + 1 cyclically ordered
marked points on its boundary to Σ0, mapping the marked points to the given intersection
points between vanishing cycles, and the portions of boundary between them to Li0 , . . . , Lik

respectively.

Let X be a complex algebraic variety (or a complex manifold). Denote by OX the sheaf of
regular functions (or the sheaf of holomorphic functions). Coherent sheaves form an abelian
category which will be denoted by Coh(X). Following [Orl04] we define:

Definition 2.2 (Orlov) The derived category Db(Y, w) of a holomorphic potential
w : Y → C is defined as the direct sum

Db(Y, w) :=
∐

t

Db
sing(Yt)

of the derived categories of singularities Db
sing(Yt) of all fibers Yt := w

−1(t) of w.
The category Db

sing(Yt) = Db(Yt)/ Perf(Yt) is defined as the quotient category of derived
category of coherent sheaves Db(Coh(Yt)) on Yt modulo the full triangulated subcategory of
perfect complexes on Yt. Note that Db

sing(Yt) is non-trivial only for singular fibers Yt.

Here is a schematic picture of the version of HMS discussed above. The table bellow lists
all geometric objects involved, and the categories associated to them:
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A-models (symplectic) B-models (algebraic)

X = (X, ω) a closed symplectic manifold X a smooth projective variety

Fukaya category Fuk(X):
objects are Lagrangian submanifolds L
(maybe equipped with flat line bun-
dles), morphisms are given by Floer co-
homology HF ∗(L0, L1)

Derived category Db(X):
objects are complexes of coherent
sheaves E , morphisms are Ext∗(E0, E1)

gg

''OOOOOOOOOOOOO 77

wwooooooooooooo

Y non-compact symplectic manifold,
with a proper map W : Y → C which is
a symplectic fibration with singularities

Y smooth quasi-projective variety, with
a proper holomorphic map W : Y → C

Relative Fukaya category Fuk(W ):
objects are Lagrangian submanifolds
L ⊂ Y which, at infinity, are fibered
over R+ ⊂ C. The morphisms are
HF ∗(L+

0 , L1), where the superscript +
indicates a perturbation removing inter-
section points at infinity

The category Db
sing(W ) of algebraic B-

branes, obtained by considering the sin-
gular fibres Yz = W−1(z), and divid-
ing Db(Yz) by the subcategory of perfect
complexes Perf (Yz), then taking the di-
rect sum over all such z.

The smooth quasi-projective variety Y , with a proper holomorphic map W : Y → C is often
called Landau-Ginzburg model or Landau-Ginzburg mirror of X.

We adapt the setting of Landau-Ginzburg models to the toric degeneration approach
studied by Gross and Siebert in the Calabi-Yau case [Gro04]. We outline a construction of
Landau-Ginzburg models in the Fano setting by introducing some geometric ideas.

Step 1. We consider a toric degeneration of the Fano manifold X to a configuration X ′ of
toric varieties intersecting along toric divisors. This degenerate configuration can be viewed
as a Lagrangian fibration X ′ → B, whose base carries a natural affine structure encoding
the monodromy of the fibration [Gro04].

Step 2. Following [Gro04] we apply a Legendre transform to X ′ → B. This procedure
roughly consists of taking the dual intersection complex and specifying normal fan structures
and the corresponding monodromies at vertices. In this way we obtain a dual Lagrangian
fibration Y ′ → B′, where Y ′ is a configuration of toric varieties and additionally carries a
complex-valued function W ′.

4



Step 3. We smooth and partially compactify (Y ′, W ′) in order to obtain the Landau-
Ginzburg mirror W : Y → C.

Recall that the mirror Y can in many cases be viewed as a moduli space of (complexes of)
Lagrangians in X, and the superpotential can be interpreted as a Floer theory obstruction.
Roughly speaking, the above procedure is motivated by the observation that the toric degen-
eration X ′ determines a distinguished family of Lagrangian tori in X; the behavior of pseudo
holomorphic discs in X under this degeneration should then determine the behavior of the
superpotential W under the mirror degeneration - see [Aur07]. This construction allows us
to see HMS in purely geometric terms.

2.1 HMS for pairs

We enhance now HMS by supplementing the above setup with additional categorical and
geometric structures.

B side
(X, D)

A side
(Y, Y∞, W )

Db(D) Fuk(Y∞)

i∗ ↑↓ i∗ i∗ ↑↓ i∗

Db(X) FS(Y, W )

∪ ∪
Db

compact
support

(X \ D) FS compact
Lagrangians

(Y, W )

∩ ∩
Db(X \ D) Fukwrapped(Y

′)

Table 1: HMS for Fano’s

In Table 1 we make HMS depend on additional geometric data: a divisors D on the B side
and a modified LG mirror on the A side. This modification will be discussed in the next
section. The wrapped Fukaya category appearing in the table has its Lagrangians going
many times around given, vertical with respect to W , divisor and in such a way it records
an additional filtration. On the B side this corresponds to the log mixed Hodge structure
associated with X \ D . These additional geometric data and categorical correspondences
allow us to relate HMS to Hodge theory and draw geometric conclusions - see the next
sections. Finally Y∞ is a marked smooth fiber of f : Y → C but not the fiber at infinity of
the Landau Ginzburg model.

Table 2 reverses some of the correspondences in Table 1:
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A side
(X, D)

B side
(Y, W )

Fuk compact
Lagrangians

(X \ D) Db
compact
support

(Y ′)

Fukwrapped(X \ D) Db
sing(Y

′)

Table 2: HMS revisited

The degeneration procedure described in Steps 1-3 allow us to extend the construction
of Landau Ginzburg Mirrors beyond the usual settings of complete intersections in toric
varieties. Also the enhanced HMS sketched in table 1 allow us to extract new information
about these Landau Ginzburg Mirrors. In particular the smoothing procedure in Step 3
can be seen from the Table 3 below.

Desingularised LG
P + ǫQ = 0

P

Q

∫

A

ωα → ∞

A

Smoothing LG Smoothing the affine
structure

Compactifying

Table 3: Smoothing in different moduli directions

To the pencil P + ǫQ representing a smoothing on the B side we associate changing behavior
at infinity under compactification of the symplectic form on the A side. Here the choice of
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direction of deformation Q on the B side corresponds to the volume

∫

A

ωα → ∞

.

W
1

W
2

C
2

W
1
+W

2

X\D

Figure 1: Iterated Landau-Ginzburg models

Figure 1 demonstrates how HMS and Landau-Ginzburg models with a single potential
can be iterated as a sequence of Landau-Ginzburg models with many potentials. In particu-
lar the Landau-Ginzburg model for a projective space (and many Fano’s) can be represented
as a sequence of pencils of elliptic curves and then smoothed as in Step 3. Table 4 represents
the iterated LG model for P3 as a sequence of two quadrics. The symplectic meaning of the
procedure is as follows. We take first P3 \Q1 and then find a special Lagrangian submanifold
in it. The moduli space of special Lagrangian deformations of this special Lagrangian sub-
manifold produces a LG model which has fibers mirrors to Q2, the potential is given by all
holomorphic discs with boundary on Q2. The mirrors of Q2 have Kodaira fibers I8 at ∞. As
a result we have eight double points and two I8 which produce the mirror of the quartic K3
in P3 - the singular fiber of the potential W1 + W2 - see Table 4. In the case of non-rational
Fano’s the picture is much more complicated - see the next sections.

Remark 2.1 This construction is an attempt to find a geometric explanation of the work
of Golyshev [Gol05].

Table 5 represents a triple iterated procedure for P3, where we use hyperplanes instead
of quadrics. We proceed with several other examples demonstrating and extending the
HMS correspondences. We start with a generic toric correspondence - a component on the
boundary corresponds to a monomial in the potential - see Tables 6 and 7.

Table 7 demonstrates how C2 mirrors itself and the monomials X, Y correspond to boundary
divisors V (X), V (Y ).
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(P3, Q1 ∩ Q2 = E)

LG(P3) → C2

W
1

I
8

W2

I
8

Table 4: New Cube

(P3, H1 ∪ H2 ∪ H3 ∪ H4)

(P3, 4P2)

LG(P3) → C4

C∗3 → C4

(x, y, z) 7→

(

x, y, z,
c

xyz

)

(P2, 3H)
C∗2 → C3

(x, y) 7→

(

x, y,
c

xy

)

(P1, 2 pts) C∗ → C2

z →
(

z,
c

z

)

Table 5: Triple iterated LG procedure for P3.

8



(

P∆,
∑

Di

)

(

C∗, W =
∑

z∨i

)

Table 6: Boundaries monomial correspondences

V(X)

V(Y)

(C2, V (X) ∪ V (Y ))

(C2, V (X), Y )

(C2, X, V (Y ))

(C2, W = X + Y )

(C2, X, V (Y ))

(C2, V (X), Y )

Table 7: C2 self mirror

A1

A
1

1P

(C2, A1 ∪ P1 ∪ A1, W = X + Y ) (C2, V (X) ∪ V (Y ), W = X + Y + XY )

Table 8: The blow up of C2 and its mirror
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Table 8 demonstrates how blowing up C2 and adding an additional boundary component
leads to adding an additional term in the potential. In fact tables 6,7 and 8 demonstrate
how divisors and additional potentials exchange role under HMS.

We concentrate to the case of HMS for CP2.

(CP2 \ D, h)

(

E(1),
9
⋃

j=1

Cj

)

(

CP2 \ D, h̃
)

fiber = 8 − k punctured C∗

(

E(1) \
k
⋃

j=1

Cj,
9
⋃

j=1

Cj

)

Table 9: Changing the potential on CP2 \ D leads to removing divisors from E(1)

Table 9 explains how changing the potential h̃ on CP2 \ D leads to removing divisors from
E(1) - an elliptic fibration with 12 singular fibers. Here D is the divisor of three lines in
CP2.

D
D2

D1

Figure 2: D = D1 + D2

Now suppose that D splits as in Figure 2. This leads to several different HMS correspon-
dence summarized in Table 10.

As before taking different divisors from CP2 leads to changing the potentials and having
different fibers of the Landau-Ginzburg model - see Figure 3.

Table 11 demonstrates one more time how removing different divisors on the B side
leads to different potentials on the A side. We also conjecture an isomorphism of Hochshild
homology on side B and Symplectic Homology (see [Sei07]) on the A side.

2.2 Linear systems and divisors

In this section we explain how to extend the idea of finding a mirror for X \ D further.
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P2 \ D w = x + y +
1

xy
on C∗2

(P2 \ D1, D2)

D = D1 + D2

w = x + y on C∗2

fiber F1

(P2 \ D2, D1)

D = D1 + D2

w = x on C∗2

fiber F2

Table 10: Mirror symmetry for CP2 with different divisors

F1

F2

Figure 3: The fibers F1 and F2
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(X \ D1) relD2

W2 - discs hitting D2.
fibers mirror to D2

(X \ D2) relD1

W1 - discs hitting D1.
fibers mirror to D1

Db(X \ D)

HH(Db(X \ D))

Fukwrapped(Y
′)

SH0(Y
′)

Table 11: X \ D, D = D1 ∪ D2, W = W1 + W2

Consider a Calabi-Yau manifold X and a strict normal crossing divisor D in it. To follow
the situation we have studied before we assume X is an anti canonical section in a Fano
manifold M . Then we take the blowup of M ×C along X × 0 , which gives a LG mirror Y .
Now we can remove an anticanonical divisor from M , to get an open manifold M ′ and look
at the blowup of M ′ × C along X ′ × 0, where X ′ is the the part of X that lies in M ′. Then
the mirror Y ′ is the same space but with a different superpotential with fewer monomial
terms, and in particular the singular locus of the superpotential i.e. X \ D will be more
degenerate since the superpotential itself is more degenerate. The new singular locus Y ′ is
the mirror to X ′ - see Table 12.

To demonstrate the above discussion we analyze some examples. First take the mirror
of CP2 \ (at most 3 lines). It has a (partially wrapped) mirror LG model, in which (R+)2

is an element of the Fukaya category that corresponds to the structure sheaf on CP2 \
(at most 3 lines). Observe that the more lines we remove in CP2, the more terms we delete
from the superpotential. Then we have functors between these Fukaya-Seidel categories
and can take limits. The algebra End((R+)2) gets more and more localized: it is just C

when the superpotential is W = x + y + 1/xy, i.e. the mirror to CP2; it becomes C[x, y],
when the superpotential is W = x + y i.e. the mirror to CP2 \ line; then C[x±1, y] when
the superpotential is W = x i.e. the mirror to CP2 \ (2 lines) and finally C[x±1, y±1] when
W = 0 i.e. mirror to CP2 \ (3 lines) - see Figure 6 and Figure 7.

We can also build a mirror of CP2 \ (4 lines) in which case we get a four dimensional LG
model W = xyzt on C4.

Instead we concentrate on the example of CP1 minus points, which will be treated in
many details leading to many different Hodge theoretic observations.

We start with the simplest example - the mirror of CP1 \ (2 points) is C∗.
The mirror of CP1\3 points is a 3 dimensional LG model W = xyz on C3, and the mirror

of CP1 \ (more points) is a more complicated LG model on a 3-fold. Geometrically it could
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Base

D

K3

Y4

Y3

Y2

Y1

Mirror

Db(X \ D) Fukwrapped(Yi)

Fuk(X \ D) Db
sing(Yi)

lim
−→
AllD

Db(X \ D) lim
Yi

Fukwrapped(Yi)

Table 12: K3 and Mirror

P 1 \ 3 pts w=xyz

P 1 \ 4 pts

Table 13: P1 minus points

be realized as follows: first we embed CP1 into CP1×CP1 as a (1, n)-curve and then intersect
with (C∗)2 to get a CP1 \ (2n + 2 points). Then we blow up (C∗)2 ×C along this punctured
rational curve in order to get a a 3 dimensional LG mirror. The mirror of the structure sheaf
of the punctured CP1 is going to be a thimble fibering over many intervals, which because
of wrapping will have a very large endomorphism ring - C[x] localized at many points see
the Table 13.

In general one can build mirrors to any smooth variety V that embeds in a toric variety
X by blowing up X×C along V ×{0}. We can find mirrors to some open subset V0 inside V
obtained by intersecting it with X0, where X0 is the complement of some toric strata in X.
It is easy to see how to take limits of the corresponding FS categories in these situations.

Remark 2.2 It seems certain that following the procedure in Table 12 one should always
be able to construct mirrors for pairs X - Fano, D - divisor or even in more general situation
- see SYZ for open Fanos in section 2.3.
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Now we restrict ourselves to the case of Fano manifolds with rank of the Picard group
equal to one. Recall that if X is a Fano manifold with Pic(X) = Z, then the index nX of X
is the biggest positive integer n such that −KX is divisible by n in Pic(X) = Z.

Theorem 2.1 ([Kat08b]) Let X1, X2 be Fano manifolds with Pic(X1) = Pic(X2) = Z with
indexes nX1

and nX2
respectively. Suppose that nX2

divides nX1
. Then the corresponding LG

mirrors (Y1, W1) and (Y2, W2) have the same general fiber but the monodromy of (Y2, W2)
is more complicated. More precisely the local system on the middle dimensional cohomology
of the smooth fibers of W1 : Y1 → C is a pull back of the corresponding local system for
W2 : Y2 → C.

We consider some known examples, which demonstrate the above theorem. First we look
at:

Example 2.1 We discuss the LG model mirror to CP3 and CP3 blown up at a point. The
LG mirror of CP3 is given by the equation

w = x + y + z +
1

xyz
.

is a family of quartic K3 surfaces and has four singular fibers. The mirror of the blown-up
CP3 is a family of K3 surfaces with 6 singular fibers. Four of these fibers correspond to the
LG mirror of CP3 and they are situated near zero. The two remaining fibers are sitting over
the second roots of unity in the local chart around ∞ - see Figure 4.

Figure 4: LG model of CP3 blown-up at a point

Now we look at the LG mirror of the 3 dimensional quartic. It is given by the equation

(x1 + x2 + x3 + x4)
4 = λx1x2x3x4.

The Fano manifold CP3 has index four. The LG mirror of CP3 descends to LG mirror of
the 3 dimensional quartic. As it can be seen from the equations the fibers are still mirrors
of quartics. The difference is a new singular fiber with deeper singularity and non-unipotent
monodromy.
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Example 2.2 Let us look at the Landau-Ginzburg model mirror of the manifold X which
is the blow-up of CP3 in a genus two curve embedded as a (2, 3) curve on a quadric surface.
We describe the mirror of X. It is a deformation of the image of the compactification D of
the map

(t : u1 : u2 : u3) 7→ (t : u1 : u2 : u3 : u1 · u2 : u2 · u3 : u1 · u3)

of CP3 in CP7.
The function w gives a pencil of degree 8 on the compactified D. We can interpret this

pencil as obtained by first taking the Landau-Ginzburg mirror of CP3 and then adding to
it a new singular fiber over zero consisting of three rational surfaces. The potential in the
equation above is

w = t + u1 + u2 + u3 +
1

u1 · u2

+
1

u2 · u3

+
1

u1 · u3

.

Clearing denominators and substituting t = u3 = 0 and u2
1 = u3

2 we get a singularity. Its
modification produces the LG mirror of intersection of two quadrics in CP5 - a Fano manifold
of index two. Its Landau Ginzburg mirror produces by descent a Landau Ginzburg mirror
of intersection of three quadrics in CP6 a Fano manifold of index one. Its LG mirror is given
by:

(x1 + x2)
2 · (x3 + x4)

2 · (x5 + x6)
2 = λx1x2x3x4x5x6.

As it can be seen from the equations the fibers are in both cases mirrors of K3’s of degree
8. The difference is that singular fiber over zero has deeper singularity and non-unipotent
monodromy. We will use this to define a non-rationality invariant.

Figure 5: LG of blow-up of CP3 in a genus 2 curve
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Example 2.3 In the table bellow we discuss one more example to make a point of our
covering construction and HMS - the example of two dimensional cubic. The details of
HMS for two dimensional cubic can be found in [AKO06]. Here we first deform the two
dimensional cubic to weighted projective P2

w which covers three to one P2 then we do the
HMS construction described at the beginning of the section and then we deform back to get
the Landau Ginzburg mirror for a generic two dimensional cubic. Similar procedure works
for three and four dimensional cubics and we will make use of it in section four.

cubic ///o/o/o/o P2
w

3:1
��

P2

C

P2
w

Moduli of cubics

0
3:1

��

⊂ LG (P2)

3:1

��

0

⊂ LG (P2
w)

2.3 Localized Categories

In this section we explain how to get birational invariants from the symplectic A-side. We use
the idea of ”localizations”. On the B side we can define a new “localized” category D′(X)
as the limit with respect to all divisors D of Db(X \D). The ”limit” is taken in a sense that
we can restrict from the complement of some divisor to the complement of another divisor
that contains it. In such a way they form a direct system. The result amounts to localizing
with respect to all complexes with support in codimension one and higher see [MePa08].

Example 2.4 For CPn we are localizing with respect to defining equation of any divisor
and ending up with the with a category of modules over the algebra of rational functions
C(x1, . . . , xn).

On the mirror side we are defining the direct system over which we take a limit, and
functors that mirror the restriction from X \ D1 to X \ D2, where D2 is a ”larger” divisor
than D1. The mirror Y2 of X \D2 is a degeneration of Y1, We have a restriction functor from
the Fukaya Seidel wrapped category of Y1 to the one of Y2. It is a mirror of the restriction
functor on the B side - see the table bellow.
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quasi-unipotent unipotent pullback
X4 ⊂ P4 P3

P6(2, 2, 2) P5(2, 2)
V10 V5

Table 14: Fanos and monodromies

From this perspective the examples from table 10 demonstrate in a way restriction functor
on the level of wrapped Fukaya-Seidel categories. The following theorem is a consequence of
HMS.

Theorem 2.2 The categories lim
−→

All D

Db(X \ D) and limYi
Fukwrapped(Yi) are birational invari-

ants of X.

This theorem allows us to define the following computable birational invariants. First we
restrict ourselves to the situation when X is a non-simple three dimensional Fano manifold.

Theorem 2.3 Let X be a non-simple three dimensional Fano manifold and Y be its LG
mirror. If the monodromy Y around zero is not unipotent then X is not rational.

Table 14 illustrates Theorem 2.3 - non-rational Fanos with quasi-unipotent LG mirror
monodromies produce after a pullback rational Fano manifolds with unipotent LG mirror
monodromies. In this table P6(2, 2, 2) is the intersection of three quadrics in P6 and P5(2, 2)
and is the intersection of two quadrics in P5. V10 and V5 are Fano threefolds from the Fano
threefold classification.

Remark 2.3 In the above theorem the term “non-simple” refers to non-existence of an
exceptional collection in the corresponding derived category.

We outline the idea behind this theorem in the next section after introducing some
cohomology structures.

The last part of this section is dedicated to construction mirror of X \ D. In the table
bellow we illustrate the procedure introduced at the beginning of section two applied to the
example of P1 \ (n points).

As before we first embed CP1 into CP1 × CP1 as a (1, n)-curve and then intersect with
(C∗)2 to get a CP1 \ (2n + 2 points). The novelty of the procedure described pictorially
bellow is that we think of the embedded CP1 as a projective tropical curve: we add affine
curves C∗ at the points of intersection and degenerate tropically (1, n) curve. The categories
Fukayawrapped(Yi) and Db

sing require some modifications - this is done in more detail in
[GK07]. Depending on the purpose we can leave some potential or completely finish the
wrapping - see the SYZ procedure for Fanos.

The construction bellow has some clear advantages:
1) The dimension of the mirror Y is the same as of initial variety X.
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Figure 7: Computing Floer homologies.
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2) It allows us to follow many geometric notions and constructions through - e.g. cov-
erings, linear systems, monodromy. In the table bellow we build the mirror of a genus two
curve as a two sheeted covering of CP1 ramified at two points.

3) It works for all X \ D.
SYZ for Fanos and open Fanos Let us work out the procedure of the beginning of

the section in the case of the Landau Ginzburg model for three dimensional cubic X. The
proof of theorem 4.3 (see [Kat08b]) will be based on these considerations, which in a way
are giving the basics of SYZ construction for Fano manifolds.

(1) We first take X as a hypersurface in CP4, and draw its amoeba in tropicalization T P4

of CP4.

(2) Then we take a tropical limit of X (a tropical hypersurface T X in T P4), i.e. a
piecewise linear cell complex of dimension 3 - with some bounded cells and some
unbounded cells.

(3) Observe that each of these cells is polyhedral and hence determines a toric variety
which has this cell as its moment polytope; these toric 3-folds (some compact, some
non-compact) are glued together along toric strata according to the combinatorics of
the tropical 3-fold T X. (For a curve in P1 ×P1 , this would be a union of P1’s and A1

glued together at trivalent vertexes.)

(4) The mirror of the open cubic X ′ = X ∩ (C∗)4, is a singular 3-fold in this singular
configuration of glued mirror toric 3-folds without a superpotential. So when studying
its Fukaya category we need to wrap at infinity - the divisor corresponding in the mirror
to the divisor at infinity of X ′ = X ∩ (C∗)4.

(5) A different way to think about this is the singular 3-fold Y actually being the critical
set of a 5-dimensional Landau-Ginzburg model, which would be mirror to the blowup
of C × (C∗)4 along 0 × X ′. This 5-dimensional Landau-Ginzburg model has one very
singular fiber which is a union of toric 4-folds intersecting along a 3-dimensional crit-
ical locus which is precisely the singular 3-fold Y described above - see the previous
construction for P1 minus points and [AAK08].

(6) The mirror to the closed cubic 3-fold X is obtained by adding terms to the superpo-
tential of the singular 3-fold Y . On each of the open (affine ) components above we
essentially have the potential W being equal to the sum of the linear coordinates along
the affine directions (the exact meaning of this is given by the manner in which the
tropical hypersurface T X sits inside tropical T P4). The mirror to something interme-
diate between the closed X and the open X ′, e.g. X \D is obtained by gluing in only
3 of the 5 hyperplane sections that were missing from X ′. Equivalently by removing
2 of the 5 toric hyperplane sections from X we equip Y with a superpotential that
only has some of the terms (namely, on each open component the sum of the affine
variables which correspond to directions in T P4 that are not the 2 removed hyperplane
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P1 \ (3 points) W : C∗3 // C

(x, y, z) // xyz

P1 \ (4 points)

P1 \ (6 points)
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sections). One can think of this as of 5-dimensional Landau-Ginzburg model instead
- the blowup construction. Similarly we take the Landau-Ginzburg model mirror to
(C∗)4 ×C blown up at X ′ × 0 and add five terms to the superpotential if we want the
mirror to P4 × C blown up at X × 0 or only three of these five terms if we want to
only add 3 hyperplanes instead of all five. The effect of adding these terms to the su-
perpotential is that the noncompact components of the singular 3-fold Y are no longer
inside the central fiber of the Landau-Ginzburg model - in fact the critical locus of the
5-dimensional Landau-Ginzburg model with these extra superpotential terms becomes
simpler.

To demonstrate our point let us look once more at the mirror to the genus two curve
in P1×P1 - see Fig. 8. For the open curve in (C∗)2 we get a three dimensional Landau-
Ginzburg model whose critical locus is equal to the configuration of many of P1’s and
A1’s, but upon adding four terms to the superpotential to get the mirror to the closed
genus 2 curve, the A1’s deform outside of the central fiber and the remaining singular
configuration is just a theta-configuration of three P1’s. If we had only glued in some of
the toric divisors, to get something that lives in a toric manifold larger than (C∗)2 but
smaller than (P1)2, then we only add some of those four terms to the superpotential,
and the critical locus still have some A1’s in addition to the P1’s.

If in the construction above - the Landau-Ginzburg model of the three dimensional
cubic we want to remove five hyperplane sections, then we embed the cubic into some-
thing larger than P4, and proceed in similar way.

Remark 2.4 The above method is very well equipped for following the behavior of subva-
rieties and Lefschetz pencils under Homological Mirror Symmetry - we will make use of it in
the proof of theorem 4.3.

Remark 2.5 The above construction allow us also to study the changes of Landau Ginzburg
models and HMS in general when we move in the moduli space. In particular we can follow
the behavior of the Landau Ginzburg models moving from one Brill-Noether loci to another -
the so called earthquakes - see e.g. [Kat08a]. Table 15 briefly demonstrates this phenomenon
on the example of three dimensional cubic. Following the Hori- Vafa procedure one can check
that contracting an S3 Lagrangian and small resolution on the B side lead to a flop (we call
it an earthquake) on the A side.

Now we briefly discuss a new definition of the wrapped Fukaya Seidel category. It is
based on the above SYZ construction for open Fano’s. We start with the example of Landau
Ginzburg mirror of P1 minus three points considered above - see Table 13. Once again
this is a singular space formed by 3 affine lines intersecting at one point (in other words
the coordinate axes the critical locus of W = xyz). When doing Floer theory we will be
wrapping inside the fibers of W i.e. in the three affine lines there’s wrapping about the ends.

Bellow we define wrapped Fukaya category of the singular configuration of three A1 ’s
which should be the same as Fukaya-Seidel category of W . Here are some obvious objects:
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Initial

S3
Smooth
Cubic

Resolution
Small

Singular

Contracting
Lagrangian

LG
Mirror

Degenerate 

curve
g=4

Algebraic Contraction

Table 15: Earthquake for Fano 3 dim cubic

(1) the easiest objects of the Fukaya category are circles inside each of the affine lines (or,
when talking about the Fukaya-Seidel of the LG model W = xyz, the thimbles built
from such circles); these objects are mirrors to points of the pair of pants P1 minus
three points which lie ”in the cylindrical ends” of the pair of pants.

(2) points of P1 minus points which lie in the ”core” of the pair of pants (a theta graph or
a slight thickening of it) correspond to the point at the origin in some way (i.e., take
the thimble from the origin in W = xyz, which is a singular Lagrangian equal to a
cone over T 2: The last has a nontrivial moduli space of smoothings, which gives the
points completing the B part.

(3) the mirror to the structure sheaf of P1 minus three points corresponds to the Lagrangian
graph Γ (Lefschetz cycle) formed by the three real positive axes R+ inside the singular
union of the three affine lines (in the LG model of W = xyz, the corresponding element
of the Fukaya Seidel category is the real positive part (R+)3 inside C3).

The homomorphisms from Γ to an object of type (1) above (a circle) are 1-dimensional
(the circle is hit once by one leg of the graph); the endomorphisms of Γ are infinite-
dimensional because there is wrapping in the ends (looks like C[x, y, z] with relations xy =
0, yz = 0, xz = 0). What corresponds to O(1),O(2), . . . on P1 is a wrapping of Γ i-times
around in each A1.
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This example suggests the following general definition:

Definition 2.3 Local definition for Fukaya - Seidel wrapped A Lefschetz cycle L is
a (S1)i D-module over a tropical scheme in the base B ( see [Gro04]) of the affine variety
satisfying the following conditions

1) the balance condition - this means that the base of the D-module is a well defined
tropical scheme - see [Kat08a].

2) the phase conditions - this means that the (S1)i fibrations are well behaved

3) the superabundance conditions - this means that L has the deformations of an cycles
on the B side - see [Kat08a].

3 Cohomologies

The constructions in the previous section give interesting correspondences in HMS on coho-
mological level. What follows should be seen as algebro - geometrization of Definition 2.4. -
the Lefschetz cycle L is the symplectic image under HMS of the perverse sheaf of vanishing
cycles.

Suppose M is a complex manifold equipped with a proper holomorphic map f : M → ∆
onto the unit disc, which is submersive outside of 0 ∈ ∆. For simplicity we will assume that f
has connected fibers. In this situation there is a natural deformation retraction r : M → M0

of M onto the singular fiber M0 := f−1(0) of f . The restriction rt : Mt → M0 of the
retraction r to a smooth fiber Mt := f−1(t) is the “specialization to 0” map in topology.
The complex of nearby cocycles associated with f : M → ∆ is by definition the complex of
sheaves Rrt∗ZMt

∈ D−(M0, Z). Since for the constant sheaf we have ZMt
= r∗t ZM0

, we get
(by adjunction) a natural map of complexes of sheaves

sp : ZM0
→ Rrt∗r

∗
t ZM0

= Rrt∗ZMt
.

The complex of vanishing cocycles for f is by definition the complex cone(sp) and thus fits
in an exact triangle

ZM0

sp
→ Rrt∗ZMt

→ cone(sp) → ZM0
[1],

of complexes in in D−(M0, Z)). Note that Hi(M0, Rrt∗ZMt
) ∼= H i(Mt, Z), and so if we pass

to hypercohomology, the exact triangle above induces a long exact sequence

(1) . . .H i(M0, Z)
r∗t→ H i(Mt, Z) → Hi(M0, cone(sp)) → H i+1(M0, Z) → . . .

Since M0 is a projective variety, the cohomology spaces H i(M0, C) carry the canonical mixed
Hodge structure defined by Deligne. Also, the cohomology spaces H i(Mt, C) of the smooth
fiber of f can be equipped with the Schmid-Steenbrink limiting mixed Hodge structure
which captures essential geometric information about the degeneration Mt

///o/o/o M0 . With
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these choices of Hodge structures it is known from the works of Scherk and Steenbrink, that
the map r∗t in (1) is a morphism of mixed Hodge structures and that Hi(M0, cone(sp)) can
be equipped with a mixed Hodge structure so that (1) is a long exact sequence of Hodge
structures.

Now given a proper holomorphic function w : Y → C we can perform above construction
near each singular fiber of w in order to obtain a complex of vanishing cocycles supported on
the union of singular fibers of w. We will write Σ ⊂ C for the discriminant of w, YΣ := Y ×CΣ
for the union of all singular fibers of w, and F • ∈ D−(YΣ, Z) for the complex of vanishing
cocycles. Slightly more generally, for any subset Φ ⊂ Σ we can look at the union YΦ of
singular fibers of w sitting over points of Φ and at the corresponding complex

F
•
Φ =

⊕

σ∈Φ

F
•
|Yσ

∈ D−(YΦ, Z)

of cocycles vanishing at those fibers. In the following we take the hypercohomology Hi(YΣ, F •)
and Hi(YΦ, F •

Φ) with their natural Scherk-Steenbrink mixed Hodge structure. For varieties
with anti-ample canonical class we have:

Theorem 3.1 Let X be a d-dimensional Fano manifold realized as a complete intersection
in some toric variety. Consider the mirror Landau-Ginzburg model w : Y → C. Suppose
that Y is smooth and that all singular fibers of w are either normal crossing divisors or have
isolated singularities.

Then the Deligne ip,q numbers for the mixed Hodge structure on H•(YΣ, F •) satisfy the
identity

ip,q(H•(YΣ, F •)) = hd−p,q−1(X).

Similarly we have:

Theorem 3.2 Suppose that X is a variety with an ample canonical class realized as a com-
plete intersection in a toric variety. Let (Y, w) be the mirror Landau-Ginzburg model. Sup-
pose that all singular fibers of w are either normal crossing divisors or have isolated singu-
larities.

Then there exists a Zariski open set U ⊂ C so that Deligne’s ip,q numbers of the mixed
Hodge structure on H•(YΣ∩U , F •

U) satisfy the identity

ip,q(Hi(YΣ∩U , F •
Σ∩U)) = hd−p,q−i+1(X).

We summarize the information in Tables 16, 17 and 18:

Theorem 3.3 Let X be Fano manifold and D an anticanonical normal crossing divisor.
Theorems 3.1 and 3.2 hold for open varieties X \ D as well.
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(Y, f, F ) (X, D, h)

H•(Yλ, F, d + ∧df) H•(X \ D, d + ∧dh)

Table 16: Hodge theoretic correspondences for Table 1.

(Y, KY ) → D

D ⊂ LG(F, h), H

(LG(Y, f), g)

F : LG(Y, f) → C

H•(LG(F, h), H) H•(Y, d ∧ df, d ∧ dg)

Table 17: Hodge theoretic correspondences for Table 2

X

��

X◦ = X \ D

��

X∨ = Y

f∨

��

? _oo � � //

B B◦ B◦

Hp(B◦, Rqf∗C)

��

∼= Hp(B◦, Rn−qf∗C)

��
H∗(X◦) H∗(Y )

Hp
c (B◦, Rq

cf∗C)

��

∼= Hp(B◦, Rn−q
c f∗C)

��
H∗

c (X◦) H∗
c (Y )

Table 18: Cohomological correspondences for open varieties.
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X — Fano, D — CY f : Y → C, Y∞ = f−1(∞)

Cohomologies

⊕H1(X, Ωn−i(Log(D))) — coordinates

Theorem. (X, D) has unobstructed de-
formations.

Hk(Y ) — coordinates

Theorem. (Y, Y∞) has unobstructed de-
formations.

Categories

• Db(X) = CX , CD = Db(D)

• φ∗ : CX → CD restriction

• φ∗ : CD → CX right adjoint

• Cone(IdX → φ∗φ
∗) ∼= S[1 − n]

Conjecture The deformation theory of
(CX , CD, φ∗) is unobstructed. Tangent
space:

ConeHH•
φ∗

→ HH•(CX)[2 − n]

• CD = Fuk(Y∞)

• CX = FS(Y, f)

• φ∗ : CX → CD restriction

• Tangent space H•(Y )[2]

• HH• = HH•(Y, Y∞)[n]

• HH•(CD) = H•(Y∞)[n − 1]

Conjecture The deformation theory
(CX , CD, φ) is unobstructed.

Table 19: Categories and Deformations
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The proof can be found in [GK07] and it is based on chasing Mirror Symmetry through
affine structures described in table 18. Similar statements hold in the case of LG mirrors
with many potentials - see table 17.

Most of what follows can be found in [KKP08a]. We summarize it briefly here in Table 19.
In fact the above data parametrize the following:

1) A pair of derived categories CD and CX .

2) A restriction functor φ∗ : CX → CD.

3) A right adjoint functor φ∗ : CD → CX .

4) The isomorphism Cone(IdX → φ∗φ
∗) = SX [1 − n] where SX is the Serre functor.

Conjecture 3.1 The deformations of the triple (CD, CX , φ∗) are unobstructed.

We also have

Conjecture 3.2 Cone(φ∗φ∗ − IdS) is an automorphism of CD.

Observe that the tangent space to the moduli of deformations is given by

Cone (HH•(CD) → HH•(CX) [2 − n].

So we can associate to this situation an extension of non-commutative Hodge structures, i.e.
a mixed non-commutative Hodge structure defined as follows.

a) u2∇∂/∂u : H → H is everywhere holomorphic differential operator on H of order ≤ 1.

b) For every locally defined vector field v ∈ TM we have that u∇v : H → H is everywhere
holomorphic differential operator on H of order ≤ 1.

• Eb is a constructible sheaf on D × M . In the Landau-Ginzburg case Eb is given by

H = H i(W−1(D), Yt, Q).

• An isomorphism iso : DR(H,∇) → Eb ⊗ C of constructible sheaves on D × M .

The formulas for the connections can be found in [KKP08a].
Let us start with a CY manifold X and a smooth curve D in it. We formulate and prove

the following;

Theorem 3.4 The deformations of the pair (X, D) are unobstructed.
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Proof. (see [KKP08a])

This deformation framework provide the proper moduli space over which, the limit MHS
we discuss bellow, vary - these are the so called canonical coordinates. The cusp points live
in these moduli spaces.

Now we outline the idea behind Theorem 2.3. The category limit limYi
FS(Yi) comes

with a limit of MHS on Hp(B◦, Rn−q
c f∗C). This limit MHS encodes the monodromy of the

LG model and in particular determines when this monodromy is unipotent. In fact this limit
MHS encodes the monodromy of the MHS of a degeneration to the corresponding cusp point.
The limit MHS corresponds to a degeneration of a Jacobian of a curve iff the monodromy of
the LG model is unipotent which happens only in the case when X is rational.

We end up this section with two remarks.

Remark 3.1 One can consider the category limit limn F (X\n·D) and the non-commutative
MHS associated with this limit. In case D = KX we get some interesting symplectic invari-
ants. We plan to investigate this in the future and give here one more example. Consider the
Hirzebruch surface F3 and a curve C of genus two embedded in F3 as a two sheeted covering
of the base. The surface F3 maps to a weighted projective plane P2(1, 1, 3) - a singular Calabi
Yau, and a fiber of F3 maps to a conic in P2(1, 1, 3). The mirror of P2(1, 1, 3) minus a conic
is the broken LG mirror of P2(1, 1, 3) - see Table 20.

Here we get that the Fukwrapped(C \ (2 points)) is equivalent to Db
sing(fiber of LGbroken).

(Here broken means that we take a section of the LG model of F3 defined in [AKO08].) A
similar construction should work for the Horikawa surfaces - the role of the fiber is played by
a ruled surface over the canonical class of Horikawa’s. One needs to notice that the limit non-
commutative MHS has a symplectic meaning - it measures precisely the braid monodromy
of the fiber of LGbroken - compare with [ADKY04].

Remark 3.2 The above cohomological correspondences lead to some Chern class informa-
tion. In particular:

c1(X) is Poincare dual to the divisor that corresponds to the boundary of the affine structure
on X.

c2(X) is Poincare dual to the codimension two subvarieties that correspond to:

(1) the corners of the affine structure,

(2) the singularities of the affine structure.

The connection between Hodge structures and HMS goes further. We demonstrate this
on very simple examples P1 \ 3 pts and P1 \ 3 pts. We first demonstrate Theorem 3.1 -
tables 21, 22. We assign constant sheaf Z to every of the lines of the mirror of P1 \ 3 pts
and the complex Z[2] = Z + Z[2] to the edge. This forms a perverse sheaf of vanishing
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F 3

P 2(1,1,3) f = x + y

braking

Table 20: Mirror of the complement of a fiber in the Hirzebruch surface F3

29



cycles whose hypercohomologies coincide with the cohomology of P1 \ 3 pts. In particular
H1(Y, Re(W ) >> 0, F ) = Z2.

The above approach allows us to compute the monodromy acting on the transcendental
part of H(Yt) - Htrans(Yt). The procedure can be described as follows. To each edge we assign
number 1 and to each vertex number 2 - see table 22 above similarly this monodromy can
be computed in many cases. On the A side these numbers represent monodromy rotations
of corresponding thimbles - see also tables 21 and 22. It leads to following:

Theorem 3.5 [Kat08b] Let X be 3 dimensional Fano and Y → C be its Landau-Ginzburg
Mirror. Suppose that there exists a singular fiber with non-isolated singularities in Y → C.
Then the Serre functor of all subcategories in the semiorthogonal decomposition on the B
side can be computed from the combinatorics of the singular set on the A side.

This theorem will play an important role in the next section. In table 22 we demonstrate a
similar Serre functor calculation for P 1 \ 4 pts.. The proof of this theorem is connected with
the following observation - the Serre functor measures the monodromy of the Picard Fuks
operators are different and so are the Serre functor calculations. The toric degenerations of
the LG model allow us to obtain Picard Fuks operators when we move in the moduli space.
The Picard Fuks operators change the monodromy changes and so do the Serre functors -
for more see [Kat08b].

4 Applications to Birational Geometry

After building the HMS theory of linear systems, open manifolds and coverings we move
to Birational Geometry. We suggest the following conjectural dictionary relating Birational
Geometry and HMS:

Birational Geometry Homological Mirror Symmetry
X w : Y → CP1

Blow-up Adding a singular fiber
Blow-down Taking a singular fiber to ∞

It is based on the following theorems:

Theorem 4.1 (Orlov) Let X be a smooth projective variety and XZ be a blow up of X in
a smooth subvariety Z of codimension k. Then Db(XZ) has a semiorthogonal decomposition
(Db(X), Db(Z)k−1, . . . , D

b(Z)1). Here Db(Z)i are corresponding twists by O(i).

This B-side statement has an A-model counterpart, which relates suitable Landau-Ginzburg
mirrors LG(X), LG(Y ), and LG(XY ). In a joint work in progress with M. Abouzaid and
D. Auroux we consider the following:
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H1(Y, Re(W ) >> 0, F ) = Z2

Z[1]

Z[1]

Z[1]

Z[2]

w

Serre functor for LG(P1 \ pts):

1 + 1 + 1 − 2 = 1

1
1

1

−2

Serre functor for LG of genus 2 curve:

1 + 1 = 2

−2 −2

1

1

1

11

1

Table 21: Serre functor calculations 1
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Z[2]

Z[1]

Z[1]
Z[2]

Z[1]

w

H1(X, Re(w) >> 0, Z3)
Serre functor for P 1 \ 4pts.:

−2 + 1 + 1 + 1 + 1 = 2

−1−1

+2

−1
−1

Table 22: Serre Functor Calculations 2
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Figure 8: Blowing up a genus two curve

Figure 9: Blowing down quadric

Theorem 4.2 ([AAK08]) XY has a Landau-Ginzburg mirror LG(XY ) such that, for a suit-
able value of the constant R > 0, the region {|W | < R} is topologically equivalent to LG(X),
while the region {|W | > R} contains k − 1 clusters of critical values, each of which is
topologically equivalent to a stabilization of LG(Y ). In particular, F(LG(XY )) admits a
semiorthogonal decomposition 〈F(LG(X)), F(LG(Y ))k−1, . . . , F(LG(Y ))1〉.

Figure 4 and Figure 5 are good illustrations of this theorem.
We illustrate further above theorem on some examples. We first consider the example of

the intersection of two quadics in P3. As we can see from the Figures 8 and 9, blowing up
a curve of genus two affects the affine structure by creating new singularities over a tropical
genus two curve. Blowing down the quadric surface on which the genus two curve lives leads
to sending some singularities to the boundary and make the fibers of the new LG mirror
surfaces of degree 8.

We consider next the example of three dimensional cubic - all theorems from now on
are modulo HMS. Applying the standard Hori-Vafa procedure we get after smoothing the
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following Landau-Ginzburg Mirror:

xyuvw = (u + v + w)3 · t

with potential W = x + y. Here (u : v : w) ∈ CP2 and (x, y) ∈ A2. The singular set W of
this Landau-Ginzburg model looks as in Figure 10 - see also section 2.3 and Table 15.

Figure 10: The singular set for the LG of a 3d cubic

The above Landau-Ginzburg model represents a family of K3 surfaces. The fiber over zero
consists of six surfaces and if we compute the monodromy we get that it is quasiunipotent.
A calculation as in theorem 3.5 implies that S3 = [5].

We formulate the following:

Theorem 4.3 (Nonrationality criteria for three dimensional Fano’s ) Let X be 3 dimen-
sional Fano and Y → C be its Landau-Ginzburg Mirror. Suppose that there exists a singular
fiber with nonisolated singularities in Y → C such that corresponding monodromy is not
unipotent. Then X is not rational.

The proof is a consequence of Theorem 2.3 - see also [Gol05]. If X is rational as it
follows from theorem 4.2 the monodromy of all singular fibers with nonisolated singularities
in Y → C is unipotent. Observe that in this case the monodromy of limYi

FS(Yi) is trivial.
From the SYZ construction for open Fanos it is clear that if the monodromy of all singular
fibers with nonisolated singularities in Y → C is unipotent it stays unipotent for the limit
Landau-Ginzburg model and for the limit category limYi

FS(Yi). Indeed as theorem 3.5
shows all local monodromy in all singular fibers are nothing else but the Serre funtors of
the subcategories in the given semiorthogonal decomposition. If we remove a divisor we
get the Serre functor well defined for the categories Db

compact
support

(X \D) and FS compact
Lagrangians

(Y, W )

(see table 1) and after taking a limit we still preserve the unipotency property. Similarly if
there exists a singular fiber with nonisolated singularities in Y → C such that corresponding
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monodromy is not unipotent it stays nonunipotent if we take the monodromy of limYi
FS(Yi).

So X is not rational.
We give several known applications of the above criteria - here R stays for rational, M

for monodromy, q for quasiunipotent, and u for unipotent. Here we use standard notations
from Iskovskikh classification of three dimensional Fano’s.

M R M R

P4 ⊃ X4 q − P3 u +

P6 ⊃ Q1∩Q2∩Q3 q − P5 ⊃ Q1 ∩ Q2 u +

V10 q − V5 u +
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Guided by the analysis in [AAK08] we formulate the following criterion for nonrationality
of conic bundles.

Conjecture 4.1 (Nonrationality criteria for three dimensional conic bundles) Let X be 3
dimensional conic bundle and Y → C be its Landau-Ginzburg Mirror. Suppose that there
exists a singular fiber with nonisolated singularities in Y → C such that corresponding mon-
odromy is not unipotent. Then X is not rational.

One can try to formulate the above criteria in terms of derived category on the B side -
a joint project with A. Kuznetsov. It is expected that there should be a connection between
the monodromy of the Landau-Ginzburg model and the local monodromy of the Lefschetz
cycles - see Definition 2.3. We formulate the following conjecture:

Conjecture 4.2 Let Y be a three dimensional Landau-Ginzburg model. Then the unipotency
of the monodromy in any singular fiber implies that the local Lefschetz cycle at this fiber
produces an algebraic tropical curve - compare with [Kat08a].

As theorem 3.5 suggests in dimension three we have a correspondence





Non-unipotent mon-
odromy of some fiber
in LG(Y )





OO

��





The Serre functor does
not behave as a Serre
functor of category of
a curve







OO

��



The MHS on H3(X ′) is
not a MHS of a curve
degeneration





The last part of the table above means that there exists a degeneration X ′ of X so that
MHS on H3(X ′) is not a MHS of a curve degeneration.

Questions Does similar correspondence hold in higher dimension? Is it possible to have
Serre functor of a singular fiber behaving as a Serre functor of a smooth variety and still have
nonrationality. Is it possible to have nonunipotent monodromy and still have rationality?
What other criteria do we apply then? We suggest possible approaches to these questions
in the next section.

An interesting direction to pursue is the connection between monodromy (local and of
the Landau Ginzburg model) and the theory of Hodge cycles - compare with [Kat08a]. The
idea of multiple potentials seems a possible way to go - see e.g. [Kat08b]. Observe that the
earthquakes discussed in table 15 are a powerful method to change monodromies - local and
of the Landau Ginzburg model. In particular it allows to jump from rational to norational
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loci. Its interaction with Hodge cycles is studied in [Kat08b]. A different direction to pursue
is operations with LG mirrors - cross products, quotients and gluing - see the table 23 bellow.

In some cases these operations create interesting Hodge cycles. Table 23 and 24 also
suggest that by gluing and smoothing we can compute the Picard Fucks systems in the same
way we compute monodromy - the Serre Functor. Procedure in tables 21 and 22 suggests
the same for the calculations of the monodromy of the perverse sheaf of vanishings cycles.

In particular degenerating the affine structures ([Gro04]) for 3 dimensional quartic implies
its nonrationality - indeed the monodromy is not unipotent in this case as well. The LG
model for 3 dimensional quartic is obtained by glueing LG model for 3 dimensional cubic
and LG model for 3 dimensional projective space - see Table 28.

Observe that a calculation as in theorem 3.5 implies that S4 = [5] and thefore nonra-
tionality of 3 dimensional quartic for more details see [KP08].

5 Quadric bundles and the four dimensional cubic

5.1 The four dimensional cubic

As in the previous subsection we start by degenerating the four dimensional cubic X to
three four dimensional projective spaces and applying procedure from section 2. We get
after smoothing the following Landau-Ginzburg Mirror:

xyzuvw = (u + v + w)3 · t

with a potential x + y + z. Here (u : v : w) ∈ CP2 and (x, y, z) ∈ A3. The singular set W
of this Landau-Ginzburg model can be seen on Figure 11. It consists of an elliptic surface
E and nine other pairs of P2 intersecting the elliptic surfaces in 9 triple lines li - a complete
study can be found in [KP08].

Conjecture 5.1 The generic four dimensional cubic is not rational.

We briefly discuss the idea behind the above conjecture. It comes from the fact that
for generic cubic the perverse sheaf of vanishing cycles Fi has non-trivial monodromy when
restricted on li. The calculation of Serre functor i.e. monodromy of the LG model at zero
in this case show that S = [2] - it is just shift by two on cohomology of every cubic. In
other words the Serre functor behaves just as a Serre functor of an usual K3 surface and
cannot be use to study rationality. The singular set above is obtained as follows. We first do
HMS of the Fermat cubic in P5 and then deform. The singular set for the Fermat cubic is
a degeneration of E × E/Z3. ( Fermat cubic is rational and the perverse sheaf of vanishing
cycles F has non-trivial monodromy.) Further degeneration produces configuration in Fig.
11 and leads to nontrivilaity of the monodromy of Fi. Here E is the Fermat elliptic curve
and Z3 acts via multiplication by powers of third root of unity.

Theorem 2.2 and examples of Tables 12 and 13 suggest that the complexity of the mon-
odromy of the perverse sheaf of vanishing cycles F could be made a birational invariant.
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Procedures:

1. Gluing

Y
2

Y
3

Y
1

Yi = CY ; Yi = LG

2. Product

Y
1

Y
2

3. Quotient

Y /

Y

Table 23: Operations with LG
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P 3
cubic

Affine structure for the quadric in P4. Degenerated affine structure for P3 and cubic.

Table 24: Degeneration of LG model for 3 dim quartic

Figure 11: Sing. for 4 dimensional cubic
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Many examples of four dimensional cubics have been studied by Beauville, Donagi [BD],
Voisin [VOI], Hasset [HASS] , Iliev [ILI], Kuznetsov [KUZ], Zucker [ZUCK]. We will analyze
some of these examples now.

Example 5.1 Examples of cubics containing two planes P1 and P2. In this case the fiber
Y0 of the LG model Y looks as on Fig. 13.

The monodromy of Fi is trivial and the Serre functor behaves just as a Serre functor of
an usual K3 surface. These cubics are known to be rational - see also [KP08].

0

Figure 12: Singular set for cubics containing two planes

Example 5.2 Examples of cubics containing a plane P1 and being pfaffian. In this particular
case we get a section in the projection from P , which is a singular del Pezzo surface consisting
of elliptic quintic curves - see fig. 14. Recall that pfaffian cubics are obtained from CP4

by blowing a K3 surface and blowing down a scroll over a Del Pezzo surface of degree 5.
The monodromy of Fi is trivial and the Serre functor behaves just as a Serre functor of a
commutative K3 surface. Such a generic cubic is rational - see [KP08].

In the discussion above we have used HMS in full - we will briefly discuss how one can
try proving HMS for cubics - we will extend Seidel’s ideas from the case of the quintic. We
first have:
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0

Figure 13: Singular set for a Pfaffian cubic containing a plane

Conjecture 5.2 HMS holds for the total space of OCP4(3).

The next step is:

Conjecture 5.3 The Hochschild cohomology HH•(Db
0(tot(OCP4(3)))) are isomorphic to the

space all homogeneous polynomials of degree three in five variables. Here Db
0 stands for

category with support at the zero section.

The Hochschild cohomology HH•(Db
0(tot(OCP4(3)))) produce all B side deformations of

categories of the three dimensional cubic and we have similar phenomenon on the A side as
well.

Remark 5.1 The above argument should work for any degree and for any dimension toric
hypersurfaces.

5.2 Quadric Bundles

In this section we discuss a generic approach for studying rationality questions for quadric
bundles using HMS. This approach is based on the examples we have considered - three
and four dimensional cubics. On example of quadric bundles we outline more connections of
HMS with Hodge theory, rationality questions and higher categories.

We start with the simplest example in X∨ ⊂ C2
(u,v) × C∗2

(x,y)

ft(x, y) = uv + xy + x + y + t
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This is a conic bundles depending on a parameter t. Similarly we can extend this to a
quadric bundles over P2 by considering

ft(x, y) = Q(v1, v2, · · · , vm) + xy + x + y + t

where Q(v1, v2, · · · , vm) is a quadric polynomial. The example of 4 dimensional cubic with
a plane in it produces an example of a quadric bundle. We can consider quadric bundles
over Pn as well. All of them can be considered in the following framework:

Definition 5.1 (Local CY manifold) Let X be a smooth quasiprojective variety of dimension
n with a nonzero everywhere on X form Ω ∈ Γ(X, KX) and a chosen compactification X ′

such that on D = X ′ \ X Ω has only poles.

It is easy to check that all quadric bundles satisfy this definition. We have the following:

Theorem 5.1 ([KKP08b] ) The deformations of the local CY X are unobstructed.

OP1(−1) ⊕ OP1(−1) X∨ ⊂ C2
(u,v) × C∗2

(x,y)

ft(x, y) = uv + xy + x + y + t

Table 25: Local MS for OP1(−1) ⊕ OP1(−1)

Before we look at how quadric bundles relate to rationality questions we look at a very
simple example of local CY - OP1(−1)⊕OP1(−1) and the quadric bundle with a degeneration
curve ft(x, y) = uv + xy + x + y + t, with a volume parameter t Table 25. The degeneration
curve of it is P1 \ 4 pts. and its mirror is given on tables 26, 27 with different degenerations
- see table 28.

On table 26 we demonstrate how one computes the canonical coordinate on the example
of P1 \ 4 pts.. In this particular case we compute the integral

t∂tI =

∫

γ

−
t∂tf

y∂yf

dx

x

over cycle γ in P1 \ 4 pts. chosen as shown on table 30. H1(P1 \ {P1, P2, P3, P4}) is one
dimensional and after some change we can use I as a coordinate. We can put a MHS on

42



γ

I — period – canonical coordinate

t∂tI =

∫

γ

−
t∂tf

y∂yf

dx

x

I

Table 26: Canonical coordinates for P1 \ 4 pts.

H1(P1 \ {P1, P2}, {P3, P4}) and using HMS identify it with H1(Z, U, F ). This allow us to
put an interplay of polylogs ((in this case logs) and HMS. In order to see polylogs (table 33)
we consider powers of P1 \ {P1, P2, P3, P4} and its mirror and then apply procedures from
theorem 2.1 and table 29.

P2
P1

P3

P4

U

Z

H1(P1 \ {P1, P2}, {P3, P4}) H1(Z, U, F )

Log = Ext1
MHS

Table 27: HMS and Log

We discuss a different type of MHS (table 30), which allow us to see canonical coordinates
and degenerations of MHS as well as some higher categories related to HMS. On a rational
curve in P2 we consider the following limit of MHS for pairs
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t = 1

1 + x + y + xy = 0

t = 0

x + y + xy = 0

t = ∞

Table 28: 3 different degenerations

H1((P1 \ 4 pts.)n) H1(Zn, U, F )

n-polylog n-polylog

Table 29: Polylogs
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lim
P3→P1

P4→P2

H1(P1 \ {P1, P2, P5, P6}, (P3, P4))

We prove in [KKP08b]:

Theorem 5.2 The extension class in limP3→P1

P4→P2

H1(P1 \ {P1, P2, P5, P6}, (P3, P4)) defines a

canonical coordinate.

The MHS defined above is a good way to approach rationality questions for quadric
bundles see table 31.

P1

P2

P4

P3

P5

P6

γ

lim
P3→P1

P4→P2

H1(P1\{P1, P2, P5, P6}, P3, P4) lim
γ→0

H(Y, F )

Ext I A side realization

Table 30: MHS of the pair

Let us first consider a three dimensional conic bundle. We have a MHS associated to the
natural double cover of the curve of degeneration for the conic bundle in question -

lim
P3→P1

P4→P2

H1−(C̃ \ {P̃1, P̃2, P̃3, P̃4}).

Here H1− is the antiinvariant part of the cohomologies.
In the previous section we have shown that rationality of the three dimensional cubic

is based on the nontriviality of the monodromy of the perverse sheaf of vanishing cycles.
This, we have shown, also relates to the type of Serre functor we have. In limP3→P1

P4→P2

H1−(C̃ \

{P̃1, P̃2, P̃3, P̃4}) we define the Z structure via integrating over the noninvariant part of
H1(C̃, Z). Deforming the conic bundle leads to a degeneration of MHS

lim
P3→P1

P4→P2

H1−(C̃ \ {P̃1, P̃2, P̃3, P̃4})

which is not a MHS of a curve degeneration. Through the HMS procedure described in
section 2 we can check that this relates to nontriviality of the monodromy of the perverse
sheaf of vanishing cycles and to Serre functor not being a Serre functor of a curve. Similar
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observation can be made in the case of four dimensional cubic but there the Serre functor
calculation leads to a Serre functor of a K3 surface and it is not clear what characterizes a
MHS of a degeneration of a surface. What remains true is that from HMS we get nontriviality
of the monodromy of the perverse sheaf of vanishing cycles - see [KP08]. According to our
consideration this leads to nonrationality of generic four dimensional cubic - see Table 31
bellow. Observe that in order to describe all canonical coordinates of the four dimensional
cubic we need to add some more coordinates to the ones coming from the sixtic. One of
them is obtained as an integral over the whole tropical limit of the two sheeted covering - a
section which degenerates when we move away from cubics with two planes. This integral
relates to 2,0 forms of the two sheeted covering above. The other integral is connected with
a preimage of a line in P2. When the quadric bundles above has a section these integrals
become dependent. Existence of a section is equivalent to the fact that perverse sheaf of
vanishing cycles on the corresponding LG model has a trivial monodromy.

B side A side

γ 1

γ2

γ

C̃ → C is
a 2:1 cover in A2

lim
P3→P1

P4→P2

H1(C̃ \ {P̃1, P̃2, P̃3, P̃4})

K3
fibration

H i(Y, F )

A2

sixtic

4−dim cubic

quadric
bundles for 4-dimensional cubic

with a plane

Table 31: HMS for quadric bundles

We will briefly mention here an approach to nonrationality based on higher categories.
More can be found in [Kat08b]. Let us assume we consider a four dimensional cubic X with
a plane P in it. Following the procedure of table 4 we have a LG model with two potentials
for four dimensional cubic. This LG model, a fibration over C2, can be thought as a family
of LG models associated to the mirror to the family of quadrics we get by projecting the
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cubic X from P . So we have a family of LG models Y1 for each line in C2. Here we introduce
a two category with objects Fukaya Seidel categories Y1 and morphisms are Fukaya Seidel
categories of the cross product LG model Y1 × Y2 - see [Kat08b]. The nonrationality of
the monodromy of the perverse sheaf of vanishing cycles associated with the mirror of X
relates to Fukaya Seidel category of the cross product LG model Y1 ×Y2 being equivalent to
FS(LG(¶1))×FS(LG(¶1)). [Kat08b]. The findings are briefly summarized in the table 32.

H1(Zn, U, F )
Nontrivial monodromy of the per-
verse sheaf of vanishing cycles.

Y1

LG
��

Y

��
P1

FS of LG model Y1×Y2 being a prod-
uct of FS categories.

Table 32: Higher Categorical Structures

Remark 5.2 Similar higher categories approach might be useful in studying algebraic cycles
- see [Kat08b].

Conclusion As we have mentioned, tables 23 and 24 suggest that by gluing and smooth-
ing we can compute the Picard Fucks systems in the same way we compute monodromy -
the Serre Functor. Procedures described in tables 21 and 22 suggest the same for the cal-
culations of the perverse sheaf of vanishings cycles. The example of four dimensional cubic
shows that in some cases we get Serre functors no different from the Serre functors of smooth
algebraic surfaces and therefore the monodromy of the Picard-Fuchs systems cannot be used
for distinguishing rationality, but the monodromy of the perverse sheaf of vanishings cycles -
the strongest criteria so far still can be used. Similar arguments - see [Kat08b] suggest that
there might exist conic bundles of dimension three with Intermediate Jacobians - Jacobians
of curves which are not rational. Such an example can be obtained from the double solid by
putting on it seven or more singular points in general position.

One can use the idea behind the proofs of theorems 2.2 and 2.3 to prove that the mon-
odromy of perverse sheaf of vanishing cycles is a birational invariant after taking all divisors
away. It is known that in higher dimensions there are Landau Ginzburg models of rational
varieties for which the perverse sheaf of vanishing cycles has nontrivial monodromy - e.g. P5

blown up in a cubic and some six dimensional cubics. The important thing is what mon-
odromy we are left with after we take all divisors away - a hard to control issue in dimension
higher than four.
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