ISOCLINISM AND STABLE COHOMOLOGY OF
WREATH PRODUCTS

FEDOR BOGOMOLOV! AND CHRISTIAN BOHNING?

ABSTRACT. Using the notion of isoclinism introduced by P. Hall
for finite p-groups, we show that many important classes of finite
p-groups have stable cohomology detected by abelian subgroups,
see Theorem [£.4] Moreover, we show that the stable cohomology of
the n-fold wreath product G,, = Z/p?---1Z/p of cyclic groups Z/p
is detected by elementary abelian p-subgroups and we describe the
resulting cohomology algebra explicitly. Some applications to the
computation of unramified and stable cohomology of finite groups
of Lie type are given.

1. INTRODUCTION

Recall that for a prime p and finite group G, the stable cohomology
H:(G, Z/p) is defined as the quotient H*(G, Z/p)/N¢, where, for
some generically free G-representation V with open part V% with free
G-action, N¢,, is the kernel of the map

H*(G, Z/p) — limy H'(U/G, Z/pZ),

the direct limit running over all nonempty G-invariant Zariski open
subsets U C VX, In fact, Ng, is independent of the choice of V. In
H}(G; Z/p) we have the subring of unramified elements H}.(G, Z/p);
these play a vital role in the study of birational properties of generically
free linear quotients V/G and varieties X in general, see [Bogo93| for
definitions and background.

The object of this paper is to make H}(G, Z/p) (and H} (G, Z/p))
amenable to effective computation for rather important and large classes
of groups. The development of the theory formally parallels that in the
ordinary cohomology of finite groups: iterated wreath products of finite
cyclic p-groups play an important part because they occur as building
blocks of Sylow subgroups of a variety of classes of finite groups, in
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particular many finite groups of Lie type. In ordinary group coho-
mology, systematic studies along these lines were made in the famous
papers by Quillen [Quill71a], [Quill71b], [Quill7lc]. Our treatment
uses the notion of isoclinism of finite p-groups introduced by Hall in
the paper [Hall]. It turns out that generically free linear quotients by
isoclinic groups are stably birational, see Theorem [3.2} this answers a
question raised in [HKK] (Question 1.11) in the affirmative. A partial
result in this direction has been obtained previously in [Mor] where it
is proven that isoclinic groups have isomorphic unramified cohomology
in degree 2. Moreover, the stable cohomology of isoclinic groups share
some important properties, see Proposition [2.2] namely if G; and Gs
are isoclinic, then the stable cohomology of G is detected by abelian
subgroups if and only if the same is true for Gs.

Here is a further outline of the contents of this paper: in Sections
and [3] we prove the afore-mentioned results for isoclinic groups and, as
an ingredient of the proof, we show that the notions of isoclinism and
being toroidally related coincide for group extensions.

Section [] then contains the application of the results on isoclinic groups
to the computation of the stable cohomology of iterated wreath prod-
ucts of groups Z/p. The main results are Theorem and its Corol-
lary [4.5] saying that for the stable cohomology of these groups we
have detection by abelian subgroups. Theorem shows that for
Gn =2Z/pl---1Z/p (n-factors) we even get detection by elementary
abelian p-subgroups. This enables us to determine the structure of the
stable cohomology algebra of G, in Theorem 4.8 completely. In Section
we give some applications of the preceding results to the computa-
tion of the unramified and stable cohomology of some finite groups
of Lie type. A more intensive treatment will be given elsewhere. In
particular, we recover (and extend) results from [BPT] by this method.

2. TOROIDALLY RELATED EXTENSIONS

Definition 2.1. Let GG be a finite group and let A;, As be finite abelian
groups. Ife; : 1 - A -Gy -G —landey : 1 - Ay — Gy —
G — 1 are two central extensions of G, we call them (resp. G; and
Gs) toroidally related if there is an algebraic torus T ~ (C*)" together
with embeddings i, : Ay — T, k = 1, 2, such that the images of
e; € H*(G,A;) and e; € H?(G,Ay) in the cohomology H?*(G, T)

coincide.

Examples. (1) If G is abelian, then one knows for the group homology
Hy(G,7Z) = A*G, and the universal coefficient sequence for an arbitrary
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G-module M reads
0 — Ext' (G, M) — H*(G, M) = Hom(A’G, M) = 0.

For M = Q/7Z, we have Ext'(G, Q/Z) = 0 as Q/Z is an injective
Z-module; hence an isomorphism

c: H*(G, Q/Z) = Hom(A’G, Q/Z) .

More concretely, for any M = A with trivial action, the map ¢ :
H?*(G, A) — Hom(A?G, A) can be described as follows: to a central
extension

e:15AS5GSG—1
one associates the A-valued skew-form c(e) on G given by the commu-
tator:

i(c(e)(g, h)) = ghg *h™", where 7(§) = g, m(h) = h.

The kernel Ext'(G, A) of ¢ in this more general set-up can be identified
with the abelian extensions &,,(G, A) of G by A. From the short exact
sequence of coefficients

0-Q/Z—-C =-C/(Q/Z) =1
we get H*(G, Q/Z) ~ H*(G, C*) because C*/(Q/Z) is an infinite-

dimensional vector space over Q (with “vector addition” = multipli-
cation and “scalar multiplication” =exponentiation; this uses the alge-
braic closedness of C), whence H(G, C*/(Q/Z)) = 0 for i > 0. If
i : A< (C*)" is an embedding, the diagram

H*(G, A) —— Hom(A%G, A)

i*l io(—)l
H*(G, (C*)") —— Hom(A%G, (C*)").
Thus, for fixed abelian G and A, two central extensions e; and e, of G
by A are toroidally related if and only if they give the same skew form
in Hom(A2G, A), or equivalently, their difference e; — e, € H*(G, A)
represents the class of an abelian extension. If A and G are elementary
abelian p-groups, this is the same as saying that e; — es lies in the
subspace of H*(G, A) spanned by the Bocksteins.

(2) In general, when G is not necessarily abelian, we still have a uni-
versal coefficient sequence

0 — Exty(H,(G, Z), A) — H*(G, A) — Hom(Hy(G, Z), A) — 0
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and, for an embedding i : A — (C*)" a diagram
H*(G, A) ——= Hom(Hy(G, Z), A)
zl io(—)l
H*(G, (C*)") —— Hom(Hy(G, Z), (C)")

where the bottom horizontal arrow is again an isomorphism. Thus
extensions e; and ey are toroidally related in this case if and only if
their difference e; — e, is in the subspace Exty(H,(G, Z), A). Now
H,(G, Z) = G* and the map Ext,(G*®, A) — H*(G, A) factors

Extl(G™, A) — H*(G™, A) 5 HX(G, A)

where p : G — G® is the projection and the arrow Exty(G*, A) —
H?(G?, A) is the one in the universal coefficient sequence

0 — Ext'(G™, A) — H*(G™, A) 5 Hom(A*G*, A) = 0.

This means that if e; — e, are ~toroidally related, then their difference
corresponds to an extension G of G' by A induced from an abelian
extension G of G by A:

1 y A y @ —— G —— 1
| |
1 » A » G —— G —— 1.

The next Proposition shows that if G; and G5 are toroidally related,
then their stable cohomologies have important properties in common.

Proposition 2.2. Let Gy and Gs be toroidally related as in Definition
[21. Then we have
(1) Hrtr(Gb Z/p) = H;r<G2? Z/p);
(2) for toroidally related p-groups Gy and Gy one has that if HX (G, 7Z/p)
is detected by abelian subgroups, so is HX(Ga, Z/p).

Proof. (1) Let G. be the central extension of G by T' = (C*)" deter-
mined by G; and G3. Then G. is an extension 1 — G; — G, — T/A; —
1. Then a generically free representation V' for G, gives a generically
free representation for both G;, and V/G; — V/G., is a torus principal
bundle, hence locally trivial. In particular, V/G;, i = 1, 2, are stably
birationally isomorphic and have the same unramified cohomology.
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(2) Look at the fiber product of G; and G, over G:

G2 = G xXg Gy s Gy

| l

Gg — G.

Then G5 is a toroidally trivial extension of both G; and G,. We
subdivide the proof into two auxiliary steps:

(a) If the stable cohomology of GG is detected by abelian subgroups,
the same holds for the stable cohomology of G1,.

(b) HX(Ga, Z/p) injects into HX(G12, Z/p).
Given (a) and (b), one may conclude as follows: a nontrivial element
a € HX(Gay, Z/p) is still nonzero in HY(G1a, Z/p), hence is nonzero on
some abelian subgroup A C G135 by (a). Hence « will be nontrivial on
7T2<A) C GQ.
To prove (b) note that Gz, being a toroidally trivial extension of Gy,
is induced from an abelian extension G2 of G2P:

1 > Lo > Gia Gy 1
1 s s s Gob > Gab 1.

Now é?b splits as a direct product A; + A; of abelian groups, where
A is an abelian extension of G2 of the same p-rank as G%°, i.e.
dimg, (A;/p) = dimg, (G2%/p), and Ay + A; is then a trivial abelian
extension of A;. It follows that

Glg = Ag X Gll

where G is the preimage of A; in G under the map G2 — é‘"{b.
There is a natural map G| — G;. We claim that the induced map

H (G4, Z/p) — H{(G1,Z/p)

is injective.

We prove that G; and G have a faithful representation W with the
same quotient. Indeed, let V' be a faithful representation of G; and let
W =V &[[,;(C),, where [[,(C),, gives an embedding of the abelian
group A; into a torus via characters x;. This W is then a faithful
representation of Gy and G. Let g; be generators of A; dual to the

characters x;, and h; = gflj generators of G2°. Let VL the open part
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of V' where the action is free, then the map
VEXTTC)y, = VEx TT©)y,
J J

which is the identity on V% and maps the coordinate z; in (C*),, to
Di;
.

;' induces an isomorphism

(VEx JTE€))/6 = (VEx TJ(€))/Gr
J J
This finishes the proof of (b).

Let us now prove (a), i.e. we assume that H*(Gy, Z/p) is detected by
abelian subgroups and we want to show the same for G15. It suffices
to treat the case where we are in the situation

1l — Z/p — G —— G —— 1

H l |

1 —— Z/p —— Z/p"' —— Z)p" —— 1.

Let G¢, be the C*-extension induced by G132 — G resp. G2 — Gs.
Then GY, is trivial: G, ~ G; x C*.

Consider a generically free linear representation V' of G; and a linear
representation V @ CM of G, where the quotient Z/pi*! acts in CM
via multiplication by a p**!st root of unity. Let V° be the open part of
V where the G;-action is free. Note that likewise Gf, acts naturally in
V @ CM (here C* acts in CM via homotheties). We have natural maps

L=V (CM —{0}))/Gra —— P:= (V& (CM —{0}))/G5,

']
B:=V/G,.

Here ¢ makes P into a (trivial) projective bundle over B, and L* is a line
bundle over P with zero section removed. Note that if we replace V' by
a direct sum V@V @- - -V with sufficiently many copies of I and make
M large, we can assume that the group actions on the respective spaces
are free in high codimension, hence the Z/p-cohomology of L*, P resp.
B agrees with the group cohomology H*(G12, Z/p), H*(GS,, Z/p) resp.
H*(G1, Z/p) up to arbitrarily high degree. Now

H(GSy, Z/p) ~ HI(Gy, Z/p)



STABLE COHOMOLOGY 7

via the pull-back map ¢ (the stable cohomology of the algebraic group
C* is trivial). Moreover, for the usual cohomology it clearly holds

H*(P,Z/p) ~ H" (B, Z/p)[b]
where b is a generator of H2((CM — {0})/C*, Z/p). Now we have
HI(LX, Z/p) — H{(P, Z/p) @ H(C", Z]p),

where HY(C*, Z/p) is the stable cohomology of the algebraic variety
C*. To see this it is sufficient to consider the spectral sequence of the
fibration p

H'(P, H'(C, Z/p)) = H"7(L*, Z/p)

to show that every cohomology class « € H*(L*, Z/p) can be written
as B+y®t with 3, v € H*(P, Z/p) and t a generator of H*(C*, Z/p),
and then pass to the stabilized cohomology. Put differently, we have
maps

T ;> G12

G1 X Z/p
where I' is a profinite group, the decomposition group of the valuation
corresponding to the zero section of £, which splits as I @ Z, and r*
resp. s* stabilize the cohomology of G5 resp. G x Z/p. Note that
there is some profinite abelian group AinT lying over every abelian
subgroup in G; x Z/p (one can take the valuation subgroup associated
to the (composite) valuation given by a system of A-invariant coordi-
nate hyperplanes). Then A stabilizes the cohomology of A. Now given
a cohomology class in G132, when pulled back to I', it is in the image of
the cohomology of G} x Z/p, hence nontrivial on some such A. Hence
the original class will be nontrivial in the stable cohomology of the
image of A under r in Gia. ]

3. COMPARISON TO THE NOTION OF ISOCLINISM

In [Hall], P.Hall introduced the notion of isoclinism of finite groups
which morally speaking means that the two groups have the same com-
mutator function.

Definition 3.1. Two finite groups GG; and G5 with centers Z; and Zs
are said to be soclinic if there are isomorphisms

i 2 Gi/Z1 = Ga/Zy, 1[G, Gi] = [Ga, G
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such that N
G1/21XG1/Zl M) GQ/ZQXGQ/ZQ
(G4, G4] — (G2, G
commutes.

As was remarked above, if G; and G4 are toroidally related extensions
of the group G, then GGy, is a toroidally trivial extension of both GGy and
(G9; which means that it is an extension induced from an abelian ex-
tension of G resp. G&°. Hence (G, and Gy have the same commutator
function (that of G3) and are isoclinic.

Suppose conversely that G; and G5 are isoclinic. Then naturally G =
G1/7Zy ~ Go/Zy and we want to show that

e1: 121 —>G —-G—>1,
er 1 1 =2y, > Gy —G—1

are toroidally related. We have to show that e; and es map to the same
element under ¢; o a; where «; is the map in the sequence

0 — Exty(H\(G, Z), Zi) — H*(G, Z;) —— Hom(H,(G, Z), Z;) — 0.
and ¢; is the map
t; » Hom(Hy (G, Z), Z;) — Hom(Hy(G, Z), (C*)")

induced by an appropriately chosen embedding Z; — (C*)". To do
this we use an interpretation of the Schur multiplier Hy(G, Z) from
[Karp], section 2.6, in terms of commutator relations. Let (G, G) be
the free group generated by all pairs (x, y) with x, y € G together
with its natural map ¢ : (G, G) — [G, G] with ¢((z, v)) = [z, y] =
ryz~ly~!. The kernel of p, denoted by C(G), consists of relations
among commutators in GG. Moreover, there are the following universal
commutator relations valid in any group G:

(z, x), (z, y)(y. =), (Y, 2)"(x, 2){zy, 2)7",

(y, 2)"(y, 2)"Na, [y, 27"

where for x, y, 2 € G, (y, 2)* = (zyz™!, zzz~'). The smallest normal

subgroup in C(G) containing all these universal relations is denoted
by B(G). Let H(G) = C(G)/B(G) be the quotient. The universal
relations are the ones that hold in a free group. We have now, by

Theorem 2.6.6 of [Karp], that naturally H(G) ~ Hs(G, Z), the Schur
multiplier, for a finite group G. In fact this is a consequence of Hopf’s
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formula for Hy(G, Z) which says that if F¥ — G is a free presentation of
G with subgroup of relations R, then Hy(G, Z) ~ (RN [F, F])/[F, R].
Now we want to reinterpret the maps

voa; : H* (G, Z;) — Hom(H(G), Z;) — Hom(H(G), (C*)")

(see also the proof of Theorem 2.6.6 in [Karp|): if A is one of Z; or Zs,
« one of «;, then to a central extension e € H*(G, A) given by

15A-5G>G—1

we first associate the homomorphism (G, G) — G which maps (z, y)
to [z, §], &, 7 lifts of «, y in G. This homomorphism maps C(G) into
A (in fact onto AN[G, G]), and it maps B(G) to {1}, hence associated
to e one gets a homomorphism

V. : HG)— AN[G, G] C A.

Then a(e) = 1. It is obvious that if e; and ey have the same commuta-
tor function, then we can choose embeddings Z; < (C*)", Zy — (C*)"
which agree on Z; N [G1, G1] ~ Z; N [Gy, Gs] and such that then
e, = ey, viewed as maps into (C*)". Hence we have proven

Theorem 3.2. The notions of being toroidally related and isoclinic
coincide. In particular, if Gy and Go are isoclinic, then generically free
linear quotients for Gy and Gy are stably equivalent.

This answers Question (1.11) of [HKK] in the affirmative; the partial
result that G; and G have isomorphic second unramified cohomology
groups has been proven in [Mor].

We give an additional elementary argument for the implication “G; and
(G5 isoclinic” = “the extensions e; and e, are toroidally related”.
Suppose that G; and G5 are isoclinic, and consider the fiber product

over (G as above: i
G2 =G xg Gy —— Gy

| |

Gg — G.
We want to show that then the extensions 1 — Z5 — G — G — 1
and 1 - Z; — G135 — G9 — 1 are toroidally trivial. Note that the
preimages of (G, G1] C Gy and [Ga, Go] C Gy coincide with [G1a, G2
and this group equals

[Gra, Gra] = (([91, Mul, §([91, M]))) g1, i € Gy

which is a “diagonal subgroup” of Gy, which intersects both Z; =~
{(z1, 1) 21 € Z1} C Gio and Zy =~ {(1, 23)| 22 € Zo} trivially. In
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other words, Z; maps isomorphically to Gs/[Ga, Go] = G5 and Z,
isomorphically to G1/[G1, G1] = G3°. Therefore, for example, the
extension G5 of Gy by Z; is induced by an abelian extension

1 — Zl — Glz/[Glg, G12] — GQ/[GQ, Gz] — 1.

The same holds for the extension G5 of G;. Hence these two are
toroidally trivial, hence e; and e, are toroidally related.

The following Remark is sometimes useful and summarizes some com-
patibilities of isoclinism with passing to subgroups or quotients. It can
be found already in [Halll.

Remark 3.3. An isoclinism between G; and G5 sets up a bijective cor-
respondence between subgroups of G containing Z; and subgroups of
G5 containing Zs, and corresponding subgroups are isoclinic.

In particular, a centralizer in the group G, is isoclinic to a centralizer
in Gl.

Moreover, an isoclinism also gives a bijective correspondence between
quotient groups G1/K; and Gs/K,, where K; C [G, G1] and Ky C
|G2, G], and corresponding quotient groups are isoclinic.

4. STABLE COHOMOLOGY OF WREATH PRODUCTS

Now we want to use Proposition to compute the stable cohomology
of the iterated wreath product G,, = Z/plZ/pl---VZ/p of groups Z/p
(there are n-factors Z/p). We first define a class of groups which will
turn out to be stable under taking iterated centralizers, provided one

identifies groups which are isoclinic/toroidally related, and contains
Gy.

Definition 4.1. Let D be a class of groups with the property that (1)
every group in D has stably rational generically free linear quotients,
and (2) the centralizer of any element in a group in D again belongs
to D.

Then we define a group to belong to the class C,(D) if it can be reached
starting from a group in D by a finite number of the following oper-
ations, which successively enlarge the set of groups in C,(D) already
constructed:

(a) taking a wreath product with a group Z/p, i.e. passing from H
to HU1Z/p,

(b) taking a finite direct product,

(c) passing from H to an isoclinic group H'.
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It follows that all the groups in C,(D) have trivial higher unramified
cohomology, in fact they all have stably rational quotients. Moreover,
clearly G,, belongs to C, if we take D to consist only of the group Z/p.

The key result will be Proposition below. We precede it with a
Lemma on isoclinism types of centralizers in a wreath product H =
H'Z/p which will be used in the proof of Proposition

Lemma 4.2. Let H' be a finite group, and let H = H' Y Z/p be its
wreath product with Z/p. Let x € H be some element, and Zy(x) be
its centralizer. Then one of the following is true:

(a) The element x is contained in (H')? C H, Zy(x) does not
surject onto the quotient Z/p under the natural projection H —
Z/p, and the centralizer Zy(x) is a product

ZH’(xl) X+ X ZH’(xp)

of the centralizers Zy:(x;) of the components x; of x with respect
to the product H' x ... x H' (p-factors) in H.

(b) The cyclic subgroup (x) generated by x in H surjects onto the
quotient Z/p under the natural projection H — Z/p, and if
2 = ((a, a,..., a), id), then Zy(zx) is isoclinic to

ZH’ (a) X Z/p .

(¢) The element x is contained in (H')? and Zg(x) surjects onto
Z/p. Then x = («',..., 2') € (H")? and Zy(z) is isomorphic
to

Proof. The cases enumerated in (a), (b), (c¢) obviously cover all the
possibilities and are mutually exclusive. We deal with them one by
one.

Case (a) The centralizer Zy(x) is contained in (H')?. Then Zy(x) is
obviously the product of the centralizers of components.

Case (b) Suppose that (z) surjects onto the quotient Z/p of H =
H'VZ/p. After conjugating by an element in (H')? we may assume
r = ((a, id,..., id), o) for some a € H' and o € Z/p a generator.
Indeed, if a priori z = ((z1, ..., x,), 0), it is sufficient for this to solve
the equations
cixic;_ll(i) =1fori#1

in elements ¢; of H', which is always possible successively, and conjugate
by ¢ = ((c1,..., ¢), id). To see that it is indeed possible successively,
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put €.g8. Co-11) = 1, Co—2(1) = Lo—1(1)s Co=3(1) = Lo—1(1)Lo—2(1)y -+ >
Cop(1) = C1 = Tog-1(1) - - - Lam-1)(1), @ = To=1(1) + - - To—(o-1)(1)T1 = | [; s
We will assume therefore now that = = ((a, id,..., id), o) with ¢ a

generator of Z/p for simplicity.

Clearly, Zy(x) is generated by (z) and those y = ((y1,..., ¥p), id)
which commute with . These elements y will also commute with all
powers of x, hence with ((a, a, ..., a), id). That is, it is necessary that
a commutes with every y;. The condition

((y17~'7 yp)7 1)(((1’ L..., 1)’ U) = ((a’7 I,..., 1)7 O)((y17~~a yp)7 1)

reads
Yyia = alYs-1(1)
Y2 = Yo-1(2) »
Yp = Yo=1(p) -
This implies Yo-1(1) = Yo—2(1) = *** = Yo--1(1) = Y1, S0 the elements y
which commute with z are precisely those such that y; = --- =y, and

all of them commute with a.
In this case it follows that Zy(x) is an extension

0— Zy(a) = Zy(x) - Z/p — 0

which will in general be nontrivial; however, we claim that Zg(z) is
toroidally related to the product Zy:(a) x Z/p. More precisely, Zy(z)
is a central extension

1= (@) = Zy(z) = Zy(z)/{a) = Zp(a)/(a) x Z/p — 1

of Zy:(a)/{a) X Z/p by the cyclic group generated by a. We claim that
this extension is toroidally related to the extension

1= {a) = Zy(a) X Z/p — Zyi(a)/{a) x Z]/p — 1.

—~——

Indeed, look at the extension Zy(x) of Zy/(a)/{a) x Z/p by Q/Z in-
duced by Zy(z):
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1—Q/Z —— Zy(x) —= Zyi(a)/{a) X Z]p —=1

As Q/Z is divisible, the element a € Zy(a) C Zy(z) is a p-th power

of a central element A in Zy(z). In particular, Zy(z) contains also
Z(a) X Z/p; we can map a generator of Z/p to ((a, 1,..., 1), 0)A™!
in Zg(z).

Case (c) We have x € (H')?, but there is an element g € Zy(z) such
that the subgroup generated by it surjects onto Z/p. The element g
is then conjugate to ((a, id, ..., id), o) for some a € H and o € Z/p
a generator. We can assume then that g = ((a, id,..., id), o). Now
> = ((a, a,..., a), id) € Zyyw(x), and as this is a product of the
centralizers of the components of z, also b = ((a, id,..., id), id) €
Zy(z). Sob™'-g = ((id,..., id), o) is also always in Zy(z) in this
case. Hence x = (2/,..., 2') here, and Zy(v) = Zp/(2') L Z/p. O

Proposition 4.3. Suppose G is a group in C,(D) and let h € G be
some element. Then the centralizer Zg(h) is again a group in C,(D).

Proof. If we denote = one of the construction steps in Definition
and by Gy = G1, Go, G1 € Cy(D), the fact that G is gotten
from G, applying one construction step, then we call

Gy = G = ... = G

with Gg in D a chain of length s and Gy the end of the chain. Let
C,(D)=* be the subclass of all groups in C,(D) which are ends of chains
of length < s. We prove by induction on s, starting from s = 0, that
every centralizer of an element in a group in C,(D)=* again belongs to

Co(D).
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The beginning of the induction is trivial because the assertion of Propo-
sition holds by assumption for all the groups in D. Now suppose it
holds for all groups in C,(D)=*. Suppose then H is a group in C,(D)=*""
constructed out of C,(D)=* according to the rules in Definition We
have the following possibilities.

(1) The group H is a finite product
H=H - x H

of groups H/ in C,(D)=*. Then the centralizer Zy(z) of an ele-
ment z € H is the product of the centralizers of the components
x; of x. Each of the Zy,(z;) belongs to C,(D) by the induction
hypothesis, hence so does the product as C,(D) is closed under
taking finite products by definition.

(2) The group H is isoclinic to a group H’ in C,(D)=*. By Remark
3.3] centralizers of elements in H are isoclinic to centralizers of
elements in H'. The latter however belong to C,(D) by induc-
tion. As C,(D) is closed under passage to isoclinic groups, H
belongs to C,(D), too, in this case.

(3) The group H is a wreath product

H=H)Z7/p

where H' belongs to C,(D)=*. According to Lemma above,
we see, using the induction hypothesis and the definition of the
class C,(D), that H also belongs to C,(D).

This concludes the proof. O

Theorem 4.4. The stable cohomology HX(G,7Z/p) is detected by abelian
subgroups for any group G in C,(D).

Proof. Here we use Lemma 1.5 of [B-B11] inductively. Then everything
follows from Proposition saying that C,(D) is closed under taking
centralizers, and induction over the cohomological degree: note that
all groups in C,(D) have trivial higher unramified cohomology and that
the stable cohomology H!(G, Z/p) of any finite group G is detected
by abelian subgroups: this is so because any nontrivial character x :
G — Z/p is nontrivial on a cyclic subgroup in G. U

Corollary 4.5. The stable cohomology HY(G,, Z/p) is detected by
abelian subgroups.

Proof. Take D = {Z/p} and apply Theorem [4.4] O

The following result allows us to determine HY(G,, Z/p) rather pre-
cisely. It follows from Corollary [4.5] but requires some additional work.
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Theorem 4.6. The stable cohomology HY (G, Z/p) is detected by el-
ementary abelian subgroups.

Proof. Tt will be sufficient to prove:

Every nontrivial class o € H¥(G,,, Z/p), k > 1, is non-

trivial on the subgroup G | C G,,_1 1 Z/p = G,.
Then the assertion of Theorem [4.6] will follow by induction and the fact
that H}(G,, Z/p) is always detected by elementary abelian subgroups:
in fact, every nontrivial character x : G,, — Z/p is nontrivial on G*_,
or else nontrivial on the quotient Z/p.
By Theorem a class o as above which is trivial on G? _; must be
nontrivial on some abelian subgroup A which surjects onto Z/p under
the composite map A — G,, — Z/p. Then A is contained in a sub-
group BU1Z/p C G, where B? C G%_, is abelian: we can take for B
the image of ANG®_, in G,,_; under any of the coordinate projections
G? | — G,_1. Note that if z = ((a, 1, 1,..., 1), 0) is an element in A
such that (z) surjects onto Z/p and if b = ((b1,..., b,), 1) € ANGH_,,
then the equation zbz~! = b together with the fact that a commutes
with every b; implies that b; = --- = b, so all coordinate projections
are the same.
Thus we get a nontrivial class in H¥(BZ/p, Z/p) which with slight
abuse of notation we denote again by a. We have to recall some re-
sults about the structure of the cohomology of B Z/p: by Nakaoka’s
Theorem (see [Evens|) one has an isomorphism

H*(BUZ/p, Z/p) ~ H*(Z/p, H*(B, Z/p)*")

where we consider the cohomology H*(B, Z/p)*? as a Z/p|Z/p]-module
(with nontrivial action). However, H*(B, Z/p)®? is a direct sum of triv-
ial Z/p|Z/p]-modules and free Z/p|Z/p]-modules (see |[A-M], p. 117).
The trivial modules are generated by norm elements z ® --- ® x €
H*(B, Z/p)®?, x € H*(B, Z/p). The free modules do not contribute
to the cohomology. Let by, by, ... be a basis for H*(B, Z/p). Hence
there is a natural splitting

H*(B1Z/p, Z/p) = H(Z/p, H'(B, Z/p)*") ® D H"(Z/p, T)
k>0,
~ H*(B", Z/p)"" & @ H"(Z/p, T),
k>0,
the direct sum running over all the trivial modules 7}, generated by
b; ® -+ ® b;, which occur.
Consider now a faithful toric representation Rp for B that stabilizes
the cohomology of B with open part R% where the B action is free. We
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construct the faithful B1Z/p representation RY, & C where Z/p acts via
a p-th root of unity in C and rotates the copies of Rg. This has an open
toric free part (R%)? x C* and the quotient @ := ((R%)? xC*)/(BZ/p)
has the structure of a torus fibration with fibre (R%)?/B? over C* ~
(C*)/(Z/p). The fundamental group m(Q) yields a partial stabilization
for the cohomology of BUZ/p and is of the form B* x Z where B* =
m(R%/B) and stabilizes the cohomology of B. We consider the image
of the cohomology of B1Z/p in the cohomology of B*?Z/p. That map
can be factored

H*(B1Z/p, Z)p) —L H*(B*1Z/p, Z/p) —2~ H*(B* % Z, Z/p)

and the cohomologies of B*{Z/p and also of B® x Z can be described
analogously to what was said above: first, clearly,

H*(B*1Z/p, Z]p) ~ H*(Z/p, H*(B®, Z/p)*?)

and the description is entirely the same as before. Now for B® x Z
we also have, see [Evens], discussion on page 19 and proof of Theorem
5.3.1, that

H*(B°Z, Z.|p) ~ H*(Z, H*(B*, 7Z/p)%?)

where now we consider H*(B*, Z/p)®? as a Z/p[Z] module via the quo-
tient map Z — Z/p. In particular, the free Z/p[Z/p|-submodules of
H*(B*,Z/p)®P may contribute to the cohomology H*(Z, H*(B*,Z/p)®?)
now (but those classes do not come from H*(B!Z/p, Z/p)). The
maps f; and fo have a natural description using the previous iso-
morphisms: the map f; is just induced by the map of coefficients
H*(B, Z/p)®? — H*(B*, Z/p)®? (which is a stabilization map for
the cohomology of B?), and f; is induced by the natural surjection of
groups Z —» Z/p.

From this description we see that if a class a is in H*(BP, Z/p)%/®
and stable, then it is detected already on BP. Moreover, the classes in
H*(Z/p, T;) can only be stable if k = 1 and T; is generated by 3®---®.3
with [ stable (and part of the chosen basis for H*(B, Z/p)). Let
deg(B) =: b, and let us show that in fact all classes « = TU(f®---® )
with & > 0 and 7 some generator of H'(Z/p, Z/p) are unstable in
H*(BUZ/p, Z/p), which will prove Theorem [4.6 The degree of « is
1 + pb. However, « is then induced from a class o in £ Z/p, where
E =~ (Z/p)® is elementary abelian, via some surjection B —» E: in fact,
we may assume  is a monomial in e, ..., e,, the latter being some
basis of H'(B, Z/p) and then the surjection is just a coordinate pro-
jection followed by reduction to Z/p. If « were stable, then o would
be stable. This is however clearly not so if b > 0 for in that case EQXZ/p
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has a faithful representation of dimension pb (let each standard copy
of Z/pin E ~ Z/p x --- x Z/p act on C via a nontrivial character
and let Z/p rotate those copies). Hence all classes in the cohomology
of EV17Z/p of degrees > pb are killed under stabilization for dimension
reasons. U

We have already proven a lot more, but let us record the easy

Corollary 4.7. The stable cohomology HX(G,,, Z/p) is detected by the
two subgroups G* _, and G,_1 x Z/p.

Proof. 1t is known ([Muil, p.349) that every maximal elementary abelian
p-subgroup of G,, is contained in G¥_; or G,,_1 X Z/p. O
We can now also say very precisely how the cohomology ring H(G,Z/p)

is structured.

Theorem 4.8. The stable cohomology H*(G,,Z/p) is determined in-
ductively as follows: there is an isomorphism

i+ HY(Gn, Zfp) =~ H'(G}_y, Z/p)*" @ H'(Z/p, Z/p)

where i = (i1, i9) and iy is the restriction map resgﬁ

n—1

and 19 1S the
restriction map to the subgroup Z/p in Gy, = Gp_1 U Z/p.
Proof. This follows rather easily from the proof of Theorem [4.6] but let

us give another proof using Steenrod operations and the Bloch-Kato
conjecture to show how everything falls into place.

By Steenrod’s description of the cohomology of wreath products (see
e.g. J[A-M], IV.4 and IV.7) one has
H* (G 1Z/p) = HY(Gh_y, Z/p)™? + {T(a) U6}

where H*(G?_,, Z/p)?/? is the image of the restriction map to G¥_, and

a € H¥G,_1,Z/p), T(a) € H*(G,_11Z/p, Z/p) is the total Steenrod
power I' applied to «, and 6; are some classes in H(Z/p,Z/p) with
1 > 1. A little more conceptionally, one can say that by Nakaoka’s
Theorem, as above, one has an isomorphism
H*(Gn11Z/p, Z/p) ~ H(Z/p, H*(Gp1, Z/p)*")
and there is a natural splitting
H* (G120 Z/p, Z)p) = H(Z/p, H) & €D H"Z/p, T.)

k>0, Ty

~ H*(Gh_, Z/p)" & @ HMZ/p, To),

k>0, T
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the direct sum running over all the trivial modules T, generated by
r®- - -®x, which occur. The point of the total Steenrod power I is then
that it realizes the generator of H*(Z/p, T,) as an explicit class 6;UT'(x)
in the cohomology of G, (here ; € H*(Z/p, Z/p)) in a way that
is compatible with cup products and functorial for group homomor-
phisms. We still need to remark that I'(z) restricts to H*(G%_,, Z/p)

as £ ® --- ® x and its restriction to G,,—1 x Z/p is of the form
Y Di(x)uyg;
J

where, keeping in mind H*(G,_1 X Z/p, Z/p) = H*(G,_1, Z/p) ®
H*(Z/p, Z/p), the element g, is a generator of H?(Z/p, Z/p) and D?(x)
is a certain class in H48@P=i(G,,_, Z/p). Here D’(z) is, if nontrivial,
equal -up to a sign- to a Steenrod power P*(z) or SP*(x), where [ is
the Bockstein operator. We do not need the exact formula (which is in
[A-M], p. 184, (1.12)), but just that, due to the fact that the Steenrod
operations P* and the Bockstein are zero in stable cohomology, D7 (x)U
g; can just be nontrivial in stable cohomology if D7 is the identity up
to a sign and j < 1. Which means deg(x)p — j = deg(z), and this
can happen for odd primes p only when z is in degree 0. Hence we
see that elements of the form I'(a)) U #; give nontrivial classes in stable
cohomology (in view of Corollary , which of course we use all the
time now) if and only if this is in fact just a class 6; coming from
H'(Z/p, Z/p)-

Moreover the elements in H*(G?_,, 7Z/p)*/? we are getting are exactly
of two types: norms and traces; norms being elements of the form
r®---Qx, x € H(G,_1, Z/p) (these are stable if and only if z is
stable) and traces being of the form

P
Y o @ @)
=0
1 ®- - ®x, € H(GY_,, Z/p) and o is a cyclic shift. These are stable
if and only if all the z; are stable. U

5. APPLICATIONS TO FINITE GROUPS OF LIE TYPE

We would like to give some simple applications of the fore-going mate-
rial to the computation of stable cohomology of some finite groups of
Lie type. Consider the group GL,(F,) of automorphisms of [} where
IF, is the finite field with ¢ = p? elements.
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We assume that p and [ are prime numbers with (p, [) = 1 and [ # 2.
Then by [A-M], Theorem VII.4, 4.1 and Corollary 4.3, the [-Sylow
subgroup Syl,(GL,(F,) is a product of groups of the form:

2T T
Hence Theorem [.4] shows

Theorem 5.1. Let p and l be two primes with (p, q) =1, 1 # 2, ¢ = p°,
0, n > 1 integers. Then the stable cohomology of H}(GL,(F,), Z/1) is
detected by abelian subgroups (over any base field k). In particular, the
unramified cohomology H.(GL,(F,), Z/1) is trivial. The same state-
ments hold for SL,(F,) (the l-Sylow is the same as that of GL,(F,)).

One should compare this to the results obtained in [BPT]. We hope
to give a more exhaustive treatment of other classes of finite groups of
Lie type elsewhere.
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