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1. INTRODUCTION

In this paper we describe several results, built up over the last decade or so, that use
twisted sheaves to study questions in algebra, arithmetic, and cohomology. The paper
is for the most part expository and aims to collect in one place what is known about
these methods, their applications, and some questions about their future. It also hopes
to be a guide to a chunk of the literature, where the reader can find the details of those
things only hinted at here.

2. CLASSICAL QUESTIONS

To warm up, here are some questions that one can attack with the methods we will
sketch below. Readers unfamiliar with the Brauer group of a field are referred to the
masterful exposition in [35].

Question 2.1. Suppose X is a quasi-compact separated scheme. Do the Brauer group
and cohomological Brauer group of X coincide?

Question 2.2. Suppose K is a Cd-field. Does every class ↵ 2 Br(K) satisfy
ind(↵)| per(↵)d�1?

Question 2.3 (Colliot-Thélène). Suppose X is a geometrically integral geometrically
rational variety over a global field k. Is the Brauer-Manin obstruction the only one for
0-cycles on X of degree 1 over k?

Question 2.4. Suppose K is of transcendence degree 1 over a totally imaginary number
field. Is the u-invariant of K finite?

Question 2.5. What is the Kodaira dimension of the moduli space of polarized super-
singular K3 surfaces?

Question 2.6. Fix a finite field k. Are there only finitely many K3 surfaces defined over
k?

This hopefully gives the reader a sense of the broad range of questions and areas
that make contact with twisted sheaves. Entirely left out of this exposition is the con-
nection between twisted sheaves and mathematical physics; this is in fact the (modern)
birthplace of the theory of twisted sheaves (although traces can be found in France in
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the 1960s and 1970s [11]). The interested reader is referred to [27, 33, 4, 26, 41, 38, 9,
34, 14, 40, 3] and their references for a start on that story.

3. TWISTED SHEAVES

What are twisted sheaves? They are most profitably approached as sheaves on
gerbes (a certain kind stack), but they also have a “softer” description as sheaves with
gluing data that aren’t quite descent data. We briefly summarize these two descrip-
tions.

Fix an algebraic space X and a G-gerbe X ! X, where G ,! Gm is a closed sub-
groupscheme (so G ⇠= Gm or G ⇠= µn for some n). (For background on G-gerbes, see
[11, 19, 20, 28].) Any sheaf F on X gets a natural right G-action F ⇥ G ! F in the
following way: given an object f : U ! X and an element g 2 G(U), the automorphism
g of f induces (by the sheaf property of F ) an isomorphism g⇤FU ! FU , giving an
action on sections g⇤ : F (U) ! F (U).

Definition 3.1. A sheaf of OX -modules is X -twisted if the left action G ⇥ F ! F
associated to the right action described above is identified with scalar multiplication
via the embedding G ,! Gm and the O-module structure on F .

This might seem rather abstract, so let us record the softer definition for the sake
of intuition-building. The gerbe X ! X represents a class in H2(X,G). We can also
represent such classes by appropriate 2-cocycles for hypercoverings in the fppf topology.
Suppose for simplicity that we have an fppf covering U ! X and a 2-cocycle a 2 G(U⇥X

U⇥XU) (i.e., in the associated Čech hypercoverring) representing the same cohomology
class.

Definition 3.2. An a-twisted sheaf is a pair (F ,') where F is an OU -module and
' : F ⇥X U

⇠! U ⇥X F is an isomorphism whose coboundary
�' : F ⇥X U ⇥X U

⇠! F ⇥X U ⇥X U

is equal to multiplication by a.

For simplicity of notation, we think of everything – U , X, U ⇥X U , F , etc. – as sheaves
on the big fppf site of X. This way F⇥XU is a sheaf on U⇥XU that is usually written as
(pr1)

⇤F , etc. (We will not make much use of this definition or notation in what follows.)
Colloquially, an a-twisted sheaf is a sheaf on U with a gluing datum that is obstructed

from being a descent datum by the cocycle a.

Remark 3.3. A warning to the reader who plans to look at the literature on twisted
sheaves, especially that arising from the physics side. Early workers on twisted sheaves
made an absolutely disastrous decision: when dealing with twisted skyscraper sheaves
over a geometric point x ! X (or, more generally, twisted sheaves supported on schemes
over which the twisting class is trivial), they used the fact that a is cohomologous to 1
to claim that the “twisted skyscraper sheaf at x” and the (usual) “skyscraper sheaf at



ON THE UBIQUITY OF TWISTED SHEAVES 3

x” are “the same”, or that the usual skyscraper sheaf could be “given the structure of
twisted sheaf”. As is hopefully made clear in Definition 3.1, these are objects in differ-
ent categories. This terminological mistake has had some negative consequences over
the years. I beg you to make the distinction if you ever use these things.

Notation 3.4. Write QCohtw(X ) for the category of quasi-coherent X -twisted sheaves
and Cohtw(X ) for the subcategory of coherent X -twisted sheaves.

One thing Definition 3.2 makes fairly clear is the following change of structure group
statement.

Lemma 3.5. Let Y ! X be the Gm-gerbe associated to the G-gerbe X ! X. The natu-
ral G-equivariant map X ! Y induces by pullback equivalences of abelian categories

QCohtw(Y ) ! QCohtw(X ) and Cohtw(Y ) ! Cohtw(X ).

Thus, from a categorical point of view, Gm-gerbes suffice. We will see in a moment
that the proper formulation of standard moduli problems is somewhat sensitive to the
structure group.

4. THE FIRST APPEARANCE OF TWISTED SHEAVES

Before we dive deeper into the problems of section 2, let us see the most primitive
appearance of twisted sheaves: as Picard obstructions.

Example 4.1. Recall that a Brauer-Severi variety over a field k is a variety X such
that for some n > 0

X ⌦ k ⇠= Pn
k
.

In other words, X is an étale form of projective space. It is a basic results [35, §X.6]
that X ⇠= Pn

k if and only if X contains a divisor D ⇢ X that is a hyperplane over k if
and only if X contains a point defined over k. The canonical example is a plane conic:
the conic

Z(X2 + Y 2 + Z2 = 0) ⇢ P2
R

does not contain a rational point, hence is not isomorphic to P1. More generally, a conic
is isomorphic to P1 if and only if it has a rational point: the isomorphism is given by
projection from that point. (In the general case, we can make a rational isomorphism
by projecting from the intersection point of several copies of a hyperplane, and we
can make a hyerplane by pulling back a hyperplane along such a rational projection,
showing that the last two conditions are equivalent. Once we have a hyperplane, the
full linear system it defines gives an isomorphism with projective space, showing that
the last two conditions are equivalent to the first!)

What is the relative Picard scheme PicX/k? Well,

PicX ⌦ k/k
⇠= Zk
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and the ample generator defines a section that is Galois-invariant. We conclude that

PicX/k
⇠= Zk,

the constant group scheme with value Z.
What is the relative Picard stack? Since X is geometrically integral, we know that

PicX/k is a Gm-gerbe over PicX/k. In particular, the preimage of the section 1 2 Zk

defines a Gm-gerbe
G ! Spec k.

The restriction of the universal sheaf

L 2 Pic(X ⇥ PicX/k)

yields an invertible sheaf on
X := X ⇥Spec k G .

As a first exercise in unwinding definitions, etc., we invite the reader to show that this
sheaf L is an X -twisted sheaf.

Let’s consider the gerbe G itself. Does it admit an invertible twisted sheaf? Suppose
it did, say L. Then the sheaf L ⌦ pr⇤2 L

_ would be an “untwisted” invertible sheaf on
X whose image in PicX/k is 1. In other words, it would cut out a hyperplane, and X
would be trivial (i.e., isomorphic to Pn

k ). On the other hand, if X is trivial, then there is
a hyperplane, so there is an object of PicX/k mapping to 1 and thus a k-map

Spec k ! G .

We conclude that G is trivial (isomorphic to the classifying stack BGm) if and only if X
is trivial. Since X has a k(X)-point, we see that Gk(X) should be trivial, and we indeed
get a trivialization from the universal sheaf L .

This example is less trivial than it may seem. By thinking of Picard obstructions as
gerbes with twisted sheaves (geometric objects) instead of cohomology classes, we can
study moduli problems associated to these obstructions. These moduli problems play
an integral role all but the first question in Section 2, as we will see in a moment.

5. TWISTED SHEAVES AND THE BRAUER GROUP

Let us briefly summarize some aspects of the relation between twisted sheaves and
the Brauer group of a scheme. By analogy with the Brauer group of a field, one can
define the Brauer group of a scheme as follows [28, Chap. IV], [12]. Fix a scheme X.

Definition 5.1. An Azumaya algebra of degree n on X is a sheaf A of OX-algebras that
is étale-locally isomorphic to Mn(OX). Two Azumaya algebras A and B are Brauer-
equivalent if there are locally free sheaves V and W on X with positive rank at every
point of X and an isomorphism of OX-algebras

A ⌦End(V ) ⇠= B⌦End(W ).
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The Brauer group of X is the group whose objects are equivalence classes of Azumaya
algebras on X, with group operation induced by tensor product.

An Azumaya algebra of degree n is an étale form of Mn(OX). By the Skolem-Noether
theorem and descent theory, there is a corresponding class [A ] 2 H1(X,PGLn). Com-
bining this with the usual exact sequence

1 ! Gm ! GLn ! PGLn ! 1

and Giraud’s sequence of non-abelian cohomology yields a class in H2(X,Gm). In fact,
this class is n-torsion, as one sees from the analogous sequence

1 ! µn ! SLn ! PGLn ! 1.

The basic result is that the map sending A to [A ] 2 H2(X,Gm) gives a group injection
Br(X) ,! H2(X,Gm).

The following results describe the well-known relationship between twisted sheaves
and the Brauer group. The reader is referred to [20] for more details. Nothing here is
deep, but the translation into this terminology turns out to have a number of interest-
ing consequences.

• A class ↵ 2 H2(X,Gm) lies in the image of Br(X) if and only if for some (equiva-
lently, any) Gm-gerbe X ! X representing ↵ there is a locally free X -twisted
sheaf of everywhere-positive rank.

• A Gm-gerbe X ! X represents the trivial Brauer class if and only if there is an
invertible X -twisted sheaf.

• Suppose X = SpecK is a field and X ! X is a Gm-gerbe representing a Brauer
class ↵. The index of ↵ is the minimal positive rank of an X -twisted sheaf.

• (Generalization) Suppose X is an integral quasi-compact separated scheme with
function field K and X ! X is a Gm-gerbe representing a Brauer class ↵ 2
Br(X). The index of the restriction ↵K equals the gcd of the ranks of quasi-
coherent X -twisted sheaves of finite rank. Equivalently, the index of ↵K equals
the minimal positive rank of a perfect complex of X -twisted sheaves.

Recall that the index of a Brauer class ↵ 2 Br(k), k a field, is defined to be
p
dimk D,

with D a finite-dimensional central division algebra over k. Equivalently, if X is a
Brauer-Severi variety with class ↵, the index of ↵ is the minimal positive k-degree of
a 0-cycle on X (and this is equal to the gcd of the k-degrees of all 0-cycles on X). The
criterion above relates this number to the ranks of twisted sheaves.

This small amount of theory already gives us a way of thinking about Question 2.1.
Recall that the cohomological Brauer group of X is the torsion subgroup of cohomology

Br0(X) = H2(X,Gm)tors.

We’ve just seen that there is a natural inclusion
(⇤) : Br(X) ,! Br0(X).
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The standard question, first formulated by Grothendieck [13], asks when (⇤) is an
isomorphism. We can rephrase this in twisted sheaves as follows.

Question 5.2. For which schemes X does every µn-gerbe X ! X (for every n) carry a
nowhere vanishing locally free twisted sheaf?

In this form, the question is an infantile form the famous question on the resolution
property [39]: for which spaces/stacks is every quasi-coherent sheaf of finite presen-
tation a quotient of a locally free sheaf? It is well known that this is always true for
schemes admitting an ample family of invertible sheaves. The interesting part of Ques-
tion 5.2 is that one does not have a “trivial sheaf” to start with, even in the presence
of ample sheaves for twisting, trying to produce maps, etc. One is simply trying to
prove that a nowhere-zero locally free twisted sheaf even exists at all. What should
one expect?

In this thesis [10], Gabber proved that (⇤) is an isomorphism when X is a separated
union of two affine schemes. He subsequently proved the same for any quasi-compact
separated scheme admitting an ample invertible sheaf (i.e., an invertible sheaf L such
that the non-vanishing loci of sections of tensor powers of L generate the Zariski topol-
ogy of X). De Jong devised a proof of this more general statement [8] that uses twisted
sheaves. The idea is this: first one can assume that X is of finite type over Z. Gabber
tells us that there are locally free twisted sheaves over every affine, and these can be
extended to coherent twisted sheaves. De Jong’s argument cleverly leverages these
local sheaves to inductively shrink the non-locally free locus (while possibly extending
the base ring to a finite flat Z-algebra, something that is immaterial for the result at
hand).

The key point? This is “easy” to do locally by taking maps between two well-chosen
coherent twisted sheaves. To globalize this, one must produce global maps with good
local properties, and this is something one can do by tensoring a global hom-sheaf with
a sufficiently ample invertible sheaf and taking sections. As the reader may gather
from the verbiage, this is a highly geometric proof of a statement that arises directly
from cohomology and K-theory. (Note that it is much easier to show that there is a
perfect complex of twisted sheaves of positive rank; the geometry in de Jong’s proof
might be interpreted as enabling the transition from perfect complexes to locally free
sheaves, but this statement is perhaps too fuzzy to be meaningful.)

6. RESULTS ON MODULI OF TWISTED SHEAVES

Let us start our brief discussion of the moduli of twisted sheaves by reflecting further
on Example 4.1. Let E be a curve of genus 1 over a field K with a rational point P 2
E(K), endowed with its canonical structure of elliptic curve (where P is the identity).
The Leray spectral sequence for Gm on the morphism f : E ! SpecK yields an edge
isomorphism

H1(K,E_) ! H1(K,R1f⇤Gm) ! H2(E,Gm)/Br(K).
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Geometrically, we can realize this as follows: given a torsor under E_, i.e., a form X of
E_, we get a Brauer class on E by forming the Picard stack Pic1X/K ! Pic1X/K of degree
1 invertible sheaves (and using the rational point P to canonically identify Pic0X/K with
Pic1X/K). If we are a bit careful, we can reverse this construction by making a moduli
space of twisted sheaves. Here’s how it works.

Fix a µn-gerbe E ! E that has trivial cohomology class in the fiber over P . (One
can use Gm-gerbes instead if one is willing to work slightly harder, but for ease of
exposition we will not pursue this.) An invertible E -twisted sheaf L has a degree: the
sheaf L ⌦n is the pullback of a unique invertible sheaf L on E and we can define

degL =
1

n
degL.

Define a stack ME as follows: the objects over a K-scheme T are invertible E⇥T -twisted
sheaves L whose restriction to each geometric fiber Et has degree 0.

Lemma 6.1. The stack ME is a trivial Gm-gerbe over an étale form ME of E_. Moreover,
the consructions X 7! EX and E 7! ME are inverse.

Sketch of proof. The stack ME is algebraic as a consequence of Artin’s theorem. We
know that ME is a Gm-gerbe over an algebraic space ME because it parametrizes geo-
metrically simple sheaves. Moreover, since E is trivial over P , restricting a universal
sheaf along a map SpecK ! E ⌦(P ) trivializes the gerbe ME ! ME . The formation
of ME is also compatible with base change. Tsen’s theorem tells us that Br(EK) = 0,
which allows one to reduce to the case in which E ! E is trivial. It follows that ME is
a form of E_, as claimed. ⇤

Lemma 6.1 has a geometric interpretation: given an elliptic fibration, we can produce
new elliptic fibration by taking moduli spaces of twisted sheaves with respect to a
suitable Brauer class. This is of course fraught with difficulties (singular fibers, the
absence of sections of the fibration, etc., etc.) but it turns out to be surprisingly fruitful,
as we will see in Section 9. More generally, we can make forms of the moduli space of
sheaves on any curve, something that will prove useful in Section 7.

Proposition 6.2. Let C/K be a curve over a field with a rational point P 2 C(K). Fix a
µn-gerbe C ! C (with n · 1 2 K⇥) whose restriction to (P ) has trivial cohomology class
and such that [C ] 2 H2(CK ,µn) = 0. Then

(1) for any integer d, the stack of geometrically stable C -twisted sheaves of rank n
and degree d is a Gm-gerbe over an étale form MC /K(n, d) of the moduli space
MC/K(n, d) of geometrically stable sheaves on C of rank n and degree d;

(2) the determinant defines a map � : MC /K(n, d) ! PicdC/K which is an étale form
of the classical determinant map MC/K ! PicdC/K . In particular, the geometric
fibers of � are unirational.
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(3) For a given invertible sheaf L on C, write MC/K(n, L) for the fiber of the deter-
minant map over L (i.e., geometrically stable twisted sheaves with determinants
indentified with L), and MC/K(n, L) for its coarse space. The Brauer class

o 2 Br(MC/K(n, L))

associated to the gerbe
MC/K(n, L) ! MC/K(n, L)

generates the Brauer group of MC/K(n, L).

Sketch of proof. This works as above: under the assumption that n is invertible in K,
the cohomology class of C splits over the separable closure of K, which reduces us to
the case in which the class of C ! C in H2(C,µn) is trivial. Assuming the class is
trivial, there is an isomorphism C ⇠= C ⇥ Bµn. Letting ⇤ denote the pullback of the
invertible sheaf on Bµn corresponding to the scalar multiplication character µn ! Gm,
tensoring by ⇤ sets up the isomorphism of MC/K ! MC /K . The unirationality was
proven by Serre and can be found in [30, Chapter 5]. The last result can be found in
[2]. ⇤

So much for curves. What about higher-dimensional base varieties? There are sev-
eral theorems to describe surfaces and then a large sinkhole opens up. As we will
illustrate below, one can in fact use theorems in algebra to prove a meta-theorem: the
structure must be worse for threefolds.

Proposition 6.3. Let X ! X be a µn-gerbe on a smooth geometrically connected pro-
jective surface over a field K. Fix an invertible sheaf L 2 Pic(X). Given an integer c, let
MX (n, L, c) be the stack of geometrically stable locally free X -twisted sheaves of rank n
with determinant L and second Chern class c. Then

(1) The stack MX (L, c) is a µn-gerbe over an algebraic space MX (n, L, c) of finite type
over K.

(2) For any C, there is c > C such that MX (n, L, c) is non-empty.
(3) For all sufficiently large c, the space MX (n, L, c) is geometrically integral when it

is non-empty.

This is usually described as “asymptotic irreducibility” of the moduli space. The
proof, while non-trivial, is very similar in spirit (and often in detail) to that coming
from the classical theory of stable vector bundles, and is described in [19].

For more general kinds of surfaces, there is a similar theorem. Let us state it as a
vague principle, to be expanded upon below.

Principle 6.4. Let X ! X be a smooth proper geometrically connected Deligne-Mumford
stack of dimension 2 over a field K that is a µn-gerbe over another (therefore smooth
proper geom. conn.) Deligne-Mumford stack. The stack N of torsion free X -twisted
sheaves of rank N often contains a geometrically integral locally closed substack.
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The word “often” and the vague integer N make this a Principle rather than a Propo-
sition. The basic structure of an instance of Principle 6.4 is like this. Let us assume
that K is perfect for simplicity of exposition (and the typical applications).

(1) Show that the stack N is non-empty. Note: this is surprisingly hard and relies
heavily on the properties of X, N , and X ! X.

(2) Show that the unobstructed locus of N (i.e., the points [V ] whose equideter-
minantal obstruction space Ext2(V, V )0 is 0) is non-empty. This is usually a
straightforward deformation theory problem, but depends crucially on the fact
that X is a surface. We will now replace N by the unobstructed locus and as-
sume that N consists of unobstructed sheaves (and is thus smooth).

(3) Now comes a trick originally due to O’Grady that has also appeared in work
of de Jong and Starr: N is naturally organized in a hierarchy via the forma-
tion of (partial) reflexive hulls. If a sheaf V is not locally free at a point p, we
can locally form V __ and glue it to V away from p to form a new sheaf (note:
this may be obstructed and thus not be in N ); conversely, we can start with
V and form a subsheaf V 0 by taking the kernel of any map V ! , where  is
a twisted skyscraper sheaf (now now V 0 does stay unobstructed). The observa-
tion of O’Grady is this: given two connected components N1 and N2 of N and
a general point [Vi] of Ni, we can make two cofinite subsheaves V 0

1 ⇢ V1 and
V 0
2 ⇢ V2 that lie in a flat family over a connected base. Moreover, the construc-

tion [Vi] 7! [V 0
i ] gives a well-defined Galois-equivariant map between connected

components!
(4) Now, to produce a geometrically integral locally closed substack of N , we argue

as follows: it is enough to find a geometrically connected open substack (as N is
smooth). By bounding (for example) regularity or adding a stability condition,
we may replace N with an open substack of finite type over K, hence posessing
only finitely many connected components, say ⇠1, . . . , ⇠m. This give a continu-
ous Galois action on the set {⇠1, . . . , ⇠m}. Applying the trick from the previous
step, we can find another Galois set S of connected components of N and an
equivariant map {⇠i} ! S whose image is a singleton. In other words, we have
found a Galois fixed point in the set of connected components of N , which gives
a geometrially connected open substack, as desired.

What about higher-dimensional ambient spaces? Here the situation is much more
mysterious. Things like the Hilbert scheme of finite-length closed subschemes are al-
ready a disaster.

Question 6.5. It is impossible for anything like Principle 6.4 to hold for higher-dimensional
ambient spaces X in any kind of reasonable generality? Does “any” non-empty mod-
uli space of stable sheaves on a 3-fold contain a geometrically integral locally closed
subspace?
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While this would not necessarily help us understand things for twisting classes on
varieties over algebraically closed fields, it would certainly imply interesting things
about unramified classes on varieties over finite fields.

7. APPLICATIONS TO ALGEBRA

The modest amount of moduli theory described in Section 6 has a rather outsized
payoff in its applications to algebra, in particular to Questions 2.2, 2.3, and 2.4. Let
us start with a reminder of a classical problem on algebra known as the period-index
problem. This is carefully explained in [20] (and goes back to [17, 15] in a slightly
different form), so we will be brief.

Fix a Brauer class ↵ over a field K. We can associate to ↵ a finite-dimensional central
division algebra D and also a Brauer-Severi variety X. Recall from above that the index
of ↵ is

ind(↵) =
p
dimK D = min

[L:K]
X(L) 6= ;.

The period of ↵ is its order in the Brauer group; in terms of the geometry of X, the
period is the smallest positive integer d such that X contains a divisor D ⇢ X of degree
d via any (equivalently: some) identification X ⌦K

⇠! Pn
K

. Colloquially: the index is
the smallest degree of a point in X and the period is the smallest degree of an effective
divisor in X.

Using basic Galois cohomology, one can show that per(↵)| ind(↵) and that they have
the same prime factors, which means that there is some integer `↵ such that ind(↵)| per(↵)`↵ .
The obvious question, which turns out to be surprisingly deep, is how one can charac-
terize this integer `↵.

• To what extent does `↵ depend on ↵?
• To what extent can `↵ be made to depend only on K, or some property of K?

Colliot-Thélène asked if the following is true.

Question 7.1. If K is a Cd-field then must it be true that `↵ = d � 1 always works? In
other words, do we always know that ind(↵)| per(↵)d�1?

The answer is known to be “yes” in a shockingly small number of cases.

Theorem 7.2 (Omnibus period-index theorem). The answer to Question 7.1 is “yes” in
the following cases.

(1) K is algebraically closed (Gauss)
(2) K is C1 (Tsen)
(3) K is of transcendence degree 1 over a finite field (Brauer-Hasse-Noether)
(4) K is of transcendence degree 2 over an algebraically closed field (de Jong, de

Jong-Starr, Lieblich [6, 7, 20])
(5) K is of transcendence degree 2 over a finite field ([22])
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(6) K is of transcendence degree at most 1 over a higher local field with residue field
of characteristic 0 ([21])

Sinkhole 7.3. It is remarkable to note that it is not known if one can produce any
bound at all for the Brauer group of any chosen threefold. For example, we do not
know if there is some ` (even 210

200000000000) such that for all ↵ 2 Br(C(x, y, z)) we have
ind(↵)| per(↵)`. This is deeply disturbing. (However, the result quoted above for surfaces
over a finite field does at least give an example of a naturally arising geometric class of
C3-fields for which the answer to Question 7.1 is “yes”.) Note that we do know that the
period and index need not be equal for classes over this field ([5]).

As it turns out, the proof of each statement of Theorem 7.2 can be deduced from the
geometry of a suitable moduli space of twisted sheaves. Let us sketch the main ideas,
giving references to the literature where appropriate.

Omnibus sketch of proof of Theorem 7.2. The idea is this: given a field K and a class
↵ as in the statement of Theorem 7.2, attach a gerbe X ! X on some kind of nice
algebraic space or stack of dimension at most 2 over a small field k ⇢ K. To bound the
index of ↵ by an integer N , one needs to find a coherent X -twisted sheaf of rank N .
Stupidly, one is looking for a point on the moduli stack M of such sheaves.

Strategy 7.4. The fundamental paradigm of algebraic geometry gives us this strategy.
• First study M ⌦ k. Important: show that it is non-empty! If possible, show that

it is integral. (If necessary, restrict to a locally closed substack of M and start
over.)

• Now hope that M is nice enough and k is small enough that we can establish
that M has a 0-cycle of degree 1. For example, if k = C(t), it is enough for M
to be unirational. Similarly, if k is finite (or, more generally, QAC), it is enough
that M be geometrically integral.

• Even better: try to package this inductively by fibering X and studying bundles
of moduli spaces for lower-dimensional problems.

This strategy works perfectly for the cases enumerated in Theorem 7.2 and then fails
miserably (whence the abrupt dropoff in our understanding). Let us illustrate with the
first non-trivial case: de Jong’s theorem that period and index are equal for Brauer
classes over function fields of surfaces (over algebraically closed fields k).

Let us suppose X is a surface and ↵ 2 Br(X) is a Brauer class. (What about clases
over k(X) instead of X? This is a very important question, and we will return to it
soon.) Choosing a pencil of very ample divisors and blowing up its base locus, we may
assume that X admits a generically smooth proper flat morphism ⇡ : X ! P1 with at
least one section � : P1 ! X. Suppose per(↵) = n. Choose a µn-gerbe X ! X resp-
resenting ↵ and let M ! P1 be the relative moduli stack parametrizing geometrically
stable twisted sheaves of rank n on the fibers of ⇡ with determinant identified with
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O(�(P1)). We know that M ! M is a µn-gerbe over a smooth algebraic space that is
proper over the locus U ⇢ P1 parametrizing smooth fibers of ⇡.

Claim 7.5. The fibration MU ! U has a section.

Proof. Proposition 6.2 tells us that M has unirational fibers over U . By the Graber-
Harris-Starr Theorem, M has a rational section, i.e., a rational point P over k(t). On
the other hand, M ! M is a µn-gerbe, so the obstruction to lifting P to an object
of M (and thus a proof that ind(↵) = per(↵)) lies in H2(Spec k(t),µn) ⇢ Br(k(t)). By
Tsen’s theorem, the latter group is 0. This establishes the proof. (And – in spite of
being the “simplest” case – it already includes all steps of Strategy 7.4: fibering, taking
advantage of nice moduli, and using induction on dimensions!) ⇤

What if
↵ 62 Br(X) ⇢ Br(k(X))?

There is a special result of working over an algebraically closed field.

Claim 7.6. Let H be a general sufficiently ample divisor on X such that D+H is ample.
Let

eX //

✏✏

X

P1

be a general pencil of elements of |D +H| with generic fiber

C ! Spec k(t).

Then the class ↵ lies in the subgroup

Br(C) ⇢ Br(k(X)) = Br(k(t)(C)).

Idea of proof. The proof relies on the theory of ramification of Brauer classes, as de-
scribed in (for example) [1, §3]. The crux of the matter is this: there is a smallest
divisor D ⇢ X such that ↵ lies in the subgroup

Br(X \D) ⇢ Br(k(X)).

Moreover, there is a cyclic extension of each generic point of D that measures the failure
of ↵ to extend across that divisor, and these cyclic extensions can themselves only
ramify over singular points of D. Even better, this whole setup is mildly functorial,
in the following sense: given another regular scheme with a morphism

f : Z ! X

such that f�1(D) is a Cartier divisor, we have that the ramification extensions over
f�1(D) are the preimages of the ramification extensions over D.
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A general pencil of divisors in |D +H| will have base locus intersecting D in smooth
locus D. In particular, the preimage of D in the incidence correspondence

eX ! X

consists of a union of D and several sections of
eX ! P1.

Moreover, mild functoriality dictates that the ramification extensions on these P1s are
the preimage of the ramification extension of D at the corresponding basepoint, but
then they are trivial (as k is algebraically closed). Restricting to C, we see that the
ramification is trivial.

We can now use the same argument on the relative moduli space to arrive at a proof
that the period and index coincide. ⇤

Now let us follow Strategy 7.4 and consider an unramified class ↵ 2 Br(Z), where Z is
a smooth projective surface over a finite field. Let Z ! Z be a µn-gerbe representing ↵
and let M ! M be the µn-gerbe parametrizing stable locally free Z -twisted sheaves of
rank n, determinant O, and sufficiently large second Chern class. By Proposition 6.3,
the space M is eventually geometrically integral. But then the Lang-Weil estimates
[16] tell us that M has a 0-cycle of degree 1, and Wedderburn’s theorem (induction
again!) tell us we can lift this 0-cycle to M . Since we really interested in the K-theory
of Z , it is enough to find such a 0-cycle to establish that again per(↵) = ind(↵). (In
other words, we can cook up a perfect complex of Z -twisted sheaves that has rank n
using the 0-cycle on M . Of course, after the fact one can simply make a twisted sheaf
of rank n.)

Comparing the two situations shows us that there is a basic interplay at work:

Interplay 7.7. In the modular interpretation of the period-index problem, we can ar-
rive at affirmative answers by simple geometry over larger fields or hard geometry over
smaller fields.

Given the nature of the proof and Principle 6.4, one might think that per(↵) = ind(↵)
for any class ↵ in the Brauer group of a field of transcendence degree 2 over a finite
field! Unfortunately, this is not true: as proven in [5], for any odd prime power q and
any element

a 2 F⇥
q \ (F⇥

q )
2,

the class (x, y)⌦(a, 1�x) (tensor product of quaternion algebras over Fq(x, y)) has period
2 (it’s a sum of classes of period 2!) and index 4 (it is itself a division algebra.). But this
class is ramified: it does not lie in Br(P2

Fq
) = 0.

Let’s think more about this. Fix a class ↵ in the Brauer group of the function field of a
surface X over a finite field. Interpreting the theory of ramification a certain way tells
us that while the class ↵ might not live in Br(X), there is a stacky surface X with the
same function field and such that ↵ 2 Br(X). (The Brauer group of a stack is defined
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using Azumaya algebras in precisely the same way as for schemes.) More precisely, let
us suppose that there is an snc divisor

D = D1 + · · ·+Dm ⇢ X

such that ↵ is ramified precisely along D. Let us suppose in addition that n = ` is a
prime invertible on X. Then we have the following: there is a stack X ! X of “`th roots
of each Di”. Its étale-local structure around a point x 2 X is the same as

(1) Spec k[s, t] if x 2 X \D;
(2) [Spec k[s, t]/µ`] with ⇣ · (s, t) = (⇣s, t) if x lies in precisely one component of D;
(3) [Spec k[s, t]/µ` ⇥ µ`] with (⇣, ⌘) · (s, t) = (⇣s, ⌘t) if x is a singular point of D.

A sheaf on a stack has representations of stabilizer groups as fibers (rather than
simply vector spaces). Roughly speaking, we can think about twisted sheaves the same
way. In particular, we must specify the representations that occur as part any mod-
uli problem of twisted sheaves. As it turns out, the only consistent way to do this
that works for all Brauer classes requires a multiple of the “regular representation” at
points of type (2) above, and for certain points of type (3) above, this is only possible
along both branches if the sheaves have rank `2 (essentially, the representations are
given by tensoring the regular representation of each factor group). This is a stacky
interpretation of Saltman’s well-known meteorology of ramification points [32] and is
explained in [21, 22].

In other words, there is a local obstruction to the equality of period and index for
ramified classes on surfaces over finite fields. Once the local obstruction has been
erased by a suitable definition of the moduli problem, we can indeed follow Principle
6.4 (and the usual proofs work, for the most part). ⇤

8. APPLICATIONS TO ARITHMETIC

Applications to algebra are amusing, but the usefulness of twisted sheaves does not
stop there. There is an interesting interaction between the moduli theory of twisted
sheaves, Colliot-Thélène’s conjectures on 0-cycles and Brauer-Manin obstruction, and
various properties of finitely generated fields. There is also an interplay between the
derived category of twisted sheaves on a K3 surface, Fourier-Mukai equivalences, and
the Tate conjecture for K3 surfaces over finite fields.

Let us start by recalling the statement of the (mildest form of) Colliot-Thélène con-
jecture.

Conjecture 8.1 (Colliot-Thélène). If X is a smooth projective geometrically rational
variety over a global field k then the Brauer-Manin obstruction is the only obstruction
to the existence of 0-cycles on X of degree 1 over k.

The Brauer-Manin obstruction is described in [36].
In [18] (part of which improves results of [21]), the reader will find proofs of the

following results.
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Proposition 8.2. Let k be a function field with scheme of integers V and K/k be a
finitely generated field extension of transcendence degree 1. Suppose X ! V is regular
proper model of K over V . If Colliot-Thélène’s conjecture holds over extensions of k then

(1) every Brauer class ↵ 2 Br(X) satisfies ind(↵)| per(↵)2;
(2) every class ↵ 2 Br(K) satisfies ind(↵)| per(↵)5.

While we already know (more than) this when k has positive characteristic (as ex-
plained in the previous section), this is totally foreign over number fields. The power-
ful techniques of the last section – compactifying, transforming a curve over a function
field into a surface, etc. – are unavailable over a number field. The crux of the proof is
an analysis of ramification of p-torsion classes at places lying over p. This turns out to
be surprisingly subtle, reliant on the work of Bloch and Kato, and special to the case of
surfaces. Low dimensionality again rears its ugly (beguiling?) head.

Idea of proof. We proceed as in Section 7: let C/k be the proper smooth curve with
function field K. After passing to the algebraic closure of k in K, we may assume that
C is geometrically connected. (Note: this is the only place where we need to make
a non-trivial extension of k.) Write M (resp. M ) for the stack (resp. coarse space) of
geometrically stable twisted sheaves on C of rank ` and trivial determinant.

Assume ↵ is unramified on all of X. Given a place v of k with complete local ring Ov,
we know that Br(XOv) = 0; it follows from the deformation theory of twisted sheaves
that there is a stable locally free twisted sheaf with trivial determinant and rank `. In
other words,

M (Ak) 6= ;.
On the other hand, M ! M generates Br(M), so the resulting elements of M(Ak)
lie in M(Ak)

Br. Choosing a smooth compactification of M , we find that the same holds.
Applying Colliot-Thélène’s conjecture and a simple moving argument, we see that there
is a 0-cycle of degree 1 in M . Since the obstruction to lifting this to a 0-cycle in M is in
the Brauer group of k (and its finite extensions), we see that this introduces at most one
more factor of ` into the estimate: after making an extension of the 0-cycle of degree at
most ` we can lift to the stack. This shows the desired statement.

To get to the ramified case one can split the ramification by making a suitable field
extension. The methods involved are beyond the scope of this survey; the reader is
referred to [18] for more details. ⇤

Building on this result, one can also prove the following. Recall that the u-invariant
of a field K is the largest dimension of an anisotropic quadratic form over K. In gen-
eral, questions about the u-invariant turn out to be quite subtle. For example, the
u-invariant can take any power of 2 as a value, but not 3, 5, or 7. Famous results of
Merkurjev (resp. Izhboldin) gives a field with u-invariant 6 (resp. 9). It is not clear how
the u-invariant should behave in field extensions (unlike, say the Cd-property).
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Theorem 8.3. Suppose K/k is a field extension of transcendence degree 1 over a totally
imaginary number field. If Conjecture 8.1 holds then the u-invariant of K is finite.

The proof of Theorem 8.3 would take us rather far afield. Suffice it to say that the
key is to study representations of elements of H3(K,µ2) by sums of symbols, and in so
doing to reduce to questions about H2, where one can apply period-index results.

8.4. There is another amusing application of the theory of twisted sheaves to a
certain kind of arithmetic question: given a finite field k, are there only finitely many
K3 surfaces over k? This is a simple question in a long line of similar questions (are
there finitely curves of genus g? finitely many abelian varieties of dimension g? etc.) It
turns out that this question is intimately related to the Tate conjecture.
Theorem 8.5 ([25]). Fix a finite field k. The Tate conjecture holds for all K3 surfaces
over finite extensions of k if and only if there are only finitely many isomorphism classes
of K3 surfaces over each finite extension of k.
Idea of proof. The relevant direction of this theorem is how one might deduce that the
Tate conjecture holds for K3 surfaces if there are only finitely many K3 surfaces over
each finite field. (The other direction is more believable: the Tate conjecture hands
control over the Picard group to the Galois action on the étale and crystalline cohomol-
ogy. Using semisimplicity of Frobenius and a bit of elbow grease, one can thus control
the degrees of divisors, bounding the degree of an ample divisor. This embeds all of the
K3s over k into a fixed projective space, so there can be only finitely many.)

If one starts with a K3 surface X over k with infinite Brauer group Br(X), one would
like to show that there are infinitely many K3 surfaces over k. If Br(X) is infinite,
then in fact there is a prime ` and a sequence of classes ↵n such that `↵n = ↵n�1

and ↵n has order exactly `n. From this sequence we can construct infinitely many K3
surfaces as moduli spaces of stable twisted sheaves! This is familiar from the classical
theory of Mukai [29]: given a K3 surface, one can make many new K3 surfaces M as
moduli spaces of sheaves on X. Moreover, there are equivalences of derived categories
of coherent sheaves D(X) ⇠= D(M).

The idea is to apply precisely the same “numerical technology” to show that many
moduli spaces of twisted sheaves are themselves also K3 surfaces. So, associated to ↵n

we get Mn and equivalences of derived categories
D(Mn) ⇠= D(X,↵n),

the latter being used (abusively) to denote the derived category of twisted sheaves on
a gerbe representing ↵n. If there are finitely many K3s over k, then infinitely many
of the Mn coincide. Flipping this around, there is one K3 surface with infinitely many
“twisted partners”. By carefully lifting to characteristic 0 and using a twisted variant
of the classical Torelli theorem, one can show that this is impossible. The reader is
referred to [25] for details. ⇤

Without going into details, the proof of Theorem 8.5
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9. APPLICATIONS TO GEOMETRY

Before concluding, let us briefly mention a recent application of the ideas found in
Section 6 and Section 8 to the geometry of the moduli space of supersingular K3 sur-
faces in characteristic p. These are K3 surfaces with Picard number 22. They also
have a remarkable property: some very large, positive-dimensional, cohomology with
finite coefficients. This is a theorem first proven by Artin, but the proof seems to have
escaped publication. A proof will appear in [23], along with the details of everything
else in this section.

Proposition 9.1 (Artin). Let f : X ! Spec k be a supersingular K3 surface. The fppf
sheaf R2f⇤µp is representable by a smooth group scheme locally of finite type over k
whose connected component containing 0 is isomorphic to Ga.

Suppose k is algebraically closed. Playing with the Leray spectral sequence, one
finds that there is a universal class

↵ 2 H2(X ⇥A1,µp)

giving rise to the immersion
Ga ,! R2f⇤µp.

We can choose a µp-gerbe X ! X ⇥ A1 representing ↵. This gives a continuous p-
torsion deformation of the trivial Brauer class over A1. (In fact, the existence of such a
deformation characterizes supersingular K3 surfaces.) Using moduli spaces of twisted
sheaves and equivalences between their derived categories, we can transform this mov-
ing Brauer class into a moving surface. While there are many ways to do this, there is
one in particular that links this back up nicely to Example 6.1. Suppose given an ellip-
tic pencil X ! P1 (supersingular K3s always have infinitely many of these, although
they form finitely many orbits under the automorphism group [24]).

Definition 9.2. Define M ! P1 ⇥A1 to be the moduli space of stable sheaves of rank
1 and degree 1 on the fibers of

X ⇥A1 ! P1 ⇥A1

(with respect to a fixed sufficiently general polarization).

This construction is very natural and geometric. Even better, it is precisely a ge-
ometrization of the Artin-Tate isomorphism [37] between Br(X) and X(Jac(X⌘)), where
X⌘ is the generic fiber of the elliptic pencil:

Proposition 9.3. Given a field K and a point SpecK ! A1, let � 2 Br(XK) denote the
pullback of ↵. Then the fibration

MK ! P1
K

is an étale form of XK ! P1
K and there is an isomorphism of Q-lattices

H(X)⌦Q
⇠! H(MK)⌦Q.
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Moreover, it is precisely the translate of the constant form by the element of X(X⌘)
associated to �. In particular, if � is not defined over k, neither is MK .

Here, the lattice H(X) is formed by taking the Chow theory
CH(X) = CH0(X)� CH1(X)� CH2(X)

and imposing a different intersection form, namely that
(a, b, c) · (a0, b0, c0) = bb0 � ac0 � a0c 2 CH2(X) = Z.

One can in fact think of this lattice isomorphism as a reflection of something motivic,
and one can see it in the derived category in the form of an equivalence between two
suitable derived categories of twisted sheaves.

The upshot of Proposition 9.3 is that the formation of the space of stable twisted
sheaves transforms the curve Ga in cohomology into a family of K3 surfaces over A1

whose fiber at 0 is X and whose geometric generic fiber cannot be defined over k. In
other words, it is a truly moving family of K3 surfaces. We will now see how to make
this a curve in a moduli space.

In his deep study of the crystalline cohomology of supersingular K3 surfaces [31],
Ogus produced a period domain, analogous to the classical period domain coming
Hodge theory for complex K3 surfaces. This space parametrizes pairs (X, ◆ : N !
Pic(X)), where X is a supersingular K3 surface, N is one of 10 lattices, and ◆ is a lattice
embedding into the Picard group. Of particular interest is the generic case (so-called
“Artin invariant 10”). Here, N has discriminant �p20 and ◆ is an isomorphism. Ogus
showed that this defines a dense open subspace of the period space. Let us call this
subspace U . The theorem we have proven is following.

Theorem 9.4. For any point (X, ⌫) of U , the construction of Proposition 9.3 yields a
non-constant morphism

A1 ! U

sending 0 to (X, ⌫).

All that remains to explain is why the marking should deform along with the surface.
This comes from the isomorphism between lattices: since H(X) is invariant under field
extension, there can be no monodromy action on H(M)⌦Q (i.e., no non-trivial action
of the Galois group of k((t)) on Pic(Mk((t)))⌦Q), and thus none on H(M).

Of course, the space U is highly non-separated, and generally pathological. If instead
one looks at the supersingular locus in any moduli space of polarized K3 surfaces, one
will find precisely the same phenomenon – a covering by rational curves – since one
can dominate these loci by U in all cases.
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