THE HASSE PRINCIPLE FOR COMPLETE INTERSECTIONS IN PROJECTIVE SPACE

BJORN POONEN

Abstract. Assuming the existence of a smooth geometrically integral complete intersection X of dimension ≥ 3 in P^n over a number field K, such that the Zariski closure of X(K) is nonempty but of codimension ≥ 2 in X, we construct a 3-dimensional smooth geometrically integral complete intersection X^′ in P^n_K that violates the Hasse principle. Such a violation could not be explained by the Brauer-Manin obstruction or Skorobogatov’s generalization thereof.

In [SW], Sarnak and Wang showed that the finiteness of X(Q) for a certain nonsingular hypersurface X in P^5 over Q would imply the existence of a nonsingular hypersurface Y in P^4 that violated the Hasse principle. They chose X so that X(C) was hyperbolic, so that the finiteness of X(Q) would follow from a conjecture of Lang. Colliot-Thélène noted that the Brauer-Manin obstruction for a nonsingular complete intersection of dimension ≥ 3 in projective space vanishes, so Y then would be an example for which the Brauer-Manin obstruction to the Hasse principle was not the only one. Later, Skorobogatov [Sk] constructed a different sort of variety over Q (a bielliptic surface) for which the Brauer-Manin obstruction is not the only one, by applying the Brauer-Manin obstruction to unramified covers. A complete intersection Y as above is simply connected, however, so its lack of rational points would not be explainable by Skorobogatov’s methods.

The construction of Sarnak and Wang involved slicing X with hyperplanes, and performing various calculations involving special properties of X, which had to be carefully chosen. The purpose of this note is to show that using a similarly elementary approach, but with ramified coverings instead of slices, one can show that the finiteness and non-emptiness of the rational points in any nonsingular hypersurface in P^n over a number field K implies the existence of a nonsingular hypersurface in P^n over K that violates the Hasse principle. In particular, it is no longer necessary to start with a variety of dimension one higher in order to obtain a Hasse principle counterexample of desired dimension. More generally, we prove the following.

Theorem 1. Fix a number field K and integers d ≥ 2, n ≥ 3. If there exists a d-dimensional smooth geometrically integral complete intersection X in P^n over K such that the Zariski closure of X(K) has dimension at most 1, but X(K) is not empty, then there exists also a d-dimensional smooth geometrically integral complete intersection X^′ in P^n over K such that X^′(K_v) is nonempty for all completions K_v of K, but X^′(K) is empty.

Proof. Suppose that X exists. It follows from Bertini’s theorem (see Theorem II.8.18 of [Ha] and its proof) that after a linear change of variables on P^n over K, we may assume both of the following:

Date: March 17, 2000.

Much of this research was done while the author was at Princeton University supported by an NSF Mathematical Sciences Postdoctoral Research Fellowship. The author is currently supported by NSF grant DMS-9801104, a Sloan Fellowship, and a Packard Fellowship. 1

2 BJORN POONEN

1. Each coordinate subspace meets X transversely. (By “coordinate subspace,” we mean a linear subspace of P^n of the form x_{i1} = x_{i2} = · · · = x_{iq} = 0.)

2. If Z is the Zariski closure of X(K) in X, and R is any 1-dimensional irreducible component of Z ×_K K, then each coordinate subspace meets R transversely (i.e., the hyperplane x_i = 0 meets R in r distinct points where r is the degree of R in P^n, and the subspace x_i = x_j = 0 for i < j does not meet R).

Let X^′ = ϕ^{−1}(X) where the morphism ϕ : P^n → P^n is given in homogeneous coordinates by

(x_0 : x_1 : · · · : x_n) → (c_0x^p_0 : c_1x^p_1 : · · · : c_nx^p_n)

for some large prime p and for some c_0, c_1, . . . , c_n ∈ K^∗ to be specified later. Since the coordinate subspaces meet X transversely, X^′ is smooth. If X is given by the homogeneous equations f_1(x_0, . . . , x_n) = · · · = f_{n−d}(x_0, . . . , x_n) = 0, then X^′ is a complete intersection of dimension d as well, given by the equations

f_1(c_0x^p_0, . . . , c_nx^p_n) = · · · = f_{n−d}(c_0x^p_0, . . . , c_nx^p_n) = 0.

If one successively adjoins to the function field K(X) the p-th roots of the functions x_i/x_0 on X, each such extension is totally ramified along the poles and zeros of these functions, so X^′ (which is of pure dimension d) is geometrically integral.

Suppose that R is a 1-dimensional irreducible component of Z ×_K K as above. Let S = ϕ^{−1}(R), which is a curve over K. The same proof that showed that X^′ was geometrically integral shows that S is irreducible. We will prove next that the genus g_S of S is at least 2 if p > 2. (By genus, we mean geometric genus, i.e., the genus of a smooth projective desingularization.) The Riemann-Hurwitz formula yields

2g_S − 2 = (deg ι)(2g_R − 2) + ∑ (e_i − 1).

Let r be the degree of R in P^n. Then each coordinate hyperplane meets R transversely in exactly r points, each belonging to only one coordinate hyperplane. These are the only points on R which ramify, and above each there are p^{n−1} points of S, each with ramification index p. Thus

2g_S − 2 = p^n(2g_R − 2) + (n + 1)rp^{n−1}(p − 1)

≥ −2p^n + 4(p^n − p^{n−1}).

If p > 2, then g_S ≥ 2.

Thus ϕ^{−1}(Z) ×_K K consists of isolated points and curves over K of genus ≥ 2. Applying Faltings’ theorem to each curve (over a finite extension of K over which it is defined) shows that ϕ^{−1}(Z)(K) is finite. But X^′(K) ⊆ ϕ^{−1}(Z), so X^′(K) is finite too. On the other hand, we are free to choose the c_i so that at least one point in X(K) has a K-rational preimage. Thus by replacing X by X^′, we have reduced the problem to the case where X(K) is finite (and nonempty).

The next step is to reduce to the case where X(K) consists of a single point. Suppose instead that there exist distinct points P_1, P_2 ∈ X(K). We construct a new covering X^′ → X exactly as before, choosing p large enough so that K has no nontrivial p-th roots of unity. Because we are allowed a generic change of variables on the projective space containing X, we may assume that P_1 and P_2 are outside all coordinate hyperplanes and that the values taken by the rational function x_1/x_0 at P_1 and P_2 are distinct in K^∗/K^{∗p}. Then we may

HASSE PRINCIPLE FOR COMPLETE INTERSECTIONS 3

pick the c_i so that P_1 has a K-rational preimage in X^′ but P_2 does not. Moreover, the choice of p guarantees that each K-rational point on X has at most one K-rational preimage on X^′, so we have succeeded in constructing a cover X^′ with fewer K-rational points than X, but still with at least one K-rational point. Iterating such covers eventually leads to a cover with exactly one K-rational point.

Therefore we now assume X(K) consists of a single point P . Again perform a generic change of variables and define a covering X^′ as before, using c_i = 1 for i ≠ 0 (c_0 ∈ K^∗ will be chosen later). By Bertini’s theorem, we may assume that the intersection Y of X^′ with the hyperplane x_0 = 0 is smooth and geometrically integral, and we may also assume that P = (1 : 1 : · · · : 1). Over all but finitely many completions of K, Y will have a point, and hence so will X^′. Note that Y does not depend on c_0, so we are free to apply weak approximation to choose c_0 ∈ K^∗ such that c_0 ∉ K^{∗p} but such that c_0 ∈ K^{∗p}_v for each of the finitely many completions K_v of K for which Y (K_v) = ∅. This ensures that X^′ has a point (namely a preimage of P ) over each of the finitely many completions remaining. On the other hand, X^′(K) is empty, since any K-rational point of X^′ would have to lie above P . Corollary 2. If there exists a smooth geometrically integral complete intersection X of dimension ≥ 3 in P^n over a number field K, such that the Zariski closure of X(K) has codimension ≥ 2 in X, but X(K) is not empty, then there exists also a 3-dimensional smooth geometrically integral complete intersection X^′ in projective space over K such that X^′(K) is empty, but such that the emptiness of X^′(K) cannot be explained by the Brauer-Manin obstruction or Skorobogatov’s generalization thereof.

Proof. Choose P ∈ X(K). If dim X > 3, then we may repeatedly use the Bertini-type theorems of [KA] to replace X by its intersection with a sufficiently general K-rational hypersurface of large degree m through P , in order to reduce to the case where dim X = 3. Now apply Theorem 1.

Acknowledgement

I thank the referee for several useful comments.

References

[Ha] Hartshorne, R., Algebraic geometry, Springer-Verlag, New York, 1977.

[KA] Kleiman, S. and Altman, A., Bertini theorems for hypersurface sections containing a subscheme, Comm. Algebra 7 (1979), no. 8, 775–790.

[SW] Sarnak, P. and Wang, L., Some hypersurfaces in P^4 and the Hasse-principle, C. R. Acad. Sci.

Paris 321 (1995), 319–322.

[Sk] Skorobogatov, A. N., Beyond the Manin obstruction, Invent. Math. 135 (1999), no. 2, 399–424.

Department of Mathematics, University of California, Berkeley, CA 94720-3840, USA E-mail address: poonen@math.berkeley.edu