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Let V be a non-singular surface defined over Q which is embedded in
projective space Pn by means of anticanonical divisors, and let U be the
open subset of V obtained by deleting the lines on V . For any point P in
U(Q) denote by h(P ) the height of P . In this paper h will usually be the
standard height

h1(P ) = max(|x0|, . . . , |xn|)

where P = (x0, . . . , xn) for integers xi with highest common factor 1; but this
choice is in no way canonical, so that in a thorough investigation we should
consider other heights also. Indeed, the eventual theory will almost certainly
need the replacement of h by a generalized height — a concept which I am not
able to make precise. Recall that for abelian varieties the canonical height
function is actually a generalized height; and this is the only case in which a
canonical height function is known with certainty, though the heights which
have been defined for toric varieties and for certain toric bundles are probably
also canonical.

For any integer b > 0 write

n(b) = n(b;U, h) = #P |(h(P ) = b),

the number of points in U of height exactly b; and for integral B > 0 write

N(B) = N(B;U, h) = n(1) + . . .+ n(B − 1) + 1
2
n(B).

This can be regarded as the number of points in U of height at most B. The
final factor 1

2
is in accordance with convention; its effect on the fit between

calculations and conjectures is small but helpful. If B is not an integer, write
N(B) =

∑
b<B n(b).

Let r be the rank of the Néron-Severi group of V over Q. It is a conjecture
of Manin (see [3]) that

N(B) ∼ CB(logB)r−1 (1)

for some constant C = C(U, h), which is non-zero unless there is a Brauer-
Manin obstruction to the solubility of V ; and Salberger [8], building on earlier
work of Peyre [5], has proposed a formula for the value of C. Computational
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evidence for (1) in the special case of diagonal cubic surfaces was reported
in [6] for r = 1 and in [7] for r > 1.

This paper describes the mixture of ideas and computation which has
led me to formulate more precise conjectures related to this problem. The
process of refining (1) is iterative. One first formulates a more detailed
conjecture. This then suggests computations which will provide evidence
about the plausibility or otherwise of that more detailed conjecture; and
if the evidence is confirmatory, it may suggest a further refinement of the
conjecture. This process is of course only available to those who think that
a conjecture should be supported by evidence.

It is sensible to study N(B) and the so-called height zeta-function

ξ(s) = ξ(s;U, h) =
∑

(h(P ))−s

at the same time, where the sum is taken over all rational points P in U .
This function was apparently first introduced by Arakelov. It follows from
(1) that ξ(s) is holomorphic in <s > 1 and

ξ(s) −→ C(r − 1)!

(s− 1)r
as s tends to 1 within <s > 1. (2)

To go from (2) to (1) requires some additional conditions on ξ(s); but in this
context it is scarcely credible that (2) holds and (1) does not.

There are various toric bundles and toric varieties for which ξ(s) has been
determined explicitly, and this has also been done for abelian varieties. These
examples might lead one to hazard some powerful conjectures. On the other
hand, for the Veronese surface with h = h1 we have

ξ(s) = 1 + 12ζ(3s− 2)/ζ(3s) (3)

where ζ is the Riemann zeta-function. For this surface one can be confident
that the height function is not canonical; and in any case it appears to be in
certain fundamental respects untypical. In particular, because the only values
which h(P ) takes are cubes, we cannot hope to replace (1) by anything better
than N(B) = CB + O(B2/3); and standard methods of analytic number
theory, applied to (3), do in fact yield N(B) = 12B/ζ(3) + O(B2/3+ε). For
this surface it is in any case much simpler to look at the associated affine cone
— in other words, to look at M(B), the total number of integral solutions
of the equations of V , ignoring any questions of co-primacy. For M(B) it
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is easy to give an explicit formula, by considering the Mellin transform of
2ξ(s)ζ(3s) = 24ζ(3s− 2) + 2ζ(3s).

For any V it is natural to hope that ξ(s) can be continued into the
half-plane <s > c for some c < 1 as a function holomorphic except for an
r-fold pole at s = 1; indeed, if this did not appear likely to be true there
would be little justification for introducing ξ(s) at all. Computations which
are directly relevent to the question of analytic continuation are difficult to
implement; but it is easy to write down an assertion for N(B) which has the
same relation to the analytic continuability of ξ(s) as (1) has to (2). This is

N(B) = Bf(logB) +O(Bc+ε) (4)

for every ε > 0, where f is a polynomial of degree r−1. For the toric variety
X3

0 = X1X2X3, for which r = 6, de la Bretèche [2] has obtained a result of
this kind with c = 7

8
. For this variety there is a generalized height h which

appears to be more canonical than h1. This is given by h(P ) = |x0| where
P = (x0, x1, x2, x3) is a minimal integral representation of P ; and for it ξ(s)
can be expressed as an Euler product.

This conjecture is amenable to computational testing; but there are two
practical constraints. The polynomial f contains r arbitrary constants; since
the test of credibility is the goodness of fit between N(B)/B and f(logB), it
is preferable to make r as small as possible. Again, in general the time taken
to compute N(B) — or all the N(b) for b ≤ B, which is no harder — grows
like B3, and this is a serious limitation on the choice of B. (The amount of
core memory needed is only O(B), which is not a problem.) However, if V
is a cubic surface given by an equation of the form

φ(X0, X1) = ψ(X2, X3)

then the time needed is reduced to O(B2 logB). The special case of diagonal
cubics

a0X
3
0 + a1X

3
1 = a2X

3
2 + a3X

3
3 (5)

is particularly advantageous, because we then only need O(B) multiplica-
tions, all the rest of the arithmetic being done by additions or subtractions.
(For a more detailed discussion see Bernstein [1]; he has also written freely
available software for computing N(B). But unfortunately rather little can
be gained by incorporating congruence conditions into this method.) For
computational purposes, I shall therefore confine myself to diagonal cubic
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surfaces (5) for which none of the three expressions like a0a1/a2a3 is a cube;
the object of this last restriction is to ensure that r = 1, so that the poly-
nomial f in (4) reduces to a constant C. The calculations described below
have been carried out for a number of such surfaces, and they all support the
conjectures which I shall put forward. I shall give explicit numerical results
only for the surface

X3
0 + 2X3

1 = 5X3
2 + 7X3

3 ; (6)

but this appears to be typical.
The numerical evidence strongly suggests that, at any rate for surfaces

(5) with r = 1, we can take c = 1
2

in (4). Indeed it even suggests that we can
replace O(Bc+ε) in (4) by O(B1/2); but it would be rash to conjecture this
on the basis of numerical evidence alone. Write E(B) = N(B) − CB when
r = 1; then for example, for the surface (6) with h = h1 we take C = 0.3353,
which is probably correct to four places of decimals. For 1 ≤ B ≤ 20000,
which is the current limit of my enumeration of solutions of (6), we have

−0.6741B1/2 < E(B) < 0.7289B1/2. (7)

Here the critical case for the lower bound is B = 1522, and for the upper
bound it is B = 291. If we confine ourselves to 1000 ≤ B ≤ 20000 then the
right hand displayed inequality can be replaced by E(B) < 0.4544B1/2, the
critical case being when B = 16305.

Conjecture 1 Let V be a nonsingular cubic surface defined over Q, and let
r be the rank of its Néron-Severi group over Q. With the notation above,
there is a polynomial f(X) of degree r− 1 with real coefficients such that for
integral B ≥ 1

N(B) = Bf(logB) +O(B1/2+ε)

for every ε > 0. Moreover

ξ(s) = ξ(s;U, h) =
∑

(h(P ))−s

can be analytically continued to <s > 1
2
, subject to an r-fold pole at s = 1.

There is a weaker form of this conjecture, in which it applies only to
the case r = 1 and the polynomial f(X) is replaced by a constant C. The
numerical evidence which I have so far obtained only relates to this weaker
version. In the opposite direction, it would be interesting to see whether the
conjecture extends to singular cubic surfaces.
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One expects B−1/2E(B) to be only very slowly varying. The numerical
evidence suggests that it exhibits slow oscillations on which are superimposed
what looks like white noise. There is now a suggestive analogy with the
explicit formulae of prime number theory. (For the latter, see [4], Chapter
3.) This analogy leads one to hope that there is a formula

E(B) =
∑

<cρBρ + o(B1/2) (8)

where ρ runs through a discrete set of points on <ρ = 1
2

in the upper half-
plane and the cρ are complex constants. Here it is implicit that the series is
convergent but not necessarily absolutely convergent; and it may be hoped
that the error term has a comparatively simple form and is continuous in
B > 0. We shall write ρ = 1

2
+ iτ . In contrast with what happens in prime

number theory, we cannot expect any simple relationship between ρ and cρ;
for if we replace h by nh for some positive integer n, which can be easily
achieved by changing the projective embedding of V , then the ρ remain the
same but each cρ is multiplied by n−ρ.

In practice, in the estimation of the ρ and cρ one has to work with the sum
of the squares of the errors, rather than with the maximum of the absolute
values of the errors; but it is convenient to exhibit the latter also, as a guide to
how successful the operation has been. The estimation process is somewhat
analogous to that of computing the power spectrum of E(B) as a function
of logB, though there are some additional complications: in particular, we
cannot afford to use the small values of B because of the presence of the last
term in (8), and it is desirable to introduce a weighting factor because the
number of data points increases exponentially with logB. In concrete terms,
we are trying to choose a limited number of pairs ρ, cρ so as to make

S =
20000∑
b=50

b−2(E ′(b))2 (9)

small, where we have written the residual error as

E ′(b) = N(b)− Cb−<
∑

cρb
ρ.

Here the lower bound in the sum (9) has hopefully been chosen large enough
to render the effect of the final term in (8) unimportant. The initial value
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of S, before we introduce any pairs ρ, cρ, is 0.4796. By introducing the six
pairs listed below, we reduce this to 0.1012; and we improve (7) to

−0.4573 < E ′(B) < 0.3487.

The critical case for the lower bound is B = 62, and for the upper bound it
is B = 8863. If we confine ourselves to 300 ≤ B ≤ 20000 then the left hand
displayed inequality can be replaced by −0.3810 < E(B), the critical case
being when B = 2035. The following table gives the six pairs used, in the
order in which they are introduced. The four columns give respectively ρ− 1

2
,

cρ, the reduction in S achieved by introducing this pair, and the resulting
value of S; but I cannot assess how close to the true values the estimates in
the first two columns are.

1.58i −0.2182 + 0.0037i 0.1436 0.3360
3.13i 0.1920− 0.0066i 0.1099 0.2261
5.10i −0.1257 + 0.0017i 0.0471 0.1790
8.85i 0.1068− 0.0048i 0.0338 0.1452
6.86i −0.0984 + 0.0026i 0.0288 0.1164
3.96i −0.0719− 0.0083i 0.0153 0.1011

In my opinion, these figures strongly support Conjecture 1; and I believe that
there are only six values of ρ for which 0 < τ < 10. It can scarcely be an
accident that the values for cρ listed are all nearly real; but I have no idea
why this occurs. It would no longer be true if h1 was replaced by h = 2h1.

Conjecture 2 For given V and h there are sequences of complex numbers cn
and of points ρn = 1

2
+iτn, with the τn real, positive and monotone increasing,

having the following properties:
(i)

∑
|cn|2 and

∑
τ−2
n are both convergent;

(ii) for some fixed c < 1
2

and all ε > 0,

N(B) = Bf(logB) + <
∑

cnB
ρn +O(Bc+ε); (10)

(iii) ξ(s) can be analytically continued to <s > c with the same value of c
as in (ii), subject to an r-fold pole at s = 1 and simple poles at each ρn and
ρn.

The assertion that
∑
|cn|2 converges is essentially equivalent to claiming

that the weighted average of the B−1(E(B))2 is finite. The computational
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evidence is compatible with taking c = 0, but some intervention from the eye
of faith is needed to make this conclusion convincing.

There is another and probably better way of expressing (iii). Let η(s) be
an integral function of order 1 which has simple zeros at the ρn and ρn and
no zeros elsewhere. Such a function exists because

∑
τ−2
n converges, and it is

uniquely determined up to a factor exp(a1s+ a2). Then (iii) is equivalent to
the assertion that ξ(s)η(s) can be analytically continued to <s > c subject
only to an r-fold pole at s = 1. This is much more respectable behaviour for
a number-theoretic function related to a Dirichlet series.

By implication, this paper raises a number of questions to which I do
not have even a conjectural answer. For some of them, the most interesting
answer may well involve replacing the height h by a canonical generalized
height function. Among the most obvious are the following:

1. Can one describe the whole polynomial f in terms of V and h, in the
same way as its leading coefficient was described in [8]?

2. What is the nature of the error term in (10)? Note that the corre-
sponding error term in the explicit formula of prime number theory is
− log 2π − 1

2
log(1−B−2).

3. Can ξ(s)η(s) be analytically continued to the whole s-plane, subject to
the pole at s = 1 and possible poles at negative integers? If so, does it
satisfy a functional equation?

4. The function η(s) has some of the properties of an L-series: it comes
from number theory, and it satisfies a functional equation and the Rie-
mann hypothesis. Can it be written as a (possibly generalized) Dirichlet
series, and if so, can this series be written as an Euler product?
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Math. J. 79(1995), 101-218.

[6] E.Peyre and Y.Tschinkel, Tamagawa numbers of diagonal cubic surfaces,
numerical evidence, Math. Comp. 70(2001), 367-387.

[7] E.Peyre and Y.Tschinkel, Tamagawa numbers of diagonal cubic surfaces
of higher rank, in Rational Points on Algebraic Varieties (Progress in Math-
ematics, vol. 199) (ed. E.Peyre and Y.Tschinkel), 275-305.

[8] P.Salberger, Tamagawa measures on universal torsors and points of bounded
height on Fano varieties, Astérisque 251(1998), 91-258.
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