ISOPERIMETRIC INEQUALITIES AND THE ASYMPTOTIC RANK OF
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AsstrAcT. In this article we study connections between the asynptatik of
a metric space and higher-dimensional isoperimetric iaktigs. We work in
the class of metric spaces admitting cone type inequaltigish, in particu-
lar, includes all Hadamard spaces, i. e. simply connectedargpaces of non-
positive curvature in the sense of Alexandrov. As was shop@tomov, spaces
with cone type inequalities admit isoperimetric inequeditof at most Euclidean
type. Here we prove that they admit isoperimetric ineqigaliof sub-Euclidean
type for k-cycles whenevek is greater or equal to their asymptotic rank. As
a consequence it follows that the higher-dimensional isopric inequalities
can be used to detect the asymptotic rank of such spaces. @kriswto some
extent inspired by a conjecture of Gromov which, in the cdgaraper cocom-
pact Hadamard spaces, asserts even linear isoperimettjodiities above the
asymptotic rank. Our methods can moreover be used to estgdilynomial
isoperimetric inequalities for metric spaces admittingypomial cone type in-
equalities. These include spaces with polynomial Lipgahitmbings.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Given a complete metric spaéeandk € N the filling volume function FY,1 on
X is defined as

FVisa(r) := sugFillvol(T) : T is ak-dim. cycle inX with VoI(T) < r},

where Fillvol(T) is the least volume of & 1)-chain with boundary. A suitable
notion ofk-dimensional chains and cycles in the generality of mep&css is given
by k-dimensional integral currents introduced by Ambrosio Kirdhheim in [3].
Other suitable notions of chains are for example the simdifgschitz chains of
Gromov [14] or, in a simplicial setting, simplicial chains.

Throughout this paper we work with the theoryleflimensional integral currents
in X, the space of which is denoted hyX). An elementT € I (X) can be thought
of as an oriented-dimensional surface iX (with arbitrary genus and possibly
with integer multiplicity) which is locally parametrized/tbiLipschitz maps from
RX and whose boundary has finite volume. The volume of an elefhent  (X)

is a particular Finsler volume and is called the mas3 @ind writtenM (T), the
boundary ofT is denoted byT and is an element df_1(X) if k > 1. The support
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of T is denoted by spE. The filling volume of a cycleT e I¢(X) is then by
definition the smallest mass of & € Iy.1(X) with S = T and is denoted by
Fillvol(T). We refer to Section 2 for further notation and for remar&saerning
relations with other notions of chains.

The following definition of cone type inequality fércycles goes back to Gromov
[14].

Definition 1.1. A complete metric space X is said to admit a cone type inaguali
in dimension k (or a cone type inequality (X)) if there exists C> 0 such that

Fillvol(T) < Cdiam(sptl)M (T)
for every Te I«(X) with T = 0 and with bounded support.

Examples are given by Riemannian manifolds without focahtsoand metric
spaces admitting a convex bicombing [28], in particularsatiply connected ge-
odesic metric spaces of non-positive curvature in the sehgdexandrov, called
Hadamard spaces, and geodesic metric spaces with conveg.nrefl4] Gromov
proved that a complete Riemannian manifold which admitedgpe inequalities
in dimensionsm = 1,...,k admits an isoperimetric inequality of Euclidean type
for k-cycles, thus

FVi1(r) < Dr'e

for all r > 0 and for some consta?. In [28] this was shown to hold in the
generality of complete metric spaces admitting cone typgualities. In particular,
it follows that Hadamard spaces admit isoperimetric inéties of Euclidean type
in all dimensionsk > 1.

The primary purpose of the present article is to show thastiygerimetric behavior
of a metric space changes from Euclidean to sub-Euclidgasitythe dimension
of the asymptotic rank.

Definition 1.2. The asymptotic rank of a metric space X, denoteddk), is
defined as the supremum ovee iN for which there exists an asymptotic cong X
of X and a biLipschitz map : K — X, with K c R" compact and£"(K) > 0.

If X is a Hadamard space asdj(is the maximal geometric dimension of an as-
ymptotic cone ofX. In particular, ifX is a proper and cocompact Hadamard space
asrkX) coincides with its Euclidean rank, that is the maximal N for which R"
isometrically embeds intX. This follows from work of Kleiner [19]. We refer to
Section 2 for details and further relations.

Our main result can now be stated as follows.

Theorem 1.3. Let ke N and let X be a complete quasiconvex metric space which
admits cone type inequalities fop(X) form=1,... k. If k > asrk(X) then
(1) lim supFka—Jj(r) =

r—oo r

0,

thus X admits a sub-Euclidean isoperimetric inequalityl {gi).
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A metric spaceX is said to beQ-quasiconvex if for every two pointg y € X there
exists a curve of length at mo&td(x, y) joining x andy; furthermoreX is called
guasiconvex if it iSQ-quasiconvex for som@.

Theorem 1.3 seems to be the first result in its direction ewéha context of (co-
compact) Hadamard manifolds. A similar (but stronger) ltesuknown to hold
only for symmetric spaces of non-compact type, see beloveofiém 1.3 has in-
teresting applications towards the asymptotic geometrgani-positively curved
spaces. Such have recently been exhibited by Kleiner ang [28).

In the particular case th&t = asrk(X) = 1 our theorem asserts a sub-quadratic
isoperimetric inequality for 1-cycles. This is well-knovm imply even a linear
isoperimetric inequality for 1-cycles, see [13]. It is leskd that under suitable
conditions (such as for example admitting cone type ineties)l a sub-Euclidean
isoperimetric inequality fok-cycles should imply a linear isoperimetric inequality
for k-cycles also whetk > 2. Theorem 1.3 might thus be regarded as a first step
towards the conjecture of Gromov (somewhat implicitly emed in [15]) which
asserts that a proper cocompact Hadamard siamimits linear isoperimetric in-
equalities forl(X) for all k > asrk(X). In the case asrk() = 1 this is known

to be true and can be proved via the embedding theorem in fjtenLipschitz
extension results in [24], see also [23] for a proof in a sioigl setting. As re-
gards the case asik) > 1, the conjecture is known to hold for symmetric spaces
of non-compact type but remains open for most other cases,ievthe context of
Hadamard manifolds.

Below the asymptotic rank the isoperimetric behavior isliflean as follows from
the next theorem.

Theorem 1.4. Let X be a complete quasiconvex metric space and Nk Sup-
pose X admits isoperimetric inequalities of Euclidean tfgrel ,(X) with some
constants @, m=1,..., k- 1. If k < asrk(X) then

+1

FViea(r) 2 FVia (X L¥(X). 1) 2 e &
forallr > 0and for somey > O dependingonlyon g m=1,..., k-1

Here F\1(X, L*(X),r) is defined analogously to RV4(r), with the diference
that Fillvol(T) is replaced by Fillval-(x)(T), the filling volume inL*(X) of T €
IK(X). See Section 2.1 for the precise definition. Theorem 1.4lweila conse-
guence of the stronger Theorem 7.1, which asserts an ansldg@er bound for
the filling radius function. As regards the constantsn the theorem, it can be
shown that a geodesic metric spacavith asrk(X) > 1 satisfies

: FVa(X, L*(X), 1
(2 lim sup 2 (). 0 > —.
r—co r2 A

In [31] it is moreover proved that a geodesic metric spéaehich admits a coarse
quadratic isoperimetric inequality for curves and for whi@) fails is Gromov
hyperbolic and thus all its asymptotic cones are real trees.

It is not known whether Theorem 1.3 holds with the weaker mgdion thatX
merely admits isoperimetric inequalities of Euclideanetyg partial result in this
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direction is given in Theorem 6.3. Finally, we mention thidiwing consequence
of Theorems 1.3 and 1.4.

Corollary 1.5. Isoperimetric inequalities detect the asymptotic rank arhplete
guasiconvex metric spaces admitting cone type inequalitie

The corollary in particular applies to Hadamard spaces. Idguas results for
the higher-dimensional divergence invariants of Brady Barb were obtained in
[7], [25], [17] for symmetric spaces of non-compact type amdi30] for proper
cocompact Hadamard spaces. These divergence invariamtisecthought of as
isoperimetric functions at infinity and are loosely relatedhe F\f(r), see [30].

In the following paragraph, we briefly describe the main glleading to the proof
of our main result. In the subsequent paragraph we will desedditional results
which can be proved using the methods developed in the pfoloé onain theorem.

1.1. Ouitline of the proof of Theorem 1.3. The proof is by contradiction and the
aim is to show that, if (1) fails, there exists a sequence b$stsZ,, ¢ X and num-
bersr;,, — o such that Z,, %dx) converges in the Gromov-Hausdélosense to a
compact metric spacé which contains the biLipschitz image of a compact subset
K < R¥1 for which £K*1(K) > 0. One of the principle ingredients in the con-
struction of thez,, (which will arise as the supports of suitable{1)-dimensional
integral currents) is a ‘thick-thin’ decomposition thewrdor integral currents in
metric spaces admitting a polynomial isoperimetric indigiasee Theorem 4.1,
where ‘thick’ and ‘thin’ are to be understood in terms of okl growth. In the
special case that admits an isoperimetric inequality of Euclidean typeligr (X)

and thatT € I (X) has no boundary this theorem asserts Thaiecomposes into
the sumT = R+ T1 + T, + ... of integral cycles such thaR is thick and all

T; are thin in the following sense: The massRtontained in each baB(x,r)
with x € sptRis at leastyr® whenever ¢ [0,6M (R)%]; furthermore eacfT; has
mass at most“yM (T) and the decomposition does not add much mass, that is
M(R) + > M(T;) < (1+ A)M(T). Here, 1,6 € (0,1) can be chosen arbitrarily and
v € (0,1) only depends old. This decomposition theorem can be used to show
that, if (1) fails, there existsg > 0 and a sequendg,, € 1(X) of cycles such that

Fm = M(Rm)% — oo and
(3) Fillvol(Ry) > oM (Rm)bk‘1 forallme N

and with the property that the supports Bgtform an equi-compact and equi-
bounded sequence when endowed with the rescaled nfbth@ A standard ar-
gument involving isoperimetric inequalities of Euclidagpe, see Proposition 4.2,
then shows that there exist fillin@s, € l1(X) of Ry, with an isoperimetric bound
on mass and such that the suppatis:= sptS, also form an equi-compact and
equi-bounded sequence when endowed with the rescaled:rﬁr?ﬂ;{. In partic-
ular, a subsequence converges to some compact metric Zpacthe Gromov-
Hausdoft sense. In order to prove thatreceives a biLipschitz image as claimed,
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one ‘pushes forward’ th&, to Z, a subsequence of which converges to an inte-
gral currentS € ly;1(Z) by the closure and compactness theorems of Ambrosio-
Kirchheim. The main theorem in [29] then guarantees $&t 0 as otherwise (3)
would be violated. (It is this theorem that uses the hypashigst X admits cone
type inequalities.) The support & then contains a biLipschitz image of some
compact seK c R¥! with £51(K) > 0, thus a contradiction.

A short description of the ideas used to prove the decompnsiieorem alluded

to above will be given after its statement in Section 4.

1.2. Additional results. The following definitions generalize the notions of cone
type inequalities and of isoperimetric inequalities of kdean type, respectively.
In some sense they are of large scale flavor.

Definition 1.6. Let ke N andv,p > 0. A complete metric space X is said to admit
a diameter-volume inequality of tyfde, o) for 1x(X) if there exists a Ce (0, o)
such that for every E I(X) with 9T = 0 and bounded support

4) Fillvol(T) < Cdiam(spfT)M (T)
if diam(spfl) < 1and

(5) Fillvol(T) < C[diam(sptT)]"M (T)?
otherwise.

Easy examples of spaces admitting diameter-volume initiggadf type ¢, 1) are
simply connected homogeneous nilpotent Lie groups of classd, more gener-
ally, metric spaces all of whose subsBtwith R := diamB < oo can be contracted
along curves of length at mostmaxR, R’} and which satisfy a weak form of the
fellow traveller property (similar to that of asynchronocmmbings in geometric
group theory). For a precise statement in this directionSssgion 3.

Definition 1.7. Let k> 2 anda > 1. A complete metric space X is said to admit
an isoperimetric inequality of rank for 1y_1(X) if there is a constant D> 0 such
that

(6) FVi(r) < Dly(r)
forallr > 0, where |, is the function given by
k
re1 0<r<1
I a = a - -
all) {rﬁ l1<r<oco.

In [16, 6.32] the polynomial bound:=z was termed an isoperimetric inequalif/
rank greater tharv. Here we will use the shorter terminology rank «. Isoperi-
metric inequalities of rank for 1, _1(X) are exactly those dEuclidean type

We then have the following theorem.

Theorem 1.8. Let X be a complete metric spaceegkY, v,o0 > 0, and suppose X
admits a diameter-volume inequality of typeo) for 1(X). If k = 1 setag = 1.
If K > 2 then suppose that X admits an isoperimetric inequality okra_, for
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lk-1(X) for someay_1 > 1. If v + oax_1 > ax-1 then X admits an isoperimetric
inequality of rank

k-1
v+ 0ak-1 — ak-1
for 1(X) with a constant which depends only onvlo, ax_1 and the constants
from the isoperimetric inequality fdr_1(X) and the diameter-volume inequality
for 1 (X).

The statement of the theorem can be reformulated as folldiv& admits an
isoperimetric inequality for,_1(X) of exponenj > 1 then

FViea(r) < Drét" i

for all r > 1 and for a suitable constabt Theorems 3.4.C and 4.2.A in [14] and
Theorem 1.2 in [28] are special cases of Theorem 1.8 with1 anday_; = k.
The proof of this theorem relies on the decomposition thedi@ currents but it
should be noted that it does not use its full strength.

Finally, following [16] we say a complete metric spaXeadmits an isoperimetric
inequality of infinite (i.e. arbitrary large) rank fog(X) if for every ¢ > 0 there
existsD, such that

ag =1+

FViera(r) < Dort*
for everyr > 1.

Corollary 1.9. Let X be a complete metric space> 0O, k, k" € N with K < k,
and suppose that X admits a diameter-volume inequality pef ¢y, 1) for | (X)
for each m= K/,...,k. If X admits an isoperimetric inequality of infinite rank fo
I (X) then X admits an isoperimetric inequality of infinite rank Fg(X).

If X'is geodesic and Gromov hyperbolic then there exists a gaotiéskeningX,

of X which admits cone type inequalities for(X,) for m > 1. FurthermoreX,

is Gromov hyperbolic and admits a linear isoperimetric uradity for 11(X,). By
the corollary aboveX, then admits an isoperimetric inequality of infinite rank for
Ik(X,) for everyk > 1. Itis natural to ask:

Question: Let Y be geodesic and Gromov hyperbolc; 2, and suppos¥ admits
cone type inequalities fdr,(Y) form = 1,...,k. Is it true thatY admits a linear
isoperimetric inequality for(Y)?

An affirmative answer can be given under suitable conditions og¢oenetry on
small scales, for example again via the embedding theoré4j amd the Lipschitz
extension results in [24]. The question seems to be openvesvesen in the case
of general (non-proper and non-cocompact) Gromov hyperbtadamard spaces.

The structure of the paper is as follows: Section 2 contaimsnoents on dierent
notions ofk-cycles in metric spaces. This section also provides thaitlefi of
asymptotic cones and contains comments on the asymptaotic rm Section 3
we give conditions on a metric space that ensure a diameleme inequality.
The purpose of Section 4 is to prove the key technical reduthie paper, the
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decomposition theorem alluded to above. In Section 5 wehiselecomposition
theorem to prove Theorem 1.8. The proof of our main resulgofém 1.3, is
contained in Section 6. Finally, the proof of Theorem 1.4 tredstronger version
with the filling radius functions is given in Section 7.

Acknowledgments:| would like to thank Bruce Kleiner, Urs Lang and Tim Riley
for several discussions on topics related to this paper.

2. PRELIMINARIES

This section provides references concerning integraleotsy asymptotic cones,
Hadamard spaces and Gromov hyperbolicity. It furthermergews the gener-
alized filling volume and filling radius functions KW (X, L*(X),r), respectively
I:Rk+1(x’ LOO(X)’ I’).

2.1. Notions ofk-chains andk-cycles in metric spacesAll our results are stated
and proved in the language of metric integral currents. @&lvwesre introduced
by Ambrosio and Kirchheim in [3] and provide a suitable notiof ‘Lipschitz
surfaces’ in metric spaces. In Euclidean space they agréeintegral currents
as defined by Federer and Fleming in [12]. A complete referemmncerning the
Euclidean theory is given by [11]. Throughout this article will use the notation,
definitions and results from [3]. The definitions can alsoduenfl in Sections 2.4
and 2.5 of [31].

The following remarks are intended for the reader who wishdsanslate the re-
sults from Section 1 to other (more geometric) notions ofrehand cycles.

1. Let X be a Riemannian manifold. Then every compact oriektdinensional
submanifoldN of X induces an integral curreiit € 1(X) in a canonical way and
the current induced byN equalsdT. Furthermore]|T| is the volume measure
onN, i.e. the measure induced by the volume formNyrandM (T) = ||T||(X) =
Vol(N).

2. LetX be a metric simplicial complex with only finitely many isometypes of
cells and all of whose cells are biLipschitz homeomorphiEtglidean simplices.
Then every oriented simplici&-chainc in X of finite volume induces in a canon-
ical way an integral current e I (X) and the integral — 1)-current induced by
oc equalsdT. Moreover,M (T) is comparable to Vot).

3. LetX be a metric space. Then every singular Lipsckithainc = X! ; m;,
see [14], induces an integral currdnk 1 (X). If the Lipschitz mapsg; are biLips-
chitz and have pairwise almost disjoint images thefT) is comparable to Vo).
4. The reader who is mainly interested in (cocompact) Rien@anmanifolds or
in simplicial complexes (with finitely many isometry typesfaces which are all
biLipschitz homeomorphic to Euclidean simplices) may ktimterms of Lipschitz
chains or simplicial chains (as our results can be trarssiate these with the help
of a deformation theorem).

Finally, we provide the precise definitions of the genealifilling volumeéradius
functions. For this, leX, Y be complete metric spaces and suppgssometrically
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embeds intdr. Then the filling volume off € I(X) in Y is defined as
Fillvoly(T) := inf{iM(S) : S € I4;1(X),0S = T}

where we agree on ifif = . In caseY = X we have Fillvol(T) = Fillvol(T).
Furthermore, for > 0, we set

FVie1(X, Y, 1) ;= sugFillvol y(T) : T € I (X),dT = 0,M(T) < r}.
Clearly, FM10% X, 1) = FVg.1(r) and furthermore
Fillvoly(T) < Fillvol(T) and  F\W1(X Y, 1) < FViqa(r).

The left hand sides of both inequalities are smallestffoe L*(X). Here,L*(X)
is the Banach space of bounded functionsXonith the supremum norm
[Iflleo := supIf(X)I.
xeX

Similarly, the filling radius ofT € 1 (X) in Y is defined as
Fillrady(T) := inf{o > 0 : 3S € I, 1(Y) with §S = T, sptS c B(sptT, o)}
and furthermore
FR1(X Y,r) := sudFillrady(T) : T € Ik (X),dT = 0,M(T) <r}.

The same obvious inequalities as for the filling volume holdthe filling radius,
namely

Fillrady(T) < Fillrad(T) and FR1(X Y, r) < FRe1(r),
and the left-hand sides of both inequalities are smallgsy fa= L= (X).

2.2. Curvature bounds, Gromov hyperbolicity, asymptotic cones For a gen-
eral reference on Hadamard spaces, Gromov hyperbolicdyaspmptotic cones
we refer the reader e.qg. to [5], [8], [6], [13]. As mentionedhe introduction our
results in particular apply to Hadamard spaces and thesalpiypform the prime
class of examples for which the main results are of interest.

A metric spaceX is said to be geodesic if for every two points/ € X there exists
amapc : [a,b] - X and a1 > 0 satisfyingc(a) = x, ¢(b) =y, andd(c(t), c(t')) =
At —t'| for all t,t” € [a, b]. Such a map is called a constant-speed geodesic joining
x andy. FurthermoreX is said to be CAT(0) if it is geodesic and if every geodesic
triangle is at least as thin as a comparison triangle in Heal space. Simply
connected Riemannian manifolds of non-positive sectionalature are examples
of CAT(0)-spaces. Following [5] we call a complete CAT(@ase a Hadamard
space. A geodesic metric space is said to be Gromov hyperiidhiere exists
aé > 0 such that every geodesic trianglesi¢hin, i.e. each side is contained in
the 6-neighborhood of the union of the other two sides. This da#dmply any
restriction on the small scale and should roughly be thoafhs a negative upper
curvature bound in the large.

We finally give the definition of an asymptotic cone. As a gaheeference we
mention [21]. A non-principal ultrafilter oiN is a finitely additive probability
measurey on N together with ther-algebra of all subsets such thatakes values
in {0, 1} only andw(A) = 0 whenevelA c N is finite. Using Zorn’s lemma it is not



ISOPERIMETRIC INEQUALITIES AND THE ASYMPTOTIC RANK 9

difficult to establish the existence of non-principal ultrafdtenlN, see e.g. Exer-
cise 1.5.48 in [8]. Itis also easy to prove the following fatit(, r) is a compact
topological Hausddf space then for every sequengg e C Y there exists a
unique pointy € Y such that

w({meN:ypeUph=1
for everyU e r containingy. We will denote this point by lirg yi.
Let now (X, d) be a metric space and fix a non-principal ultrafiteon N, a base-

pointx € X and a sequenag, ,” «. Define an equivalence relation on the set of
sequencesX)men C X satisfying

(7) supid(*, Xm) < ©0
m I'm

by
(Xm) ~ (X,) ifandonlyif lim, rid(xn, X)) = 0.
m

Definition 2.1. The asymptotic congX, rld, )., is the set of equivalence classes
of sequencebx,) c X satisfying(7) together with the metric given by

Ao (O], [(X)]) <= lim,, %d(xm, X,

The following are easy to verify: Le( d) be a metric space an], an asymptotic
cone ofX. ThenX, is complete. Furthermore, X is geodesic then so iX,,. If

X is a Hadamard space then sogs. For further properties we refer the reader to
[21].

2.3. The asymptotic rank of a metric space.The following reformulation of
Definition 1.2 is a direct consequence of the Rademacherthgmem for metric
space valued Lipschitz maps in [18].

Lemma 2.2. Let X be a metric space. ThasrkX) is the supremum over a N
for which there exists an n-dim. normed space V, subsgts % and a sequence
Rj — oo such thatRiij — B(0,1) c V in the Gromov-Hausdgisense, where

B(0, 1) denotes the closed unit ball in V.
We obtain the following simple relations.

Proposition 2.3. Let X be an arbitrary metric space. Then the following pradiesr
hold:

(i) asrk(X) < supTopdim(C) : C c X, cpt, X, an asymptotic cone of}X

(i) asrk(X)) > sugne N : 3y : R" —» X quasi-isometrig
Furthermore, if X admits isoperimetric inequalities of Hdean type forl ,,(X) for
all m > 1 thenasrkX) — 1 equals the supremum over alle@N such that there
exists an asymptotic cone of X which contains a non-trivitdgral n-cycle.

The main reason for using the terminology ‘asymptotic raskits equivalence
to the Euclidean rank in the case of proper cocompact Hadhs@aces. The
following result is a direct consequence of Theorems A, CRuial [19].
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Theorem 2.4. Let X be a metric space. If X is a Hadamard space tasrk(X)
is the maximal geometric dimension of an asymptotic cone df X is a proper
cocompact length space with a convex metric then

asrkX) = sugn € N : 3V n-dim. normed space and: V — X isometrig.

In particular, if X is a proper cocompact Hadamard space tlasrk(X) equals its
Euclidean rank.

For the definition of geometric dimension see [19]. H¥rie said to have a convex
metric if for every pair of constant-speed geodesic segswnt; : [0, 1] — X the
functiont — d(cy(t), co(t)) is convex. Moreover, the Euclidean rank of a proper
cocompact Hadamard spaeis by definition the maximah € N such thatR"
embeds isometrically intX.

Clearly, a geodesic Gromov hyperbolic metric space has p®tio rank 1. The
converse is not true in general. HoweverXifis a geodesic metric space which
admits a quadratic isoperimetric inequality for curvesténihat this is equivalent
to admitting a cone type inequality for loops) and has a§rké 1, thenX is
Gromov hyperbolic.

3. METRIC SPACES ADMITTING DIAMETER-VOLUME INEQUALITIES

We first recall the definition of the product of a current withiaterval, see [3] and
[28].

3.1. Products of currents. Let X be a complete metric space and endoyd & X
with the Euclidean product metric. Given a Lipschitz fuontif on [0, 1] x X and
t € [0, 1] we define the functiorf; : X — R by fi(x) := f(t,x). With every
T € Ni(X), k > 1, and everyt € [0, 1] we associate the norméalcurrent on
[0, 1] x X given by the formula

([t] X T)(f,frl, e ,ﬂ'k) = T(f{,ﬂ'lt, e ,Trkt).
The product of a normal current with the interval I9is defined as follows.
Definition 3.1. For a normal current T € Ng(X) the functional[0,1] x T on
DF1([0, 1] x X) is given by
([0’ 1]XT)(f’7T1’ DR} ﬂ.k+1) =
k+1

i+1 ! omit
Z(_l) T ftﬁ’nlt’---’ﬂ-i—lt’ﬂi+lta---’ﬂk+lt dt
0

i=1
for (f, 71, ..., 7ke1) € DK1([0, 1] x X).
Note thatD™(Y) is the space of generalizedfidirential forms, i.e. the family of

tuples @, 1, .. ., Tm) Of Lipschitz functions or¥ with g bounded. The proof of the
following result is analogous to that of [3, Proposition28nd Theorem 10.4].

Theorem 3.2. For every T e Nk(X), k > 1, with bounded support the functional
[0,1] x T is a(k + 1)-dimensional normal current of®, 1] x X with boundary

A([0,1]xT)=[1] x T -[0] x T = [0,1] x 4T.
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Moreover, if Te [(X) then[0, 1] X T € I+1([0, 1] x X).

3.2. Diameter-volume inequalities and generalized combingsLet (X,d) be a
metric spaceB c X with diamB < oo, andh,H > 0. Suppose there exists a
Lipschitz mapy : [0, 1] x B — X with the following properties:

(i) There existsxy € X such thatp(0, x) = Xp ande(1, X) = x for all x € B.
(i) The lengths of the curves— ¢(t, X), X € B, are bounded above by
(iii) For everyx € B there exists a relatively open neighborhddd c B of x
and a continuous familyy, X' € U, of reparametrizations of [@] such
thatox(t) =t and

d(e(t, X), plox (1), X)) < Hd(x, X)  for all X € Uy and allt € [0, 1].

Here, a map : [0,1] — [0, 1] is said to be a reparametrization of 1§ if it is
continuous, non-decreasing and satisfi@3 = 0 andv(1) = 1. We cally as above
a Lipschitz contraction oB with parameterst{H). If h,H : [0,00) — [0, o0]
are continuous functions such that every sulidet X with R := diamB < oo
has a Lipschitz contraction with parameteh§R), H(R)) then we sayX admits
generalized combings with length functibrand distortion functiortH.

Examples:

(&) Let X be a Banach space or a geodesic metric space with convex met-
ric (e.g. a Hadamard space). ThEradmits generalized combings along
straight lines or the unique geodesics, respectively, lemigth function
h(R) := Rand distortion functiorH(R) = 1. In these examples one may
choosepy (t) = t for all X'

(b) If X is a simply connected homogeneous nilpotent Lie group afsada
thenX admits generalized combings with length function

h(R) := AmaxR, R°}
and distortion functiorH(R) = L for constants, L, see [26].
We now prove the following proposition.
Proposition 3.3. Let X be a complete metric spacegT(X) a cycle with bounded

support and hH > 0. Suppose there exists a Lipschitz contractoof B := sptT
with parametergh, H). Then there exists & I, 1(X) withdS = T and such that

M (S) < [k(k + 1)]2hH*M (T).

Before turning to the proof we mention the following corojlawhich is an imme-
diate consequence of the proposition. For this’let 1, 4 > 0 andA,L > 0 and
define

| Ar O<r<1 _JL O<r<1
hy(r) '_{ ArY l<r<oo and Hu (1) '_{ Lr# 1<r < oo.

Corollary 3.4. Let X be a complete metric space and K. If X admits general-
ized combings with length function) bind distortion function K then X admits a
diameter-volume inequality of tyge + ku, 1) for I(X).
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Proof of Proposition 3.3By Theorem 4.5 of [3] it is enough to consider the case
T = y[d] for a biLipschitz mapy : K c RK — X andé € L1(K,Z). SetB := sptT
and lety be Lipschitz contraction oB. SetS := ¢#([0,1] x T) and note that
S € I1(X) anddS = T by Theorem 3.2. Lef andny,..., 1 be Lipschitz
functions onX with f bounded and such that Linj < 1 for alli. We define
o(t,2) = o(t,y(2)) fort € [0,1] andz € K andrx := (r1,...,7mk1). Let t,2) €
[0, 1]xK be such that o ¢ is differentiable att( z) with non-degenerate filerential,
which we denote by, v is metrically diferentiable at in the sense of [18] and
the curvey,(t) := ¢(t, 2) is metrically diferentiable at. We may assume without
loss of generality that o ¢(t,2) = 0. Denote byP the orthogonal projection of
R**1 onto the orthogonal complement @(R x {0}). We claim that

IP(Q(O, V))Il < VK + 1H mdy,(v)

for all v € RK. In order to see this fiw € RX\{0} and choose for each >
0 suficiently small aty with t = oy (tr), Whereoy denotes the family of
reparametrizations of [Q] aroundy(2). It is easy to see that, — t| < Cr for
some constant and allr > 0 suficiently small. It then follows that

IPQO. I = i ZIIPGr o (6 y(z-+ 1) ~ 70 6t (@) + Pl 6t (D

< Lip(n) ”T\i*‘»oup%dﬁﬁ(t, U(z+1v)), et ¥ (2)

< Vk + 1H mdy,(V).

This proves the claim and furthermore yields

et o Q)l < (k+ 1)2H I (Md () I(mdus).
We use this, the area formula in [18] and Lemma 9.2 and The®&:é&nn [3] to
conclude
|S(fa ﬂ-l’ oo ’7T|(+l)|

< f |62 f (&(t. 2)) det@z(m 0 §))| dL (. 2)
[0,1]xK
< (k+ 1)2Hk f

[0,1]x

. 102) f (o (t, ¥(2))N1 (MAly2)) I(Mdy)d L (L, 2).

= [k(k + 1)]2H¥ f | (o(t, )12(MA @ -10)0)d( L X [TIN(E X)
[0,1]xX
and thus )
ISII < [k(k + 1)]2H¥ps[g(t, X)d(LY x [ TI])]

with g(t, x) := Ja(md(y,-1(x)t). This completes the proof. O

Diameter-volume inequalities can furthermore be estabtior spaces with nice
local geometry on which asynchronously combable grougs patynomial length
functions act properly and cocompactly by isometries. eexample Chapter 10
of [10] and Theorem 5.4.1 in the notes [27].
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4. A DECOMPOSITION THEOREM FOR INTEGRAL CURRENTS

SetA = {(k,a) € Nx (1,00) : k > 2} U {(1,0)}, lety € (0, ) and define auxiliary
functions by
Fro,(r)=yr and Ggpo(r) =r

and for k, @) € A\{(1,0)}

k
_Jyer O<r<1
Fk,(t,y(r) -_{ ,y_r(t 1<r < o0
and
rk O0<r<1

Gk,(l(r) = { 1

ra 1<r < oo.

As mentioned in the introduction the following ‘thick-thidecomposition theo-
rem, the principle result of this section, plays a cruci# in the proof of our main
result.

Theorem 4.1. Let X be a complete metric spagk, ) € A, and suppose in case
k > 2 that X admits an isoperimetric inequality of rankfor 1y_1(X). Then for
everyd € (0,1) there exists & € (0, 1) with the following property. Abbreviate
F = Fkoy and G := Gy, and leté € (0,1). For every T e I¢(X) there exist
Re Ix(X) and Tj € I«(X), j € N, such that

T= R+iTJ~
i

and for which the following properties hold:

(i) OR=0T anddT; =0forall j € N;
(i) Forall x € sptR\ sptdT and all0 < r < min{56G(M (R)), dist(x, sptoT)}

IRIB( 1) 2 55 6 F(r);

(i) M(Tj)) < @+ A)vyM(T) for all j € N, wherev :=ifk = 1orv:
max X, 57} otherwise;

(iv) diam(sptT;) < 4G (y 15 *M(T)));

(v) M(R) + £2 312, M(Ti) < M(T).
For the exact value of see the beginning of the proof of Proposition 4.7. Loosely
speaking, the theorem asserts thatan be decomposed into a thick pRrtthat is
with the good volume growth (i), and relatively small adlolital cyclesT; which
are round (property (iv) above) in the sense of [14]. A simghal illustrative
example is given by the integral currehtouilt from a largek-dimensional sphere
with (possibly infinitely many) very thin tentacles glued &oughly, the thick-thin
decomposition oT is obtained by first choppingficall the tentacles and replacing
them by suitable caps. This yields the thick pgrof T, which turns out to be
roughly the original sphere. The cyclés come from a suitable decomposition
of the tentacles into round cycles. Such a decompositiam noiind cycles was
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exhibited in [14] and [28] to prove the isoperimetric ineliflysof Euclidean type.
As our example suggests, a round cycle need not be thick.

The proof of Theorem 4.1 can be briefly described as followpo#t x € sptT is
said to belong to the thin pa2(T) of T if (ii) fails around x on a suitable scale.
An intermediate step in the proof is Proposition 4.7, whiegids a decomposition
T =R+ Ty +---+ Ty which satisfies (i), (iii), (iv), (v) and

N
D M) = AITIE(T))
i=1

for a suitable?’” > 0. (Successive application of this in fact yields the theuje
The proof of Proposition 4.7 is achieved by cutting away hearhoods around
points inQ(T) and replacing them by smaller pieces. The crucial ingrediar
this is the analytic Lemma 4.5 and the Vitali covering typguanent contained in
Lemma 4.6.

In the proof of Theorem 4.1 we will need the following reswtich generalizes
Lemma 3.4 of [28] and partially Lemma 3.1 of [30].

Proposition 4.2. Let X be a complete metric space>k2, @ > 1, and suppose
that X admits an isoperimetric inequality of rakfor I _1(X) with a constant
Dx_1 € [1, o). Then for every Te Ix_1(X) with T = 0 there exists an & 1x(X)
with dS = T, satisfying(6) and with the property that for everysptS and every
0 < r < dist(x, sptT) we have

ISI(B(X, 1)) > Fkau(r)
where

. 1
M= min , —
{(3Dk—1)k‘101'§ (3Dk-1)*"tay }
with a1 := maxk, a}.

The proof relies on the arguments contained in [3, Theorei®].10

Proof. Let M denote the complete metric space consisting oSadl 1(X) with

0S = T and endowed with the metric given By,(S,S’) := M(S-S’). Choose an
S € M satisfyingM (8) < Dy_1lko(M(T)). By a well-known variational principle
(see e.g. [9]) there exists &e M with M (S) < M (S) and such that the function

S > M(S) + %M(S—S’)

has a minimum ag’ = S. Let x € sptS\ sptT and setR := dist(x, sptdT). We
claim that ifr € (O, R) then

rk

o < 3Dk
(8) ISI(B(x, r)) > M k-101
(3Dk-1)*"1af
First note that the slicing theorem [3, Theorems 5.6 and igp]ies that for al-

most everyr € (0,R) the sliced(S L B(x,r)) exists, has zero boundary, and be-
longs tolk_1(X). For anS; € 1 (X) with dS; = d(S L B(x,r)) the integral current

r > 3Dy_101.



ISOPERIMETRIC INEQUALITIES AND THE ASYMPTOTIC RANK 15
SL (X\B(x,r)) + Sy has boundaryl and thus, comparison wit yields
1
M(SL (X\B(x,1)) + S) + §M (SLB(Xr)—Sr) > M(S).

If, moreover,S;, is chosen such thafl (S;) < Dy_1lk(M (0(S L B(x,r)))) then it
follows that

M(SL B(xr)) < 3M(Sy) < 3Dk-1lke(M (O(SL B(x,1))))
and consequently,
9) B(r) < 3Dk-1lka(B'()

for almost every € (0, R), whereg(r) := ||S||(B(x, r)).
Setr := sufr € [0,R] : B(r) < 3Dk-1} and observe that for almost evarg (0,T)

Llpot|= L0 L
dr kBT  (3Dk-1) % k

This yields
k

A) 2 —
(@D )< KK

for all r € [0,T] and consequently
k

(3Dy-1)Kak

for all r € [0, R], whereR := min{R, 3Dy_1a1}. Indeed, it is clear that < Rand in
caser < Rwe furthermore have

B(r) = B(F) = 3Dk-1 =

B(r) =

K
Ik
(3Dk-1)k 1ok

for all r € [F,R]. This proves (8) for € [0,R]. Now, if R > 3Dy_11 then for
almost every € [3Dy_1a1, R]
3Dk-1 < B(F) < B(r) < 3Dk-1lka(B'(r))
and hencg’(r) > 1. It follows that
d 1 "(r 1
o Ol s
ap(r) @ (3Dk-1) @ a1

and thus
r — 3Dk_101 S r
(BDic1) T a1 (3Dk1)F ax
This concludes the proof of (8). In order to finish the proofted proposition it is
enough to show the statement foe [1, 3Dy_1a1], since the other cases are direct
consequences of (8). We simply calculate

k re

>

(3Dk-1)*taX ~ (3Dy-1) 1aX(3Dy_11) K

to obtain the desired inequality. O

(1) > B(3Dk 101" +

ISI(B(x. 1)) =
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A direct consequence of the proposition is the followingneate on the filling
radius.

Corollary 4.3. Let X be a complete metric space,>k 2, @ > 1, and suppose
that X admits an isoperimetric inequality of rawakfor 1, _1(X). Then for every
T € I-1(X) with 0T = 0 we have

MM MM <1
PMM7 M) > 1,

(3}

4.1. An analytic lemma. For (k, @) € A andy € (0, o) we first define an auxiliary
function by

Fillrady(T) < Gy (u~tFillvol x(T)) < {

where

Hl,O,y(r) =Y

and

k_
oy O<r<y
a-1

= X

. vkt
Hy oo (1) =
k,Y,}/() {’}ht-r 'y<r<oo
if k > 2. For the convenience of the reader we summarize some sprygerties
of the auxiliary functions thus far defined. Their propestigill be used in the

sequel without explicit mentioning.
Lemma 4.4. Let (k,a) € A andy € (0,00) and set F:= Fy,,, G := Gy,
H := Hko,y, and | := Ix,. Then the following properties hold:
(i) Forallr > 0we have K5r) < 5°F(r);
(i) Ifk >2andv > 0then
min {v%, v%} G(r) < G(r) < max{v%, v%} G(r)
forallr > 0;
(i) Ifk >2andv = Othen
ymin{vk, v“} r < F(G(r)) < ymax{vk, v“} r

forallr > 0;
(iv) Ifk >2andv > Othen

min{(w)ﬁ,(w)é} r < GUE(r)) < max{(yv)%,(yv)%} (

forallr > 0;
(v) Ifk =1then F(r) = H(F(r)) forallr >0
(vi) If k > 2then F(r) = kH(F(r)) when re (0,1) and F(r) = aH(F(r))
when r> 1,
(vii) Ifk = 2then I(s) + I(t) < I(s+t) forall s,t > 0O;
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(viii) Ifk >2and1 <y <1/ythen

|(aH () < pmax{n) 1, @)} - ¢
forallr > 0.

The proof is by straight-forward verification and is therefomitted. For the proof
of Theorem 4.1 we need the following analytic lemma.

Lemma4.5. Let(k,a) € A,y € (0, 1), and abbreviate F= Fy,, and H:= Hy,,,.
Let furthermore § > 0 and suppose f [0,rg] — [0, o) is non-decreasing and
continuous from the right with(fo) < 5-&*® F(rq) and such that

r. ;= max{r € [0,rg] : f(r) > F(r)} > 0.

Then . < rg/5 and there is a measurable subsetX(r., ro/5) of strictly positive
Lebesgue measure such that

f(5r) < 5 f(r) and f(r) < (k+ Q)H(f(r))
for every re K.

This lemma will be applied witH (r) the mass in a ball of radiusof an integral
current.

F(ro) < F(5r,) < 5"*F(r,) = 5 f(r,) < 5 f(ro),

which contradicts the hypothesis. This proves that indgeedry/5. Now suppose
that for almost every € (r., ro/5) we have

either f(5r) > 5“f(r) or f'(r) > (k+ @)H(f(r)).

Proof. First of all, if r, > ro/5 then it follows that

Define
r,:=inf{r e[r.,ro/5] : f(5r) > 5 f(r)},

where we agree on ifff = co. It then follows that, > r.. since otherwise
F(5r,) < 5°F(r,) = 5 f(r,) < f(5r.),

in contradiction with the definition af,. If k = 1 then set! := min{r’, ro/5} and
note thatf’(r) > y for almost every € (r.,r/) and thusf (r}) > f(r.)+y(r-r.) =
vr’’, which is impossible. If, on the other hankl,> 2 then we distinguish the
following two cases. Suppose first that < 1 and setr! = min{1,rq/5,r.};
observe that! > r, andf(r/) < y. Consequently, we have

d 1 f'(r K+ a)H(f(r
2 1pt] - L0, ks M)

r kf(r)® kf(r)«
for almost every € (r,,r”’) and hence

1
k

>

() > F(r)k +yk(r —1.) = y&r?,
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which is not possible. Suppose next that 1 and set!’ := min{ro/5,r.}; observe
thatr! > r, andf(r)) > v, from which we conclude analogously as above that

d 1 f'(r) (k+a)H(f(r)) = 1
Ar f ‘1= = a
| dOF T afF

for almost every € (r.,r?’) and thus

F(r7)e > f(r)s +ye (! —r.) > yer?,

again a contradiction with the definition of. This concludes the proof of the
lemma. O

4.2. Controlling the thin parts of a current. Let X be a complete metric space
and fix K, @) € A. The following set which we associate with an elemBnrt | ((X)
and constanty € (0,1) andL € (0, o] will sometimes be referred to as the thin
part of T,

1 — a
QT,y,L) = {xesptT : O(ITI, %) > wlk and|TI(B(x )) < 55 Fi, (1)

for anr € [0, min{L, dist(x, sptaT)}]}.

Note that we explicitly allow the valué = oo. Furthermore, we agree on the
convention distf, @) = . It should be remarked th&(T,y, L) also depends o
even though we omit in our notation. The inequality involving the lower density
is satisfied forf|T||-almost everyx € sptT if y < w¢k ¥/2 by [3]. It is not difficult

to see that)(T, y, L) is then||T|l-measurable and that, in ca8€ = 0, we have
Q(T,y, ) = sptT up to a set of|T||-measure zero.

Lemma 4.6. Let X be a complete metric spadk,a) € A, andy € (0,a), where

a = min{1, wk ¥/2}). Abbreviate F:= Fkay, G = Gko and H := Hy,,. Let
furthermore T € 1 (X) and L € (0,]. Then there exist finitely many points
X1, ..., XN € Q(T,y,L)and g, ..., sy € (0, ) with the following properties:

(i) With A:= G(y~Y|TII(B(x, s))) we have

A<s < min{%, % dist(x, sptaT), 2 - 5"*"A}
(i) B(xi,2s) N B(xj,2sj)) =0foralli # j

(i) TLB(X,s) € k(X)

(iv) %5_('“")':(3) < |ITIB(X., s)) < F(s)

(V) M(O(T L B(x;, s))) < (kK+ a)H([ITII(B(X, 5)))

(Vi) S ITIB(G, 8)) = 5 & TIQ(T, ¥, L)).

We note that in the above we alldw = O if || T||(Q(T,v, L)) = 0.
Proof. For eachx € Q(T,y, L) set
fx(r) =1TI(B(x,r))  forr € [0, )
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and note thaff, is hon-decreasing and continuous from the right. Defindnéurt
more

ro(X) := inf {r € [0, min{L, dist(x, sptdT)}] : ITI(B(x. 1)) < %5‘("+")F(r)}.

Since

lim inf fxg)
N0 r

it follows thatrg(x) > 0 and
r.(X) ;== max{r € [0,ro(X)] : fx(r) > F(r)} > O.

= wiO.(ITIl, X) > v,

Note that we also have
(10) ro(X) = Gy F(ro(¥)) = G(2y "5 " M (T))

and fy(ro(X)) < 5" & F(rp(x)). Lemma 4.5 and the slicing theorem for rectifiable
currents imply that there exists for eaghe Q(T,y,L) anr(x) € (r.(x),ro(X)/5)
such that

(@) TLB(xr(xX) e lkX)

() ITI(B(X,1(x))) < F(r(x)

(©) ITN(B(x 5r(x)) < B**ITI(B(x r(x)))

(d) M(O(T L B(xr(x))) < fx(r(x) < (k+ a)H(ITII(B(X, r(x))))-
The pointsxy, ..., Xy and the radiisy, ..., Sy are now constructed as follows: Set
Qp 1= Q(T,y,L) ands] := sudr(x) : x € Q1}. From (10) it follows thats] < co.
Choosex; € Q; in such a way that(x;) > %s} If Xq,..., X are chosen define

j
Qja = Q(T,y, L\ Bx, 5r(%)
i=1
and

>k

Si.q -=sudr(x) : xe Qj,1}.

j+1 0

If ITII(Qj+1) > O we can choosej,; € Qj.1 such thatr(Xj.1) > %s]f+l. This
procedure yields (possibly finite) sequenogse Qj, s; > s, > --- > 0, and

s = r(x). We show that for a suitably lardé the so defined points and numbers
have the desired properties stated in the lemma. We firstthateby (b) and the
definition ofrg(X),

1
55 1IF(s) < ITI(B(x. 5)) < F(s).
which proves (iv). Property (i) follows from this and the falcats, = G(y1F(s)).
Furthermore, we have
d(Xi, Xi+¢) > 55 = 25 + 35 > 25 + 25 > 25 + 2S¢

and thus we obtain (ii). Properties (iii) and (v) are direghsequences of (a) and
(d), respectively. We are therefore left to show that (vildsdor someN € N. On
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the one hand, ifiT||(Q2n.1) = 0 for somen € N then (c) yields
n n

ITI(B(. 8)) > 574 3 ITI(B(4.58)) = 5 ITIEOQT, . L)),
i=1 i=1
which establishes (vi) and thus the lemma wiNh= n. On the other hand, if
ITI(n) > 0 for all n € N then it follows easily that;, N, 0. Indeed, this is a
consequence of the fact that

1 (2 1 -

gkte) V(L 5 krE(g) < ) ITIB(X, §)) < M(T :

59 21 (3%)< 21 59 (s) < él ITI(B(X,s)) < M(T) < 0
Furthermore we claim that

[l (Q(T, 7.\ JB(%,5s)|=0.
i=1
If this were not true we would havee Q(T, y, L)\U;2, B(x, 55) and since(x) > 0
we would obtain a contradiction wit§ ~, 0. The rest now follows as in the case
above. O

4.3. Proof of Theorem 4.1. The following proposition is an intermediate step on
the way to the main theorem of this section. The propositloows how to con-
struct a suitable decomposition of a currént I(X) in a way that helps to reduce
the setQ(T,y,L).

Proposition 4.7. Let X be a complete metrifk, @) € A and suppose in casex?2
that X admits an isoperimetric inequality of raakor 1_1(X). For everya € (0, 1)
there exists & € (0, 1) with the following property. Set E= Fy,, and G:= Gy,.
Then for every Le (0, o] and T € I(X) there is a decomposition
T=R+T1+---+Tn
with R T; € I«(X) such that
(i) OR= 9T anddT; =0

(i) M(T;) <1+ AF(L/5)

(iii) diam(sptT;) < 4G (y~1Z5“"M(T))

(iv) M(R)+ 34 =, M(Ti) < M(T)

V) TR M(T) = (1 - )5 &) TIQ(T, 5, L)).

It should be noted that the main purpose of decreaging to make (iv) more
optimal.
Proof. If k = 1 then sety := 1/2. If k > 2 then define

A
3Dk-1(k + @)
and whereDy_1 denotes the constant in the isoperimetric inequalitylfog(X).
We may of course assume thBk_; > 1. We may furthermore assume that

[ITII(Q(T, v, L)) > 0 since otherwise we can det= T and there is then nothing to
prove. Letxs,..., Xy € Q(T,y,L) andsy, ..., sy € (0, ) be as in Lemma 4.6. Fix

1 . .
Y= mln{Ak‘l,A"‘l,wkk‘li‘} with A:=
(07
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ie{l,...,N}. If k=1then sefl; := T L B(x, 5) and note thaM (0T;) <y < 1
and thusdT; = 0. If, on the other handg > 2 then choos&; € 1¢(X) such that
dS; = (T L B(X;, §)) and with the properties of Proposition 4.2. It followsttha

(11) M(Si) < Di-1lka(M (9(T L B(x, 5)))) < AUITI(B(x, 5)),

where for the second inequality we use the definitionyofNext we have that
sptS; ¢ B(x,2s). This is indeed a consequence of Proposition 4.2 and ttie fac

that
M(Si) < ATI(B(x, 5)) < AF(s) = { g ;kl : i 1

and the choice of. ThusT; := T L B(x, 5) — S; satisfiesT; € Ix(X), dT; = 0 and
sptT; c B(x, 2s). From (11) we see that

(12) (L= DITNB, s)) < M(Ti) < (1 + DNTNB(%, S))
and thus
M(Ti) < (1 + DITIB(M, s)) < (1 + YF(s) < (L + YF(L/5),

which proves (ii) of the present proposition. Note that thems conclusion holds
in the casek = 1. We proceed as above for evang {1,...,N} and note that
in each step of the construction only the lB{k;, 2s), which is disjoint from the
other balls, is fiected. We thus obtain cyclés, ..., Ty and we claim that these
together withR:= T — T, — - -- — Ty have the properties stated in the proposition.
Indeed, (i) is obvious and (ii) has already been proved. Agiiipit is enough to
note that diam(spk;) < 4s and

= G0 HF(a) < 6y 2 s M ).

Furthermore, by construction,

N N
M(R) <IIT| [X\ LB, s)} +2 ) IITIB(X, 5))
i=1 i=1
N
= M(T) - (1-2) ) ITI(B(x, )
i=1

N
<MD - 15 Y M)
i=1

from which (iv) follows. Finally, we use (vi) of Lemma 4.6 tether with (12) to
calculate

N N
D M) = (=) DB, 9)) = (1= )5 TIQT, ¥, L)).
i=1 i=1

This establishes (v) and concludes the proof of the prapaosit O

We are now ready for the proof of the ‘thick-thin’ decompisittheorem.
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Proof of Theorem 4.1SetR; := T andNg := 0. Successive application of Propo-
sition 4.7 yields possibly finite sequencé&)((T;) c I«(X) and a strictly increasing
sequence of integeid; < No < ... such that for every e N U {0}
R=Ru+Tnsa+ -+ Ty,

and such that the following properties hold:

(@) OR; = dT anddT; = O for alli, j

(b) M(T)) <X+ QvyM(R)forall j € {N;+1,...,Ni;q}

(c) diam(spfT}) < 4GN (y(f_ﬂ) B M (T)))

(d) MR+1) + 171 2150 M(T) < M(R)

(@) T aM(T) = L - )5 CRIQR, ¥, Li))-
Here,L; is defined byl; := 56G(M (R)) andv := § if k = 1 andv = max¢*, 6}
otherwise. We thus obtain for eackh N U {0} a decomposition

T:Ri+iTj
=1

which, by property (d), satisfies

1-1 O
(13) MR)+ T ; M (T;) < M(T).

In particular, we have

(o)

M(Rim=R) =M (Tnoa+ -+ Tn,) < Y M(T)) >0
j=Nij+1
asi — oo and it thus follows that the sequendg)(is Cauchy with respect to the

mass norm. Since the additive group of integer rectifiéddarrents together with
the mass norm is complete, there exRts I1x(X) such thaM (R- R) — 0 and, in

particular,
T=R+) T
=1

Clearly, we havéR = dT and thus property (i) holds. Properties (iii), (iv) and (v)
are direct consequences of (b), (c) and (13), respectiVityare therefore left to
establish (ii). For this lek € sptR\ sptdT and

0 < r < min{56G(M (R)), dist(x, sptaT)}.
Observe that

IRN(B(x. 1)) — IIRI(B(x. 1))

and||R|(B(x,t)) > O for allt € (0,r). Fix 0 < s< r ande > O arbitrary. By (e) and
(13) we have

IRI(C(R;, . Li)) = 0
and thus there exists € N andx’ € sptR;, with d(x, X’) < sand

IRI(B(X. 1)) = (1 - &)lIRlI(B(x. 1))
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and such that
IRAIB(X. T~ 9) 2 35 CF(r - 9
It finally follows that
IRI(B(X. 1)) > (1 - &)lIR,II(B(x. 1))
> (1-9lRNI(B(X, 1 - 9))

1
> 5(1- 8)5 KIE(r — g).

Sinces and & were arbitrary this establishes (ii) and completes the fpobdhe
theorem. O

5. Proor oF THEOREM 1.8

We start with the following simple lemma which will be needadhe sequel.

Lemma 5.1. Let X be a complete metric spadl, @) € A, ande,6 > 0. Set
F := Fka.e and G:= Gy, and let Re 1¢(X) satisfyoR = 0 and

IRI(B(x. 1)) = F(r)

for all x € sptR and all r e [0, 6G(M (R))]. Then there exist constants &N and
E > 0 depending only on ky, 6, € and a decomposition R Ry + - - - + Ry, with
R € 1k(X), 0R = 0, and
) NIRI(B(x,r)) = F(r) for all x € sptR; and all r € [0, 6G(M (R))]
(i) M(R) =M (Ry) +---+ M(Ry)
(iii) diam(sptR) < EG(M (Ry)).

Proof. Seta’ ;= aif k> 2 0ora’ ;= 1if k = 1. Fix x € sptR arbitrary and observe
that

IRI(B(x t + 2716G(M (R)) \B(x,t - 27%6G(M(R))) = 0

for somet € [36G(M (R), 2 maxs*™, 6 }G(M (R))|. ThusRy := RL B(x1)
satisfiesR; € 1x(X), R, = 0 and

(14) IRWI(B(X', 1)) > F(r)

for all X' € sptR; and all 0< r < 6G(M (R)). In particular, we have
(15) M (Ry) > £ min{s¥, §¥ M (R)

and thus

diam(spRy) < EG(M (Ry))

for a constante depending only ork, a, 8, . Proceeding in the same way with
R — R; one eventually obtains a decompositiRs Ry + - - - + Ry, with the desired
properties. The bound an clearly follows from (15). O

We are now ready for the proof of Theorem 1.8.
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Proof of Theorem 1.8Sets := A := 1/5 and set furthermore := 0 in casek = 1
anda := ax-1 otherwise. Abbreviatd := Fy,, andG := Gy,, wherey is the
constant of Theorem 4.1. L&t e I(X) with 0T = 0 and let &R, T; be given as in
Theorem 4.1. Throughout this proof, the numbers (i) thro(gtwill refer to the
properties listed in Theorem 4.1. Furthermore all the @misg, used will depend
only onk, a, y. SetTp := R After possible application of Lemma 5.1 we may
assume that

diam(spfT;) < E;G(M(T)))

for all j > 0 and for a constart;. Suppose first tha¥l (T) < 1. Then, by (v), we
haveM (Tj) < 3/2forall j > 0O, so that

diam(spfT;) < EoM (Tj)%

for some constanE,. Thus the diameter-volume inequality yields for egch 0
anS;j € Iy 1(X) with §S; = T; and

k+1

M(S)) < EsM(Tj)

for someE; depending only ok, «, y andCy, v, 0. This is clear if diam(spT;) < 1.
If, on the other hand, diam(spt) > 1, then we havé/ (T;) > E;k and from this
the inequality readily follows. Finally, we have

Kle_l k+1

3 +
< Es §] M (T)%.

2

D IM(S) < B3 Y M(T)F < Es| D> M(T)
=0 =0 =0

Therefore,Z?:OS j is a Cauchy sequence with respect to mass and therefore con-
verges to som& € Iy,1(X), which clearly satisfiedS = T and

k+1
k+1

M(S) < > M(S)) < Es g]T M (T)%.

=0

This proves the theorem M (T) < 1. In caseM(T) > 1 defined := {j = 0 :
diam(spfT;) > 1}. If j € Jthen, by the diameter-volume inequality, there exists an
Sj € l1(X) with S = Tj and

M(S;) < CM (Tj)§+9.

If, on the other handj ¢ J then, again by the diameter-volume inequality, there
exists arS; € ly,1(X) with 9S; = T; and

M(S;) < Cxdiam(sptTj)M (Tj) < CkM(Tj).
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Sincev + pa > @ andM (T) > 1 we have

D IM(S)) £ C Y M(T)E* + C Y M(T)
=0 jed j¢d
4o

< Cx + :—23Ck|\/| )

D M)
jed

v

3]ate ,
< zckH M (T)a*e.

It now follows exactly as above th@‘j‘:0 Sj converges in mass to sorfes Iy, 1(X)
which has the desired properties. This concludes the proof. O

6. SUB-EUCLIDEAN ISOPERIMETRIC INEQUALITIES

In this section we prove the main result of this paper, Theote3. As outlined
in the introduction one of the crucial ingredients in thegdris Theorem 4.1. We
begin with the following simple lemma.

Lemma6.1l. Letk> 2, @« > 1anda,6 € (0,1). IfL > 0Oand t € (O,5L) are such

that
/IZti <L
i=1
then
S kat) = 250 ma 25) e, (25)71 | L)
i=1

Proof. Pick finitely many integer numbers£: mp < mg < mp < --- < mj, with
the property that
oL <tm 41+ +1ty <260L

foreachi=1,..., jpand

Thenjo < & and hence

0 jo o
Z lo(t) < Z lko(tm g+1 4+ +tm) + Ik,a[ Z tn]
i=1 i=1

n=mj,+1

1
< %|k,a(25|-) + ko (OL)

< 2(1+62)

= max{(za)rll,(zé)a%}|k,(,(L).
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Lemma6.2. Let X be a complete metric spacez KL, o > 1, and suppose X admits
an isoperimetric inequality of rank for I(X). In case k> 2 suppose furthermore
that X also admits an isoperimetric inequality of rank k fpr; (X). Lete > O and
T € I (X) withdT = 0. If Fillvol(T) > €ly;1,,(M (T)) then there exists a’Te 1¢(X)
with 0T’ = 0 and the following properties:
(i) Fillvol(T’) 2 $lki1..(M(T"))

(i) M(T") > AM(T)

(iii) diam(sptT’) < BM (T’)&

(iv) [IT’II(B(x,r)) = Crkforallr € [0,56M (T’)%].
Here, AB,C,§ > 0 are constants depending only ondke and the constants of
the isoperimetric inequalities.

Proof. Seta := 1/3 and

<5—m|n3 & & H
864Dk 64Dk ’

whereDy is the isoperimetric constant fog(X). LetT = R+ 372, T; be a decom-
position as in Theorem 4.1. It then follows from Lemma 6.1 tha

Fillvol(T) < Fillvol(R) + D"Z Ikt 1, (M (T)))
i=1
< Fillvol(R) + = Ik+1(,(M (™)
and thus
(16) Fillvol(R) > 5 |k+1a(M (M) =3 |k+la(M (R)).
This together with the |soper|metr|c mequallty el X) yields

M(R) > mln{(zg ) (Zka) ' }M(T).

LetR=R; +--- + Ry be a decomposition d? as in Lemma 5.1. By (16) and the
special properties of the decomposition there existissaich thafl’ := R, satisfies

Fillvol(T’) > = |k+1a(M (T')-

By Lemma 5.1,T’ satisfies all the deswed properties. O
We are now ready for the proof of the sub-Euclidean isopdrimimequality.

Proof of Theorem 1.3We argue by contradiction and suppose therefore that

lim sup k+1( )

r—oo I k

for somegg > 0. In particular, there is a sequentg € I«(X) with 0T, = 0 and
such thatM (T,,) — ~ and

(17) Fillvol(Tm) = oM (Tr) %

>0
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for everym € N. By Theorem 1.2 of [28]X admits an isoperimetric inequality
of Euclidean type fol(X) and, ifk > 2 also one folx_1(X). Therefore we may
assume by Lemma 6.2 that

(18) diam(splm) < BM (Tm)k
and
(19) ITmll(B(x.1)) > Cr¥

for all x € sptTy, and allr € [0, 56M (T,)Y/%], whereB, C, 5 are constants indepen-
dent ofm. We setr, .= M (Tm)% and note thaty, — co. We chooseS, € 1y;1(X)
with Sy, = Ty and

M (Sm) < DM (Tr)] %
and with the volume growth property of Proposition 4.2. Wérdea sequence
of metric spaces{m = (X, ﬁdx) wheredy denotes the metric oX. Setting
Zn = SptSy € Xm it follows directly from Proposition 4.2 and (18) and (19)
that the sequencezZg, ﬁdx) is equi-compact and equi-bounded. Therefore, by
Gromov’'s compactness theorem there exists (after passagestibsequence) a
compact metric spac&(dz) and isometric embeddings;, : (Zmn, ﬁdx) — (Z,dz)
and we may assume that(Zm) is a Cauchy sequence with respect to the Hausdor
distance. Denote b$/, the currentSy, viewed as an element of,1(Xy). Since
M (enSr) < Dk andM (0(¢nuSry)) = 1 we may assume by the compactness and
closure theorems for currents tha:S;,, weakly converges to sonte e ly.,1(Z).
We show thadS # 0. For this we choosey, € sptSy,, arbitrarily and define an aux-
iliary metric spaceY as the disjoint union |>_; Xy and endow it with the metric
dy in such a way thatly|x xx,, = idx as well as

dy(y.Y) = édx(y, X) + 3 + %dx()/, Xo)

whenevery € X, andy € Xy with nY # m. It is clear thatY is 2-quasiconvex

and admits a local cone type inequality fio(Y), | = 1,...,k, in the sense of

[29]. Denote byT/, the currentT, viewed as an element ¢g(Y) and note that

M (T,) = 1. We show thafl,, does not weakly converge to 0. For this, assume

in the contrary thaf/,, weakly converges to 0. Then by Theorem 1.4 in [29] we

have Fillvol(T/,) — 0. In particular, there exis3, € ly,1(Y) with Sy, = T/, for

all m e N and such thaM (S,) — 0. Of course, it is not restrictive to assume that

sptSm © Xm. Denote byS, the currentS,, viewed as a current iXX. ThenS,

satisfiesdSy, = T and )
M (Sm)

I,rl§n+1

=M(Sm) — 0,

which contradicts (17). Thu3,,, does not weakly converge to 0 and therefore there

exist Lipschitz mapd, x1, ...,k € Lip(Y) with f bounded an@ > 0 such that
T(f,m1,...,m) >¢e forallmeN.

Note thatuZ,, c Y is bounded so that the functioss are bounded onZ,,. We
define Lipschitz functiongy, andz™ on om(Zm) by fn(2) = f(¢ni(2) andr(2) =
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7i(em(2) for z € pm(Zm). Here, we viewp,! as a map fromp(Zm) to Y = L, X

with image inXy, ¢ Y. By McShane’s extension theorem there exist extensions
foon a" . Z — R of f, andz" with the same Lipschitz constants &sand z;.

By Arzela-Ascoli theorem we may assume tHatand 7" converge uniformly

to Lipschitz mapsf, #; on Z. Finally, we abbreviatd”” := ¢nsT/, and use [3,
Proposition 5.1] to estimate

asu‘,ﬁl,...,;rk)=nLianT;;(f,ﬁ1,...,ﬁk)

Tim [To(fm 2T A + To(f = A, 70

+ Ton(fon a0 = T 2T 2]

Kk
>e—lim sup[l_[ Lip(?ri)lef — il dIITr'ﬁII]
Mm—ee i1

m—oo

k
—|imsup[|_ip(f}n)2lefn—“imldllTr’ﬁII]
i=1

= E&.

This shows that indeedS # 0 and hence als8 # 0. Now, fix an ultrafiltero onN
and denote by, the asymptotic cone of the sequenb’e&dx, Xo). We construct
amapy : Z — X, whereZ’ := limy ¢m(Zm) € Z is the limit with respect to the
Hausdoft distance. For € Z’ there exists,, € Zny such thaty(z,) —» z We
sety(2) = (Zn)men- It is straight forward to check that is well-defined and an
isometric embedding. Since sptc Z’ we obtain thaty4S is a non-zerok + 1)-
dimensional integral current iX,. By Theorem 4.5 in [3] there then exists a
biLipschitz mapr : K c Rk — X, whereK is measurable and of strictly positive
Lebesgue measure. This is in contradiction with the hymithithatk > asrkX and
hence this completes the proof. O

The arguments in the proof above can easily be used to edtabié following
result.

Theorem 6.3. Let k € N and let X be a complete metric space which admits
isoperimetric inequalities of Euclidean type flgr1(X) and 1 (X). If k > asrk(X)
then

. FVie1(OX, L= (X), r
lim sup ke o X).n) _

r—oo Ik

0.

Note that in contrast to the main theorem we do not assumelnené admits cone
type inequalities.

7. LOWER BOUNDS ON THE FILLING RADIUS

In this last section we will prove the following theorem.
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Theorem 7.1. Let X be a complete quasiconvex metric space and ¢k Sup-
pose X admits isoperimetric inequalities of Euclidean tjgrel ,,(X) with some
constants [, m=1,...,k— 1. If k < asrk) then

FRe1(r) = FRG1(6 L™(X), 1) > ayrk

for all r > 0 large enough and for soms > 0 depending only on R, m =
1,....k-1

Note that Theorem 1.4 is a consequence of the above sincegioyfl€®y 4.3, we
have

Fillrad «x)(T) < C[Fillvol L~ x)(T)] R
for some constar® and allT € 1(X) with T = 0.
In the proof of the above theorem we will need the followinghfea which is
a direct consequence of the metriéfeientiability of Lipschitz maps into metric
spaces proved in [18] and [22].

Lemma 7.2. Let Z be a metric space and: K — Z Lipschitz with Kc R" Borel
measurable and such th&t"(¢(K)) > 0. Then there exists a norfn || onR" with
the following property: For everg > 0 and for every finite set & R" there exist
r>0andamapy: S — Zsuchthawy : (S,r|-||) = Z is(1 + &)-biLipschitz.

Proof of Theorem 7.1Let X, = (X, rm, Xm) D€ an asymptotic cone of ande :
K c R¥1 — X, a biLipschitz map withk compact and such that“*1(K) >
0. Let| - || be a norm orR¥*! as in Lemma 7.2 and s&t := (RK*1,|| - ||). Let
{V1,..., Ve €V andivy, ..., .} € V* be bases satisfying

Ivill=1=1vll and vi(vj)=¢; forallij.

Let Q denote the cub® := {Zk”/l Vii0< A< 1}. Forn=1,...,k+ 1 denote
by A(n) the set of increasing functions

a:{l,...,nf > {1,...,k+ 1},

and byL, the subspace generated {w(). ..., Vymn)} Whenevera € A(n). Itis
clear that
1< ™ (Vo) A -+ AVam) < nz,

whereu™ denotes the Gromov masgolume onl, andvy() A - -+ A Vy(n) is the
paralleleplped spanned by these vectors. (Recall thato‘om)act seK c Winan

I-dimensional normed space the associated integer retdifiabrent]K] € 7,(W)

satisfieg|[K]II(A) = wyy (A), see e.g. [31, Proposition 2.7].) Hixe N large enough
(as chosen below) and I&, denote ther-skeleton of the cubical subdivision Qf

given by
k+1
Q=0Qn {Z‘mZ&vi 10 € Z}
i=1
if n=0and
={c=z2+2"L,NQ):z€Qo,a € Aln),c Cc Q}



30 STEFAN WENGER

if ne{l,...,k+1}. We furthermore sei@Q,, ;= {o € Q, : o C 9Q}. Lets> 0 and

& > 0 be arbitrary. By Lemma 7.2 there existsran 0 and a (1+ ¢)-biLipschitz
mapy : (0Qo,r|| - I) = X,. The definition of the asymptotic cone and the fact
that Qo is a finite set imply the existence sf > maxs, 2™?2} and a (1+ 2¢)-
biLipschitz mapy : (0Qo, S|| - ) = X. We writeV’ := (R**1, §|| - ||) and note that
by McShane’s extension theorem, there exists-aZd)(k + 1)-Lipschitz extension
n: L®(X) = V' of the maps~t : y(8Qg) — V’. In the following, we regar®, Q,,
andd@, as subsets of’. We associate with@, the additive subgroup

Gn={T eln(V): T = cloil.c € Z.oy € Q) < In(V).

We now construct homomorphisms, : G, — [4(X) andTy : G — In1(V) for
n=0,1,...,k, with the property that for all € G,
(i) 9o An= Ap-100whenevem>1

(i) M(An(T)) < CHM(T)

(iiiy OTn(T) =T —neAn(T) — I'-12(dT) whenevem > 1

(iv) M(n(T)) <2 ™D,sSM(T)

(V) spt@sAn(T)) € B(sptT, 27MEns)

(vi) spt(Cn(T)) c B(sptT,2 ME,S).
Here,C;, Dy, En, Ej, are constants depending only on the quasiconvexity canstan
Do and onDy, ..., Dy. Forn = 0 we simply set\o([X]) := y«[X] for eachx € dQq
and extend\g to Gg as a homomorphism. Set furthermdig := 0 and note that
for n = O the above properties are satisfied with:= 1, D := 0,Ep := 0,Ej := 0.
Suppose now that,_; andl'_1 have been defined for some= {1, ..., k} and that
they have the properties listed above. In order to defipéet o € dQ,, and note
that

2™S)" < M([o]) < n2(2™S)".
If n = 1there exists a Lipschitz curve of length at most 2t)Dy2-™s’ connecting
the pointsy(do). This gives rise to ars € 11(X) with S = Ag(d]c]) which
satisfies
M) <1+ 28)D02_m5’ < (1+ 26)DgM (HO']])
and
spt74S) € B(o, (1 + 28)(k + 1)Dg2™™S).

We defineAr([o]) := S. Clearly, Ay satisfy properties (i) and (i) witlC] :=
(1 + 25)Dg and (v) withE; := (1 + 2¢)?(k + 1)Dg. If n > 2 then

dAn-1(0[o]) = An2(6%[0]) = O

and thus the isoperimetric inequality figr_1(X) and Corollary 4.3 imply the exis-
tence of ars € 1,(X) such tha¥S = A,_1(d]o]) and

M (S) < Dn-1[M (An-1 (B0 ])]™ < CH2™S)" < CiM ([o]),
whereCy, := Dp_1 [2n(n - 1)"%1C,’1_1]%, and

Spt{S) C B(o-, [En_l + (L4 28)(k+ D)(n - 1)%(2nc,'1)n%1] 2—mg).
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We setAn([o]) := S and extend\, to G,, linearly and note that properties (i), (ii)
and (v) are satisfied (after the obvious choicdeg}. This completes the construc-
tion of Ap. In order to defind™,, n > 1, let againr € dQ, be arbitrary. Setting

T" = [o] = neAn ([o]) = Tn-1 (0]c])
one easily checks that
AT = d[o] — ng (OAn ([o])) = Tn-1(0]c]) =0 and M(T’) < DM ([o]),

whereD” := {1+ [(1+ 2&)(k + 1)]"C, + 2n(n - 1)% D;,_,}. Using the isoperi-
metric inequality for (V") and Corollary 4.3 we find a8 € I ,,1(V") withdS = T’
and

M(S) < BalM(T)]*F < 27By(D") % 0% SM (o)
and
SptES) C B(O', [En L E,_, + (D)} «/ﬁ] 2—m§),
whereD, is the isoperimetric constant fog(V’) and?’ is the constant from Corol-
lary 4.3 forV’. We definel'y (Jo]) := S and extend it t&5,, linearly. Clearly,I'
satisfies the properties (iii), (iv) and (vi) with suitablecices ofD;, andE},. This
concludes the construction of the homomorphigmandl', forn=0,1,... k.
Let now[Q] € I«1(V’) be the integral current associated w@tendowed with the
orientationvy A - -+ A Vi1 and sefl := A (9[Q]). By property (ii) we have
M (T) < 2(k + 1)CLK? ()<,
Given anS € ly,1(L*(X)) with S = T we compute

9 (S + TW(0[ Q) = n4(8S) + 6T (9[QY))
= neA(0[Q])) + AT(A[Q]))
= 0[qQ],

where the last equality follows from property (iii). We teéore obtain
M (748) = M ([Q]) - M Tk(@[QD) = 1 - 2"(k + 1K Dy | ()2
and sinceS was arbitrary we conclude

1- 28"k + 1)k2 Dy,
(T) >

[(1 + 28)(k + 1)]k+1
From this and the isoperimetric inequality fie(X) it also follows that

k+1

Fillvol Le(X)

1- 21k + 1)kz D,
DWl(L + 2¢)(k + 1)[<*1

%
] () < M(T) < 2(k + 1KEC)(S)¥.

Furthermore, by the choice 6y, ..., Vk:1}, we have
Fillrad(0]Q]) > AS
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for some constand > 0 only depending ok. We conclude

Fillrad T A-B2T
o0 > —_
Hlirad((T) = @A+2e)(k+1)

Choose nown € N suficiently large to conclude the proof of the theorem. O
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