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A. In this article we study connections between the asymptotic rank of
a metric space and higher-dimensional isoperimetric inequalities. We work in
the class of metric spaces admitting cone type inequalitieswhich, in particu-
lar, includes all Hadamard spaces, i. e. simply connected metric spaces of non-
positive curvature in the sense of Alexandrov. As was shown by Gromov, spaces
with cone type inequalities admit isoperimetric inequalities of at most Euclidean
type. Here we prove that they admit isoperimetric inequalities of sub-Euclidean
type for k-cycles wheneverk is greater or equal to their asymptotic rank. As
a consequence it follows that the higher-dimensional isoperimetric inequalities
can be used to detect the asymptotic rank of such spaces. Our work is to some
extent inspired by a conjecture of Gromov which, in the case of proper cocom-
pact Hadamard spaces, asserts even linear isoperimetric inequalities above the
asymptotic rank. Our methods can moreover be used to establish polynomial
isoperimetric inequalities for metric spaces admitting polynomial cone type in-
equalities. These include spaces with polynomial Lipschitz combings.

1. I      

Given a complete metric spaceX andk ∈ N the filling volume function FVk+1 on
X is defined as

FVk+1(r) := sup{Fillvol(T) : T is ak-dim. cycle inX with Vol(T) ≤ r},
where Fillvol(T) is the least volume of a (k+1)-chain with boundaryT. A suitable
notion ofk-dimensional chains and cycles in the generality of metric spaces is given
by k-dimensional integral currents introduced by Ambrosio andKirchheim in [3].
Other suitable notions of chains are for example the singular Lipschitz chains of
Gromov [14] or, in a simplicial setting, simplicial chains.
Throughout this paper we work with the theory ofk-dimensional integral currents
in X, the space of which is denoted byIk(X). An elementT ∈ Ik(X) can be thought
of as an orientedk-dimensional surface inX (with arbitrary genus and possibly
with integer multiplicity) which is locally parametrized by biLipschitz maps from
R

k and whose boundary has finite volume. The volume of an elementT ∈ Ik(X)
is a particular Finsler volume and is called the mass ofT and writtenM (T), the
boundary ofT is denoted by∂T and is an element ofIk−1(X) if k ≥ 1. The support
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of T is denoted by sptT. The filling volume of a cycleT ∈ Ik(X) is then by
definition the smallest mass of anS ∈ Ik+1(X) with ∂S = T and is denoted by
Fillvol(T). We refer to Section 2 for further notation and for remarks concerning
relations with other notions of chains.
The following definition of cone type inequality fork-cycles goes back to Gromov
[14].

Definition 1.1. A complete metric space X is said to admit a cone type inequality
in dimension k (or a cone type inequality forIk(X)) if there exists C> 0 such that

Fillvol(T) ≤ C diam(sptT)M (T)

for every T∈ Ik(X) with ∂T = 0 and with bounded support.

Examples are given by Riemannian manifolds without focal points and metric
spaces admitting a convex bicombing [28], in particular allsimply connected ge-
odesic metric spaces of non-positive curvature in the senseof Alexandrov, called
Hadamard spaces, and geodesic metric spaces with convex metric. In [14] Gromov
proved that a complete Riemannian manifold which admits cone type inequalities
in dimensionsm = 1, . . . , k admits an isoperimetric inequality of Euclidean type
for k-cycles, thus

FVk+1(r) ≤ Dr
k+1

k

for all r ≥ 0 and for some constantD. In [28] this was shown to hold in the
generality of complete metric spaces admitting cone type inequalities. In particular,
it follows that Hadamard spaces admit isoperimetric inequalities of Euclidean type
in all dimensionsk ≥ 1.
The primary purpose of the present article is to show that theisoperimetric behavior
of a metric space changes from Euclidean to sub-Euclidean type in the dimension
of the asymptotic rank.

Definition 1.2. The asymptotic rank of a metric space X, denoted byasrk(X), is
defined as the supremum over n∈ N for which there exists an asymptotic cone Xω

of X and a biLipschitz mapϕ : K → Xω with K ⊂ Rn compact andLn(K) > 0.

If X is a Hadamard space asrk(X) is the maximal geometric dimension of an as-
ymptotic cone ofX. In particular, ifX is a proper and cocompact Hadamard space
asrk(X) coincides with its Euclidean rank, that is the maximaln ∈ N for whichRn

isometrically embeds intoX. This follows from work of Kleiner [19]. We refer to
Section 2 for details and further relations.
Our main result can now be stated as follows.

Theorem 1.3. Let k∈ N and let X be a complete quasiconvex metric space which
admits cone type inequalities forIm(X) for m= 1, . . . , k. If k ≥ asrk(X) then

(1) lim sup
r→∞

FVk+1(r)

r
k+1

k

= 0,

thus X admits a sub-Euclidean isoperimetric inequality forIk(X).
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A metric spaceX is said to beQ-quasiconvex if for every two pointsx, y ∈ X there
exists a curve of length at mostQd(x, y) joining x andy; furthermoreX is called
quasiconvex if it isQ-quasiconvex for someQ.
Theorem 1.3 seems to be the first result in its direction even in the context of (co-
compact) Hadamard manifolds. A similar (but stronger) result is known to hold
only for symmetric spaces of non-compact type, see below. Theorem 1.3 has in-
teresting applications towards the asymptotic geometry ofnon-positively curved
spaces. Such have recently been exhibited by Kleiner and Lang [20].
In the particular case thatk = asrk(X) = 1 our theorem asserts a sub-quadratic
isoperimetric inequality for 1-cycles. This is well-knownto imply even a linear
isoperimetric inequality for 1-cycles, see [13]. It is believed that under suitable
conditions (such as for example admitting cone type inequalities) a sub-Euclidean
isoperimetric inequality fork-cycles should imply a linear isoperimetric inequality
for k-cycles also whenk ≥ 2. Theorem 1.3 might thus be regarded as a first step
towards the conjecture of Gromov (somewhat implicitly contained in [15]) which
asserts that a proper cocompact Hadamard spaceX admits linear isoperimetric in-
equalities forIk(X) for all k ≥ asrk(X). In the case asrk(X) = 1 this is known
to be true and can be proved via the embedding theorem in [4] and the Lipschitz
extension results in [24], see also [23] for a proof in a simplicial setting. As re-
gards the case asrk(X) > 1, the conjecture is known to hold for symmetric spaces
of non-compact type but remains open for most other cases, even in the context of
Hadamard manifolds.
Below the asymptotic rank the isoperimetric behavior is Euclidean as follows from
the next theorem.

Theorem 1.4. Let X be a complete quasiconvex metric space and let k∈ N. Sup-
pose X admits isoperimetric inequalities of Euclidean typefor Im(X) with some
constants Dm, m= 1, . . . , k− 1. If k < asrk(X) then

FVk+1(r) ≥ FVk+1(X, L∞(X), r) ≥ εkr
k+1

k

for all r ≥ 0 and for someεk > 0 depending only on Dm, m= 1, . . . , k− 1.

Here FVk+1(X, L∞(X), r) is defined analogously to FVk+1(r), with the difference
that Fillvol(T) is replaced by FillvolL∞(X)(T), the filling volume inL∞(X) of T ∈
Ik(X). See Section 2.1 for the precise definition. Theorem 1.4 will be a conse-
quence of the stronger Theorem 7.1, which asserts an analogous lower bound for
the filling radius function. As regards the constantsεk in the theorem, it can be
shown that a geodesic metric spaceX with asrk(X) > 1 satisfies

(2) lim sup
r→∞

FV2(X, L∞(X), r)

r2
≥ 1

4π
.

In [31] it is moreover proved that a geodesic metric spaceX which admits a coarse
quadratic isoperimetric inequality for curves and for which (2) fails is Gromov
hyperbolic and thus all its asymptotic cones are real trees.
It is not known whether Theorem 1.3 holds with the weaker assumption thatX
merely admits isoperimetric inequalities of Euclidean type. A partial result in this
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direction is given in Theorem 6.3. Finally, we mention the following consequence
of Theorems 1.3 and 1.4.

Corollary 1.5. Isoperimetric inequalities detect the asymptotic rank of complete
quasiconvex metric spaces admitting cone type inequalities.

The corollary in particular applies to Hadamard spaces. Analogous results for
the higher-dimensional divergence invariants of Brady andFarb were obtained in
[7], [25], [17] for symmetric spaces of non-compact type andin [30] for proper
cocompact Hadamard spaces. These divergence invariants can be thought of as
isoperimetric functions at infinity and are loosely relatedto the FVk(r), see [30].
In the following paragraph, we briefly describe the main ideas leading to the proof
of our main result. In the subsequent paragraph we will describe additional results
which can be proved using the methods developed in the proof of the main theorem.

1.1. Outline of the proof of Theorem 1.3. The proof is by contradiction and the
aim is to show that, if (1) fails, there exists a sequence of subsetsZm ⊂ X and num-
bersrm → ∞ such that (Zm,

1
rm

dX) converges in the Gromov-Hausdorff sense to a
compact metric spaceZ which contains the biLipschitz image of a compact subset
K ⊂ Rk+1 for which Lk+1(K) > 0. One of the principle ingredients in the con-
struction of theZm (which will arise as the supports of suitable (k+1)-dimensional
integral currents) is a ‘thick-thin’ decomposition theorem for integral currents in
metric spaces admitting a polynomial isoperimetric inequality, see Theorem 4.1,
where ‘thick’ and ‘thin’ are to be understood in terms of volume growth. In the
special case thatX admits an isoperimetric inequality of Euclidean type forIk−1(X)
and thatT ∈ Ik(X) has no boundary this theorem asserts thatT decomposes into
the sumT = R + T1 + T2 + . . . of integral cycles such thatR is thick and all
Ti are thin in the following sense: The mass ofR contained in each ballB(x, r)
with x ∈ sptR is at leastγrk wheneverr ∈ [0, δM (R)

1
k ]; furthermore eachTi has

mass at mostδkγM (T) and the decomposition does not add much mass, that is
M (R) +

∑

M (Ti) ≤ (1+ λ)M (T). Here,λ, δ ∈ (0, 1) can be chosen arbitrarily and
γ ∈ (0, 1) only depends onλ. This decomposition theorem can be used to show
that, if (1) fails, there existsε0 > 0 and a sequenceRm ∈ Ik(X) of cycles such that
rm := M (Rm)

1
k → ∞ and

(3) Fillvol(Rm) ≥ ε0M (Rm)
k+1

k for all m ∈ N

and with the property that the supports sptRm form an equi-compact and equi-
bounded sequence when endowed with the rescaled metric1

rm
dX. A standard ar-

gument involving isoperimetric inequalities of Euclideantype, see Proposition 4.2,
then shows that there exist fillingsSm ∈ Ik+1(X) of Rm with an isoperimetric bound
on mass and such that the supportsZm := sptSm also form an equi-compact and
equi-bounded sequence when endowed with the rescaled metric 1

rm
dX. In partic-

ular, a subsequence converges to some compact metric spaceZ in the Gromov-
Hausdorff sense. In order to prove thatZ receives a biLipschitz image as claimed,
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one ‘pushes forward’ theSm to Z, a subsequence of which converges to an inte-
gral currentS ∈ Ik+1(Z) by the closure and compactness theorems of Ambrosio-
Kirchheim. The main theorem in [29] then guarantees thatS , 0 as otherwise (3)
would be violated. (It is this theorem that uses the hypothesis thatX admits cone
type inequalities.) The support ofS then contains a biLipschitz image of some
compact setK ⊂ Rk+1 with Lk+1(K) > 0, thus a contradiction.
A short description of the ideas used to prove the decomposition theorem alluded
to above will be given after its statement in Section 4.

1.2. Additional results. The following definitions generalize the notions of cone
type inequalities and of isoperimetric inequalities of Euclidean type, respectively.
In some sense they are of large scale flavor.

Definition 1.6. Let k∈ N andν, % > 0. A complete metric space X is said to admit
a diameter-volume inequality of type(ν, %) for Ik(X) if there exists a C∈ (0,∞)
such that for every T∈ Ik(X) with ∂T = 0 and bounded support

(4) Fillvol(T) ≤ C diam(sptT)M (T)

if diam(sptT) ≤ 1 and

(5) Fillvol(T) ≤ C[diam(sptT)]νM (T)%

otherwise.

Easy examples of spaces admitting diameter-volume inequalities of type (ν, 1) are
simply connected homogeneous nilpotent Lie groups of classν and, more gener-
ally, metric spaces all of whose subsetsB with R := diamB < ∞ can be contracted
along curves of length at mostAmax{R,Rν} and which satisfy a weak form of the
fellow traveller property (similar to that of asynchronouscombings in geometric
group theory). For a precise statement in this direction seeSection 3.

Definition 1.7. Let k ≥ 2 andα > 1. A complete metric space X is said to admit
an isoperimetric inequality of rankα for Ik−1(X) if there is a constant D> 0 such
that

(6) FVk(r) ≤ DIk,α(r)

for all r ≥ 0, where Ik,α is the function given by

Ik,α(r) :=

{

r
k

k−1 0 ≤ r ≤ 1
r

α
α−1 1 < r < ∞.

In [16, 6.32] the polynomial boundr
α
α−1 was termed an isoperimetric inequalityof

rank greater thanα. Here we will use the shorter terminologyof rankα. Isoperi-
metric inequalities of rankk for Ik−1(X) are exactly those ofEuclidean type.
We then have the following theorem.

Theorem 1.8. Let X be a complete metric space, k∈ N, ν, % > 0, and suppose X
admits a diameter-volume inequality of type(ν, %) for Ik(X). If k = 1 setα0 := 1.
If k ≥ 2 then suppose that X admits an isoperimetric inequality of rank αk−1 for
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Ik−1(X) for someαk−1 > 1. If ν + %αk−1 > αk−1 then X admits an isoperimetric
inequality of rank

αk := 1+
αk−1

ν + %αk−1 − αk−1

for Ik(X) with a constant which depends only on k, ν, %, αk−1 and the constants
from the isoperimetric inequality forIk−1(X) and the diameter-volume inequality
for Ik(X).

The statement of the theorem can be reformulated as follows:If X admits an
isoperimetric inequality forIk−1(X) of exponentµ > 1 then

FVk+1(r) ≤ Dr%+ν−
ν
µ

for all r ≥ 1 and for a suitable constantD. Theorems 3.4.C and 4.2.A in [14] and
Theorem 1.2 in [28] are special cases of Theorem 1.8 withν = 1 andαk−1 = k.
The proof of this theorem relies on the decomposition theorem for currents but it
should be noted that it does not use its full strength.
Finally, following [16] we say a complete metric spaceX admits an isoperimetric
inequality of infinite (i.e. arbitrary large) rank forIk(X) if for every ε > 0 there
existsDε such that

FVk+1(r) ≤ Dεr
1+ε

for everyr ≥ 1.

Corollary 1.9. Let X be a complete metric space,ν > 0, k, k′ ∈ N with k′ ≤ k,
and suppose that X admits a diameter-volume inequality of type (ν, 1) for Im(X)
for each m= k′, . . . , k. If X admits an isoperimetric inequality of infinite rank for
Ik′(X) then X admits an isoperimetric inequality of infinite rank for Ik(X).

If X is geodesic and Gromov hyperbolic then there exists a geodesic thickeningX%
of X which admits cone type inequalities forIm(X%) for m ≥ 1. Furthermore,X%
is Gromov hyperbolic and admits a linear isoperimetric inequality for I1(X%). By
the corollary above,X% then admits an isoperimetric inequality of infinite rank for
Ik(X%) for everyk ≥ 1. It is natural to ask:

Question: Let Y be geodesic and Gromov hyperbolic,k ≥ 2, and supposeY admits
cone type inequalities forIm(Y) for m = 1, . . . , k. Is it true thatY admits a linear
isoperimetric inequality forIk(Y)?

An affirmative answer can be given under suitable conditions on thegeometry on
small scales, for example again via the embedding theorem in[4] and the Lipschitz
extension results in [24]. The question seems to be open however even in the case
of general (non-proper and non-cocompact) Gromov hyperbolic Hadamard spaces.

The structure of the paper is as follows: Section 2 contains comments on different
notions ofk-cycles in metric spaces. This section also provides the definition of
asymptotic cones and contains comments on the asymptotic rank. In Section 3
we give conditions on a metric space that ensure a diameter-volume inequality.
The purpose of Section 4 is to prove the key technical result of this paper, the
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decomposition theorem alluded to above. In Section 5 we use this decomposition
theorem to prove Theorem 1.8. The proof of our main result, Theorem 1.3, is
contained in Section 6. Finally, the proof of Theorem 1.4 andthe stronger version
with the filling radius functions is given in Section 7.

Acknowledgments: I would like to thank Bruce Kleiner, Urs Lang and Tim Riley
for several discussions on topics related to this paper.

2. P

This section provides references concerning integral currents, asymptotic cones,
Hadamard spaces and Gromov hyperbolicity. It furthermore reviews the gener-
alized filling volume and filling radius functions FVk+1(X, L∞(X), r), respectively
FRk+1(X, L∞(X), r).

2.1. Notions ofk-chains andk-cycles in metric spaces.All our results are stated
and proved in the language of metric integral currents. These were introduced
by Ambrosio and Kirchheim in [3] and provide a suitable notion of ‘Lipschitz
surfaces’ in metric spaces. In Euclidean space they agree with integral currents
as defined by Federer and Fleming in [12]. A complete reference concerning the
Euclidean theory is given by [11]. Throughout this article we will use the notation,
definitions and results from [3]. The definitions can also be found in Sections 2.4
and 2.5 of [31].
The following remarks are intended for the reader who wishesto translate the re-
sults from Section 1 to other (more geometric) notions of chains and cycles.
1. Let X be a Riemannian manifold. Then every compact orientedk-dimensional
submanifoldN of X induces an integral currentT ∈ Ik(X) in a canonical way and
the current induced by∂N equals∂T. Furthermore,‖T‖ is the volume measure
on N, i.e. the measure induced by the volume form onN, andM (T) := ‖T‖(X) =
Vol(N).
2. Let X be a metric simplicial complex with only finitely many isometry types of
cells and all of whose cells are biLipschitz homeomorphic toEuclidean simplices.
Then every oriented simplicialk-chainc in X of finite volume induces in a canon-
ical way an integral currentT ∈ Ik(X) and the integral (k − 1)-current induced by
∂c equals∂T. Moreover,M (T) is comparable to Vol(c).
3. Let X be a metric space. Then every singular Lipschitzk-chainc =

∑n
i=1 miϕi ,

see [14], induces an integral currentT ∈ Ik(X). If the Lipschitz mapsϕi are biLips-
chitz and have pairwise almost disjoint images thenM (T) is comparable to Vol(c).
4. The reader who is mainly interested in (cocompact) Riemannian manifolds or
in simplicial complexes (with finitely many isometry types of faces which are all
biLipschitz homeomorphic to Euclidean simplices) may think in terms of Lipschitz
chains or simplicial chains (as our results can be translated into these with the help
of a deformation theorem).

Finally, we provide the precise definitions of the generalized filling volume/radius
functions. For this, letX,Y be complete metric spaces and supposeX isometrically
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embeds intoY. Then the filling volume ofT ∈ Ik(X) in Y is defined as

Fillvol Y(T) := inf {M (S) : S ∈ Ik+1(X), ∂S = T}
where we agree on inf∅ = ∞. In caseY = X we have FillvolY(T) = Fillvol(T).
Furthermore, forr ≥ 0, we set

FVk+1(X,Y, r) := sup{Fillvol Y(T) : T ∈ Ik(X), ∂T = 0,M (T) ≤ r}.
Clearly, FVk+1(X,X, r) = FVk+1(r) and furthermore

Fillvol Y(T) ≤ Fillvol(T) and FVk+1(X,Y, r) ≤ FVk+1(r).

The left hand sides of both inequalities are smallest forY := L∞(X). Here,L∞(X)
is the Banach space of bounded functions onX with the supremum norm

‖ f ‖∞ := sup
x∈X
| f (x)|.

Similarly, the filling radius ofT ∈ Ik(X) in Y is defined as

FillradY(T) := inf {% ≥ 0 : ∃S ∈ Ik+1(Y) with ∂S = T, sptS ⊂ B(sptT, %)}
and furthermore

FRk+1(X,Y, r) := sup{FillradY(T) : T ∈ Ik(X), ∂T = 0,M (T) ≤ r}.
The same obvious inequalities as for the filling volume hold for the filling radius,
namely

FillradY(T) ≤ Fillrad(T) and FRk+1(X,Y, r) ≤ FRk+1(r),

and the left-hand sides of both inequalities are smallest for Y := L∞(X).

2.2. Curvature bounds, Gromov hyperbolicity, asymptotic cones. For a gen-
eral reference on Hadamard spaces, Gromov hyperbolicity and asymptotic cones
we refer the reader e.g. to [5], [8], [6], [13]. As mentioned in the introduction our
results in particular apply to Hadamard spaces and these probably form the prime
class of examples for which the main results are of interest.
A metric spaceX is said to be geodesic if for every two pointsx, y ∈ X there exists
a mapc : [a, b] → X and aλ ≥ 0 satisfyingc(a) = x, c(b) = y, andd(c(t), c(t′)) =
λ|t − t′| for all t, t′ ∈ [a, b]. Such a map is called a constant-speed geodesic joining
x andy. Furthermore,X is said to be CAT(0) if it is geodesic and if every geodesic
triangle is at least as thin as a comparison triangle in Euclidean space. Simply
connected Riemannian manifolds of non-positive sectionalcurvature are examples
of CAT(0)-spaces. Following [5] we call a complete CAT(0)-space a Hadamard
space. A geodesic metric space is said to be Gromov hyperbolic if there exists
a δ > 0 such that every geodesic triangle isδ-thin, i.e. each side is contained in
the δ-neighborhood of the union of the other two sides. This does not imply any
restriction on the small scale and should roughly be thoughtof as a negative upper
curvature bound in the large.
We finally give the definition of an asymptotic cone. As a general reference we
mention [21]. A non-principal ultrafilter onN is a finitely additive probability
measureω onN together with theσ-algebra of all subsets such thatω takes values
in {0, 1} only andω(A) = 0 wheneverA ⊂ N is finite. Using Zorn’s lemma it is not
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difficult to establish the existence of non-principal ultrafilters onN, see e.g. Exer-
cise I.5.48 in [8]. It is also easy to prove the following fact. If (Y, τ) is a compact
topological Hausdorff space then for every sequence (ym)m∈N ⊂ Y there exists a
unique pointy ∈ Y such that

ω({m ∈ N : ym ∈ U}) = 1

for everyU ∈ τ containingy. We will denote this point by limω ym.
Let now (X, d) be a metric space and fix a non-principal ultrafilterω onN, a base-
point? ∈ X and a sequencerm↗ ∞. Define an equivalence relation on the set of
sequences (xm)m∈N ⊂ X satisfying

(7) sup
m

1
rm

d(?, xm) < ∞

by

(xm) ∼ (x′m) if and only if limω

1
rm

d(xn, x
′
n) = 0.

Definition 2.1. The asymptotic cone(X, r−1
m d, ?)ω is the set of equivalence classes

of sequences(xm) ⊂ X satisfying(7) together with the metric given by

dω([(xm)], [(x′m)]) := limω

1
rm

d(xm, x
′
m).

The following are easy to verify: Let (X, d) be a metric space andXω an asymptotic
cone ofX. ThenXω is complete. Furthermore, ifX is geodesic then so isXω. If
X is a Hadamard space then so isXω. For further properties we refer the reader to
[21].

2.3. The asymptotic rank of a metric space.The following reformulation of
Definition 1.2 is a direct consequence of the Rademacher typetheorem for metric
space valued Lipschitz maps in [18].

Lemma 2.2. Let X be a metric space. Thenasrk(X) is the supremum over n∈ N
for which there exists an n-dim. normed space V, subsets Sj ⊂ X and a sequence
Rj → ∞ such that 1

Rj
S j → B(0, 1) ⊂ V in the Gromov-Hausdorff sense, where

B(0, 1) denotes the closed unit ball in V.

We obtain the following simple relations.

Proposition 2.3. Let X be an arbitrary metric space. Then the following properties
hold:

(i) asrk(X) ≤ sup{Topdim(C) : C ⊂ Xω cpt, Xω an asymptotic cone of X};
(ii) asrk(X)) ≥ sup{n ∈ N : ∃ψ : Rn→ X quasi-isometric}.

Furthermore, if X admits isoperimetric inequalities of Euclidean type forIm(X) for
all m ≥ 1 thenasrk(X) − 1 equals the supremum over all n∈ N such that there
exists an asymptotic cone of X which contains a non-trivial integral n-cycle.

The main reason for using the terminology ‘asymptotic rank’is its equivalence
to the Euclidean rank in the case of proper cocompact Hadamard spaces. The
following result is a direct consequence of Theorems A, C andD in [19].
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Theorem 2.4. Let X be a metric space. If X is a Hadamard space thenasrk(X)
is the maximal geometric dimension of an asymptotic cone of X. If X is a proper
cocompact length space with a convex metric then

asrk(X) = sup{n ∈ N : ∃V n-dim. normed space andψ : V → X isometric}.
In particular, if X is a proper cocompact Hadamard space thenasrk(X) equals its
Euclidean rank.

For the definition of geometric dimension see [19]. HereX is said to have a convex
metric if for every pair of constant-speed geodesic segmentsc1, c2 : [0, 1]→ X the
function t 7→ d(c1(t), c2(t)) is convex. Moreover, the Euclidean rank of a proper
cocompact Hadamard spaceX is by definition the maximaln ∈ N such thatRn

embeds isometrically intoX.
Clearly, a geodesic Gromov hyperbolic metric space has asymptotic rank 1. The
converse is not true in general. However, ifX is a geodesic metric space which
admits a quadratic isoperimetric inequality for curves (note that this is equivalent
to admitting a cone type inequality for loops) and has asrk(X) = 1, thenX is
Gromov hyperbolic.

3. M   - 

We first recall the definition of the product of a current with an interval, see [3] and
[28].

3.1. Products of currents. Let X be a complete metric space and endow [0, 1]×X
with the Euclidean product metric. Given a Lipschitz function f on [0, 1] × X and
t ∈ [0, 1] we define the functionft : X −→ R by ft(x) := f (t, x). With every
T ∈ Nk(X), k ≥ 1, and everyt ∈ [0, 1] we associate the normalk-current on
[0, 1] × X given by the formula

([t] × T)( f , π1, . . . , πk) := T( ft, π1 t, . . . , πk t).

The product of a normal current with the interval [0, 1] is defined as follows.

Definition 3.1. For a normal current T ∈ Nk(X) the functional[0, 1] × T on
Dk+1([0, 1] × X) is given by

([0, 1]×T)( f , π1, . . . , πk+1) :=
k+1
∑

i=1

(−1)i+1
∫ 1

0
T

(

ft
∂πi t

∂t
, π1 t, . . . , πi−1 t, πi+1 t, . . . , πk+1 t

)

dt

for ( f , π1, . . . , πk+1) ∈ Dk+1([0, 1] × X).

Note thatDm(Y) is the space of generalized differential forms, i.e. the family of
tuples (g, τ1, . . . , τm) of Lipschitz functions onY with g bounded. The proof of the
following result is analogous to that of [3, Proposition 10.2 and Theorem 10.4].

Theorem 3.2. For every T∈ Nk(X), k ≥ 1, with bounded support the functional
[0, 1] × T is a(k+ 1)-dimensional normal current on[0, 1] × X with boundary

∂([0, 1] × T) = [1] × T − [0] × T − [0, 1] × ∂T.
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Moreover, if T∈ Ik(X) then[0, 1] × T ∈ Ik+1([0, 1] × X).

3.2. Diameter-volume inequalities and generalized combings.Let (X, d) be a
metric space,B ⊂ X with diamB < ∞, andh,H > 0. Suppose there exists a
Lipschitz mapϕ : [0, 1] × B→ X with the following properties:

(i) There existsx0 ∈ X such thatϕ(0, x) = x0 andϕ(1, x) = x for all x ∈ B.
(ii) The lengths of the curvest 7→ ϕ(t, x), x ∈ B, are bounded above byh.
(iii) For every x ∈ B there exists a relatively open neighborhoodUx ⊂ B of x

and a continuous family%x′ , x′ ∈ U, of reparametrizations of [0, 1] such
that%x(t) = t and

d(ϕ(t, x), ϕ(%x′ (t), x
′)) ≤ Hd(x, x′) for all x′ ∈ Ux and allt ∈ [0, 1].

Here, a mapν : [0, 1] → [0, 1] is said to be a reparametrization of [0, 1] if it is
continuous, non-decreasing and satisfiesν(0) = 0 andν(1) = 1. We callϕ as above
a Lipschitz contraction ofB with parameters (h,H). If h,H : [0,∞) → [0,∞]
are continuous functions such that every subsetB ⊂ X with R := diamB < ∞
has a Lipschitz contraction with parameters (h(R),H(R)) then we sayX admits
generalized combings with length functionh and distortion functionH.

Examples:

(a) Let X be a Banach space or a geodesic metric space with convex met-
ric (e.g. a Hadamard space). ThenX admits generalized combings along
straight lines or the unique geodesics, respectively, withlength function
h(R) := R and distortion functionH(R) = 1. In these examples one may
choose%x′ (t) = t for all x′.

(b) If X is a simply connected homogeneous nilpotent Lie group of classc
thenX admits generalized combings with length function

h(R) := Amax{R,Rc}
and distortion functionH(R) ≡ L for constantsA, L, see [26].

We now prove the following proposition.

Proposition 3.3. Let X be a complete metric space, T∈ Ik(X) a cycle with bounded
support and h,H > 0. Suppose there exists a Lipschitz contractionϕ of B := sptT
with parameters(h,H). Then there exists S∈ Ik+1(X) with ∂S = T and such that

M (S) ≤ [k(k + 1)]
k
2 hHkM (T).

Before turning to the proof we mention the following corollary, which is an imme-
diate consequence of the proposition. For this letν ≥ 1, µ ≥ 0 andA, L > 0 and
define

hν(r) :=

{

Ar 0 ≤ r ≤ 1
Arν 1 < r < ∞ and Hµ(r) :=

{

L 0 ≤ r ≤ 1
Lrµ 1 < r < ∞.

Corollary 3.4. Let X be a complete metric space and k≥ 1. If X admits general-
ized combings with length function hν and distortion function Hµ then X admits a
diameter-volume inequality of type(ν + kµ, 1) for Ik(X).
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Proof of Proposition 3.3.By Theorem 4.5 of [3] it is enough to consider the case
T = ψ#

�
θ� for a biLipschitz mapψ : K ⊂ Rk→ X andθ ∈ L1(K,Z). SetB := sptT

and letϕ be Lipschitz contraction ofB. SetS := ϕ#([0, 1] × T) and note that
S ∈ Ik+1(X) and∂S = T by Theorem 3.2. Letf andπ1, . . . , πk+1 be Lipschitz
functions onX with f bounded and such that Lip(πi) ≤ 1 for all i. We define
ϕ̃(t, z) := ϕ(t, ψ(z)) for t ∈ [0, 1] andz ∈ K andπ := (π1, . . . , πk+1). Let (t, z) ∈
[0, 1]×K be such thatπ◦ϕ̃ is differentiable at (t, z) with non-degenerate differential,
which we denote byQ, ψ is metrically differentiable atz in the sense of [18] and
the curveγz(t) := ϕ̃(t, z) is metrically differentiable att. We may assume without
loss of generality thatπ ◦ ϕ̃(t, z) = 0. Denote byP the orthogonal projection of
R

k+1 onto the orthogonal complement ofQ(R × {0}). We claim that

‖P(Q(0, v))‖ ≤
√

k+ 1H mdψz(v)

for all v ∈ Rk. In order to see this fixv ∈ Rk\{0} and choose for eachr >

0 sufficiently small atr with t = %ψ(z+rv)(tr ), where%x′ denotes the family of
reparametrizations of [0, 1] aroundψ(z). It is easy to see that|tr − t| ≤ Cr for
some constantC and allr > 0 sufficiently small. It then follows that

‖P(Q(0, v))‖ = lim
r↘0

1
r
‖P(π ◦ ϕ(t, ψ(z+ rv)) − π ◦ ϕ(tr , ψ(z))) + P(π ◦ ϕ(tr , ψ(z)))‖

≤ Lip(π) lim sup
r↘0

1
r

d(ϕ(t, ψ(z+ rv)), ϕ(tr , ψ(z)))

≤
√

k+ 1H mdψz(v).

This proves the claim and furthermore yields

|det(P ◦ Q)| ≤ (k+ 1)
k
2 HkJ1(md(γz)t)Jk(mdψz).

We use this, the area formula in [18] and Lemma 9.2 and Theorem9.5 in [3] to
conclude
|S( f , π1, . . . , πk+1)|

≤
∫

[0,1]×K

∣

∣

∣θ(z) f (ϕ̃(t, z)) det(D(t,z)(π ◦ ϕ̃))
∣

∣

∣ dLk+1(t, z)

≤ (k + 1)
k
2 Hk

∫

[0,1]×K
|θ(z) f (ϕ(t, ψ(z)))|J1(md(γz)t)Jk(mdψz)dLk+1(t, z).

= [k(k + 1)]
k
2 Hk

∫

[0,1]×X
| f (ϕ(t, x)|J1(md(γψ−1(x))t)d(L1 × ‖T‖)(t, x)

and thus
‖S‖ ≤ [k(k + 1)]

k
2 Hkϕ#[g(t, x)d(L1 × ‖T‖)]

with g(t, x) := J1(md(γψ−1(x))t). This completes the proof. �

Diameter-volume inequalities can furthermore be established for spaces with nice
local geometry on which asynchronously combable groups with polynomial length
functions act properly and cocompactly by isometries. See for example Chapter 10
of [10] and Theorem 5.4.1 in the notes [27].
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4. A     

SetΛ := {(k, α) ∈ N × (1,∞) : k ≥ 2} ∪ {(1, 0)}, let γ ∈ (0,∞) and define auxiliary
functions by

F1,0,γ(r) = γr and G1,0(r) = r

and for (k, α) ∈ Λ\{(1, 0)}

Fk,α,γ(r) :=

{

γ · rk 0 ≤ r ≤ 1
γ · rα 1 < r < ∞

and

Gk,α(r) :=















r
1
k 0 ≤ r ≤ 1

r
1
α 1 < r < ∞.

As mentioned in the introduction the following ‘thick-thin’ decomposition theo-
rem, the principle result of this section, plays a crucial role in the proof of our main
result.

Theorem 4.1. Let X be a complete metric space,(k, α) ∈ Λ, and suppose in case
k ≥ 2 that X admits an isoperimetric inequality of rankα for Ik−1(X). Then for
everyλ ∈ (0, 1) there exists aγ ∈ (0, 1) with the following property. Abbreviate
F := Fk,α,γ and G := Gk,α and letδ ∈ (0, 1). For every T ∈ Ik(X) there exist
R∈ Ik(X) and Tj ∈ Ik(X), j ∈ N, such that

T = R+
∞
∑

i= j

T j

and for which the following properties hold:

(i) ∂R= ∂T and∂T j = 0 for all j ∈ N;
(ii) For all x ∈ sptR\ spt∂T and all0 ≤ r ≤ min{5δG(M (R)), dist(x, spt∂T)}

‖R‖(B(x, r)) ≥ 1
2

5−(k+α)F(r);

(iii) M (T j) ≤ (1 + λ)νγM (T) for all j ∈ N, whereν := δ if k = 1 or ν :=
max{δk, δα} otherwise;

(iv) diam(sptT j) ≤ 4G
(

γ−1 2
1−λ5k+αM (T j)

)

;

(v) M (R) + 1−λ
1+λ

∑∞
i=1 M (Ti) ≤ M (T).

For the exact value ofγ see the beginning of the proof of Proposition 4.7. Loosely
speaking, the theorem asserts thatT can be decomposed into a thick partR, that is
with the good volume growth (ii), and relatively small additional cyclesT j which
are round (property (iv) above) in the sense of [14]. A simpleand illustrative
example is given by the integral currentT built from a largek-dimensional sphere
with (possibly infinitely many) very thin tentacles glued on. Roughly, the thick-thin
decomposition ofT is obtained by first chopping off all the tentacles and replacing
them by suitable caps. This yields the thick partR of T, which turns out to be
roughly the original sphere. The cyclesT j come from a suitable decomposition
of the tentacles into round cycles. Such a decomposition into round cycles was
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exhibited in [14] and [28] to prove the isoperimetric inequality of Euclidean type.
As our example suggests, a round cycle need not be thick.
The proof of Theorem 4.1 can be briefly described as follows: Apoint x ∈ sptT is
said to belong to the thin partΩ(T) of T if (ii) fails around x on a suitable scale.
An intermediate step in the proof is Proposition 4.7, which yields a decomposition
T = R+ T1 + · · · + TN which satisfies (i), (iii), (iv), (v) and

N
∑

i=1

M (Ti) ≥ λ′‖T‖(Ω(T))

for a suitableλ′ > 0. (Successive application of this in fact yields the theorem.)
The proof of Proposition 4.7 is achieved by cutting away neighborhoods around
points inΩ(T) and replacing them by smaller pieces. The crucial ingredient for
this is the analytic Lemma 4.5 and the Vitali covering type argument contained in
Lemma 4.6.
In the proof of Theorem 4.1 we will need the following result,which generalizes
Lemma 3.4 of [28] and partially Lemma 3.1 of [30].

Proposition 4.2. Let X be a complete metric space, k≥ 2, α > 1, and suppose
that X admits an isoperimetric inequality of rankα for Ik−1(X) with a constant
Dk−1 ∈ [1,∞). Then for every T∈ Ik−1(X) with ∂T = 0 there exists an S∈ Ik(X)
with ∂S = T, satisfying(6) and with the property that for every x∈ sptS and every
0 ≤ r ≤ dist(x, sptT) we have

‖S‖(B(x, r)) ≥ Fk,α,µ(r)

where

µ := min















1

(3Dk−1)k−1αk
1

,
1

(3Dk−1)α−1αα1















with α1 := max{k, α}.

The proof relies on the arguments contained in [3, Theorem 10.6].

Proof. LetM denote the complete metric space consisting of allS ∈ Ik(X) with
∂S = T and endowed with the metric given bydM(S,S′) := M (S−S′). Choose an
S̃ ∈ M satisfyingM (S̃) ≤ Dk−1Ik,α(M (T)). By a well-known variational principle
(see e.g. [9]) there exists anS ∈ M with M (S) ≤ M (S̃) and such that the function

S′ 7→ M (S′) +
1
2

M (S − S′)

has a minimum atS′ = S. Let x ∈ sptS\ sptT and setR := dist(x, spt∂T). We
claim that ifr ∈ (0,R) then

(8) ‖S‖(B(x, r)) ≥



















rk

(3Dk−1)k−1αk
1

r ≤ 3Dk−1α1

rα

(3Dk−1)α−1αα1
r > 3Dk−1α1.

First note that the slicing theorem [3, Theorems 5.6 and 5.7]implies that for al-
most everyr ∈ (0,R) the slice∂(S B(x, r)) exists, has zero boundary, and be-
longs toIk−1(X). For anSr ∈ Ik(X) with ∂Sr = ∂(S B(x, r)) the integral current
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S (X\B(x, r)) + Sr has boundaryT and thus, comparison withS yields

M (S (X\B(x, r)) + Sr) +
1
2

M (S B(x, r) − Sr ) ≥ M (S).

If, moreover,Sr is chosen such thatM (Sr ) ≤ Dk−1Ik,α(M (∂(S B(x, r)))) then it
follows that

M (S B(x, r)) ≤ 3M (Sr ) ≤ 3Dk−1Ik,α(M (∂(S B(x, r))))

and consequently,

(9) β(r) ≤ 3Dk−1Ik,α(β′(r))

for almost everyr ∈ (0,R), whereβ(r) := ‖S‖(B(x, r)).
Setr := sup{r ∈ [0,R] : β(r) ≤ 3Dk−1} and observe that for almost everyr ∈ (0, r)

d
dr

[

β(r)
1
k

]

=
β′(r)

kβ(r)
k−1

k

≥ 1

(3Dk−1)
k−1

k k
.

This yields

β(r) ≥ rk

(3Dk−1)k−1kk

for all r ∈ [0, r ] and consequently

β(r) ≥ rk

(3Dk−1)k−1αk
1

for all r ∈ [0,R], whereR := min{R, 3Dk−1α1}. Indeed, it is clear thatr ≤ R and in
caser < Rwe furthermore have

β(r) ≥ β(r) ≥ 3Dk−1 ≥
rk

(3Dk−1)k−1αk
1

for all r ∈ [r,R]. This proves (8) forr ∈ [0,R]. Now, if R > 3Dk−1α1 then for
almost everyr ∈ [3Dk−1α1,R]

3Dk−1 ≤ β(r) ≤ β(r) ≤ 3Dk−1Ik,α(β′(r))

and henceβ′(r) ≥ 1. It follows that

d
dr

[

β(r)
1
α

]

=
β′(r)

α β(r)
α−1
α

≥ 1

(3Dk−1)
α−1
α α1

and thus

β(r)
1
α ≥ β(3Dk−1α1)

1
α +

r − 3Dk−1α1

(3Dk−1)
α−1
α α1

≥ r

(3Dk−1)
α−1
α α1

.

This concludes the proof of (8). In order to finish the proof ofthe proposition it is
enough to show the statement forr ∈ [1, 3Dk−1α1], since the other cases are direct
consequences of (8). We simply calculate

‖S‖(B(x, r)) ≥ rk

(3Dk−1)k−1αk
1

≥ rα

(3Dk−1)k−1αk
1(3Dk−1α1)α−k

to obtain the desired inequality. �
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A direct consequence of the proposition is the following estimate on the filling
radius.

Corollary 4.3. Let X be a complete metric space, k≥ 2, α > 1, and suppose
that X admits an isoperimetric inequality of rankα for Ik−1(X). Then for every
T ∈ Ik−1(X) with ∂T = 0 we have

FillradX(T) ≤ Gk,α(µ−1Fillvol X(T)) ≤














µ′M (T)
1

k−1 M (T) ≤ 1
µ′M (T)

1
α−1 M (T) > 1,

where

µ′ := max















(

Dk

µ

)
1
k

,

(

Dk

µ

)
1
α















.

4.1. An analytic lemma. For (k, α) ∈ Λ andγ ∈ (0,∞) we first define an auxiliary
function by

H1,0,γ(r) = γ

and

Hk,α,γ(r) :=















γ
1
k · r k−1

k 0 ≤ r ≤ γ
γ

1
α · r α−1

α γ < r < ∞
if k ≥ 2. For the convenience of the reader we summarize some simpleproperties
of the auxiliary functions thus far defined. Their properties will be used in the
sequel without explicit mentioning.

Lemma 4.4. Let (k, α) ∈ Λ and γ ∈ (0,∞) and set F := Fk,α,γ, G := Gk,α,
H := Hk,α,γ, and I := Ik,α. Then the following properties hold:

(i) For all r ≥ 0 we have F(5r) ≤ 5k+αF(r);
(ii) If k ≥ 2 andν ≥ 0 then

min
{

ν
1
k , ν

1
α

}

G(r) ≤ G(νr) ≤ max
{

ν
1
k , ν

1
α

}

G(r)

for all r ≥ 0;
(iii) If k ≥ 2 andν ≥ 0 then

γmin
{

νk, να
}

r ≤ F(νG(r)) ≤ γmax
{

νk, να
}

r

for all r ≥ 0;
(iv) If k ≥ 2 andν ≥ 0 then

min
{

(γν)
1
k , (γν)

1
α

}

r ≤ G(νF(r)) ≤ max
{

(γν)
1
k , (γν)

1
α

}

r

for all r ≥ 0;
(v) If k = 1 then F′(r) = H(F(r)) for all r ≥ 0
(vi) If k ≥ 2 then F′(r) = kH(F(r)) when r ∈ (0, 1) and F′(r) = αH(F(r))

when r> 1;
(vii) If k ≥ 2 then I(s) + I (t) ≤ I (s+ t) for all s, t ≥ 0;
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(viii) If k ≥ 2 and1 ≤ µ ≤ 1/γ then

I (µH(r)) ≤ µmax
{

(µγ)
1

k−1 , (µγ)
1
α−1

}

· r

for all r ≥ 0.

The proof is by straight-forward verification and is therefore omitted. For the proof
of Theorem 4.1 we need the following analytic lemma.

Lemma 4.5. Let (k, α) ∈ Λ, γ ∈ (0, 1), and abbreviate F:= Fk,α,γ and H := Hk,α,γ.
Let furthermore r0 > 0 and suppose f: [0, r0] → [0,∞) is non-decreasing and
continuous from the right with f(r0) < 5−(k+α)F(r0) and such that

r∗ := max{r ∈ [0, r0] : f (r) ≥ F(r)} > 0.

Then r∗ < r0/5 and there is a measurable subset K⊂ (r∗, r0/5) of strictly positive
Lebesgue measure such that

f (5r) < 5k+α f (r) and f′(r) < (k+ α)H( f (r))

for every r∈ K.

This lemma will be applied withf (r) the mass in a ball of radiusr of an integral
current.

Proof. First of all, if r∗ ≥ r0/5 then it follows that

F(r0) ≤ F(5r∗) ≤ 5k+αF(r∗) = 5k+α f (r∗) ≤ 5k+α f (r0),

which contradicts the hypothesis. This proves that indeedr∗ < r0/5. Now suppose
that for almost everyr ∈ (r∗, r0/5) we have

either f (5r) ≥ 5k+α f (r) or f ′(r) ≥ (k+ α)H( f (r)).

Define

r′∗ := inf
{

r ∈ [r∗, r0/5] : f (5r) ≥ 5k+α f (r)
}

,

where we agree on inf∅ = ∞. It then follows thatr′∗ > r∗ since otherwise

F(5r∗) ≤ 5k+αF(r∗) = 5k+α f (r∗) ≤ f (5r∗),

in contradiction with the definition ofr∗. If k = 1 then setr′′∗ := min{r′∗, r0/5} and
note thatf ′(r) ≥ γ for almost everyr ∈ (r∗, r′′∗ ) and thusf (r′′∗ ) ≥ f (r∗)+γ(r′′∗ −r∗) =
γr′′∗ , which is impossible. If, on the other hand,k ≥ 2 then we distinguish the
following two cases. Suppose first thatr∗ < 1 and setr′′∗ := min{1, r0/5, r′∗};
observe thatr′′∗ > r∗ and f (r′′∗ ) < γ. Consequently, we have

d
dr

[

f (r)
1
k

]

=
f ′(r)

k f(r)
k−1

k

≥ (k+ α)H( f (r))

k f(r)
k−1

k

> γ
1
k

for almost everyr ∈ (r∗, r′′∗ ) and hence

f (r′′∗ )
1
k > f (r∗)

1
k + γ

1
k (r′′∗ − r∗) = γ

1
k r′′∗ ,
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which is not possible. Suppose next thatr∗ ≥ 1 and setr′′∗ := min{r0/5, r′∗}; observe
thatr′′∗ > r∗ and f (r′′∗ ) > γ, from which we conclude analogously as above that

d
dr

[

f (r)
1
α

]

=
f ′(r)

α f (r)
α−1
α

≥ (k+ α)H( f (r))

α f (r)
α−1
α

> γ
1
α

for almost everyr ∈ (r∗, r′′∗ ) and thus

f (r′′∗ )
1
α > f (r∗)

1
α + γ

1
α (r′′∗ − r∗) > γ

1
α r′′∗ ,

again a contradiction with the definition ofr∗. This concludes the proof of the
lemma. �

4.2. Controlling the thin parts of a current. Let X be a complete metric space
and fix (k, α) ∈ Λ. The following set which we associate with an elementT ∈ Ik(X)
and constantsγ ∈ (0, 1) andL ∈ (0,∞] will sometimes be referred to as the thin
part ofT,

Ω(T, γ, L) :=
{

x ∈ sptT : Θ∗k(‖T‖, x) >
γ

ωk
and‖T‖(B(x, r)) <

1
2

5−(k+α)Fk,α,γ(r)

for anr ∈ [

0,min{L, dist(x, spt∂T)}]
}

.

Note that we explicitly allow the valueL = ∞. Furthermore, we agree on the
convention dist(x, ∅) = ∞. It should be remarked thatΩ(T, γ, L) also depends onα
even though we omitα in our notation. The inequality involving the lower density
is satisfied for‖T‖-almost everyx ∈ sptT if γ < ωkk−k/2 by [3]. It is not difficult
to see thatΩ(T, γ, L) is then‖T‖-measurable and that, in case∂T = 0, we have
Ω(T, γ,∞) = sptT up to a set of‖T‖-measure zero.

Lemma 4.6. Let X be a complete metric space,(k, α) ∈ Λ, andγ ∈ (0, a), where
a := min{1, ωkk−k/2}. Abbreviate F := Fk,α,γ, G := Gk,α and H := Hk,α,γ. Let
furthermore T ∈ Ik(X) and L ∈ (0,∞]. Then there exist finitely many points
x1, . . . , xN ∈ Ω(T, γ, L) and s1, . . . , sN ∈ (0,∞) with the following properties:

(i) With A := G(γ−1‖T‖(B(xi , si))) we have

A < si < min

{

L
5
,
1
5

dist(xi , spt∂T), 2 · 5k+αA

}

(ii) B(xi, 2si) ∩ B(x j , 2sj) = ∅ for all i , j
(iii) T B(xi , si) ∈ Ik(X)
(iv) 1

25−(k+α)F(si) ≤ ‖T‖(B(xi , si)) ≤ F(si)
(v) M (∂(T B(xi , si))) ≤ (k+ α)H(‖T‖(B(xi , si)))
(vi)

∑N
i=1 ‖T‖(B(xi , si)) ≥ 5−(k+α)‖T‖(Ω(T, γ, L)).

We note that in the above we allowN = 0 if ‖T‖(Ω(T, γ, L)) = 0.

Proof. For eachx ∈ Ω(T, γ, L) set

fx(r) := ‖T‖(B(x, r)) for r ∈ [0,∞)
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and note thatfx is non-decreasing and continuous from the right. Define further-
more

r0(x) := inf

{

r ∈ [0,min{L, dist(x, spt∂T)}] : ‖T‖(B(x, r)) <
1
2

5−(k+α)F(r)

}

.

Since

lim inf
r↘0

fx(r)

rk
= ωkΘ∗k(‖T‖, x) > γ,

it follows thatr0(x) > 0 and

r∗(x) := max{r ∈ [0, r0(x)] : fx(r) ≥ F(r)} > 0.

Note that we also have

(10) r0(x) = G(γ−1F(r0(x))) = G(2γ−15k+αM (T))

and fx(r0(x)) < 5−(k+α)F(r0(x)). Lemma 4.5 and the slicing theorem for rectifiable
currents imply that there exists for eachx ∈ Ω(T, γ, L) an r(x) ∈ (r∗(x), r0(x)/5)
such that

(a) T B(x, r(x)) ∈ Ik(X)
(b) ‖T‖(B(x, r(x))) < F(r(x))
(c) ‖T‖(B(x, 5r(x))) < 5k+α‖T‖(B(x, r(x)))
(d) M (∂(T B(x, r(x)))) ≤ f ′x(r(x)) < (k + α)H(‖T‖(B(x, r(x)))).

The pointsx1, . . . , xN and the radiis1, . . . , sN are now constructed as follows: Set
Ω1 := Ω(T, γ, L) ands∗1 := sup{r(x) : x ∈ Ω1}. From (10) it follows thats∗1 < ∞.
Choosex1 ∈ Ω1 in such a way thatr(x1) > 2

3 s∗1. If x1, . . . , x j are chosen define

Ω j+1 := Ω(T, γ, L)\
j

⋃

i=1

B(xi , 5r(xi))

and

s∗j+1 := sup{r(x) : x ∈ Ω j+1}.

If ‖T‖(Ω j+1) > 0 we can choosex j+1 ∈ Ω j+1 such thatr(x j+1) > 2
3 s∗j+1. This

procedure yields (possibly finite) sequencesx j ∈ Ω j, s∗1 ≥ s∗2 ≥ · · · ≥ 0, and
si := r(xi). We show that for a suitably largeN the so defined points and numbers
have the desired properties stated in the lemma. We first notethat, by (b) and the
definition ofr0(x),

1
2

5−(k+α)F(si) ≤ ‖T‖(B(xi , si)) < F(si),

which proves (iv). Property (i) follows from this and the fact thatsi = G(γ−1F(si)).
Furthermore, we have

d(xi , xi+`) > 5si = 2si + 3si > 2si + 2s∗i ≥ 2si + 2si+`

and thus we obtain (ii). Properties (iii) and (v) are direct consequences of (a) and
(d), respectively. We are therefore left to show that (vi) holds for someN ∈ N. On
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the one hand, if‖T‖(Ωn+1) = 0 for somen ∈ N then (c) yields
n

∑

i=1

‖T‖(B(xi , si)) > 5−(k+α)
n

∑

i=1

‖T‖(B(xi , 5si)) ≥ 5−(k+α)‖T‖(Ω(T, γ, L)),

which establishes (vi) and thus the lemma withN = n. On the other hand, if
‖T‖(Ωn) > 0 for all n ∈ N then it follows easily thats∗n ↘ 0. Indeed, this is a
consequence of the fact that

1
2

5−(k+α)
∞
∑

i=1

F

(

2
3

s∗i

)

<

∞
∑

i=1

1
2

5−(k+α)F(si) ≤
∞
∑

i=1

‖T‖(B(xi , si)) ≤ M (T) < ∞.

Furthermore we claim that

‖T‖














Ω(T, γ, L)\
∞
⋃

i=1

B(xi , 5si)















= 0.

If this were not true we would havex ∈ Ω(T, γ, L)\∪∞i=1B(xi , 5si) and sincer(x) > 0
we would obtain a contradiction withs∗i ↘ 0. The rest now follows as in the case
above. �

4.3. Proof of Theorem 4.1. The following proposition is an intermediate step on
the way to the main theorem of this section. The proposition shows how to con-
struct a suitable decomposition of a currentT ∈ Ik(X) in a way that helps to reduce
the setΩ(T, γ, L).

Proposition 4.7. Let X be a complete metric,(k, α) ∈ Λ and suppose in case k≥ 2
that X admits an isoperimetric inequality of rankα for Ik−1(X). For everyλ ∈ (0, 1)
there exists aγ ∈ (0, 1) with the following property. Set F:= Fk,α,γ and G := Gk,α.
Then for every L∈ (0,∞] and T ∈ Ik(X) there is a decomposition

T = R+ T1 + · · · + TN

with R,Ti ∈ Ik(X) such that

(i) ∂R= ∂T and∂Ti = 0
(ii) M (Ti) ≤ (1+ λ)F(L/5)
(iii) diam(sptTi) ≤ 4G

(

γ−1 2
1−λ5k+αM (Ti )

)

(iv) M (R) + 1−λ
1+λ

∑N
i=1 M (Ti) ≤ M (T)

(v)
∑N

i=1 M (Ti) ≥ (1− λ)5−(k+α)‖T‖(Ω(T, γ, L)).

It should be noted that the main purpose of decreasingλ is to make (iv) more
optimal.

Proof. If k = 1 then setγ := 1/2. If k ≥ 2 then define

γ :=
1

k+ α
min

{

Ak−1,Aα−1, ωkk
− k

2

}

with A :=
λ

3Dk−1(k + α)

and whereDk−1 denotes the constant in the isoperimetric inequality forIk−1(X).
We may of course assume thatDk−1 ≥ 1. We may furthermore assume that
‖T‖(Ω(T, γ, L)) > 0 since otherwise we can setR := T and there is then nothing to
prove. Letx1, . . . , xN ∈ Ω(T, γ, L) ands1, . . . , sN ∈ (0,∞) be as in Lemma 4.6. Fix
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i ∈ {1, . . . ,N}. If k = 1 then setTi := T B(xi , si) and note thatM (∂Ti) ≤ γ < 1
and thus∂Ti = 0. If, on the other hand,k ≥ 2 then chooseSi ∈ Ik(X) such that
∂Si = ∂(T B(xi, si)) and with the properties of Proposition 4.2. It follows that

(11) M (Si) ≤ Dk−1Ik,α(M (∂(T B(xi , si)))) ≤ λ‖T‖(B(xi , si)),

where for the second inequality we use the definition ofγ. Next we have that
sptSi ⊂ B(xi, 2si). This is indeed a consequence of Proposition 4.2 and the fact
that

M (Si) ≤ λ‖T‖(B(xi , si)) ≤ λF(si ) =

{

λγ · sk
i si ≤ 1

λγ · sαi si > 1

and the choice ofγ. ThusTi := T B(xi , si) − Si satisfiesTi ∈ Ik(X), ∂Ti = 0 and
sptTi ⊂ B(xi , 2si). From (11) we see that

(12) (1− λ)‖T‖(B(xi , si)) ≤ M (Ti) ≤ (1+ λ)‖T‖(B(xi , si))

and thus

M (Ti) ≤ (1+ λ)‖T‖(B(xi , si)) ≤ (1+ λ)F(si ) ≤ (1+ λ)F(L/5),

which proves (ii) of the present proposition. Note that the same conclusion holds
in the casek = 1. We proceed as above for everyi ∈ {1, . . . ,N} and note that
in each step of the construction only the ballB(xi, 2si), which is disjoint from the
other balls, is affected. We thus obtain cyclesT1, . . . ,TN and we claim that these
together withR := T − T1 − · · · − TN have the properties stated in the proposition.
Indeed, (i) is obvious and (ii) has already been proved. As for (iii) it is enough to
note that diam(sptTi) ≤ 4si and

si = G(γ−1F(si)) ≤ G

(

γ−1 2
1− λ5k+αM (Ti)

)

.

Furthermore, by construction,

M (R) ≤ ‖T‖
















X\
N
⋃

i=1

B(xi, si)

















+ λ

N
∑

i=1

‖T‖(B(xi , si))

= M (T) − (1− λ)
N

∑

i=1

‖T‖(B(xi , si))

≤ M (T) − 1− λ
1+ λ

N
∑

i=1

M (Ti )

from which (iv) follows. Finally, we use (vi) of Lemma 4.6 together with (12) to
calculate

N
∑

i=1

M (Ti) ≥ (1− λ)
N

∑

i=1

‖T‖(B(xi , si)) ≥ (1− λ)5−(k−α)‖T‖(Ω(T, γ, L)).

This establishes (v) and concludes the proof of the proposition. �

We are now ready for the proof of the ‘thick-thin’ decomposition theorem.
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Proof of Theorem 4.1.SetR0 := T andN0 := 0. Successive application of Propo-
sition 4.7 yields possibly finite sequences (Ri), (T j ) ⊂ Ik(X) and a strictly increasing
sequence of integersN1 < N2 < . . . such that for everyi ∈ N ∪ {0}

Ri = Ri+1 + TNi+1 + · · · + TNi+1

and such that the following properties hold:

(a) ∂Ri = ∂T and∂T j = 0 for all i, j
(b) M (T j) ≤ (1+ λ)νγM (Ri) for all j ∈ {Ni + 1, . . . ,Ni+1}
(c) diam(sptT j) ≤ 4G

(

2
γ(1−λ)5

k+αM (T j)
)

(d) M (Ri+1) + 1−λ
1+λ

∑Ni+1
j=Ni+1 M (T j ) ≤ M (Ri)

(e)
∑Ni+1

j=Ni+1 M (T j) ≥ (1− λ)5−(k+α)‖Ri‖(Ω(Ri , γ, Li)).

Here,Li is defined byLi := 5δG(M (Ri)) andν := δ if k = 1 andν = max{δk, δα}
otherwise. We thus obtain for eachi ∈ N ∪ {0} a decomposition

T = Ri +

Ni
∑

j=1

T j

which, by property (d), satisfies

(13) M (Ri) +
1− λ
1+ λ

Ni
∑

j=1

M (T j ) ≤ M (T).

In particular, we have

M (Ri+m − Ri) = M (TNi+1 + · · · + TNi+m) ≤
∞
∑

j=Ni+1

M (T j)→ 0

as i → ∞ and it thus follows that the sequence (Ri) is Cauchy with respect to the
mass norm. Since the additive group of integer rectifiablek-currents together with
the mass norm is complete, there existsR∈ Ik(X) such thatM (R−Ri)→ 0 and, in
particular,

T = R+
∞
∑

j=1

T j .

Clearly, we have∂R= ∂T and thus property (i) holds. Properties (iii), (iv) and (v)
are direct consequences of (b), (c) and (13), respectively.We are therefore left to
establish (ii). For this letx ∈ sptR\ spt∂T and

0 < r < min{5δG(M (R)), dist(x, spt∂T)}.
Observe that

‖Ri‖(B(x, t))→ ‖R‖(B(x, t))

and‖R‖(B(x, t)) > 0 for all t ∈ (0, r). Fix 0 < s< r andε > 0 arbitrary. By (e) and
(13) we have

‖Ri‖(Ω(Ri , γ, Li))→ 0

and thus there existsi0 ∈ N andx′ ∈ sptRi0 with d(x, x′) ≤ sand

‖R‖(B(x, r)) ≥ (1− ε)‖Ri0‖(B(x, r))



ISOPERIMETRIC INEQUALITIES AND THE ASYMPTOTIC RANK 23

and such that

‖Ri0‖(B(x′, r − s)) ≥ 1
2

5−(k+α)F(r − s).

It finally follows that

‖R‖(B(x, r)) ≥ (1− ε)‖Ri0‖(B(x, r))

≥ (1− ε)‖Ri0‖(B(x′, r − s))

≥ 1
2

(1− ε)5−(k+α)F(r − s).

Sinces andε were arbitrary this establishes (ii) and completes the proof of the
theorem. �

5. P  T 1.8

We start with the following simple lemma which will be neededin the sequel.

Lemma 5.1. Let X be a complete metric space,(k, α) ∈ Λ, and ε, δ > 0. Set
F := Fk,α,ε and G:= Gk,α and let R∈ Ik(X) satisfy∂R= 0 and

‖R‖(B(x, r)) ≥ F(r)

for all x ∈ sptR and all r ∈ [0, δG(M (R))]. Then there exist constants m∈ N and
E > 0 depending only on k,α, δ, ε and a decomposition R= R1 + · · · + Rm with
Ri ∈ Ik(X), ∂Ri = 0, and

(i) ‖Ri‖(B(x, r)) ≥ F(r) for all x ∈ sptRi and all r ∈ [0, δG(M (R))]
(ii) M (R) = M (R1) + · · · +M (Rm)
(iii) diam(sptRi) ≤ EG(M (Ri)).

Proof. Setα′ := α if k ≥ 2 orα′ := 1 if k = 1. Fix x ∈ sptR arbitrary and observe
that

‖R‖
(

B
(

x, t + 2−1δG(M (R))
) ∖

B
(

x, t − 2−1δG(M (R))
))

= 0

for somet ∈
[

5
2δG(M (R)), 3

ε
max{δ1−k, δ1−α′ }G(M (R))

]

. ThusR1 := R B(x, t)
satisfiesR1 ∈ Ik(X), ∂R1 = 0 and

(14) ‖R1‖(B(x′, r)) ≥ F(r)

for all x′ ∈ sptR1 and all 0≤ r ≤ δG(M (R)). In particular, we have

(15) M (R1) ≥ εmin{δk, δα
′}M (R)

and thus

diam(sptR1) ≤ EG(M (R1))

for a constantE depending only onk, α, δ, ε. Proceeding in the same way with
R− R1 one eventually obtains a decompositionR= R1 + · · · +Rm with the desired
properties. The bound onmclearly follows from (15). �

We are now ready for the proof of Theorem 1.8.
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Proof of Theorem 1.8.Setδ := λ := 1/5 and set furthermoreα := 0 in casek = 1
andα := αk−1 otherwise. AbbreviateF := Fk,α,γ andG := Gk,α, whereγ is the
constant of Theorem 4.1. LetT ∈ Ik(X) with ∂T = 0 and let aR, T j be given as in
Theorem 4.1. Throughout this proof, the numbers (i) through(v) will refer to the
properties listed in Theorem 4.1. Furthermore all the constantsEl used will depend
only on k, α, γ. SetT0 := R. After possible application of Lemma 5.1 we may
assume that

diam(sptT j) ≤ E1G(M (T j))

for all j ≥ 0 and for a constantE1. Suppose first thatM (T) ≤ 1. Then, by (v), we
haveM (T j) ≤ 3/2 for all j ≥ 0, so that

diam(sptT j) ≤ E2M (T j)
1
k

for some constantE2. Thus the diameter-volume inequality yields for eachj ≥ 0
anS j ∈ Ik+1(X) with ∂S j = T j and

M (S j) ≤ E3M (T j )
k+1

k

for someE3 depending only onk, α, γ andCk, ν, %. This is clear if diam(sptT j) ≤ 1.
If, on the other hand, diam(sptT j) > 1, then we haveM (T j) > E−k

2 and from this
the inequality readily follows. Finally, we have

∞
∑

j=0

M (S j) ≤ E3

∞
∑

j=0

M (T j)
k+1

k ≤ E3



















∞
∑

j=0

M (T j)



















k+1
k

≤ E3

[

3
2

]
k+1

k

M (T)
k+1

k .

Therefore,
∑n

j=0 S j is a Cauchy sequence with respect to mass and therefore con-
verges to someS ∈ Ik+1(X), which clearly satisfies∂S = T and

M (S) ≤
∞
∑

j=0

M (S j) ≤ E3

[

3
2

]
k+1

k

M (T)
k+1

k .

This proves the theorem ifM (T) ≤ 1. In caseM (T) > 1 defineJ := { j ≥ 0 :
diam(sptT j) > 1}. If j ∈ J then, by the diameter-volume inequality, there exists an
S j ∈ Ik+1(X) with ∂S j = T j and

M (S j) ≤ CkM (T j )
ν
α
+%.

If, on the other hand,j < J then, again by the diameter-volume inequality, there
exists anS j ∈ Ik+1(X) with ∂S j = T j and

M (S j) ≤ Ck diam(sptT j)M (T j) ≤ CkM (T j).
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Sinceν + %α > α andM (T) > 1 we have
∞
∑

j=0

M (S j) ≤ Ck

∑

j∈J
M (T j)

ν
α
+% +Ck

∑

j<J

M (T j)

≤ Ck



















∑

j∈J
M (T j)



















ν
α
+%

+
3
2

CkM (T)

≤ 2Ck

[

3
2

]
ν
α
+%

M (T)
ν
α
+%.

It now follows exactly as above that
∑n

j=0 S j converges in mass to someS ∈ Ik+1(X)
which has the desired properties. This concludes the proof. �

6. S-E  

In this section we prove the main result of this paper, Theorem 1.3. As outlined
in the introduction one of the crucial ingredients in the proof is Theorem 4.1. We
begin with the following simple lemma.

Lemma 6.1. Let k≥ 2, α > 1 andλ, δ ∈ (0, 1). If L > 0 and ti ∈ (0, δL) are such
that

λ

∞
∑

i=1

ti ≤ L

then
∞
∑

i=1

Ik,α(ti ) ≤
2(1+ δλ)

λ
max

{

(2δ)
1

k−1 , (2δ)
1
α−1

}

Ik,α(L).

Proof. Pick finitely many integer numbers 0=: m0 < m1 < m2 < · · · < mj0 with
the property that

δL < tmi−1+1 + · · · + tmi < 2δL

for eachi = 1, . . . , j0 and
∞
∑

n=mj0+1

tn ≤ δL.

Then j0 ≤ 1
λδ

and hence

∞
∑

i=1

Ik,α(ti) ≤
j0

∑

i=1

Ik,α(tmi−1+1 + · · · + tmi ) + Ik,α





















∞
∑

n=mj0+1

tn





















≤ 1
λδ

Ik,α(2δL) + Ik,α(δL)

≤ 2(1+ δλ)
λ

max
{

(2δ)
1

k−1 , (2δ)
1

α−1

}

Ik,α(L).

�
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Lemma 6.2. Let X be a complete metric space, k≥ 1, α > 1, and suppose X admits
an isoperimetric inequality of rankα for Ik(X). In case k≥ 2 suppose furthermore
that X also admits an isoperimetric inequality of rank k forIk−1(X). Letε > 0 and
T ∈ Ik(X) with ∂T = 0. If Fillvol(T) ≥ εIk+1,α(M (T)) then there exists a T′ ∈ Ik(X)
with ∂T′ = 0 and the following properties:

(i) Fillvol( T′) ≥ ε
2 Ik+1,α(M (T′))

(ii) M (T′) ≥ AM (T)
(iii) diam(sptT′) ≤ BM (T′)

1
k

(iv) ‖T′‖(B(x, r)) ≥ Crk for all r ∈ [0, 5δM (T′)
1
k ].

Here, A, B,C, δ > 0 are constants depending only on k, α, ε and the constants of
the isoperimetric inequalities.

Proof. Setλ := 1/3 and

δ := min















3
8
,

ε

64Dk
,

(

ε

64Dk

)
α−1

k














,

whereDk is the isoperimetric constant forIk(X). Let T = R+
∑∞

j=1 T j be a decom-
position as in Theorem 4.1. It then follows from Lemma 6.1 that

Fillvol(T) ≤ Fillvol(R) + Dk

∞
∑

i=1

Ik+1,α(M (T j))

≤ Fillvol(R) +
ε

2
Ik+1,α(M (T))

and thus

(16) Fillvol(R) ≥ ε

2
Ik+1,α(M (T)) ≥ ε

2
Ik+1,α(M (R)).

This together with the isoperimetric inequality forIk(X) yields

M (R) ≥ min















(

ε

2Dk

)
k

k+1

,

(

ε

2Dk

)
α−1
α















M (T).

Let R = R1 + · · · + Rm be a decomposition ofR as in Lemma 5.1. By (16) and the
special properties of the decomposition there exists ani such thatT′ := Ri satisfies

Fillvol(T′) ≥ ε

2
Ik+1,α(M (T′)).

By Lemma 5.1,T′ satisfies all the desired properties. �

We are now ready for the proof of the sub-Euclidean isoperimetric inequality.

Proof of Theorem 1.3.We argue by contradiction and suppose therefore that

lim sup
r→∞

FVk+1(r)

r
k+1

k

≥ 2ε0 > 0

for someε0 > 0. In particular, there is a sequenceTm ∈ Ik(X) with ∂Tm = 0 and
such thatM (Tm)→ ∞ and

(17) Fillvol(Tm) ≥ ε0M (Tm)
k+1

k
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for everym ∈ N. By Theorem 1.2 of [28],X admits an isoperimetric inequality
of Euclidean type forIk(X) and, if k ≥ 2 also one forIk−1(X). Therefore we may
assume by Lemma 6.2 that

(18) diam(sptTm) ≤ BM (Tm)
1
k

and

(19) ‖Tm‖(B(x, r)) ≥ Crk

for all x ∈ sptTm and allr ∈ [0, 5δM (Tm)1/k], whereB,C, δ are constants indepen-
dent ofm. We setrm := M (Tm)

1
k and note thatrm→ ∞. We chooseSm ∈ Ik+1(X)

with ∂Sm = Tm and
M (Sm) ≤ Dk[M (Tm)]

k+1
k

and with the volume growth property of Proposition 4.2. We define a sequence
of metric spacesXm := (X, 1

rm
dX) wheredX denotes the metric onX. Setting

Zm := sptSm ⊂ Xm it follows directly from Proposition 4.2 and (18) and (19)
that the sequence (Zm,

1
rm

dX) is equi-compact and equi-bounded. Therefore, by
Gromov’s compactness theorem there exists (after passage to a subsequence) a
compact metric space (Z, dZ) and isometric embeddingsϕm : (Zm,

1
rm

dX) ↪→ (Z, dZ)
and we may assume thatϕm(Zm) is a Cauchy sequence with respect to the Hausdorff

distance. Denote byS′m the currentSm viewed as an element ofIk+1(Xm). Since
M (ϕm#S′m) ≤ Dk andM (∂(ϕm#S′m)) = 1 we may assume by the compactness and
closure theorems for currents thatϕm#S′m weakly converges to someS ∈ Ik+1(Z).
We show that∂S , 0. For this we choosexm ∈ sptS′m arbitrarily and define an aux-
iliary metric spaceY as the disjoint union

⊔∞
m=1 Xm and endow it with the metric

dY in such a way thatdY|Xm×Xm =
1
rm

dX as well as

dY(y, y′) =
1
rm

dX(y, xm) + 3+
1

rm′
dX(y′, xm′)

whenevery ∈ Xm andy′ ∈ Xm′ with m′ , m. It is clear thatY is 2-quasiconvex
and admits a local cone type inequality forI l(Y), l = 1, . . . , k, in the sense of
[29]. Denote byT′m the currentTm viewed as an element ofIk(Y) and note that
M (T′m) = 1. We show thatT′m does not weakly converge to 0. For this, assume
in the contrary thatT′m weakly converges to 0. Then by Theorem 1.4 in [29] we
have Fillvol(T′m) → 0. In particular, there exist̂Sm ∈ Ik+1(Y) with ∂Ŝm = T′m for
all m ∈ N and such thatM (Ŝm) → 0. Of course, it is not restrictive to assume that
sptŜm ⊂ Xm. Denote byS̃m the currentŜm viewed as a current inX. ThenS̃m

satisfies∂S̃m = Tm and
M (S̃m)

rk+1
m

= M (Ŝm)→ 0,

which contradicts (17). Thus,T′m does not weakly converge to 0 and therefore there
exist Lipschitz mapsf , π1, . . . , πk ∈ Lip(Y) with f bounded andε > 0 such that

T′m( f , π1, . . . , πk) ≥ ε for all m ∈ N.

Note that∪Zm ⊂ Y is bounded so that the functionsπi are bounded on∪Zm. We
define Lipschitz functionsfm andπm

i onϕm(Zm) by fm(z) := f (ϕ−1
m (z)) andπm

i (z) :=
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πi(ϕ−1
m (z)) for z ∈ ϕm(Zm). Here, we viewϕ−1

m as a map fromϕ(Zm) to Y = t∞l=1Xl

with image inXm ⊂ Y. By McShane’s extension theorem there exist extensions
f̂m, π̂m

i : Z → R of fm and πm
i with the same Lipschitz constants asf and πi .

By Arzelà-Ascoli theorem we may assume thatf̂m and π̂m
i converge uniformly

to Lipschitz mapsf̂ , π̂i on Z. Finally, we abbreviateT′′m := ϕm#T′m and use [3,
Proposition 5.1] to estimate

∂S( f̂ , π̂1, . . . , π̂k) = lim
m→∞

T′′m( f̂ , π̂1, . . . , π̂k)

= lim
m→∞

[

T′′m( f̂m, π̂
m
1 , . . . , π̂

m
k ) + T′′m( f̂ − f̂m, π̂1, . . . , π̂k)

+ T′′m( f̂m, π̂1, . . . , π̂k) − T′′m( f̂m, π̂
m
1 , . . . , π̂

m
k )

]

≥ ε − lim sup
m→∞

[

k
∏

i=1

Lip(π̂i)
∫

Z
| f̂ − f̂m|d‖T′′m‖

]

− lim sup
m→∞

[

Lip( f̂m)
k

∑

i=1

∫

Z
|π̂i − π̂m

i |d‖T′′m‖
]

= ε.

This shows that indeed∂S , 0 and hence alsoS , 0. Now, fix an ultrafilterω onN
and denote byXω the asymptotic cone of the sequence (X, 1

rm
dX, x0). We construct

a mapψ : Z′ → Xω whereZ′ := limH ϕm(Zm) ⊂ Z is the limit with respect to the
Hausdorff distance. Forz ∈ Z′ there existszm ∈ Zm such thatϕm(zm) → z. We
setψ(z) := (zm)m∈N. It is straight forward to check thatψ is well-defined and an
isometric embedding. Since sptS ⊂ Z′ we obtain thatψ#S is a non-zero (k + 1)-
dimensional integral current inXω. By Theorem 4.5 in [3] there then exists a
biLipschitz mapν : K ⊂ Rk+1→ Xω whereK is measurable and of strictly positive
Lebesgue measure. This is in contradiction with the hypothesis thatk ≥ asrkX and
hence this completes the proof. �

The arguments in the proof above can easily be used to establish the following
result.

Theorem 6.3. Let k ∈ N and let X be a complete metric space which admits
isoperimetric inequalities of Euclidean type forIk−1(X) and Ik(X). If k ≥ asrk(X)
then

lim sup
r→∞

FVk+1(X, L∞(X), r)

r
k+1

k

= 0.

Note that in contrast to the main theorem we do not assume herethatX admits cone
type inequalities.

7. L     

In this last section we will prove the following theorem.
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Theorem 7.1. Let X be a complete quasiconvex metric space and let k∈ N. Sup-
pose X admits isoperimetric inequalities of Euclidean typefor Im(X) with some
constants Dm, m= 1, . . . , k− 1. If k < asrk(X) then

FRk+1(r) ≥ FRk+1(X, L∞(X), r) ≥ εkr
1
k

for all r > 0 large enough and for someεk > 0 depending only on Dm, m =
1, . . . , k− 1.

Note that Theorem 1.4 is a consequence of the above since, by Corollary 4.3, we
have

FillradL∞(X)(T) ≤ C[Fillvol L∞(X)(T)]
1

k+1

for some constantC and allT ∈ Ik(X) with ∂T = 0.
In the proof of the above theorem we will need the following lemma which is
a direct consequence of the metric differentiability of Lipschitz maps into metric
spaces proved in [18] and [22].

Lemma 7.2. Let Z be a metric space andϕ : K → Z Lipschitz with K⊂ Rn Borel
measurable and such thatHn(ϕ(K)) > 0. Then there exists a norm‖ · ‖ onRn with
the following property: For everyε > 0 and for every finite set S⊂ Rn there exist
r > 0 and a mapψ : S→ Z such thatψ : (S, r‖ · ‖)→ Z is (1+ ε)-biLipschitz.

Proof of Theorem 7.1.Let Xω = (X, rm, xm)ω be an asymptotic cone ofX andϕ :
K ⊂ Rk+1 → Xω a biLipschitz map withK compact and such thatLk+1(K) >
0. Let ‖ · ‖ be a norm onRk+1 as in Lemma 7.2 and setV := (Rk+1, ‖ · ‖). Let
{v1, . . . , vk+1} ⊂ V and{v∗1, . . . , v∗k+1} ⊂ V∗ be bases satisfying

‖vi‖ = 1 = ‖v∗i ‖ and v∗i (v j) = δi j for all i,j.

Let Q denote the cubeQ :=
{

∑k+1
i=1 λivi : 0 ≤ λi ≤ 1

}

. For n = 1, . . . , k + 1 denote
by A(n) the set of increasing functions

α : {1, . . . , n} → {1, . . . , k+ 1},
and byLα the subspace generated by{vα(1), . . . , vα(n)} wheneverα ∈ A(n). It is
clear that

1 ≤ µm∗
Lα (vα(1) ∧ · · · ∧ vα(n)) ≤ n

n
2 ,

whereµm∗
Lα

denotes the Gromov mass∗-volume onLα andvα(1) ∧ · · · ∧ vα(n) is the
parallelepiped spanned by these vectors. (Recall that for acompact setK ⊂W in an
l-dimensional normed space the associated integer rectifiable current

�
K� ∈ Il(W)

satisfies‖
�
K�‖(A) = µm∗

W (A), see e.g. [31, Proposition 2.7].) Fixm∈ N large enough
(as chosen below) and letQn denote then-skeleton of the cubical subdivision ofQ
given by

Q0 := Q∩














2−m
k+1
∑

i=1

δivi : δi ∈ Z














if n = 0 and

Qn :=
{

σ = z+ 2−m(Lα ∩ Q) : z ∈ Q0, α ∈ A(n), σ ⊂ Q
}
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if n ∈ {1, . . . , k+ 1}. We furthermore set∂Qn := {σ ∈ Qn : σ ⊂ ∂Q}. Let s> 0 and
ε > 0 be arbitrary. By Lemma 7.2 there exists anr > 0 and a (1+ ε)-biLipschitz
map ψ̂ : (∂Q0, r‖ · ‖) → Xω. The definition of the asymptotic cone and the fact
that ∂Q0 is a finite set imply the existence ofs′ ≥ max{s, 2m+2} and a (1+ 2ε)-
biLipschitz mapψ : (∂Q0, s′‖ · ‖) → X. We writeV′ := (Rk+1, s′‖ · ‖) and note that
by McShane’s extension theorem, there exists a (1+2ε)(k+1)-Lipschitz extension
η : L∞(X)→ V′ of the mapψ−1 : ψ(∂Q0)→ V′. In the following, we regardQ,Qn,
and∂Qn as subsets ofV′. We associate with∂Qn the additive subgroup

Gn =
{

T ∈ In(V′) : T =
∑

ci
�
σi �, ci ∈ Z, σi ∈ ∂Qn

}

⊂ In(V′).

We now construct homomorphismsΛn : Gn → In(X) andΓn : Gn → In+1(V′) for
n = 0, 1, . . . , k, with the property that for allT ∈ Gn

(i) ∂ ◦ Λn = Λn−1 ◦ ∂ whenevern ≥ 1
(ii) M (Λn(T)) ≤ C′nM (T)
(iii) ∂Γn(T) = T − η#Λn(T) − Γn−1(∂T) whenevern ≥ 1
(iv) M (Γn(T)) ≤ 2−mD′ns′M (T)
(v) spt(η#Λn(T)) ⊂ B(sptT, 2−mEns′)
(vi) spt(Γn(T)) ⊂ B(sptT, 2−mE′ns′).

Here,C′n,D
′
n,En,E′n are constants depending only on the quasiconvexity constant

D0 and onD1, . . . ,Dn. Forn = 0 we simply setΛ0(
�
x�) := ψ#

�
x� for eachx ∈ ∂Q0

and extendΛ0 to G0 as a homomorphism. Set furthermoreΓ0 := 0 and note that
for n = 0 the above properties are satisfied withC′0 := 1,D′0 := 0,E0 := 0,E′0 := 0.
Suppose now thatΛn−1 andΓn−1 have been defined for somen ∈ {1, . . . , k} and that
they have the properties listed above. In order to defineΛn let σ ∈ ∂Qn and note
that

(2−ms′)n ≤ M (
�
σ�) ≤ n

n
2 (2−ms′)n.

If n = 1 there exists a Lipschitz curve of length at most (1+2ε)D02−ms′ connecting
the pointsψ(∂σ). This gives rise to anS ∈ I1(X) with ∂S = Λ0(∂

�
σ�) which

satisfies
M (S) ≤ (1+ 2ε)D02−ms′ ≤ (1+ 2ε)D0M (

�
σ�)

and
spt(η#S) ⊂ B(σ, (1+ 2ε)2(k+ 1)D02−ms′).

We defineΛ1
(
�
σ�) := S. Clearly,Λ1 satisfy properties (i) and (ii) withC′1 :=

(1+ 2ε)D0 and (v) withE1 := (1+ 2ε)2(k+ 1)D0. If n ≥ 2 then

∂Λn−1
(

∂
�
σ�) = Λn−2

(

∂2�
σ�

)

= 0

and thus the isoperimetric inequality forIn−1(X) and Corollary 4.3 imply the exis-
tence of anS ∈ In(X) such that∂S = Λn−1(∂

�
σ�) and

M (S) ≤ Dn−1
[

M (Λn−1
(

∂
�
σ�))] n

n−1 ≤ C′n(2−ms′)n ≤ C′nM (
�
σ�),

whereC′n := Dn−1

[

2n(n− 1)
n−1

2 C′n−1

]
n

n−1 , and

spt(η#S) ⊂ B
(

σ,

[

En−1 + µ
′(1+ 2ε)(k + 1)(n− 1)

1
2 (2nC′n)

1
n−1

]

2−ms′
)

.
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We setΛn(
�
σ�) := S and extendΛn to Gn linearly and note that properties (i), (ii)

and (v) are satisfied (after the obvious choice ofEn). This completes the construc-
tion ofΛn. In order to defineΓn, n ≥ 1, let againσ ∈ ∂Qn be arbitrary. Setting

T′ :=
�
σ� − η#Λn

(
�
σ�) − Γn−1

(

∂
�
σ�)

one easily checks that

∂T′ = ∂
�
σ� − η#

(

∂Λn
(
�
σ�)) − ∂Γn−1

(

∂
�
σ�) = 0 and M (T′) ≤ D′′M (

�
σ�),

whereD′′ :=
{

1+ [(1 + 2ε)(k + 1)]n C′n + 2n(n− 1)
n−1

2 D′n−1

}

. Using the isoperi-
metric inequality forIn(V′) and Corollary 4.3 we find anS ∈ In+1(V′) with ∂S = T′

and

M (S) ≤ D̃n[M (T′)]
n+1

n ≤ 2−mD̃n(D′′)
n+1

n n
n+1

n s′M (
�
σ�)

and

spt(η#S) ⊂ B
(

σ,

[

En + E′n−1 + µ̃
′(D′′)

1
n
√

n
]

2−ms′
)

,

whereD̃n is the isoperimetric constant forIn(V′) andµ̃′ is the constant from Corol-
lary 4.3 forV′. We defineΓn

(�
σ�) := S and extend it toGn linearly. Clearly,Γn

satisfies the properties (iii), (iv) and (vi) with suitable choices ofD′n andE′n. This
concludes the construction of the homomorphismsΛn andΓn for n = 0, 1, . . . , k.
Let now

�
Q� ∈ Ik+1(V′) be the integral current associated withQ endowed with the

orientationv1 ∧ · · · ∧ vk+1 and setT := Λk
(

∂
�
Q�). By property (ii) we have

M (T) ≤ 2(k+ 1)C′kk
k
2 (s′)k.

Given anS ∈ Ik+1(L∞(X)) with ∂S = T we compute

∂
(

η#S + Γk(∂
�
Q�)) = η#(∂S) + ∂(Γk(∂

�
Q�))

= η#Λk(∂
�
Q�)) + ∂(Γk(∂

�
Q�))

= ∂
�
Q�,

where the last equality follows from property (iii). We therefore obtain

M (η#S) ≥ M (
�
Q�) −M (Γk(∂

�
Q�)) ≥

[

1− 21−m(k + 1)k
k
2 D′k

]

(s′)k+1

and sinceS was arbitrary we conclude

Fillvol L∞(X)(T) ≥
1− 21−m(k+ 1)k

k
2 D′k

[(1 + 2ε)(k + 1)]k+1
(s′)k+1.

From this and the isoperimetric inequality forIk(X) it also follows that

















1− 21−m(k + 1)k
k
2 D′k

Dk[(1 + 2ε)(k + 1)]k+1

















k
k+1

· (s′)k ≤ M (T) ≤ 2(k + 1)k
k
2C′k(s

′)k.

Furthermore, by the choice of{v1, . . . , vk+1}, we have

Fillrad(∂
�
Q�) ≥ As′
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for some constantA > 0 only depending onk. We conclude

FillradL∞(X)(T) ≥
A− E′k2

−m

(1+ 2ε)(k + 1)
s′.

Choose nowm ∈ N sufficiently large to conclude the proof of the theorem. �
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[2] J. C.Álvarez, T. Thompson:Volumes in normed and Finsler spaces, A Sampler of Riemann-
Finsler Geometry (D. Bao, R. Bryant, S.S. Chern, and Z. Shen,eds.), Cambridge University
Press, 2004, pp. 1–49.

[3] L. Ambrosio, B. Kirchheim:Currents in metric spaces, Acta Math. 185 (2000), no. 1, 1–80.
[4] M. Bonk, O. Schramm:Embeddings of Gromov hyperbolic spaces, Geom. Funct. Anal. 10

(2000), 266–306.
[5] W. Ballmann: Lectures on spaces of nonpositive curvature, DMV Seminar Band 25,
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