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A quenched CLT for super-Brownian
motion with random immigration

Wenming Hong! and Ofer Zeitouni?

Abstract. A quenched central limit theorem is derived for the super-Brownian motion
with super-Brownian immigration, in dimension d > 4. At the critical dimension d = 4,
the quenched and annealed fluctuations are of the same order but are not equal.
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1 Introduction and statement of results

Super-Brownian motion with super-Brownian immigration (SBMSBI, for short), is a superpro-
cess in random environment, where the environment is determined by an immigration process
which is controlled by the trajectory of another super-Brownian motion. Many interesting limit
properties for SBMSBI were described under the annealed probability ([H02], [HO3], [HL99] and
[Zh05]). In this paper, we study the central limit theorem (CLT) under the quenched probability,
that is, conditioned upon a realization of the immigration process, for d > 4.

To state our results and explain our motivation, we begin by recalling the SBMSBI model
(we refer to [D93] and [P02] for a general introduction to the theory of superprocesses). Let
C(IR%) denote the space of continuous bounded functions on IRY. We fix a constant p > d and
let ¢p(x) := (1+ |z]?)7P/2 for x € RY. Let C,(IRY) := {f € C(IR?) : sup|f(z)|/¢pp(x) < oo}
Let M,(IR) be the space of Radon measures 1 on IR? such that (, f) := [ f(z)u(dr) < oo for
all f € Cp(Rd). We endow Mp(IRd) with the p-vague topology, that is, ur — p if and only if
(g, f) — (u, f) for all f € Cp(IRY). Then M,(IR?) is metrizable ([I86]). We denote by A the
Lebesgue measure on IRY, and note that \ € Mp(le).

Let Ss; denote the heat semigroup in IR, that is, for t > s and f € C(IR?),

1

Ssif(w) = rlt =)

/ e~ lv=al?/2(=9) £ ()
Bd

We write Sy := So+ and G for the corresponding potential operator, that is Gf = fooo Sy fdt,
omitting the space variable x from the notation when no confusion may occur. Given pu €
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M,(IRY), a super-Brownian motion ¢ = (o4, P,) is an M,(IR%)-valued Markov process with
0o = 1 and Laplace transform given by

E, eXp{_<Qt7 f>} - eXp{_<va(t7 )>}7 [ € C;_(Rd)v (1‘1)

where v(-,-) is the unique mild solution of the evolution equation

i(t) = LAv(t) — v
[igzte-e

and E,, denotes expectation with respect to P,.

Given a super-Brownian motion ¢ = (¢4, P,) as the “environment”, we will consider an-
other super-Brownian motion with the immigration rate controlled by the trajectory of o, the
(SBMSBI) X¢ = (X7, PY) with X¢ = v, which is again an M, (IR?)-valued Markov process
whose quenched probability law is determined by

B exp{=(X{.£)} = exp{=(0(t.) = [ (ewot = 5.)ds). (13)

Again, EY denotes expectations with respect to Pf.

In the following we take p = v = A, and write P? (resp. P) for P} (resp. Py). We also
use E? and F for the corresponding expectations. This model was considered in [HL99] and
[HO2, HO3], see also [DGL02], where some interesting and new phenomena were revealed under
the annealed probability law:

sz/P%wum

with expectation denoted by E.
Our motivation for the present study is the annealed CLT derived in [HL99], which is sum-
marized in Theorem 1.1 below.

Theorem 1.1 (Hong-Li) Set

_ T34 d=3
aq(T) = { TU2. 4> 4

and with f € Cf (RY), define

Z3:(f) = aa(T)"H(XE, f) — E(X3, )},

Then, Z%(f) = Zoo(f) in distribution under the law P as T — oo , where Zoo(f) is a zero mean
Gaussian random variable of variance

_ (X, f)?/65/2,
var(Zoo(f)) = ¢ (N, f)?/87% + (N, fGf) /2,
A G2,

In particular, contrasting with the standard super Brownian motion ([I86, Theorem 5.5 and
Remark 6.1]), the SBMSBI exhibits smoothing of the critical dimension d = 4, since a logarithmic
term is missing in the description of the long time behavior.

In the study of motion in random media, differences exist between quenched and annealed
CLT behavior, and this difference is often tied to dimension and vanishes for dimension above
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some critical value. See [Ze04] and [RS05] for several examples. It is thus of interest to identify
whether a similar behavior occurs in the case of SBMSBI. Our main result, Theorem 1.2 below,
shows that this is indeed the case.

Define the centered functional Z7: (f) by

Z3(f) = aa(T){(XE, ) — B4X], )}, (1.4)

where
ag(T) =TY2, d>4. (1.5)

The main result of this paper is the following.

Theorem 1.2 (Quenched CLT) Assume d > 4 and f € C'I',"(ZRd). Then, for P a.e. o,
Z3(f) = &(f) in distribution under the law P? as T — oo, where &(f) is a centered Gaus-
stan variable with variance

var(§(f)) = (A, fG[)/2.

Remarks

1. As noted above, for standard SBM in the critical dimension d = 4, it follows from [I86,
Remark 6.1] that the occupation measure CLT norming is (¢ log t) 1/2 Thus, even quenched,
the random immigration has a smoothing effect on the fluctuations.

2. In [HO5], the fluctuation by(T) ™ (Pe(X%, f) — P9(X%, f)) between the quenched and the
annealed mean is considered. It is shown there that the choice

TO=d/MA 3 <d<5,
ba(T) =< (logT)'/?, d=6,
1, d>"1,

leads to non-degenerate fluctuations. Comparing Theorems 1.1 and 1.2, one sees that in
dimension d = 4, the annealed fluctuations consist of quenched fluctuations (around the
quenched mean) and of fluctuations of the quenched mean, and both contribute to the
annealed variance. This is not the case for d > 5: the fluctuations of the quenched mean
are of lower order and wash out in the annealed CLT.

3. For d = 3, an easy adaptation of our methods shows that the statement of Theorem 1.2
remains true with an almost sure statement being replaced by a statement in probability,
that is P2(Z% (f) > x) converges in probability, as T — oo, to P(£(f) > z) for all z.
Combined with the results in [H05], one concludes that for d = 3, the quenched fluctuations
around the quenched mean are of lower order than the fluctuations of the quenched mean.
Together with Theorems 1.1 and 1.2, this gives a fairly complete description of the CLT
in all dimensions d > 3.

4. A functional version of Theorem 1.2 can be derived by using similar ideas. We prefer to
bring here the shorter proof for the standard CLT.



2 Proof of Theorem 1.2

Set d > 4 and f; := aq(t)"'f with f € (O (IR?). The nonnegative mild solution of equation
(1.2) is

ve(r,x) = Sy fe(x / S, _pvi(h, )2 (x)dh, 0<r<t. (2.1)
From equations (1.3) and (2.1), it follows that
t
EUXE ) = N Sif) — [ onSimafids
0

Combined with (1.4), we get

E%exp{—Z2(f))} = exp{(/\,/0 SvZ(t —s,-)ds) + /0 (0s, ; B S,vi(t —s —r,-)dr)ds}. (2.2)

The proof of Theorem 1.2 builds upon the following two propositions. The proof of Propo-
sition 2.2 will take up most of our effort in the sequel.

Proposition 2.1 With the above notation,

t

()\,/ SvZ(t —8,)ds) —¢ 00 0.

0
Set gi(u,z) = [y Spvf(u—r,-)(x)dr =[5 Su_yvf(r,)(a)dr.
Proposition 2.2 For P-a.e. g,

t
I(t) = /0 (06, 9e(t — ))ds — e (M SG) /2.

Proof of Theorem 1.2 The theorem is an immediate consequence of (2.2), Proposition 2.1
and Proposition 2.2. [

Proof of Proposition 2.1 A direct computation shows that, for any d > 3,
/ ds(\, fSasf) < 0. (2.3)
0
From (2.1), it follows that

(A / S (t —s,-)ds) = (), / v2(t — s,-)ds) < /Ot<>\,(5t_sft)2>ds:t_l/otdsO\,ngsf).

Using (2.3), the result follows. O

Proof of Proposition 2.2 We recall from [I86, Theorem 3.2] that for any C,(R%)*-valued
continuous path F'(s), the Laplace transform fg (0s, F(t — s))ds is given by

Eexp{—0/0 (06, Pt — 8))ds} = exp{—(\ ult, 0; )}, 0> 0, (2.4)



where u(s, 0; x) is the nonnegative solution of the following mild equation
u(s,0;z) = 0/ Ss—rF(r)(z)dr —/ S pu?(r,0)(x)dr, 0<s<t. (2.5)
0 0

(In fact, (2.4) and (2.5) hold true for || < ¢ for ¢ a small enough constant, see [H03].) Differ-
entiating with respect to 6 in (2.4) and (2.5), we obtain

E t(gs,F(t—s))ds = tds S(A,U2(r,-)>dr, (2.6)

J |-

var t(Qs,F(t—S)>dS =2 t()\,( SSS_TF(r)dr)2>ds. (2.7)
I | =2 [ o]

In the sequel, we let A denote a constant whose value may change from line to line and which
may depend on the dimension and on f, but not on s,t,x, etc. Let us recall the useful estimate

and

[S:fl < A-(LAs™Y2), (238)
where || - || denotes the supremum norm.

Lemma 2.1 Let F(s) = g¢(s). Then,

B[ [ et~ ss| —i .65

Proof. Note that

E[/Ot@&gt(t—s))ds} = /tds/os()\,vf(r
= /ds/ (S, f1)? dr—/ds/ (S fi)2 =2 (r,-))dr.

/ ds/ L (Sef)2)dr =t~ 1/ ds/ (A fS2sf))dr — (X, fG[)/2.

On the other hand, by (2.1),
t s r
/ds/ (Suf)? = 02(r, ))dr 2/ ds/ <>\,Srft-/ S, o2 (h)dh)dr
0 0 0
t s r
2 [Las [nsh / Sv-n(Snfi)2dh)dr

t
t—3/2/ ds/ /(1Ah—d/2)dh

= t—3/2/ ds/ (X, fSop f)dr - /(1/\h 4/2)dp

A 1
\%'Z/o ds/o (A, fSor f)dr

One has
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which goes to 0 when d > 3 as ¢t — oo due to (2.3); here, we used (2.8) at the third inequality.
Substituting in (2.6), the lemma follows. O

We return to the proof of Proposition 2.2. In view of Lemma 2.1, it is enough to prove that
I'(t) — ET(t) — 0, as t — o0, i.e.,

/Ot@s,gt(t —3s))ds—FE [/Ot@s,gt(t — s))ds} — 0, Pas.p. (2.9)

For any n <t; <t <n+1,let § =t —t;, and set AL'(¢1,t) :=T'(¢t) — T'(t1). Write AT'(¢1,1)) as
the sum of four terms

AP(tl, t) = AFl(tl, t) + Arg(tl, t) + Arg(tl, t) + AF4(t1, t), (2.10)

where

t t—r
AT (ty,t) = / <gr, St_r_hvf(h)dh>dr,
t 0

1

t1 t—r
ATy(t1,t) = / <QT, St_,,_hvf(h)dh>dr,
0

t1—r
t1 t1—r
AT3(ty,t) = / < or, / Si—p_p[vf(h) — v}, (h)]dh> dr,
0 0
t1 t1—r
AF4(t1, t) = / <QT7 / [St—r—h — Stl—r—h]vfl (h)dh> dr
0 0

We estimate separately the moments of centered versions of AL';(¢1,1).

Lemma 2.2
var[Al' (t1,1)] < A§*n 2.

Proof. Recall that AT'y(¢1,t) = fttl (or,gt(t — 7)) dr. We have, again from [I86, Theorem 3.2],
that for 6 > 0,
t
Eexp {—0/ (or, ge(t — 1)) dr}
t1

where u(s,t,0;-) is the nonnegative solution of the following mild equation

Eexp{— (o4, u(ti,t,0;-))}

= exp{— (\,w(0,t1,6;-)) ,}

t t
u(s,t,0;x) = 9/ Ssrge(t —r)(z)dr — / Ss,u*(r,t,0)(z)dr, t; <s<t,

and w(s, t1,0;x) is the nonnegative solution of the following mild equation

t1
w(s, t1,0;x) = S5 u(ty, t,0;-)(x) — Swwz(r,tl,e)(m)dr, 0<s<t.

s

Obviously,
62 <)‘7 UJ(O, 3} ) 05 )>

V&I‘[Arl(tl,t)] = —



Performing the differentiation and using that u |g—o= w |g—o= 0, we obtain
V&I‘[Arl (tl, t)]

t t t1 t
~ o, / So.sl / Sorgi(t — r)drds) + 200, / So.sl / Sorgi(t — r)dr)ds)
t1 s 0 t1

t t pt—r t1 t pt—r

< 272 [u, /tl S / i Sy_s_1(S1f)2dldr]?ds) + (X, /0 Ssl /tl ; Si—s—1(Sif)?dldr]*ds)
t t1 t

< A [()\, / [(t — 5)Si_o fI%ds) + (A, / [ St_sfdr]2d3>]
t1 0 t1

< An72%5%,

in which (2.8) has been used several times. [

Lemma 2.3 With the above notation,
E[ATy(ty,t) — EAT(t,1)]* < As*n~2.

Proof. We have AT's(t1,t) = fotl (or, Fi(t1 — r)) dr where Fy(r) := ff“ Ssr_vE(1)dl, then
ATy (tq,t) = fotl (or, F(t; — 7)) dr. Let

Ou(r,z,0)
06

/U’(Z)(TVT) = ‘9207i = 17 27 3.

Differentiating with respect to 6 in (2.4) and (2.5), and using again that u |g—o= 0, we obtain

E[ATy(t1,t) — EATo(ty,£)]*

t1

_ 3 ( /0 ! ()\,u(l)(r)2>dr>2 +3 /0 L@ ()2 dr 4 4 / O u® (1)u® (7)) dr

0
= 31 +3J + 4K, (2.11)

where for 0 < r < ¢4,

u(l)(r,x) = /TST,_Sgt(s)ds:/rSr_s 5+855+S_wt2(l)dlds
° r 6+50 ’
< Atfl/ Sr—s/ Sss—1(Sif)*dlds
< At;lé-orswfs
W) = | -2 [ Soal(sPds < A% [ 8 (585
< At1—2520.r55+rf 0
WO (rz)| = -6 /OTST—SU'(S)UN(S)dSISAtf353' /Orsr_xssmf)?

< AP rSsinf



Thus, we obtain, using that d > 4,
t1 t1
I < At7?%5%. / (N, (rSsar f)2)dr < At725% - / (1A (8 + 7)) dr < At716%
0 0
Similarly, with

t1 t1
J:/ Mnu® () Ddr < At1—454-/ N, (rSsyn f)2)dr < At7354,
0 0

and

t1

t1
K= [ 0uD@u®e)dr < Atist / O (rSsanf)2)dr < At35%,
0 0
Substituting in (2.11) completes the proof. [

Lemma 2.4 With the above notation,
var[AL's(ty,t)] < Ad?n=3.

Proof. We begin by considering the difference v.(r,z) — vy, (r, ). From (2.1), we have
w(r ) — v, (r,2) = Sy fol®) — Sufar (@ / Sy_nlo(h,-) — o2 (h, )]()dh. (2.12)

A direct computation reveals that ||S, fi — Sy fi, || < Aét_3/2(1 Ar=/2). Since vy (r,z) < Sy fy, it
follows that || S, n[v?(h, ) —vZ, (. ]| < 12[ve(h, ) —viy (B, ]S, funll < Aty 2 (AAr=9/2) [vy(h, )~
vt (h, )] Thus from (2.12) we get,

[or(r,-) = v, ()| < AStT22(1 A= Y2) 4 ALT2(10 A 7= 92) / ve(h ) — ve, (h, )|

Writing a, = [Jv(r, ) —ve, (r,-)|| >0, b, = A6t1_3/2(1/\r_d/2) >0and ¢, = Atl_l/z(l/\r_d/2) >0,
we thus have

T
argbr+cr/ asds.
0

By a version of Gronwall’s inequality,
r t
a, < b, + cr/ els cudup ds .
0

(This can be seen by setting z, = for asds and noting that z, satisfies the differential inequality
dz,/dr < b, + ¢z, with zg = 0.) Thus,

l[or(r, ) = viy ()|
Aétl_?’/z(l Ar~42) 4 A2t1_1/2(1 A r_d/z)/ 5751_3/2(1 A s™Y2) eXp{Atl_l/z/ (1 Au~¥?)du}ds
0
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Once more by (2.12) we have

|01 (r, ) — vty (r, 7))

< 18, i) — Sufr ()] + /0 0r(hs =) — ey (| - |Se—nloe(hs ) + vy (s )] (@)D
< 5t1_3/25rf+A5t1_3/25rf~/ (1 Ah=¥)dh

0
< Ast;Y2S,f.

Now we can estimate the variance of I's(t1,t). By (2.7) with F(r) = [ Sy—¢, 4r—i[v7 (1) =0, (1)]dl,

var[Als(t1,t)] = 2 /0 ! <)\, [ /0 TST_h /0 hSt_tlJrh_l[th(l)—vfl(l)]dldh]2>dr

t1 r h 2
< A/ <>\, [/ / S(;+,,_l|vt(l)—vtl(l)||vt(l)+vt1(l)|dldh] >dr
0 0 0
t1
< A52t1_4/ P21 (r+ 8) "2 dr
0
< A8n73.

This completes the proof of the lemma. [

Before providing an estimate on the moments of AT'4(t1,t), we need an a-priori simple
estimate on time differences of the heat kernel p(t, z,y) = (2rt)~%? exp(—|z — y|?/2t). Since we
did not find a direct reference for it, we provide the proof.

Lemma 2.5 There is a constant A such that for any t > 7 > 0, we have

) sgpqs_l Ip(t + s,2,y) — p(t, 2, y)| < AT p(t + 27, 2,9) + p(t, 2, )], (2.13)
<s<7<

Proof. Consider first 7 = 1. Let z = |z — y|, two cases should be considered:

Case 1: 2> < 2d(t + 1). Note that
225 t d/2
exp —1
2(t+s)  \t+s

/2 /2
and exp {%} = 14+sRy(s,t, 2), (t%s) = (1 — t-i-is) = 14+sRy(s,t, z), where Ry (s,t,2),
Rs(s,t,z) are bounded by a constant when 22 < 2d(t + 1), 0 < s < 1 < t. Thus, we get

Ip(t+s,2,y) —p(t,z,y)| = p(t,z,y)

sup  sup s [p(t+s,2,y) —p(t,z,y)| < Ap(t,z,y). (2.14)
0<s<1 z2<2d(t+1)

Case 2: 22 > 2d(t + 1). Since %p(t7 2) = p(t, 2) [_% + z_]7

p(t+s,2) —p(t,2)| =

/OSP(HU’Z) [_2(t(j—u) * 2(tj—2u)2] du
2

s z
< —
< /0 p(t+u,z)2(t+u)2du,

9



2
t+u) + 2

2 when 2% > 2d(t +1). But

where the inequality uses that ‘ =)

R e e S (= ))

< A~p(t+2,z)ﬁe}<p{_22_2 [(:ﬁ&ﬁ“

(note that 0 < u < s <1<t)and

sup 2 exp {—i [2——u} } < 00
2>2d(t41) (E+u)? 2 [(t+u)(t+2) '

So
sup  sup s '[p(t+s,2,y) —pt,z,y)| < Ap(t+2,2,y). (2.15)
0<s<1 22>2d(t+1)

Combining (2.14) and (2.15) we obtain (2.13) when 7 = 1. For general 7 > 0, we use the scaling
properties of p(t, z). We have

sTHp(t+s,2) —plt,z)| = 774271 ‘p(T_l(t +5), 7 V22) — p(r 71, 7'_1/27:)‘

= 77421 [TS_I ‘p(T‘l(t +5), 7 V22 —p(r ¢, 7_1/22)H
Ar—d/2-1 |:p(7'_1t +2), T—1/2Z) +op(r i, 7'_1/27:)]

< ArTH[p(t+27),2) +p(t, 2)]

IN

where the third inequality follows from the case already considered because 0 < 77 1s <1 < 77,
This complete the proof. [

Lemma 2.6 With the notation above, we have
E[AF4(t1, t) — EAF4(t1, t)]4 < A52TL—2

Proof. The formula for the fourth moment of AT'y(¢1,¢) is as in the proof of Lemma 2.3, except
that the function Fy(r) is replaced by the function but now Fy, (r) := [ [Ssr—1 — Sp—i]v7, (1)dl,

and ATLy(t1,1t) fo (A, Fy, (r))dr. Recall that 6 =t —t;, we Obtaln for 0 <r <ty,

/ ST’ sFt1

D (r,z)| =

Sy _ 5/ [Ssts—1 — Ss— l]vt (I)dlds

§ / l HS5+I — Sl]vtl (7” — l)‘ dl
0
4 r
< / USs41 + S (St fr,)2dl + /5 885 + Si)(Sr—y frr)?dl
0
<

Asty! [5(S5+,« + Sp)f + /T(SMI +S)f (1A (r— l)‘d/z)dl} ,
1)

10



where the third step is from Lemma 2.5 (with 7 = ¢ =1, s = § there). By similar calculation we
get

W@ (r,z)] = —2/ S,_suV(s)2ds
0

< At [5(55+r +S.)f + /0 ds /:(SHQZ +S)f-(LA(s— l)_d/2)dl} ,

W) = |-6 / Syt (5)u® (s)ds
0

< A3 [5(%3/2 +0)(Ssar + Sy ) f + rl/Z/ ds/é (Spsor 4+ S)f - (LA (s — l)‘d/z)dl] :
0

and the estimate (2.8) was used many times. Then

=M )2ar
f—/ou, (1))

IA

t1 r 2
As*ty? / <A, [5<sa+r +5)f + / (Spa1+Sp)f - (1A <r—l>—d/2>cu] >
0 1
< AS
and J = 3ft1 A u® (r)2)dr < ASMT? K = ftl A, u® (P)u® (r))dr < A5*2. So
E[ATy(t1,t) — EAT(t1,t)]* = 31* + 3J + 4K < As*n~2,

which completes the proof. [

We return to the proof of Proposition 2.2. Let I'(t) := I'(t) — PT'(t) denote the centered I'(t),
and define AT; similarly. For any € > 0,

P(  max |F(t) - F(nz)‘ > ¢)

n2<t<(n41)2
o0
< S P( max |[T(n?+27F(+1)) —T(n?+ 2"{;’)‘ > ek2/2)
1 0<j<n2k
> g
= S P( max |AT(m2+27%jn%+275(j + 1))‘ > =)
£ 0<j<n2k 2k

4
3 n2* max P(‘AI‘_Z-(nZ 4y 2kj 2 ok ¢ 1))( >
— 0<j<n2*

NER

g
sz

B
Il
—
~

By Chebyshev’s inequality and Lemmas 2.2 and 2.4, for ¢ = 1, 3,

< 64Ae 2k %kt

S —k - k. 9
P(|ATin? + 27502 + 275G+ )| > ) <

Similarly, using Lemmas 2.3 and 2.6, we obtain for i = 2,4,

P((AEW + 27k n2 4 27k + 1))‘ ) < 4096 A4 kS22,

8k2
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Thus, adjusting the value of A,

T(n? 4, -3 80—k 4 _3
P(TL2S{2?1’}L{+1)2 |F(t) - F(n )‘ > 5) < Aes*n ];k 2 < Ae™*n

By the Borel-Cantelli Lemma, we get max,2<;<(n+1)2 IT(t) —=T(n?)| — 0, P — a.s.. Thus, the
proposition follows once we prove that

T(n*) — 0 P—a.s. (2.16)
Recall that E[T'(n?)] = 0, and by (2.7),

var[[(n?)] = var nzs 2(n? — s))ds| = " Ss_rzr r)2)ds
T(n2)] [/0 (051 g >>d] 2/0 w/os g (r)dr)?)d

. 2/"2@,[/ el [ et s

A [8S.f - / (1 AIY2)d1?)ds

IA

IN
\\

21 A s7Y?)ds

IA

Thus for any € > 0,

ZP]F \>£§§:

and (2.16) follows by the Borel—Cantelh Lemma. 0O
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