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Abstract

We present a multiscale analysis for the exit measures from large balls in Z<,
d > 3, of random walks in certain i.i.d. random environments which are small
perturbations of the fixed environment corresponding to simple random walk. Our
main assumption is an isotropy assumption on the law of the environment, intro-
duced by Bricmont and Kupiainen. Under this assumption, we prove that the exit
measure of the random walk in a random environment from a large ball, approaches
the exit measure of a simple random walk from the same ball, in the sense that
the variational distance between smoothed versions of these measures converges to
zero. We also prove the transience of the random walk in random environment. The
analysis is based on propagating estimates on the variational distance between the
exit measure of the random walk in random environment and that of simple random
walk, in addition to estimates on the variational distance between smoothed versions
of these quantities.
AMS Subject classification: primary 60K37. Secondary 82C41.
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1 Introduction

We consider random walks in random environments on Z%, d > 3, when the envi-
ronment is a small perturbation of the fixed environment corresponding to simple
random walk. More precisely, let P be the set of probability distributions on Z¢,
charging only neighbors of 0. If ¢ € (0,1/2d), we set, with {e;}¢; denoting the
standard basis of R?,

e 1 .
7)8 d:f {q 67): ‘q(iez) — ﬁ’ S g, V’L} . (11)

Q X pzt g equipped with the natural product o-field F. We call an element

w € Q a random environment. For w € Q, and x € Z%, we consider the transition
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probabilities p,, (2, ) & (y —x),if |t —y| =1, and p,, (z,y) = 0 otherwise, and

construct the random walk in random environment (RWRE) {X,,},>0 with initial
position z € Z? which is, given the environment w, the Markov chain with X = z
and transition probabilities

P, (Xnt1 =yl Xn=2)=w.(y—2).

(By a slight abuse of notation, for consistency with the sequel we also write P, , =

Ppw 5L )
We are mainly interested in the case of a random w. Given a probability measure

p on P, we consider the product measure P, def M®Zd on (Q,F). We usually drop

the index 1 in P,. In all that follows we make the following basic assumption

Condition 1.1
J is invariant under lattice isometries, i.e. uf~' = p for any orthogonal mapping
f which leaves Z% invariant, and p(P.) = 1 for some ¢ € (0,1/2d) which will be
specified later.

The model of RWRE has been studied extensively. We refer to [ and [I2] for
recent surveys. A major open problem is the determination, for d > 1, of laws of
large numbers and central limit theorems in full generality (the latter, both under
the quenched measure, i.e. for P,-almost every w, and under the annealed measure
P, ® P, ). Although much progress has been reported in recent years ([, B [9]), a
full understanding of the model has not yet been achieved.

In view of the above state of affairs, attempts have been made to understand
the perturbative behavior of the RWRE, that is the behavior of the RWRE when p
is supported on P, and ¢ is small. The first to consider such a perturbative regime
were [2], who introduced Condition [l and showed that in dimension d > 3, for
small enough € a quenched CLT holddl. Unfortunately, the multiscale proof in [2]
is rather difficult, and challenging to follow. This in turns prompted the derivation,
in [I0], of an alternative multiscale approach, in the context of diffusions in random
environments. One expects that the approach of [[0] could apply to the discrete
setup, as well.

Our goal in this paper is somewhat different: we focus on the exit law of the
RWRE from large balls, and develop a multiscale analysis that allows us to conclude
that the exit law approaches, in a suitable sense, the uniform measure. Like in
[10], the hypothesis propagated involves smoothing. In [I0], this was done using
certain Holder norms of (rescaled) transition probabilities. Here, we focus on two
ingredients. The first is a propagation of the variational distance between the exit
laws of the RWRE from balls and those of simple random walk (which distance
remains small but does not decrease as the scale increases). The second is the
propagation of the variation distance between the convolution of the exit law of the
RWRE with the exit law of a simple random walk from a ball of (random) radius, and
the corresponding convolution of the exit law of simple random walk with the same
smoothing, which distance decreases to zero as scale increases (a precise statement
can be found in TheoremsZ 4l and 25t the latter, which is our main result, provides a

LAs the examples in [[] demonstrate, for every d > 7 and € > 0 there are measures p supported on
P., with E,, [Ele ei(q(e;) — q(—ei))} = 0, such that X,,/n —n—oc v # 0, P,-a.s. One of the goals of

Condition [l is to prevent such situations from occurring.



local limit law for the exit measures. A useful consequence of our results is the proof
of transience of the RWRE under our isotropy assumptions, see Corollary EZd). Our
approach here is of a different nature than the one in [I0] and, we believe, simpler.
In future work we hope to combine our exit law approach with suitable exit time
estimates in order to deduce a (quenched) CLT for the RWRE.

The structure of the article is the following. In the next section, we introduce
our basic notation and state our induction step and our main results. In Section B
we present our basic perturbation expansion, coarsening scheme for random walks,
and auxiliary estimates for simple random walk. The (rather standard) proofs of the
latter estimates are presented in the appendices. Section Hlis devoted to the propa-
gation of the smoothed estimates, whereas Section [ is devoted to the propagation
of the variation distance estimate (the non-smooth estimate). Section [ completes
the proof of our main result by using the estimates of Sections Bl and B Finally, in
Section [} we prove the transience of the RWRE discussed in this paper.

2 Basic notation and main result

Sets: For z € R?, |z| is the Euclidean norm. If A, B C 79, we set d (A, B) def

inf{lz —y|: x€ A,y e B}. If L > 0, we write V, ef {r € Z%: |z| < L}, and for

x € 7% Vi, (v) o+ VL IV C 24, 0V = {x € V¢ :d(z,V) = 1} is the outer
boundary. If x € V, we set dy (x) ) (z,0V). We also set dr(z) = L — |z| (note

that dr(z) # dy, (x) with this convention). For 0 < a < b < L, we define

Shelly, (a,b) ¥ {z € Vi 1 a < dy, (z) < b}, Shell, (b) % Shell; (0,5).  (2.1)

Functions: If F,G are functions Z? x Z? — R we write F'G for the (matrix) prod-

uct: FG(x,y) def > ouF (z,u) G (u,y), provided the right hand side is absolutely

summable. F* is the k-th power defined in this way, and F° (z,y) def 0z,y. We

interpret F' also as a kernel, operating from the left on functions f : Z¢ — R, by

Ff(x) def >, Flzy) fy). EW C 7%, we use 1y not only as the indicator function
but, by slight abuse of notation, also to denote the kernel (z,y) — 1w () 0y -

. def def
For a function £ : 24 — R, £, &, If ()], and ]l < sup, If (@)], as
usual. If F is a kernel then, by an abuse of notation, we write || F||; for its norm as

operator on L., i.e.

def
IF]l, = sup [|F (x,)]); - (2.2)

Transition probabilities: For transition probabilities p = (p(z,¥)), ,ez4 . DOt

necessarily nearest neighbor, we write P, for the law of a Markov chain X, =
x, X1, ... having p as transition probabilities. If V C Z4, 1, def ing {n>0:X,¢V}

is the first exit time from V', and Ty def Tye the first entrance time. We set
def
Xy (:C, Z;p) = Pp,m (X'rv = Z) :

For z € V¢, one has exy (z, z;p) = d,,.. A special case is the standard simple random
walk p (z,+e;) = 1/(2d), where e1, ..., eq € Z¢ is the standard base. We abbreviate



def

this as p™W, and set PFW = P, ,rw. Also, exit distributions for the simple random

walk are written as 7y (z, z) def exy (:c, z;pRW) .

We will coarse-grain nearest-neighbor transition probabilities p in the following
way. Given W C Z%, we choose for any x € W either a fixed finite subset U, C W,
x € Uy, or a probability distribution s, on such sets. Of course, a fixed choice U,
is just a special choice for the distribution s,, namely the one point distribution on
Usg.

Definition 2.1
A collection § = (s;),cyy, Is called a coarse graining scheme on W. Given such a
scheme, and nearest neighbor transition probabilities p, we define the coarse grained
transitions by
PSS @)= Y s (U)ex (a,5p). (2:3)
U:xeUCW

In the case of the standard nearest neighbor random walk, we use the notation s w

instead of (pRW)g(I}/V )

Using the Markov property, we have, whenever W is finite,
exy (z,5p) = exy (z, ,pgcv;v) . (2.4)

We will choose the coarse-graining scheme in special ways. Fix once for all a
probability density

p:RT = RT, e C™, support (p) = [1,2]. (2.5)

If m > 0, the rescaled density is defined by @, (t) def (1/m) ¢ (t/m). The image
measure of @, (t)dt under the mapping ¢t — V; (z) N W defines a probability dis-
tribution on subsets of W containing x. We may also choose m to depend on =,
i.e. consider a field ¥ = (m), .y of positive real numbers on W. Such a field
then defines via the above scheme coarse grained transition probabilities, which by
a slight abuse of notation we denote as pS(:jV In case W = Z?, we simply drop W
in the notation. In case p is the standard nearest neighbor random walk, we write
7y instead of pSG.

The random environment: We recall from the introduction the notation P, €2,
pw (7,7), and the natural product o-field F. For A C Z%, we write F4 = o(w, : €
A). We also recall the probability measure p on P, the product measure P, and
Condition [, which is assumed throughout.

For a random environment w € €, we typically write I, def exy (v, ;) and
occasionally drop w in the notation. So IIy should always be understood as a random
exit distribution. We will also use IIg - for (pw)g(‘},v .

Forz € Z% L >0, and ¥ : 9V}, (x) — RT, we define the random variables

Iz

Dy (z) = H([HvLm — Ty, ) Tw) (7, ')H1 J (2.6)

Dro(x) < Ty, ) (@) = Ty (250)]] » (2.7)



and with § > 0, we set

(i—1) i
b; (L, W, 5) d:ef]P(aogL)*s’*g T < Drg(0)< (logL) T, Dpo(0) < 5) Li=1,2,3,

by (L, 0,5) < p ({(1og L)>® < Dpy (0)} U{Dyo(0) > 5}) ,

4
b(L,W,6) < S b (L,0,5) .

i=1

We write My, for the set of functions ¥ : 9V, — [L/2,2L] which are restric-
tions of functions defined on {z € R?: L/2 < |z| < 2L} that have smooth third
derivatives bounded by 10L~2 and fourth derivatives bounded by 10L~3. We write
U, = (my = t),eza for the coarse-graining scheme that consists of constant coarse-
graining at scale t. Of course, ¥y € M, for all ¢, L.

Condition 2.2
Let Ly € N, and 6 > 0. We say that condition Cond (8, L1) holds provided that for
all L < Ly, and for all ¥ € M,

b (L, ¥, 8) < %exp —(1—(4-1)/13) (1ogL)2} L i=1,2,34. (2.8)

In particular, if Cond (4, L) is satisfied, then for any L < Lq, and any ¥ € M,
—9 10 2
P ({Dr,0(0) > 6} U{DL,w(0) > (log L)~"}) < exp 3 (log L) (2.9)

Our main technical inductive result is

Proposition 2.3
There exist o > 0 such that for all 6 € (0, d| there exists £¢ (6) and Ly = Lo(d) € N
such that if e < eq, L1 > Lo, and p is such that Condition [l holds for e, then

Cond (8, L1) = Cond (5, Ly (log L1)2) :

Given Lo, dp, we can always choose g so small that if Condition [l is satisfied
with e < eg, then Cond (6o, Lo) holds trivially. Proposition then implies that
for any & < do, there exists €9 = £¢(d) small enough such that if Condition [l is
satisfied with ¢ < &g, then Cond (d, L) holds for all L. In particular, one obtains
immediately from Proposition Z3 the following theorem (recall that ¥; denotes the
constant coarse-graining at scale ).

Theorem 2.4
For each § > 0 there exists an g9 = £¢(d) > 0 such that if Condition [l is satisfied
with € < g, then for any integer r > 0,

limsup L"b (L, ¥y, 6) =0.

L—oo

Our induction will also provide the following theorem which is the main result
of our paper. It provides a local limit theorem for the exit law.



Theorem 2.5
There exists €9 > 0, such that if Condition [l is satisfied with € < &q, then for any
6 > 0, and for any integer r > 0,

lim limsup L"b (L, U4, 0) = 0.

t—o0 L—00
The Borel-Cantelli lemma then implies that under the conditions of Theorem B2}

limsup Dpw,(0) < ¢, P, —a.s.,
L—oo
where ¢; is a constant such that ¢; —;_.o 0.
While our results do not provide a full invariance principle for the RWRE, they

are strong enough to yield transience.

Corollary 2.6
There exists €9 > 0, such that if Condition [l is satisfied with ¢ < e, then the
RWRE {X,,}n>0, Is transient.

A remark about the wording which we use. When we say that something holds for
“large enough L”, we mean that there exists L, depending only on the dimension,
such that the statement holds for L > Ly. We emphasize that Ly then does not
depend on €.

We write C' for a generic positive constant, not necessarily the same at different
occurrences. C may depend on the dimension d of the lattice, but on nothing
else, except when indicated explicitly. Other constants, such as ¢, c1,¢, ko, K, Cy
etc., follow the same convention concerning what they depend on (d only, unless
explicitly stated otherwise!), but their value is fixed throughout the paper and does
not change from line to line.

3 Preliminaries

3.1 The perturbation expansion

Let p = (p(x,9)), yeza e a Markovian transition kernel on 7%, not necessarily

nearest neighbor, but of finite range, and let V' CC Z?. The Green kernel on V with
respect to p is defined by

gv (0) (2.9) =Y (1vp)* (2,9).
k>0
Evidently, if z ¢ V, then
gv (p) (-, 2) = exy (-, 2;p) . (3.1)

If p,q are two transition kernels, write A, ; = 1y (p — ¢). The resolvent equation
gives for every n € N,

gv (p) = gv (@) = gv (q) Dpe9v ()

= i [9v (@) Apg]® gv (@) + [9v (@) Ap]" gv (0) = D [9v () Apal* gv (), (3:2)
k=1 k=1

assuming convergence of the infinite series, which will always be trivial in cases of
interest to us, due to ellipticity and V' being finite. We will occasionally slightly
modify the above expansion, but the basis is always the first equality in (B2).



3.2 The coarse graining schemes on V,

Our proof of Theorems B4l and EZH is based on a couple of explicit coarse graining
schemes, whose definitions we now present. Set

r (L) % L/ log L), s(L) ¥ L/ (logL)® , Shy, % Shell, (r(L)), (3.3)

aer (11 2) /Y
~v = min <1—0, 5 (1 - (g) . (3.4)

We fix a C-function h : RT — RT, which satisfies h (u) = u for u < 1/2,
h(u) =1 for u > 2, and is strictly monotone and concave on (1/2,2). For x € V,,

we set
hy (z) % ys (D)R <‘1L((Lz))> . (3.5)

Remark that for dy, (x) > 2s (L), we have h,, (z) =vs(L).

and

Lemma 3.1

Fix 6; > 0. Then, there is a constant kg = ko(d1) such that if k > ko(61), and
Alz,y) =y, (@) (T,Y) — TV, (@) (2,y) then for all L large, if for some ¢ > 0,
dr (x) <r (L) and Dy, (x) < 0, then

> A y) <5+6 (3.6)

yeVLNShy,

Proof. Fix k. We have

> JA@,y)| <My, @) (2, Ve N Sh) + 7y, @) (2, Ve N Shy)
yEVLﬂShL

<d+ 27TVkT(L)($) (x,Vr NShyr).

Choosing k large enough completes the proof. m

We can now define our coarse graining schemes on Vi. The first will depend
on a constant kg > 1 that will be chosen below, based on some a-priori estimates
concerning simple random walk, see (B20).

Definition 3.2
a) The coarse graining scheme Sy = Si. 1k, = (5z),¢cy, I defined for dp, (z) <
r (L) by s, = OVigrz)NVis L. for such an x, the coarse graining is done by
choosing the exit distribution from V() (x)NVy. For dr, (x) > r (L), we take
m, = hy(z) and define s, according to the description following (Z3).

b) The coarse graining scheme Sy = Sa = (Sz)zevL is defined for all x by
my = hr(z).

We will need the second scheme only in Section Bl when propagating the part of the
estimate by (L, ¥, d) involving the expression Dy, o(z) of (). Note that under Ss,
if dr(x) < 1/(27) then there is no coarse graining at all, i.e. s, = 5.

We write p; 1, (z) for the range of the coarse graining scheme at x in scheme ¢,
i=1,2, 1ie.

def { kor (L) for dy, (x) <r (L) , pa.r =2hy () . (3.7)

P (@) =9 op. (z) forr (L) < dg (x)



dr, (z) > 2s(L)

Figure 1: The coarse graining scheme S

3.3 Estimates on exit distributions and the Green’s function

For notational convenience, we write 7y, instead of 7y, , and similarly in other ex-
pressions. For instance, we write 7, instead of 7y, .

Lemma 3.3

a) For x € 0V,

éLidH <7 (x) < CL=4+t,

b) Let x be a vector of unit length in R%, let 0 < 6§ < 1, and define the cone

Cy (z) def {yez’:(y,x) > (1—0)y|}. For any 0, there exists n(6) > 0,
such that for all L large enough, and all ©

71 (0, Cp (2)) = 1 (0). (3.8)
c) Let 0 <1< L, and x € Z¢ satisfy | < |z| < L. Then

702 || T2 0 (174
l_d+2 _ L—d+2

PW (1 < Ty,) =

Proof. a) is Lemma 1.7.4 of [B]. b) is immediate from a). c) is Proposition 1.5.10

of . m

We will repeatedly make use of the following lemma.

Lemma 3.4
Assume x,y € Vi, 1 < a <5dy, (y), © ¢ Vaq (y) . Then




The proof will be given in Appendix [Al

We will need a corresponding result for the Brownian motion. We write 72M (y, dy’)
for the exit distribution of the Brownian motion from the ball C, of radius L in R%.
The following lemma is an easy consequence of the Poisson formula, see [B (1.43)].

Lemma 3.5
For any y € Cp, it holds that

C~td(y,0Cy) - T2M(y, dy') - Cd(y,0CrL)
ly—y[* =  dy — Jy—y

, (3.10)

where dy’ is the surface measure on 0C.

We will also need a comparison between smoothed exit distribution of the random
walk, and that of Brownian motion. Given L > 0, and ¥ € M, let

érv L iy, (3.11)
We consider also the corresponding Brownian kernel on R?,

def
qblz%, (y,dz) = /ac 0 ﬂ'gl;/l(o) (y, dw) /ﬂ'giv([w) (w,dz) om, (t)dt, (3.12)
L

where ¥ = (m.),,cga , and where we write qblz’}\é, (y, z) for the density of d)%}\&[, (y,dz)

with respect to d-dimensional Lebesgue measure.

Lemma 3.6
There exists a constant C such that for L > 0, and ¥ € M, we have

sup sup |orw (y,2) — o0 (y,2)| < CL™75.
yeVy z€74d

Lemma 3.7
There exists a constant C' such that for L > 0 and ¥ € My, we have

sup [|0507N, (y,2)|| < CL™4",i=1,2,3.
Y,z
The proofs of these two lemmas are again in Appendix [Al
We can draw two immediate conclusions from these results:
Proposition 3.8
a) Let y,y' be in Vi, and ¥ € My,. Then
6.0 (y,2) —drw (v, 2) < C (L‘d‘1/5 +ly—v L‘d‘l) : (3.13)

b) Let x € Vi, and [ be such that V; (x) C V. Consider a signed measure v on V,
with total mass 0 and total variation norm |v|, which is invariant under lattice

isometries. Then
1\3
’Z v(y—)érw (y,2)] < Cly| (Ld1/5 + <Z> Ld> : (3.14)

Y




Proof of Proposition B8 a) is immediate from Lemmas B and BTl As for b),
we get from Lemma B0 that

> - b (4.2) = X v (- 2) PN (5.2)| < Clv L7
while
Do, v =) Ol (v, 2) =D vy —2) [65% (v,2) = 6L (v, 2)]
—Z v(y — o) 097 (2,2) [y — ] (3.15)
+= Z y— ) P2¢8N (,2) [y — z,y — 2] + R(v,z, 2),

where, due to Lemma B,
e
IR (v,2,2)] < Cly| <Z> L (3.16)

uniformly in  and z, and O F [uy, . . ., u] denotes the k-th derivative of a function F
in directions w1, . .., ug. The first summand on the right hand side of (BIH) vanishes
because v has mean 0. The second vanishes because by the invariance under lattice
isometry of v, the summand involves only the Laplacian of ¢y (-, z) , which in turn
vanishes because of harmonicity of Wgy(o) (z,-) in the a-variable. The proof of the
proposition is complete. m
The next lemma gives a-priori estimates for coarse-grained walks. We use 7T(Z

1 = 1,2, to denote the transitions of the coarse grained random walk that uses the
coarse graining S;, and g(z) to denote the corresponding Green’s function. Note that

these quantities all depend on L and kg, but we suppress these from the notation.
Recall that Shy, = Shelly, (r (L)), c.f. B3).

Lemma 3.9
There exists a constant C' (independent of ko!) such that:

a)

sup g(L) (x,Shz) < C.
zeVy

b) Ifi=1andr (L) <a<3s(L)ori=2anda<3s(L) then,

sup gL (m Shelly, (a,2a)) < C.
zeVy

¢) For all z,y € Vi, \ Shell,(s(L)), and i = 1,2,

1
A(Z) (x,y) < C{ s e—yvsmye—2 Y *x
- 1 Yy=x.

d) Fori=1,2,

sup Q(Li) (2,V5) < C(log L)6.
eV,

10



e) Fori=1,2,

swp 3o (@) g (@ )| < C o 2)?

z,x' €V :le—z'|<s(L) yevL

The proof is presented in Appendix
Lemma B3 plays a crucial role in our smoothing procedure. As a preparation,
for k> 1, set

By (k) % Shell, ((4/3)k r (L)) . (3.17)

B (k) C Shelly, (s (L)) if k¥ < 20loglog L. By Lemma B3l there exists a constant
¢ > 1 (again, independent of kg!) such that

i <
sup g3 (@ By (k) < 5{ (102’@6 a0 iigii (3.18)
and, for any ball V,.y1y(2) C Vi_g1), 7 > 1,
mseu‘])fl g (2, Vys(r)(2)) < ert. (3.19)
With ¢ as in (BI8) and [BIJ), we fix the constant k¢ large enough such that:
ko > ko(1/200¢),
sup PV (TL < TVkUr(L)(z)) >9/10, (3.20)

reShp
SUp Ty, ) (x) (x,V5,) < 17/32.
rEShy

That the two last estimates in (B2Z0) hold for kg large is obvious, for example from
Donsker’s invariance principle.

4 Smoothed exits

In this section, we provide estimates on the quantity Dy ¢(0). We use the pertur-
bation expansion in ([B2) repeatedly. The main application is in comparing exit
distributions, as follows. If V' .CC Z%, and S is any coarse graining scheme on V' (as
in Definition EZTI), we compare the exit distribution of the RWRE IIy with the exit
distribution 7y of simple random walk through this perturbation expansion, using
however coarse grained transitions inside V' : using (B]) and 3 we get for x € V

o0

. A 1k
(My —mv) (z,) =Y (gs,v [As,vis,v] As,vﬂv) (2,-),
k=0
where ot ot
e - A~ ~ e ~
Asyv = 1y (Hs,v - WS,V) s gs,v = gv (Ts,v).
Throughout this section, we consider only the coarse graining scheme S = &; as in

Definition We keep L and V[, fixed, and drop throughout the S, V7, subscripts,
writing II, 7, A and § for IIs v, s, v, As,v and gs,iv. We use repeatedly the identity

g(xv) = 51,' +ﬁg(za)7 HAS VL'

11



Setting, for k > 1,

(W = a1 (AaRg), (4.1)
we get
My —mp=gY, . (* b pbng €R, (4.2)

m=1ky,.. kn=1

Remark that we can replace in ¢*) the second part:

(A7G) (z,y) = > (AF) (2,2) (3 (2,9) — § (x,1)),

z

i.e., we gain a discrete derivative in the Green function.

We can now describe informally our basic strategy. When analyzing the term
Dy, w(0), boundary effect are not essential, and one can consider all steps to be
coarse-grained (some extra care is however needed near the boundary, which leads
to the specific form of the coarse graining scheme S, but we gloss over these details
in the description that follows). Note that the steps of the coarse-grained random
walk are essentially in the scale L/(log L)3. In this scale, most x € V}, are good,
that is the individual steps of the coarse-grained random walk are controlled by the
good event in the induction hypothesis. Consider the linear term in 2, that is
the term with m = 1, which turns out to be the dominant term in the expansion.
Suppose first all x € Vi are good, and consider the term with k; = 1. In this
case, each term is smoothed at scale L from the right, and its variational norm is
bounded by O((log L)~3)O((log L)~?) (the term (log L)~? is because all x are good,
and the term (log L)~3 comes from the smoothness of the exit measure of simple
random walk from V;, with respect to perturbations of size L/(log L)? in the starting
position of the random walk, when the starting position is not near the boundary
of V). A-priori estimates on the coarse-grained simple random walk yield that the
sum over the coarse grained Green function § is O((log L)~%). This would look
alarming, as multiplying these gives rise to an error which is only O((log L)~9),
which could result in non-propagation of the induction hypothesis. However, one
can use the fact that the individual contributions from sites distance by pq r are
independent, and of zero mean due to the isotropy assumption. Averaging over this
sum of essentially independent random variables improves the estimate from the
worst-case value of O((log L)™%) back to the desired value of o((log L)~?), see the
proof of Proposition The terms with k; > 1 are handled similarly, using now
the part of the induction hypothesis involving Dy, ¢(0) to control the extra powers
of A and ensure the convergence of the series. A similar strategy is applied to the
“non-linear” terms with m > 1. Boundary terms are handled by using the fact that
the coarse grained random walk is unlikely to stay at distance less than r(L) from
the boundary for many steps.

A major complication in handling the perturbation expansion is the presence of
“bad regions”. The advantage of the coarse graining scheme § = §; is that it is
unlikely to have more than one “bad region”, and that this single bad region can be
handled by an appropriate surgery, once appropriate Green function estimates for
the RWRE in a “good environment” are derived, see Section

We now turn to the actual proof, and write B(LZ), 1 =1,2,3,4, for the collection
of points which are bad on level i, and in the right scale, with respect to the coarse
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graining scheme S;. That is, for i = 1,2, 3,

9(i

Bg) ={x ¢ Shr : Dy p,(2) () > (1ogL)79Jr T for some r € [hr(x),2h(2)],
Dy, (o) () < (log L)_9+% for all r € [hp(x),2hL(x)], Dro(x) <46}, (4.3)

and

B —{x ¢ Shy : Dyjpy ) (@) > (log L)% or Dy (x) > 6,
for some r € [hr(x),2hr(x)]} ﬂ{x € Shy, : Dyyrryo () >0}, (4.4)

We also write

4
B, ¥ | JBY, Good, © {By = 0}. (4.5)
i=1

As mentioned in the beginning of this section, a major complication in handling
the perturbation expansion is the “bad regions”. The advantage of the coarse grain-
ing scheme & = &, is that it is unlikely to have essentially more than one “bad
region”. To make this statement precise, note that if L; < L < L; (log L1)2 then
all the radii involved in the definition of badness are smaller than L, if Ly is cho-
sen large enough. Remark also that if dr (x) > r (L), then hr (z+-) € M, for
hr (x) <r < 2hg (z), and therefore, if L, is large enough, Cond (4, L1) holds, and
L1 < L < Ly (logLy)?, then

2
1 L
P(z € Br) < 2vs (L) exp *1_2 <log (lo;;T)lo> < exp [—0.7(logL)2 . (4.6)

The points y whose random environment w, can influence the badness of = are
evidently within radius pr(z) = p1.z () from z, see @D). If |z —y| > pr (x) +
pr (y), then {x € B} and {y € B} are independent. Therefore, if we define

TwoBad; &' U {reB}n{yeBL}, (4.7)
z,y€VL|z—y|>pL(z)+pL(y)
then:
Lemma 4.1

Assume Ly large enough, (Z8) for Ly, and L; < L < L4 (log Ll)2 . Then

P (TwoBady) < exp {—1.2 (log L)*| .

Next, we regard II as a field (f[ (x, )) of random transition probabilities.
zeVy

We defined the “goodified” transition probabilities

gd (H) (2,) < { o) Hoghn (4.8)

7 (x,-) if x € B

This field might no longer come from an i.i.d. RWRE, but nevertheless, we have the
property that gd (ﬁL) (z,-) and gd (ﬁL) (y,-) are independent provided |z — y| >
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pr (x) 4 pr (y) . If X is a random variable depending on w only trough II;, we define
gd (X) by replacing I, by gd (f[L) .

We next take ¥ € M, and set ¢ def or,w, as in (FI0). With ¢ as in BIF), an
easy consequence of our definitions and Lemma Bl is the following.

Lemma 4.2
If 6 < (1/800¢) then, for all x € Vi, and k > 2,

X 1/1\"
L= A%z, )= = (g ) - (4.9)

Proof. Since max,cv, ||A(z,-)||; <2 and ¢ > 1, it is enough to prove that
1 S 1A%, 2)] <
{(BL=0} = \64c ) -
z€VL,

If ¢ Shy, then, on the event {Br =0}, ||A(z,-)|1 < & and hence ||A%(z,-)]|; <
20 < 1/64¢ due to our choice of §. On the other hand, if « € Shy, then on the event
{Br, =0},

> 1A%l = Y 3 AwyAm.2)] (4.10)

zeVL zeVL
<21 Alwy)|+| D Alwy)| max > |A(y,2)
yGVL\ShL
yGShL yEVL\ShL zeVL
1 1 1
204 ——)+20 =46+ —— < —
<20+ 200c )+ + 100¢ 645’

where Lemma B0l and kg > ko (1/200¢) were used in the next to last inequality. m
In what follows, we will always consider 6 < 1/800¢.

4.1 The linear part

Forx € V,, BC Vy, set

f(k) B, 2) Zg z,9) 7TL’ﬁ'\p) (y,2) (4.11)
yeB
=> >4 ) (0 2) 6 (y:2)) .
yeBy' eVy

where the last equality is because the total mass of A(y,-) vanishes.
We write £ (z) for ¢td) (VL, z). Define

o {p 3, 6], = ot}

zeVry

G, is precisely the event that the m = 1 term in the perturbation expansion ([E2),
smoothed by 7y, is “small”.
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Proposition 4.3
If L is large enough, then

P ((GL)" N Goody) < exp [— (log L)N/ﬂ :

Proof. It suffices to prove that

sup P (Zkzl

> (log L)~*"/*, GOOdL) < exp [— (log L)g/ﬂ :
zeVL

Note that

P (Zk>1

B (e 0 ()], > o o)

S]P)( k>1Hgd( )H (log I) 37/4)'

For notation convenience, we drop the notation gd (-) , and just use the fact that all
II involved satisfy the appropriate “goodness” properties. (Remark that after “good-
ifications”, the distribution of II (z,x + ) remains invariant under lattice isometries,
provided dy, (z) > 2s(L).)

We split Eg(ck) into different parts. If y ¢ Shy and A (y,y’) > 0, we have, since
v <1/8, that |y —v'| < dp (y) /4, i.e. di (y) < (4/3)dr (y'). Therefore, if y' € Shy,
and A (y,y/) > 0, then dy, (y) < (4/3)" r (L) . Recall the set By (k), c.f. (FI7), and
the estimate (B:[E) If y € Bi(k), and A* (y,4/) > 0, we have

ly —o'| < kkor (L) + 3% max (r (L), dz, (y)) < (kko + 4k) r(L),

(k)H > (1ogL)737/4, GoodL)

and applying L), we see that for y € Bi(k), and ' such that A* (y,7/) > 0, we
have
|6 (y,2) = & (v, 2)| < C (kko +4%) L™ (log L)™"°

By Lemma B2 we have HA’C (y, )||1 < 8 %. Combining all these estimates with
parts b) and d) of Lemma B3, we have

87 (kko +4%) (log L), if k < 20loglogL,

4.12
87F (kko +4%) (log L)™*, if k > 20loglog L. (412)

» mw, <o

(We emphasize our convention regarding constants, and in particular the fact that
C' does not depend on z.) Hence,

(k))||, < € 1og L)' < og )"/ /3. (4.13)

k>1
Next, let
Ba(k) %< Shell,, ((4/3)’“ r (L), (5/4)" 2s (L)) .

If y € Ba(k) and A* (y,3') > 0, we have dr, (y') > 7 (L), and we get, using the fact
that for x ¢ Shy, one can write 7z, (z,-) = (77z) (2, ),

W (Balk),z) = > > §(2,9) Di(w,9) (6 (y,2) — ¢ (¥, 2))

yEB2(k)y'€VL

15



where

AR, (4.14)

and, on a “good” environment,

sup [[Di (g, ), < sup AR (y )|, sup (AR (0] (4.15)
yEBa (k) yEBa (k) z:dr (z)>r(L)

< C8 % (logL)™?
Using Lemma B b), we have sup,, § (x, Shell;, (3s(L))) < C'loglog L. Put

A; = Shellp, (24 (= 1) /4) s (L), (2+5/4) s (L)) ,5 > 1.

Starting from a point in A;, j > 3, the coarse grained simple random walk has
a probability > 1/C to reach A;_» in one step. Starting from A;_», an ordinary
random walk has a probability > 1/C to leave Vi () before reaching A;, and
therefore, the coarse grained simple random walk leaves V7, before reaching A; with
at least the same probability. Therefore sup,, § (x, A;) < Cj, and thus,

2%k
sup g (z, Ba(k)) < C ((g) +log10gL> <C (Qk +loglog L) .

If y € Ba(k), and A* (y,9') > 0, then |y — y'| < 2ks (L), and therefore,

6 (y,2) — ¢ (v, 2)] < CkL™* (log L) >,

again by (BI3). Therefore, we get,

Hﬁi’“) (Ba(k), - H < Ck(log L) ™" 47" + 8 *loglog L],

H (log L) ~*"/* /3. (4.16)
k>1

Let Bs(k) 2 V\ (Byi(k) U Ba(k)). Given j € Z, let

LY (ks (L) +1,...,(j+ 1) ks (L)}

Then for j € Z4, put W, < Bs(k)NI,, x -+ x I;,, with diameter (W;) < v/dks ().

Jd»
Let Ji be the set of j’s for which these sets are not empty. We subdivide J into
subsets J1 g, ..., Jx(d,k),x sSuch that for any 1 </ < K (d, k),
i €der, §#T = AW, Wy k) > ks (L). (4.17)

We set, recalling ({14,

HE S N @D y) @) - 6(.2) . (4.18)

yeW; Yy €V

We fix for the moment k& and x. If ¢ > 0, and

Z Ee') (2) < t/2, (4.19)
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and we have

P (e Batk), )| =) <P (|30 (65 o) B ()| = 1/2)
K(dF) max (’ZEJ“ (69 () - B (2 ))’21&/(2K(d,kz))).

1<<K(d k)

The random variables 5”. (z) — E&IJ. (2), j € Jo, are independent and centered,

due to ([EID), and we are going to estimate their sup-norm. We have by BI3) that

16 (y,2) — & (v, 2)| < Ck(log L) L4 for 1,y for which Dy, (y,y') # 0. According
to Lemma B ¢), we have

) d(z, W)\

W) < Ck® (14— :

g(‘rv J,k) = < + s (L)

Substituting that into [EIX), we get

: —d+2
W) L~ (logL)™"?

By Hoeffding’s inequality (see e.g. [0l (1.23)] ), we have for 1 < ¢ < K (d, k)

(k) CRe®) ' 27 FLd
(‘ZJEM = €)= 2K (d. k) (log L)*"/*

@) < ortris (1 +

log L) ~37/2
C og 24 C(log L)? < 2exp
C k2d+24-2k (1og L)~ Zrz(fg )’ p—d+3

< 2exp T O k2d+24—2k

1 (log L)5/2 ]

where we used d > 3 in the last inequality. The upshot of this estimate is that
provided ([EETJ) holds true with ¢ = t(k) = 27* L4 (log L)7%"* | we have

5/2
slipP(Z@l 1 (log L) ]

B (By)|| > (10g L)) <27 K(d, k) ex
k>1

< exp [~ (log 1)'/*]

T O k2d+24—2k

It remains to prove 1) with this ¢. Write
STEEN ) =3 Y 4@ EDL4.9) (6y.2) - o (. 2).
J yEBs Yy’ €VL

For every y, v +— E(Dy (y,y)) is a signed measure with total mass 0, which is
invariant under lattice isometries. Furthermore

> [E (D (y,y)| < €87 (log L) ™"
Applying [ETd), we get
> EDrwy) (6:2) - 6. 2)

Lk (log L)™*

<8 F(logL)™? [ L~V + < 7

3
) L~ | <4 (logL) " L,

17



uniformly in y € Bs(k), and k. By Lemma d), we have
sup Z (x,y) < C(logL)
* yeBa(k)

From this (Td) follows. m

4.2 The non-linear part, good environment

Proposition 4.4
If L is large enough and ¥ € My, then, with Dy, v (0) as in (Z0),

F (DW (0) > (log L)™"; GOOdL) < exp [* (log L)' 7/#| .

Proof. We recall the abbreviation Shy, % Shell, (r(L)), cf. B3). By Proposition
E3 it suffices to estimate on G, N Goody, the expression |[Rp7y (|1, c.f. @), where

oo o0 o0

Riw ef Z Z (gAklAfrle) . gAk AWlVL Z gAk (4.20)

m=1ky,....km=0 k=1

and ¢ = mp7g. The last factor in the right hand side of EZ0) is Y pe; £ of the
last section, and therefore, it suffices to show that on Goodyp,

sup Y ||(§A*ARLy, ) (z,4)]], < 15/16. (4.21)
T k>0

Using the definition of Goody, in the first inequality and Lemma B3 d) together
with Lemma in the second, we get

sup [[(A7) (y, ), < C(og L)~ , Y sup ||(§A*) (z,-)]], < C(log L)°.
yEShr k>0 ©

Therefore, we have

Sosup X0, (6A%) (o) (AF) (0.0 < 1/16,

k>0

if L is large enough, and in order to prove ([ZI) it therefore suffices to prove

Z sup HZyEShL z,y) (ATlv,) (v, )Hl <7/s

k>0

As in the proof of proposition ), if A¥(z,y) > 0 for y € Shy, then z € By (k).
Hence, using (BI8) and Lemma 2]

>[5, (08%) ) (A0 o0 < S oo (e ) swp 454120

k>1 E>1 z€B1(k)
20 loglog L+1 k

< > k<é>k+ > (logL)6<é) <é.

k=2 k>20loglog L+2
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Therefore, it suffices to prove

sup |32 o, 9 (@) (AF1y,) (v0)| < 3/4 (4.22)

From the second part of (B20) it follows that

sup ¢ (z,Shr) <10/9, sup my, @) (2, VL) < 1/10.
zeVry, x€Shy,

By the third part of (B20), and the choice § < 1/800 < 1/32, we get

selgg HVI@OT(L)(I) (2, VL) <6417/32 <9/16.
€T L

Combining that, we get

sup 1>, o, 0@y (A7) (o -)H1

<sup ZyeShL 9 () v, ) W Vi) + sup ZyeShL 9@ Y) Ty (05 VL)
_1009 1001 3

=96 0 0w

proving ([E2Z). We conclude that sup,cy, |Rr7w (z,-)|; < C (log L) on G N
Goody, . m

4.3 Green function estimates in a goodified environment

Before proceeding to analyze environments where bad regions are present, we con-
sider first “goodified” transition kernels gd (f[), cf. EXR). We write Gy, for the

Green function corresponding to this transition kernel. The goal of this section
is to derive some estimates on G, which will be useful in handling the event
(Goodr, UTwoBady,)".

Recall the range p = py 1, c.f. [B), and consider the collection

Dy, = {‘/Sp(m) (a:) , T € VL} . (423)

Lemma 4.5
There exists a constant ¢y such that for all D € Dy, D N Shelly(L/2) # 0,

- diam (D)2 (maxyep dr(y) V s(L))

Gr(0,D) <cp Td-1 (4.24)
Further, there exists a constant ¢y > 1 such that for all D € Dy,
sup éL(y,D) <. (4.25)

yeVy

Proof of Lemma We begin by establishing some auxiliary estimates for the
unperturbed Green function § = gr. We first show that there is a constant C' such
that for any D € Dy,

sup §(y, D) = sup g(y,D) < C. (4.26)
yeVL yeD
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For D such that D N Shelly, (2s(L)) # 0, the estimate [EZH) is an immediate conse-
quence of parts a) and b) of Lemma B3 If D N Shelly(2s(L)) = 0, then

C
max , max g(y,y) <1 max 9(z,y) <14+ ——,
WeDg(y z) = ma 9(y,y) <1+ zeavw@)(x)g( y) <1+ RTAL

where C depends on 7 and the second inequality follows from part ¢) of Lemma B3
Summing over z € D completes the proof of 2.
We next note that, for any z € Vp,,

g(z,D) < PZRW(TD < TL)man(w D).
weD

Applying EZH) and Lemma B4 we deduce that for some constant Cp,

diam(D)42dy,(z) max,ep dr,(y)
d(z, D)@

9(2,D) < Cy [ Al . (4.27)

We now turn to proving ([ZH). Write the perturbation expansion

Gr(z, D) => Z AF(y, )V (Y, w)g(w, D) +NL,  (4.28)

k>1y,y",w

where NL denotes the nonlinear term in the perturbation expansion, that is
NL=3" 3 (aAP A7) - (AP AR) (3048 AG(, D)) . (4.29)

We first handle the linear term in [@28). Using {Z0), part d) of Lemma B3
and Lemma EE2 we see that in a goodified environment,

o 6—9
Y Y Aty i p) < CED )
k>1y,y" w:dp (y')>kor(L)
and C(log L)®
|3 e A it D) < SR (1.31)
From (31 it follows that
S A )R Wi D) < Clos ) (432)

k>201loglog L y,y",w

On the other hand, if dr(y") < kor(L) and AF(y,y’) > 0 then, as in the proof of
Proposition B3 dy. (y) < (4/3)Fker(L). Using parts a),b) of Lemma B we get that
for k£ < 20loglog L,

| > 9z ) A (y,y ) (Y, w)g(w, D)| < Ck(1/8)" (4.33)
y.y'widp (y')<kor(L)

Combining ([E30), E32) and E3J), we conclude that

sup > Y §(z,9) A (y,y)x (Y, w)d(w, D) < C.
VL > 1y w
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The term involving NL is handled by recalling that

sup > [[(gLAFAR) (x,-)]], < 15/16,
T k>0

e (EZI). We then conclude, using [220), that ZH) holds.
To prove [ZZ), our starting point is the perturbation expansion ([2). Again,
the main contribution is the linear term. From (E3T]) one deduces that there exists
a constant c¢q such that for all L large,

d—1
Y §0,0)A yy)AY  w)g(w, D) < (LLL)) : (4.34)

k>cqloglog L y,y’ ,w

We divide the sum in the linear term according to the location of w with respect to
D, writing

> 90,9y, v)R(Y w)g Zg 0,9)A%(y,y' Z > A (w, D),

v,y ,w vy’ j=lweB;
(4.35)

where
By ={weV, :d(w,D)<L/8}, By={weV,:dw,D)>L/8}.

Considering the term involving Bj, for £ < cqloglog L the summation over
y extends over a subset of V7 that is covered by at most Ck? elements of Dy, all
inside Shelly, (3L/4). Thus, for such k, using [EZZ1) to bound (0, y), EZH) to bound
g(w, D), and Lemma L2, we get

k . 5
50,98y, y) 3 7y w)iw, D) §C<1;7> pr dfam(D)T maxyep d (v)

a1
vy’ we By
and hence
R diam(D)?2 max,ep dr.(y)
S D a0,ARy,y) D #(Y w)gw, D) < C Tt :
k<cqloglog L y,y’ we By

(4.36)
The term involving w € Bs is simpler: indeed, one has in that case that g(w, D)
satisfies, by ([EZD), the required bound, whereas for k < ¢4 loglog L, using (EE24),

> 9(0,y) < Ck,

y:3y’ with Ak (y,y") 7 (v ,w)>0
yielding
> Y a0.pAFy,Y) > #Y, w)g(w, D)
k<cqloglog L y,y’ weE Ba
diam(D)9~2 max,ecp dr,(y)
<c Y kst = . (4.37)
k<cqloglog L
Combining (34, E36) and @3D) results in the required control on the linear
term in (E2F). The nonlinear term is even simpler and similar to the handling of
the nonlinear term when estimating §(z, D). ®
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4.4 Presence of bad regions

We recall the definitions ([E3)-EH), and @Z). On (Goody, UTwoBady ), it is clear
that for some D € Dy, c.f. [@ZF), we have

B, CD (4.38)

We write Bady, (D) for the event that {B;, C D}, and Bad(Li) (D) for the event that
{Bg) C D}, 1=1,2,3,4. The main aim of this section is to prove the following.

Proposition 4.6
There exists a o < 1/800¢ such that if § < dp, and if Cond (L1, d) holds for a given

Ly, and if L < Ly (1ogL1)2 and ¥ € My, then, fori=1,2,3,4,

g4 2G-1) ()
sup ]P’(DL,\I,(O) > (log L)t T | Bad! (D)) <
DeDy,

exp [— (log L)ﬂ
100 '

Proof of Proposition We start with the case when D is “not near” the
boundary, meaning that D C Vi /5. We write D = V5,4, (20) = Vsys(z) (¥0) . By
Lemma B c), we can find a constant K (not depending on L, ), such that for any
point x ¢ D Vsk~s(ry (zo), and all L large, one has g (x, D) < 1/10. We modify
now the transition probabilities II, # slightly, when starting in « € D, by defining

~ def{ ex g (x,~;ﬁ) forz e D , (4.39)

) I (z, ) forx ¢ D

and similarly we define 7. (Remark that this destroys somewhat the symmetry, when
x # xg, but this is no problem below). Clearly, these transition probabilities have
the same exit distribution from V7, as the one used before. INf we write g for the
Green’s function on Vi, of 7, we have g (x,y) = g (x,y) for y ¢ D, and all x, whereas
g(z,y) < g(x,y) fory € D. In particular, we have

sup g (z, D) < 1/10. (4.40)

Writing down the perturbation expansion () using the kernels IT and 7, we have

(M—nlde)=>_ > (GA"AR)-...- (gA* " AF) (GAF" Ag)

00
m=1kq,....kn=0

where A now uses the modified transitions, that is A(x,y) = I(z,y) — 7(z, y), but
remark that for ¢ D, A (z,-) is the same as before, and that always A7 = A7.
Also, ¢ is modified accordingly.

We first estimate the part with m = 1. In anticipation of what follows, we
consider an arbitrary starting point x € V. Put k = k; + 1. The part of the sum

S Gla) A ze) - Al y) ¢ (v, )

Y Ti1,..Tk
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where all z; ¢ D, is estimated in Section EEJl and the probability that it ex-
ceeds (log L)™” /3 is bounded by exp [f (log L)2] /100. If an z; € D, then the

sum over zj41 extends only to points outside l~), and therefore, the sum over

Zj41,%j42, ..., Tj4+K is running only over points outside D. Therefore
sup Z |A (.Tj,$j+1) . ...-A(xj+K,xj+K+1)| S 2(5K. (441)
x;€D

Lj41,---Tj+ K
Further, let j denote the smallest index such that z; € D. Let
Xj = {.Tl : A(xl, xg) - A(xj_l,acj)} >0.

Then max,, ey, d(z1,D) < 5jvs(L). For j < (log L)? it follows that X; C Vi)
and therefore, by EI), max,ey, §(z, &;) < Cj. Thus,

> G (x,21) A (21, 20) - A(j_1,25)| < CF154, (4.42)

..... j

On the other hand, for j > (log L)? one has (recalling that x; ¢ D for i < j, and
applying part d) of Lemma together with Lemma EE2),

> Glam) Adwr, ) Afwr,y) | < C(1/8) (log L)°.

Therefore, using @),

Z Z g(x,xl)A(zl,z2)~~A(zj,1,:cj) SC

If 2, ¢ D, then on the event By, C D, using part a) of Proposition B, it holds that
sz A (zr,y) ¢ (v, )H < C(logL)~". On the other hand, if 3 € D, then
1

|3, Ao < CvK (ogr) 222, (4.43)
Combining all the above, we conclude that for some constant ¢y it holds that
|Z Z gz, 21) Ay, @2) - Az, y) ¢ (y,2) | < coyK (log L)~ #7220,
Y,Z2 X1y, Tk

It follows that

1> G0 A - (A0) (o, )| < Gog L) (4aa)

where 3’ denotes summation where at least one z; is in D. (We note that for
1 = 1,2,3, one does not need to use the K-enlargement and modification of the
transition probabilities, as a factor § is caught for each ||All1.)

The case m > 2 is handled with an evident modification of the above procedure,
using the estimate @EZD). Indeed, let D' = {z € V1, : d(z, D) < 2vs(L)}. A repeat
of the previous argument shows that

supZZ| Z g(z,z1) A(z1,m2) - oo A (Thmg, 1) T (=1, 25) | < CO

k=4 x Tq,..., Ty 1t
Jj<k,x; €D’
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while

~ 2, z¢gD
sw | Y Glmm)AGne) ()| <y § U

x,T

L z1,@2:
3j<3,2,€D’

and, by the computation in Section EE2 c.f. @ZI),

= ~ . 15
supz Z| Z g(z,21) A(r1,m2) o A (T2, Tpm1) T (1, 28) | < — .

16
€z k=3 zp&D’ =1.--- Tp_q:

Hence, we conclude that always,

supz "(gAkAﬁ) (z, )H1 <C, (4.45)

T k>0
and for all § small,

16

sup Z (gAF A7) (AR AR) (2, )H1 < I

% ki,ke>0

(4.46)

Together with the computation for m = 1, c¢.f. @A) when D’ is visited, and
Proposition when it is not, this completes the proof of Proposition EEf in case
D C VL/Q.

We next turn to D N Shell;(L/2) # 0. Recall the Green function G, of the
goodified environment, introduced above Lemma EEA Let II9 denote the exit dis-
tribution IT;, from Vi with the environment replaced by the goodified environment.
Let A9 = 1p(II; — IIY). The perturbation expansion [EZ) then gives

M, —T9](2) = Y Gr(0,9)A(y, y )Ly, 2)
and thus, using part a) of Lemma EER in the second inequality,

s(L)4=2

T, — 19|, < 2GL(0,D) < C T < C(log L)32=D (4.47)

This completes the proof in case i = 4 (and also i = 1,2, 3 if d > 5, although we do
not use this fact).

Consider next the case ¢ = 1,2,3 (and d = 3,4). Rewrite the perturbation
expansion as

M -T)(z) = 3. 3 G (A9 (0,9) (fIG‘LAgl'I%) (y,2) (4.48)

k>1 y

In particular, using Lemma and part b) of Lemma L3,

I — 1% [y < CGL(0,D) Y (1/8)*(log L)~"**2 sup Gr(y', D)

k>1 y' €EVL

S C(lOg L)3(2—d) (lOg L)—9+2.25i S (10g L)—11.5+2.25i ) (449)
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5 The non-smoothed exit estimate
The aim of this section is to prove the following.

Proposition 5.1
There exists 0 < dyp < 1/2 such that for 6 < &g, there exist Lo (§) and g (§) such

that if Ly > Lo and ¢ < g, then Cond (L1,0), and L < L; (log L1)2 imply

P (|1, (0,) — 71, 0, )], > ) < %OeXp [~ og 2] .

Before starting the proof, we provide a sketch of the main idea. As with the smoothed
estimates, the starting point is the perturbation expansion [Z). In contrast to the
proof in Section Bl however, no smoothing is provided by the kernel 7y, and hence
the lack of control of the exit measure in the last step of the coarse-graining scheme
&1 does not allow one to propagate the estimate on Dy, ¢(0). This is why we need
to work with the scheme Sy introduced in Definition EZTl  Using S means that
we refine the coarse graining scale up to the boundary, and when carrying out the
perturbation expansion, less smoothing is gained from the coarse graining for steps
near the boundary. The drawback of S is that the presence of many bad regions
close to the boundary is unavoidable. We will however show that these regions
are rather sparse, so that with high enough probability, the RWRE avoids the bad
regions. As in Section B4l this will be achieved by an appropriate estimate on the
Green function in a “goodified” environment.
Proof of Proposition We use the coarse graining scheme So from Definition
B2 but we stick to the notations before, so T = 75, 1, etc. Using Sy means that we
refine the coarsening scale up to the boundary. In particular, hy, (z) = vdy, (x) for
all  with dy, () < s(L) /2, and 7 (x,-) is obtained by averaging exit distributions
from balls with radii between vydr, (z) and 2vdr (x) (v from @A)). If dr (z) < 1/27,
then there is no coarsening at all, and 7 (z,-) = p®™W (z,-).

To handle the presence of many bad regions near the boundary, we introduce

the layers

A; 4 Shelly, (2971,27) (5.1)

f01fj:1,...,J1(L)d§f [%} + 1, so that

Shelly, (r (L)) C UNI(L) A; C Shelly, (2r (L)). (5.2)

We subdivide each A; into subsets ng), Déj), . ,D%) of diameter < v/d27, where

c (L2 )T < Ny < o (p2) (5.3)

The collection of these subsets is denoted by £;. £; is split into disjoint E;l), cee E;R),
such that for any m one has

d(D,D') >5y27, VD, D" € L™, (5.4)

(m) def
N

£§m>‘ > N, /2R. (5.5)
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Figure 2: The layers A;. Bad regions (excluding By # () are shaded.

We can do that in such a way that R € N depends only on the dimension d (recall
that v is fixed by (B4l once the dimension is fixed).
For z € U;-];(lL)Aj, we modify the definition of Goody, in order to adapt it to

the smoothing scheme S;. Thus, we set B(L4) to consist of the union (over j =
1,...,Ji(L)) of points x € A; which have the property that D4, (5,0 (¥) > 0. We

also write C@ =V \ B(L4).
If B € L;, we write Bad (B) for the event {B Z m} . Remark that

def
— pj

P (Bad (B)) < 023 exp [—1—2 log? (72J—1)} < exp [—j5/3} (5.6)

for j > Jy, Jo appropriately chosen (depending on d).

We set, R
m) def def m
XM E D paawy, X E 30X,

peci™ m=1

Due to (B4), the events Bad (D), D € Eg-m), are independent. Remark that p; <

§73/2 < 1/2 for all j > 2. From a standard coin tossing estimate via Chebycheff’s
inequality, we get

(m) < .—3/2 nr(m) (m)  (:-3/2
P (Xj > j732N; ) < exp [—Nj I (J / |Pj)}
with I (z | p) def xzlog (z/p)+ (1 —x)log ((1 —x) /(1 —p)), and

3 3 . .
1(] 3/2ij) > =53 log i+ 2 —log2 > 2R
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for j > Jy, if Jp is large enough. Therefore
> T3/2)N, (m) 5 -=3/277(m)
P 257N ) < B e (X)) 20N )
1
C
for Jo < j < Jy (L), L large enough (implied by L large enough). Using this, we
get for L > Ly,

< Rexp [f (L2*j)d’1j1/7} < Rexp [ (1ogL)2°j1/7}

1
Z P (Xj > j_3/2Nj) < 20 &XP [f (1ogL)2} ,
Jo<j<Ji(L)

increasing further Jy and Lg if necessary. Setting

ManyBad, ' [ | {Xj > =3/ QNJ-} U TwoBady,

Jo<j<Ji(L)
we get
1 9 2
P (ManyBad;) < 20 &XP [— (log L) } + exp [—1.2 (log L) } (5.7)
1 2
< _
<19 eXp[ (log L) } ,

for all L large enough (note that the choice of Jy and Ly made above depended on
the dimension only). We now choose £y > 0 small enough such that for ¢ < ¢, one
has X; = 0, deterministically, for j < Jp.

We will show now that if w ¢ ManyBad;, then ||II; — 71|, < §, which together
with (&), will prove Proposition Bl Toward this end, distinguish between two

(disjoint) bad regions By, By C Vi,. We set B def Br\Shyz, ( By is as in {3)). Set
B, 'Y {DZ@ . w € Bad (ng)) L j=1,...,Ji(L); i < Nj}. (5.8)

On the complement of TwoBady, there exists x¢ with dp(xz¢) > r (L), such that
Br C Vi p(zo) (20). (See [E3S). There is some ambiguity in choosing x¢, but this is
of no importance. In particular, xq is arbitrary if By = 0.) If || < L/2, we define
B ¥ Vi) (20) = Viya(r) (w0) , and By % By 1f 29| > L/2, we put By %2 0, and
B, & B3 U Vs, (24) (%0) - Of course, if By =0, then By et 0, and By et B. Remark
that B; and Bs are disjoint. We put B def Bi1UDBsy, and G def VL \B.

In case By = Vsy5(1) (%0) , |20 < L/2, we use the same (slight) modification of
I (y,-), #(y,-) for y € Vi) (w0) as used in Section B4 i.e. we replace 7,11 by
7,1 as defined in [3), but we retain the “-notation for convenience.

We use a slight modification of the perturbation expansion [B2). Again with

def & 4
A =11 — #, we have

I =7 + g1pAllL + glgAlly.
Set v e 9(1gA)* . Then
Yllp =g (1GA)k I
§(1eA) 7L+ 5 (1eA)" gAIL,
§(1eA) 7+ § (1A 1AL + § (1gA)" 7GAILL + vl
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Therefore, iterating, we get

O, =m,+§Y (16A) 1AL + 3 (1eA) 7gAIL + 5> (1cA)
k=0 k=1 k=1
=7 + gleAHL + gFﬁ'HL

where T’ & Zk 1 (1gA) Ty + I'. With the partition B = B; U Bs, we get,

setting = 1 = gFlBlA =P dﬁf gFlB2A

Iy =np + =110 + =10 4 g7l g,
and by induction on m € N, replacing successively II;, in the second summand

Iy —mp = <Z E{) T + <Z E{) oIl + <Z E{) GTAIL, + ETHHL

r=1 r=0 r=0

i.e. with m — o

O, —m, =Y Efmp + (Z _1> SoIlL + (Z E;) g7y, (5.9)

r=1 r=0 r=0
=A1+ Ay + As.
For D C Vi, we write
def

Up (D) = {y € Vi : 3z € D with AF (y,z) > 0} .

We now prove that each of the three parts Ay, A, A3 is bounded by /3.

First summand A; : This does not involve the bad regions near the boundary, and
we can apply the estimates from Section EE4l There is nothing to prove if By = (),
so we assume By = Vs 4(1) (0) , |70 < L/2. We have

sup
zeVy

G (16A)" (:c,Bl)‘ < sup 8§ (z, Uy (B1)) < Co"k4, (5.10)
zeVL

where the second inequality is due to part ¢) of Lemma B3, and therefore,

oo

§(1eA) 15,

e (5.11)
k=0

In the same way, we obtain, with K from Section EE4]

o0

sup
0 TEV5Rys(L)

by using (15:[[]) for k > 1, and @Z0) for k£ = 0. Furthermore,

% (5.12)

(1) 1p, (2, <

[E17Ll, <

§(168)" 15,87 | <c§j||g (. Uk (B) o 27 sup A (2, )],
—0 reB
(5.13)

< cdez ¥ sup ||Ary (z, )], < C(log L)~
k=0 z€B
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Using these inequalities, we get ||A1]]; < C(log L)™ < C(logLo)™® < /3 by
choosing Lg (d) large enough: When estimating ||={nz||; for r > 2, we use (@I
for the first factor Z;, (L) for the last Z;7r, and (I for the middle =] 2. The
point is that (1p,A) (z,y) is # 0 only if y & Vsx sy (z0) , and so we can use (EI2)
for this part.

Second summand As: We drop here the IIp-factor, using the trivial estimate
Iz (z,-)|l; <2. If r =0, one has to estimate ||=2 (0,-)||; where By consists of the
bad regions in the layers £;, and the possible one bad ball from B 1 which is outside
Viss. In case r > 1, when By # (), we have By = Bj, which is at distance > L/3
from Bj. Therefore, in case r = 0, we have to estimate

§(168) 15, (0,9) (5.14)
(the last A is of no help, and we drop it), and in case r > 1, using (EI1) and ([I2)

C2" sup ngGA)k 15, (z,~)’
ja<2L/3

)

but in this case, we have By C Shelly, (2r (L)). The estimate of the second case is
entirely similar to the estimate of (BId]), and we therefore provide the details only
of the proof of the latter.

We split the parts coming from the different bad regions. For a bad region ng )
in layer £;, we have

§(168) 1,500 0.9)] < €274 (0,0, (D).

It suffices to estimate g (0, U (ng))) very crudely. Points in Uy (ng)) are at

distance of at most rj, = 27 (1 — 27)"* from Dij). We first consider k’s only such
that Vi, \ Shelly, (s (L)) is not touched, which is the case if & < 20loglog L (L large

enough). Then, for some y with 0.57; < dr(y) < 2.57j 1, Uk (ng)) C B(y,rjx) =:
Bj . Applying Lemma [ we see that the probability that simple random walk
started at the origin hits B, before 77 is bounded above by

k
C2(0-1i(1 — 9)~[d=Dk[=d+1 < Co(d-1); (g) i+

where in the last inequality, we have used the definition of v, c.f. [B4). Combined
with Lemma B3 b), we conclude that for any r such that A, N Uy (Dl(j)) # 0, it
holds that

3 (0,0 (DP) nA,) < c20t 0 <g>k Py

The number of layers r touched is bounded by 2(1 + k), and thus we conclude that

3 (0,03 (DP)) < 01+ k)20 @)k iy
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Therefore, using w & U, <<, (1) {X; > j73/2N;}, we have the estimates

>

k<10loglog L

9(168)" 1yon, (0.9 < €572,
|9 6a) 15, 0,)]| < g
k<10loglog L

For the sum over k > 20loglog L, we simply estimate g (0, Uy (B5)) < §(0,Vy) <
C (log L)° and we therefore get

>

k

§(1gA)" 1B,nshell, (r(z)) (0, ')Hl <C (ng/Q + (log L)® 272018 logL) (5.15)
~1/2 -7
<C (JO + (log L) ) <6/6

for all L > Ly, by choosing Jy = Jo(0) and Ly = Lo(d) large enough (again,
depending only on d and §).

It remains to add the part of By outside Bj. This is (contained in) a ball
Vv p(zo) (o) With |zg| > L/2.

9 (0, Uk (Vsyp(ao) (0))) < 9 (0, Uk (Vaysr) (20))) < G (0, Vissaryys(r) (x0)) -

As |xg| > L/2, we have Vs ar)ys(r) (t0) N Vi 3 = 0 provided k < (log L)*/C, and
Vi5+2k)vs(L) (o) can be covered by < Ck? balls Vi) (), |yl > L/3. By Lemma B4
one has § (0, V(1) (y)) < C (log L)~%. (This remains true also if Vi(r) (y) intersects
Shelly, (s (L)), as is easily checked). Therefore, for k < (log L)* /C, we have

9(0,Uk (Vaypao) (20))) < Ck? (log L)%,

and therefore,

>

k

<C > 27FE(ogL)+C > 27" (logL)” < 4/6,
k<(log L)®/C k>(log L)?/C

~ k
§(162) 1y, o (0,

1

provided Ly is large enough. Combining this with ([EI3) proves ||As|[; < d/3.
Third summand Aj. By the same argument as in the discussion of Ao, it suffices
to consider 7 = 0, and we drop II. Then,

Z Z g (1GA)k_1 (Oa x) (1GA7%) (xa )

k>1 ||z¢Shelly, (r(L)) 1

<S2G0Ve)  sup  [leAd ()], (5.16)
k>1 x¢Shelly, (r(L))

< C(logL)™ <4/9
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if L is large enough. For Jy < j < J; (L),

Y G (16A) TN 0,2) (16AF) ()| < 27%§(0,Us (Ay)) sup [16A7 (x,-)],

TEA
CEGAJ' 1 J

< 07927k (0,U (A))),

and it is evident from part b) of Lemma B that 3, 27 k+1g(0,U (A))) < C.
Therefore,

S YT D 506N TH0,2) 1aAF) (2,9)|| <C(J) 0 <6/9, (5.17)

E>1 || Jo<j<Ji(L) z€A, )

if Jo is chosen large enough (again, independently of £9!). On the other hand, putting

~ def
A= Ujcs My

ZHZ G (1A (0, 2) 1eA7) (z,-)H

<Y 27 (0,0 (A) ) sup A (@) < € (Jo)sup 1A (), < 6/9

E>1 zEA TEA

1

if e < g (0) and g9(0) is taken small enough. Combining this with (E18) and (&T4)
proves [|Az|l; < 6/3. Substituting the estimate on || 4,1, i = 1,2, 3, into (J) and
using (27) completes the proof of Proposition Bl m

6 Proof of Proposition

We just have to collect the estimates we have obtained so far. We take §p small
enough as in the conclusion of Propositions L0l and Bl and for § < §g, we choose
Lo large enough according to Proposition Bl
For Ly > Lo we assume Cond (6, L), and take and L < L; (log L1)2. For i =
2,3, and ¥ € My, we have according to Lemma ET] and Proposition EE4]

1OgL>711.2572.25i)

log L)~ '1#722% (TwoBady)® N (GoodL)c)

bi (L, 0, 0) g]P(DM( ) > (
<P (Dm( ) > (

+P (Dm (0) > (log L), (TwoBady,)° N GoodL) + P (TwoBady,)

<P (DLW (0) > (log L)' 7225 (TwoBadz)" N (GoodL)C)

+ exp {—1.2 (log L)Q} + exp [— (log L)N/S} .

We therefore only have to estimate the first summand. Using the notation of Sections
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B3 and B

P (DL,\I, (0) > (log L) "#7% (TwoBady)‘ N (GoodL)C)

< > DB (ly, v 7e) (0.1 2 (og L), Baal) (D))

< > SR (I, —mv#w) 0.l > (log L)~ Bad (D)
+ sz Sop (Baa? (D))

< 455 exp [~ (log L)’] + Dy fexp |~ [1 - (4—i —1)/13] <10g G()gﬁ)

Combining these estimates, we get for ¢ = 1,2,3 and L large enough,
bi (L, W, 5) < ieXp (11— (4= 0) /18] (tog L?] .
For ¢ = 4, we have
bi (L, 0,6) < P (D (0) > (log L)>* ) + P (L (0,) = 1, (0., = 9).

The second summand is estimated by Proposition Bl and the first in the same way
as the b;, @ < 3. This completes the proof of Proposition Z3

7 Proof of Theorem

The proof is based on a modification of the computations in Section Bl We begin
by an auxiliary definition. In what follows, ¢4 is a constant large enough so as to
satisfy

logeq > 4d. (7.1)

For any x € Vi and random walk {X,} with Xy = x, set n(x) = min{n > 0 :
| X, — x| > dp(z)}. We fix ¢ small enough such that § < dy and

¢q X max PV > (y)) +d < 1 (7.2)
yeVL
for all L large enough (this is possible by the invariance principle for simple random
walk). We then chose ¢ so as the conclusion of Theorem B4 is satisfied with this
value of §. For = € Ay, set Uy(x) = 0V, q, (2)(z), and inductively, for & > 2, set
Uk(2) = Uyeu, 1 (2)0Verai (1)

Definition 7.1

A point x € Ay is K-good if D.q, (z),0(x) < 6 and, for any k = 1,..., K, for all
Yy e Uk($)7 Dc’cfl*lgj,o(y) <.

32



We note that there exists some constant C' depending only on d such that for all
S A]‘,

K
1 . . 1 )
P(zis not K-good) < exp (%(10g(723_1))2>+ E C(ck29) exp (%(10g(c§23))2) .

k=1
(7.3)
For J > Jy, set

B(LZ%?LK def (UJJ;(]LJ)rl{:E €N Dygyzy0(x) > 5}) U ({x € Ay : z is not K-good}) ,

and a—(;)?lL”]’K déf VL \ B%BLK
If BeLj, j>J, we write BAa/dL,J,K (B) for the event {B 4 GoodLJ,K} . Re-

mark that for J > Jy(L), %L,LK (B) = Bad (B). By combining the computation
in (&4) with (Z3), and using our choice for the value of ¢q, we get that there exists
a Jo > Jo such that for all J > Js, all K, and all L large enough,

P (BzaL,J,K (B)) <pJ. (7.4)

We set next

def
Xj - Z 11§;;1L,.I,K(D)
DeL;

and

ManyBad,, 5 x < | | {%; 272N} UTwoBad,, .

Jo(M)<i<J(L)
Arguing as in the computation leading to (&) (except that L is divided into

more sets to achieve independence, and the number of such sets depends on K), we
conclude that for each J, K there is an Ly = Lo(J, K) such that for all L > Lo(J, K),

— 1

P (ManyBadL,LK) < g &XP {— (log L)Q} ) (7.5)
Next, replace Bj in (BEJ) by considering in the union there only j € [J, J;1(L)], and
replacing Bad (ng )) by é&l_], KL (ng )) (note that this influences only the layers
A; with j < J). We rewrite the expansion (3)

I, -7, = Eimn + (Z E;) 210, + (Z E;) grAllL (7.6)

r=1 r=0 r=0

Z:A1+A2+A3.

except that now B) is used instead of B} in the definition of Z5. By repeating the

computation leading to (BEI3) and (&IH) (using ([C3) instead of (B7) in the latter),
we conclude that

[As]| + [|42]| < CT7V2, (7.7)
for L large. To analyze Ajz, we write, with obvious notation, A3z = E:io Agr), and
argue as in Section [ that it is enough to consider Ago). We then write

AV = XY §1eA) TH0.2) (1eAR) (2, 2) L (2, ) (7.8)

k>1 z¢Shelly, (27)

+3 Y 516 TH(0,2) (16AF) (2,2) T (2,-) = AP 4+ AP2.
k>1zeShelly, (27)
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We already have from Section [ that on the event (ManyBadL, J, K) , it holds that

||Ag0)71||1 < CJ~'/2. Note that all the estimates so far held for any large fixed J, K,
as long as L is large enough (large enough depending on the choice of J, K). Tt
remains only to analyze ||A§,0’1)7?s||1 for s independent of L, and when doing that,
we can choose K in any way that does not depend on L. As a preliminary step in
the choice of K, we have the following lemma (recall the constant ¢4, c.f. [T2)):

Lemma 7.2
For all J, K, and any K-good x € Ay, it holds that for all L large enough,

> |ATILL (2, y)| < (ca)” (7.9)
yilz—y|>cg 27
Proof of Lemma The proof is similar to the argument in Lemma Bl Con-
sider a RWRE X, started at y € Uy (). Let ny; = min{n : X,, € 9V, 55 (y)}, and, for
k=2,..., K, define successively ni(y) = min{n > nu_1(y) : Xn € OVeros (Xp,_,))}-
The sum in [Z3) is then bounded above by

max p¥(1r > ni(y)) < max pl (1, > n(y)) . (7.10)
yeU ()

Since x is K-good, we have that for y € Ug(z), p¥ (11 > nx(y)) < § + p™W¥ (1, >
N(y)) < &q. Substituting in [ZI0), the lemma follows. m
We next recall, c.f. Lemma [A4 that

. . CDlog s
sup W%m)—m@wmg—ffi.

z1,z2:|x1—x2|<D

In particular, for any fixed K,J with J > .Js, using [Cd), and the fact that
>, Ago)’lfrs(z) =0, we get

K+11
1A a1y < 8(ea) S + 02282
S

and thus
K+19J Jog s

| As#s| < 5(5d)K+C(Cd) +CJ2, (7.11)

Combining ([ZII) and ([Z7), we conclude that on the event (ManyBad L. K) ,

e K+197]
Drw.(0) < d(en) + o2l 2 logs

+CJY2,

Choosing J large such that C.J~/2 < §/3 and K large enough such that (¢q)% <
§/3, and s large enough such that 2C(cq)5+127logs/s < §/3, and using [3), it
follows that

limsup;,_, . L"b(L, ¥, 0) = 0. This completes the proof of the theorem.
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8 Proof of Corollary

We fix numbers o € (0,1/2) and p > 2, to be specified in Lemma below. With
these parameters, and n € N, we set

def .
An,a,p = T,

where 7y is defined in SectionBl and ¥ = (m) is chosen constant (in x): m, def ap™.

We put
2ap™

4 N P @) < (oz1)™}.

|o|<pn®/? L=ap™

We obtain from Theorem B4 that if ¢ is small enough (independently of «, p and
n), then

c n3/? n 10 n
P (A5) < Cap™" p"exp {—1—3(10g (cp ))2}

for large enough n, and therefore

D> P(A) < oo

n

holds true for any choice of «, p. It follows that for such € and for P-a.a. w, there
exists ng = ng (w, @, p) such that w € A, for all n > ny.
Applying Proposition [B] one gets

Lemma 8.1
There exists N, depending only on «, p but not on n, such that

> g, (0.y) < 1/10,

ly|<3-pntt

and in particular, for any x with |x| < p" + 1, one has

g, (@y) < 1/10.

lyl<2pmtt
We also have the following.

Lemma 8.2
We can choose o € (0,1/2) small enough and p > 2 large enough, such that if
|x| > p™ — 1, then for large enough n,

SN @i, @y <110,

k=1y:[y|<pn—1

Proof. One just observes that if || > p™—1, then q,*fa,p (x,y) = 0 for |y| < p"~1,
and 2ak < 1 — 1/p. Therefore, one can leave out in the above sum the first few k,

depending on the choice of «, p, and then estimate the rest with Proposition[B1l m
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We write QU (z,y) for the coarse-grained RWRE transition kernel, which is
defined by

o def [
QE} P (1"’ ) = /O Papn (t) HVt(m) (ZL', ) .

On A, we have for |z| < p"s/2

< (logap™) ™" < C(a,p)n”?,

var

HQS}n,a,p)qma,p (‘rE, ) - q’r%,a,p (‘T’ )

and therefore, for NV fixed, and n large enough, we have for M < N

(n,a,p) M—-1 M
H (Qw P ) Qn,a,p - qW,7a,p

<C(a,p) Mn™? =C" (a, p)n~ 7. (8.1)
var
Fix «, p as in Lemma and then NV as in Lemma We write (E,&")) for
k>0
the Markov chain, running (for fixed w) with the transition kernel Q0. Starting

—

in x, with p"—1 < |z| < p™+1, we let the H,(C") run for N —1 steps, and then add one

N-1
transition with ¢, o ,. The transition kernel for this walk is (Q&"’a’p)) In,op- 1

55\7)_1 € Vynt149q,n then after one step with the coarse grained simple random walk,

we are in Vyn+41444,n, and therefore, we get from Lemma Bl and (&)
Py, (553)_1 c Xfpn+1+2apn,) <1/10+ C' (a, p)n~2 < 1/5,

if n is large enough, and w € A,,.
On the other hand, we get from Lemma that if  and w satisfy the same
restrictions, then we have for small enough o € (0,1/2) and all n large

N
Pr (Z57 € Vit paape forsome M <N =1) < 3 Po (E07 € Voot yaapr )
M=1
<1/5.

It therefore follows, that with P, ,-probability at least 3/5, the walk {E,in)}
E>0
leaves V,n+1 194, m before reaching V n-1,54,n, provided n is large, and w € A,,.

The chain {Eé")}k can be obtained by observing our basic Markov chain
>0
Xo, X1,..., (governed by the transitions from the random environment), at ran-

domized stopping times 79 = min{t : p" — 1 < |Xy| < p" + 1}, 71, 72,..., and

*9

Eén) = X,,, where we have El(c") - E,(c"jl‘ < 2ap™, and
sup | Xy — E;(f_)l‘ <2ap".
Th—1<t<Tk

—

It therefore follows that on the event that {H,(vn)} leaves V,n+1494,n before reach-
k>0

ing V,n-142qpn, one has that { Xy}, ., after first reaching OVn, leaves Vi1 before
reaching V,,»-1. We have therefore proved
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Lemma 8.3
Assume n large enough, and w € A,,. For p" — 1 <z < p"™ 4+ 1 it holds that

PI,(.U (TVpn+1 < TVPn—l) Z 3/5

Lemma B3 together with the fact that P (liminf,, . A,) = 1, proves that for
almost all w € Q, the random walk is transient under P. ,,, completing the proof of
Corollary 28

APPENDIX

A Proofs of the random walk results

We begin by stating and proving some auxiliary estimates. If A CC Z4, z € A, y €
0A, then by time reversibility of simple random walk, one gets

Po(Xpy=y)<C > Py(Ta<ta).
y'EA, ly—y'|=1

Since we do not deal with the RWRE in this appendix, we consistently write P, for
PEW,

Lemma A.1
Let x € Vi, y € OVy. Then, for some ¢; > 1,

P, (X,, =y) < édy (z) 1.

Proof. Let r % dy (x). We may assume that r > 4. Put ¢/ & [r/2] — 1. Then
Vi (x) C Vi—p. If 3/ is any neighbor of y in V7, then, by part ¢) of Lemma B3

c
Py’ (TBVT/(z) < TL) S Py’ (TVL—T’ < TL) S ?

Furthermore uniformly in z € 9V, (x),
P. (T, <71) < P, (T, < 00) < C(r')~42 < Or=+2,
Using the Markov property and ([AJl) proves the claim. m

Lemma A.2 ot
Let x € Vi, y € OVy, and set t = |z — y|. Then for some ¢ > 1,

d
= (-T) sup Py (XTL = y) :

Pm(X‘rL :y)SEQ
t o weavis(y)nve

Proof. The bound is evident if r %' d, (x) > t/10. Therefore, we assume r < ¢/10.
We choose a point 2/ ¢ Vi, such that Vs (z') NVy = 0, and |z — 2'| < /8 4 2r.
Then = € V;/4 (2') and |2" — y| > 3t/4. Therefore

OVyya () N Vi3 (y) = 0. (A1)
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A walk starting in x has to reach 9V} 4 (¢') before it can reach y, and therefore, if
it reaches V; /5 (2') before reaching 9V} 4 (') it exits Vz before it reaches y. After it
has reached 0V;,4 (2") N V7, it still has to reach V;3 (y) N VL before it can reach y,
moving inside V. So we get

P (X, —y) < CP, (Tvt e < T, /8@,)) sup P, (Xr, =)
Z€6Vt/4(zl)ﬁVL
Cr Cr
> sup Pz (XTL = y) < — sup Pz (XTL = y) )
t zeavi u(a)nvi t zeavis(y)nve

the second inequality using Lemma B3 c). m

Lemma A.3
With x,y,t as above, and ¢, ¢, from the previous lemmas,
_ _1)2 _ dL X
Py (X7, =y) < 01053((1 R 1)%'
Proof. Put n %ef 374+ and set K %ef e~ = 6163713(‘1_1)2. Using Lemma
[A2 it suffices to prove

sup P (X, =y) < Kr—4tL (A.2)
€0V, (y)NVL

As K > 94~ there is nothing to prove if r < 9. Assume that we have proved [A2)
for all » < rg, and assume ro < r < 2rg. Then for dy, (z) > nr, we have by Lemma

[ATl that

Pz (XTL — y) S ElnfdJrl,rfdJrl — K,’,fd+l,
and for dy, (z) < nr, by Lemma [A2] and the fact that r/3 < r,

_ —d+1 _
P, (X,, =y) <K (g) = Ry—d+L,

Therefore, the lemma is proved by induction. ®
Proof of Lemma B4l If |z —y| < dg, (y) /2, then dr, () > dr, (y) /2, and in this
case, we can simply use part ¢) of Lemma to conclude that

o\ L ot () du (@)
|z =yl '

Py (Tv, ) < 71) < Pr (Ty, () < 0) <C ( | B
T—y

Therefore, we may assume |z — y| > dr, (y) /2. Furthermore, it suffices to consider
the case 1 < a < dr, (y) /5, simply because for dr, (y) /5 < a < 5dr, (y), we get an
upper bound with replacing a by dy, (y) /5. Assume that we have proved the bound
for a = dr, (y) /5. Then we get for a < d, (y) /5

dr ()" dp () ( a )“ at”?dy (y)ds (v)
P, (Ty,(yy <1) <C <€ -
(Tvuw) < 7e) iz — y| dr (y) o~y

We therefore see that it suffices to prove the bound for a = dy, (y) /5.
Let vy’ € OV}, be a point closest to y. There exists § > 0, such that

inf P (X, €V,(y)) >4
m’EVa(y)
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Evidently, inf.cv, (y)nov, |2 — 2| > [z —y| /2, and therefore, by Lemma [AJ]

d
sup Pz (XTL — Z) S C L (-T)d
z€Ve(y)NOVy |:L' — y|
Consequently

dr (x)a?? 1 1

- ( ) a4 > =P (XTL eV, (y/)) > =P, (XTL eV, (y’), TV,l(y) < TL)

|z —y| ¢ C

1
- C Z Py (T, <7r0 X1y, = ') Por (X, € Va ()

I/EVa(y)
1)
> EPI (TVa(y) < TL) .

This proves the claim. m
Before presenting the proofs of Lemmas B8 and B we state and prove some
additional auxiliary estimates. We define the Brownian analogue #5™ of 7y, c.f.

ET), by )
oM (x, dz) def / — o (t/my) ﬂ'gi\d (x,dz)dt.
My
~BM

g (z,dz) has a density with respect to Lebesgue measure which, by an abuse of
notation, we write as 5™ (z, 2).

Lemma A.4
There is a constant C' such that for any L large enough, any ¥ € My, any
x, @, z, 2 € Z4% it holds that

7y (r,2) <CL™%, #8M(z 2) <CL™. (A.3)
|ty (2, 2) — 7y (2, 2) | < Clz — 2/ |L~ @V ]og L, (A.4)
|78M (2, 2) — 7BM(2/ ) 2)| < Cla — 2/ |L~ (@D log L, (A.5)
|ty (2, 2) — g (2,2") | < Clz — 2/ |L7 @V og L, (A.6)
|7EM (2, 2) — #BM (2, 2')| < Cla — 2/| L@+ log L . (A7)
Further, for 1 < a < b <2, and alL < |x — z| < bL,
Fy (x,2) > C(a,b) " L™ (A.8)

Proof of Lemmal[A 4l The estimates (A2 and (A are immediate from Lemmas
and BX and the definition of 7y .
We turn to the proof of ([(A3]) and [AG). It clearly suffices to consider only the

cases |x —a'| =1 or |z — 2’| = 1. Note first that
ru 2) = e (0,2)] = |1 2 a2
My

1 t t
My Jr+ Mg My
t

! / def
- / dt =1 + I, + I5.
o /]R+ ¥ (mm/ [Ty, oy (T, 2) — T, oy (2, 2)] 14+ I+ I
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Since ¥ € My, it holds that {1 - %} < CL7 'z — 2|, and hence, using (A, it
holds that

_ !
I < CL—dLL:”' . (A.9)

Similarly, using the smoothness of ¢ and the estimates m, > L/2 and 7y, (5)(z, 2) <
CL'~% see Lemma 23 a), one gets

_ !
I < CL—dLL:”' . (A.10)

By translation invariance of simple random walk, we have that 7y, ) (7, 2) = 7v,.(0, 2—
x). Thus, both [(A3]) and [AG) will follow if we can show, for [z—2/| =1 andy =z
or 2/, the estimate

/]R+ 7 (i) [, (0,2 = 2) =y, (0,2 — )] dt’ <CL™. (A.11)

My

Of course, we may assume that |z — z| is of order L. Note that the integration in
([A1T) is over the union of two intervals, each of length at most V/d. Hence, due to
the smoothness of o, [AII]) will follow if we can show that

/ [7v, (0,2 — z) — 7y, (0, 2 — 2')] dt} <CL™ 4. (A.12)
R+

Let J < {t>0:2—2€dV;}. J is an interval of length at most v/d. For t € J, we

set
, Z—x
xr —t

|2 — |

vidently, dt’ /dt = 1+ ~7), and 1 we set = 4t>0:2"—2z¢€ dVy;, then
Evidently, dt'/dt = 1+ 0O (L~') , and if JE >0 OVi}, then .J’

is an interval of the same length as J, up to O (L"), and further [JAJ'| = O (L71).
Therefore, if we prove

/ [Ty, 0 (, 2) = Ty, oy (2, z)]dt‘ <CL logL, (A.13)
JnJ

the estimate [AII]) will follow. To abbreviate notation, we write V' for V; (z), and
V' for Vi (2') . A first exit decomposition yields

v (z, z) < myr(x, z) + Z PIWAT, < )7y (y,2). (A.14)
yeV\V’

We have two simple geometric facts:

!
Utemﬁ (V\V') C & + Shell, (C).
e For any y € x + Shell;, (C)
/ Lyeryndt < 0=
JnJ’ L
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Using this together with 7y (z,2) = my/(2/, 2)+O (L™%) , see [B, Theorem 1.7.1],
we deduce from (AT that

/ Ty, (T, 2)dt < / v, (@, 2)dt + O (Lid) +CL™ Z ly — z|7d w%
JnJ’ !

JNJ yEx+Shelly, (C)
< / Ty, (@, 2)dt + O (L*d log L)
JnJ’

The inequality in the opposite direction is proved in the same way. This proves

[(AT2) and completes the proof of [(A3]) and [AT).

The estimates [AJ) and (A1) can be obtained either by repeating the argument
above, replacing the random walk by Brownian motion, or by applying the Poisson
formula [B, (1.43)]. We omit further details. m

In order to prove Lemma Bl we need also the following technical result:

Lemma A.5
There exists a constant C = C(3,€) such that for any A € OV, > 6e >0,y € V,
with d(y, Vi) > L and L > Lo,

St [ a1+ D)+ LD )

yed (v, A)<LP

and for any A’ € dCy, and z € Vi, with d(z,00L) > LP,

/, BM (2, dy') < Z 71 (2,9) <1 + i(f:;}) + Cl'fi,_le) . (A.16)

y':d(y’,A)<LA

Finally, for any x,z € Z% and ¥ € M,

. C
7w (2, 2) — 75N (2, 2)| < T (A.17)

Proof of Lemma [A We first prove (ATH). Set Ag = {y' € 9C : d(y', A) <
LP}. Pick e € (0,) and set L' = L+ L and L = L + L**. Let A} be the image
of Ag in 9Cy. under the map x — (L’/L)x. Then, one has (with § = L'y/L),

/ M (g, dy) = / M (5, dy) | (A18)
Ag Al

B

Note further, using the Poisson formula [ (1.43)], that

[, aan= [ L ) (A19)
Y

o (( ) ||)|y*y|d BM
‘/A/ﬁ(m Al =g W)

An explicit computation, using that |y| < L — L? and that 1 > 8 > € > 0, reveals

that
(L2 = 191°) Iy —yl?
(L2 = ly) |y — g4

log < CL P,
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Substituting in (ATJ) one finds that

/

Recall that 72M is unchanged if one replaces the Brownian motion by a Brownian
motion of covariance I;/v/d. Let W! be such a Brownian motion started at 3, and
recall that by [IIl Corollary 1], there exists a constant Cy such that for every integer
n, one may construct {W;} in the same space as {X,,} such that

B (y, dy) > / WM (g, dy') (1 — C(B, 0L 5%) . (A.20)

s Al

PI(Og}g)S(n|Xm — W, | > Chlogn) < prEn

(A.21)

Standard estimates involving the maximum of the increments of the Brownian mo-
tion, imply that one may construct the Brownian motion W} and the random walk
X, on the same space such that, with

DE{ sup |Xpy - W|<4CologL},

0<t<r2+e/100
one has o
e 0
P,(D°) < e (A.22)
def . , def . y g def .
Set 7 = min{n: X,, € 9V}, 7 = inf{t : W/ € 0Cp/}, 7" = min{n : X,, € OVi» },

and B % {(r' v ") < L*+</190} " Standard estimates imply that if Xo = y then

P(B°¢) decays like a stretched exponential, and in particular P(B¢) < L~971 for
large L. Note that on D N B, one has that 7 < 7" < 7. Now, defining G}; = {z €

2% : d(z,(Aj)*NACL) < 4Cylog L}, and setting Tey, = inf{n: X, € G},

P (WY € Ay) > Py(X; € A, W € A}) (A.23)
1

> Py(X, € A, W eA’,BmD)—W

2
T+t
2
T LA+l

> P,(X, €A~ P/(X, € AW, ¢ Ay, BN D) —
> P (X, € A) - PV (X, € A, Tg, < 7")

Using the Markov property, one has

PY(Xr € A Tg, < ") < P,V (X, € A) sup P (T, < ")
L3log?™? L

< }:PRWTz/<”< c§ = 5 Z<QoLheh

< sup g ( T )_Sup |ZI—Z|d = )

ZEAz/eG’ﬁ z€4 2 €GY

where the next to last inequality is due to Lemma Bl Substituting in [A23)), one
completes the proof of [(AIR). The reverse inequality [ATIH) is proved similarly.
It remains to prove (AIM). Fix a = 2/3, 8 = 1/3, and € = 1/60. Note that with

D = Cpa(z), using (AQ),
1

Ty (2,2) < Dl > i (7)) + CL™ " log L. (A.24)
z'€D
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Next, note that

Z fy (x,2") =

z'eD / z'eD
C C|D|
< /dt@mz(t)/ 7TtBM (2,dz") (1 + Lﬁ—5e> + L,d+1
CLa+Lﬁ(Z)
) C _ CID|
< #8%0.0) (14 gt ) + CLIC0e100()\ Cun(a)] + o

) C C|Dllog L  C|D|
< |D|7T‘EIBIM(1'"Z) (1 + Lﬁ—5e> [d+1—a Loa—B—d "

Substituting in [A24), one gets
7y (z,2) < 7#8M(z, 2) + CL™4"1/4,

The reverse equality is proved similarly. This completes the proof of (A7) and of
the lemma m

Proof of Lemma B8 Fix « =2/3,5=1/3. Set n def d(y,0Vy), and let 3y, € VL,
be such that 7 = |y — y1|. Consider first n < LA+1/15, Then, using ) and &)
in the first inequality and ([A3) in the second,

R Clog L
oL (y,2) < > v, (Y. 9) 7o (¢, 2) + Tdra B
y'€OVL:ly —yr | <L
) ) C
< frw (Y1, 2) Z Ty, (y,y)+m.

Yy €OV |y —y1|<L™

Consequently,
R C
¢L,‘1/ (ya Z) < Ty (yla Z) + 1,d+1/5 "

Applying now [BI0) in the first inequality and ([(A3J)) in the second, we conclude
that

C
oL (y,2) < 7w (y1, z)/ M (y, dy) + ——==
y/EBVL:Iy/—y1|<LO‘ L Ld+1/5

c
< / Ty (Y, 2) M (y, dy) + —— .
y’EBVL:Iy’—y1|<L" r Ld+1/5

An application of (A7) then implies that for n < LA+1/15,
brw (y,2) < ¢7N (y,2) + CL™I71/5

where, as in our convention, the constant C' is uniform in the choice of y, z. The
reverse inequality is obtained using the same steps.

Consider next n > LA+1/15 Fix strictly positive constants ¢j, j = 1,...,4,
depending on d, o only, and a sequence of disjoint sets A; C OV, i=1,...,kr with
UfilAi = 8VL, ClLa(dil) < |Az| < CQLa(dil), dlam(/h) < c3L“, d(yl, 0A ﬁ(?VL) >
diam(A;)/4, and |04;| N OVE, < e4L*@2) (such a collection of “cube-like” A; can
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clearly be found). We also set Af ={y e R?: d(y,A;) < LP} and for i > 2, fix an
arbitrary y; € A;. We then have

brw (Y, 2 ZZﬂvLyy (Y, 2)

=1y €A;
kr
) ClogL
<> ww (in2) Y my, (%Z/)erv
= y'€A;

where [AZ3) was used in the last inequality. Consequently, using ([(A15),

C C
oL (y, 2 Z% Yi, 2 / o (yvdy’)( +L1/4)+W‘ (A.25)

Let {A; C dCL}E, be a collection of measurable disjoint sets with UA; = aC},
A = AP nocy, and A; ¢ AP, Using @) and d(y,dCr) > LPH/15/2, one gets

/ M (y,dy’)g/~ i
AP A

i

A NoCy) \A|
Ly (14l
(y y)( |Aﬁm86‘,;|

Substituting in [A25) we get

_ C
L, % Zﬁ\II Yi, =z /~ ?M (y,dy') (1 +CL 1/5) + [d+1/5

A;

Hence, recalling [(A4)), (A3)), and [ATT), we get
C
¢L\P Y,z Z/ ﬂ'\[} y Z (yady) Ld+1/5

. C C
<Z/ o) TN (v, dy') + a5 = ¢ (Y, 2 )+W'

The reverse inequality is obtained by a similar argument. =
Proof of LemmaB:Z]. We write 7P (w z) as the density on 0Cy(w) of the measure
”CB‘E/(Iw) (w,dz). Set g(w, z) = [ 7™M (w, 2) om,, () dt. Then,

OB (y, 2) = / TBM (g dw) g(w, 7).
oCL(0)
For z € 0C41(0), set

{ %Agu(g,é):(), 33601( )7
u(ga 2) = g(Lgv L2)7 ye 801(0)

Then, ¢7 (y,2) = u(y/L,2) with Z = z/L and hence

1
Lz

"¢ (y, 2)

d'u(y, z)
oyt ’

oy (A.26)
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Write

&u(g, z)
(g, 2) 1 = ZSyug 35
j=0 =
By [A, Theorem 6.3.2],
lu(@,2)[ls < Cllg(w, 2)l|a- (A.27)

By the smoothness of ¢ and the translation invariance and scaling properties of the
Brownian motion, and applying [, Theorem 2.10], one gets that

lg(@, 2)]|la < L.

Substituting in ([(A27) and using [(A20), the lemma follows. m

B A local CLT and proof of Lemma 3.9

We need a number of properties for simple random walk, and coarse-grained random
walks, which can readily be obtained from known results. We keep L and V}, fixed
through this section, and don’t emphasize them in the notation. = is 7y, , the
exit distribution of simple random walk from V7. Since the proofs are very similar,
and for concreteness, we prove all results for the smoothing scheme S; and only
sketch the necessary changes for the scheme S;. Remark that the coarse graining
scale at x, hr, (z), equals ys(L) for dy, () > 2s(L), and hy, () < (v/2)s(L) for
x € Shelly, (r,2s(L)). By a slight abuse of notation, we write 7, for the transition
probabilities on Z¢ with the constant in x coarse-graining scheme W¥,,. We also
write 7, () for T, (0,7). For x € Vi_sypy, T (@,-) = Ty (7, -) under either S,
i=1,2.
Let m € RT. 7, is centered, and the covariances satisfy

Z T Tm () = o (m) 6y,

where for some 0 < a1 < o

arm? < a (m) < aom?.

(It is evident that o2, f (m) /m? converges as m — oo.) Using Lemma a),
one sees that for 1 < a < b < 2, one has for some ¢ (which may depend on a,b)

inf A, () > om 9 B.1
otz ™ () 2 510 o

Furthermore, by definition, we have #,, (z) = 0 for |z| > 2m.
We will also use the following fact, proved in Lemma [AZk

A v—y 1/15

[ () = o (9)] < O™

In what follows, we write 7" for the n-fold convolution of 7,,.
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Proposition B.1

2
o 1 ]

A R S— __ O( —d,—(d+2)/2 (] 4)
Y L exp[ oo | O\t s

Proof of Proposition [BXl The proof is standard, but we need to keep track of
the m-dependence, and we are not aware of a reference for that in the literature.
Let
Xm (2) def Z e e/mp (x), 2 € By def [—ma, ma)
xr

By Fourier inversion, we have
ot (x) = (27r)7d mfd/ e E/my ()" dz.
B

We will choose 0 < a < A, b> 0, and « € (0,1) (not depending on n, m) and split

/Bm e7=e/my (2)" dz = / + / + / + / + /

\ZISMO% %nga a<|z|<A  A<|z|[<m®  me<|z|, zEBp
def
A+ A+ Az + Ay + As.

From Taylor’s formula, we get

B 4
X (2) = 1= 5572 40 (|1*),
and therefore, for |z| <1/C,

|Z|207271 4
log xm (2) = s +0 (|z| ) )

From that we get for b sufficiently large and n > C' (b),

(logn)* z-x nlzo?
AA=(140| —=— exp | —t— — —— | dz
n m 2

bl
|| blogn

(2m) " l_ jof?
2

2oz nlzf o2
2t DE Om
2

dz+ 0O (n_d/Q_l) (B.3)

_ —d/2—1 4
= T P |~ gmzgry | +0 (7 (logn)?).

In order to prove the proposition, it therefore suffices to prove that As,..., A5 are
of order O (n=%/2~1) | uniformly in L.
To handle Ay, we choose a such that log y, (2) < — |2|> 62,/3 for |z| < a. Then

|As| < / exp |— |Z|2 ng?n/3:| dz = O (n—d/2—1) '
blogn<‘z‘
n
if we choose b sufficiently large.
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For As, we use the following fact, which is an easy consequence of (Bl): for any
a < A, one has

sup  |xm (2)] < 1. (B.4)
m,a<|z|<A
Using this, we immediately get
|As| < CcAY(1-1/0)". (B.5)

We come now to A4 which is more difficult. First remark that since the coarse
graining scheme is isotropic, we only have to consider z-values with all compo-

- def . .. .
nents positive. Put |z|_ = max (21,...,24) . For simplicity, we assume that z; is

the biggest component of z, so that |z, = 2. Let M def [2mm/z], and K def

[(2m + 1) /M]. We may assume that M < m by choosing A large enough. We write

@)= 3 e [Ezd_ﬂ}

(IZV"’wd)
—mtiM—1 m
Z Z eim1z1/mﬁ.m ($)+ Z eizlzl/mﬁ.m (.’L‘)
j=lazi=—m+(j—1)M r1=—m+KM

In the first summand, inside the zi-summation, we write for each j separately,
fm () = Fom () — T (2') + 7o (7)), where 2/ = (—m+ (j — 1) M, z9,...,24) .

Then, by (B2),

i) M\
() — 7m ()] < O~ <$1 tm-G=1) ) .
m
Therefore,
—m—+jM—1 . 1
ix1z1/m (4 A / —d+1
‘Zml_er (G- 1)Me T (o (@) = o (@ ))‘ =cm ziﬁ/lf”

and therefore,

—m~+jM—1

ST e () - ()] < Ot

J=lazi=—m+(G—-1)M
Also,

—m~+jM—1

Z Z eim121/m7¢rm (,TI) < K#, (ml)

j=lzi=—m+(j—1)M

1 —explizy M/m]

<Clz|m™
1 —exp[iz1/m] ‘_ lzlm

m

Z eimlzl/mﬁm (:C)

r1=—m+KM

<m

Therefore, we get the estimate
xXm (2)] < C1 (IZI_”15 + —|Z|) :
m
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From this, we get
alser [ (e B <o (B.6)
A<|z|<me m

for large enough A and m.
For Ay, we need a slight modification. Let again z; > 0 be the largest of the
z-components. Then we write

Tl

T (x) = Z (T (Y 2y oy xg) — Tom (y — 1,29, ..., 24))

y=—m

d

Xm (2) =20 Y exp [%Z_Q,@z]

X Z (Tom (Y, T2y« -y xd) — T (y — L, o, ..., 24))

y=—m
oi(z1/m)(y=1/2) _ gi(z1/m)(m+1/2)

X
sin (z1/2m)
Therefore
m 14/15
m (2 §Cmd_1m T (Y, X2,y xg) — T (y — 1,20, ..., g ng ,
o (2 Y Fo )~ L) < O
and ifa >1—7
|As]| Smfd/ Ixm (2)|" dzﬁC”mfde”/lE’/ rd=lrndy (B.7)
m><|z| mo

< Cnm—dm14n/15ma(d—n) < 2—n’

if m and n are large enough. Combining (B3))-([B), Proposition [BJl follows. =
We next need a simple large deviation estimate

Lemma B.2
There exists C > 0, such that for |z| > 2m,

o

Cnm?

75 (z) < Cm~%exp

Proof of Lemma If |#z| > r, then one of the d components of z satisfies
|z;| > r/+/d. By rotational symmetry, we get

> o =ap (15,2 a).

z:|x|>r

where the {; are i.i.d. with the one-dimensional marginal of & as its distribution.

Then,
P (‘Zjﬂ &l > r/\/E) < 2exp [—n[ (ﬁ)} :
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where

I(t) =sup{Xt—logE (eAt)} .

By symmetry I’ (0) = 0, and from our assumptions, we have I” (0) > 1/Cm?.
Furthermore, I (t) = oo if |t| > 2. By convexity of I, we therefore have I (t) >
t2/Cm?. Combining these estimates gives

. r’
Z it (x) < Cexp [Can} .

z:|z|>r

From this, we get

w7 (@) = 3w () o (2 — )

Y

<Cm™ Z 7= () < Cm~ 4 exp
yily|=|z[—2m

o

Cnm?

C(n—1)m?

 (lz] = 2m)’ ]

< Cm %exp

Let -
G () & D" 7 () (B.8)

Corollary B.3
For |z| > m, we have for some constant ¢ (d)

5d
G (2) = ¢ (d) — |x|d+2+o<|x|d(1og|””|) )

a(m) m

For |z| < m, we have
G (2) =602 + O (m™7) .

Proof of Corollary [B3l Assume |z| > m and set

~10
oy o (o’
N (@,m) a(m) <1ga(m)> '

Then

o0

= A kT . 1 |‘/I"|2
n:ZNW (z) = Z WGXP lm]

n—n (2mda (m
+ 320 (almy 2 n-2r2).
n=N

and we note that

o) 9 5d
_ _ _ T
Z 10) (a (m)~*?n (d+2)/2) =0 | |z|™? <1oga|(7|n)>
n=N
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Putting ¢, 920 (m)n/|z|*, we get

|
T;V(Qﬁda(m)n)d/z p[ 2a(m)n]
d+2 (e

1 1
Z a7 P\ T (tn —tn—1)

" 2(rd) a(m) [ (1)

= 2 /OOO t=2exp [~t7] dt + O (|z|*d) .

This proves the corollary for |z| > m with

1 /Oo —d)2 “1
c(d) = ——— t=42 exp [—t71] dt.
(@) 2 (rd)* Jo -

For |z| < m, the estimate is evident from Proposition Bl m

Proof of Lemma B9 a). There exists a 0, such that for any y € Shelly(r(L)),
there exists a unit vector € R? such that (y + Cy () NOVa,(r) (y) NVL = 0. Using
this, we see from ([BH), that our coarse grained Markov chain has after every visit of
Shelly, (r(L)) a probability of at least § (f) to leave Vi, in the next step. Therefore,
the expected number of visits in this shell is finite, uniformly in the starting point.

]

Proof of Lemma B b). If € Shelly (r,2s), then 7 (z,-) is an averaging over
exit distributions from (discrete) balls V,, (), the averaging taken over u’s with v >
(v/2)dy (x) . Therefore, there exists a & > 0, such that 7 (x, Shelly, (dr, (x) (1 —v/4))) >
0. Therefore, if - € Shelly, (a,a +7/8),r(L) < a < 2s(L), we have 7t (z, Shelly, (a (1 — v/8)))
> 0. Therefore, a Markov chain with transition probabilities 7 which starts in
Shelly, (a,a + vs(L)/8) has probability at least 0 to reach in one step Shelly, (a (1 —v/8)).
By Lemma B3 ¢), a nearest neighbor chain starting in Shelly, (a (1 — v/8)) has a
probability at least e () > 0 of exiting V7, before reentering into Shelly, (a,a 4+ v/8).
This evidently then applies also to our coarse grained random walk.

We conclude that for the coarse grained chain starting in = € Shelly, (a,a + vs/8),
there is a positive probability € > 0, not depending on z, a, that the chain exits from
V1, before reentering this shell. It therefore follows that the expected number of visits
in Shelly, (a,a + vs/8) is bounded, uniformly in the starting point of the chain, and
a. From this the conclusion follows by summing over a finite number of such shells.

]

As a preparation for the proof of parts ¢) and d) of Lemma B3 we prove a

preliminary result about our coarse grained random walk.

Lemma B.4

sup > gr(z,y) <C(logl)’.
x€Shellg (2s(L)) YEVL _2a(r)

Proof of Lemma [B.4l The expression > . ) gr (z,y) is the expected total

time that the random walk spends in Vi,_os C Vi,. When starting in Shelly, (2s(L)),
the walk has a probability bounded from below, say by 1 > 0, of never entering

20



Vi —2s(r) before exiting Vp, uniformly in the starting point. If the walk enters
Vi —2s(1), it has to enter through Shelly, (2s,4s). Therefore

sup Z gr (z,y) <ef' |1+ sup E. (T§1§11L(25(L))) ,
z€Shellg (2s(L)) YEVL _as z€Shelly, (2s(L),4s(L))

where T{% stands for the first entrance time into A by the coarse grained random
walk with transition kernel 75 from V7,_oyr,y. It therefore suffices to prove

3
sup By (T§1§11L(25(L))) <C(logL)",
w€Shelly (2s(L),45(L))

Consider the shells R; 4 Shelly, (4s(L),(j+1)s(L)), j > 2, and let T} be the
first entrance time of our (coarse grained) random walk into R;. One then has

Py (TI%G < Ts(i(é;uL(zs(L))) <CP; (TJ%W < TSF}]%L@S(L))) )

and the right hand side we can estimate by Lemma B3 ¢), giving

C
Pa (TII%{JW < TinveVnL(zs(L») =7

and therefore we get
C
caG cG
Py (TRj < TShellL(2s(L))) < I
If z € R;, we estimate the expected number of visits in R; by Corollary [B3, which
gives
sup Z Gvs(L) (ZL', y) < C (IOg L)3 :
TER; yER,;
Combining these estimates completes the proof of Lemma [B4] m
Let o be the first entrance time of {X,,} into Shelly (2s(L)). Before time o, the
Markov process {X,,} proceeds as a random walk on Z? with jump distribution 7,
where m = s (L).
Proof of Lemma B3 c), d), e). From Corollary B3 we get

sup Z G’ys(L) (:L'a y) <C (1OgL)6 .
zeVL
YEVL _2s(L)

Evidently, from Lemma B4, we get

Sup Z |Gysry (2,9) — gr (z,y)| < C (log L)?,

Vi
&VL YEVL _2s(L)

which implies the statement d).
e) follows by the same approximation and

sup Z |G'ys(L) (‘Ta y) - G'ys(L) (xla y)‘ <C (1OgL)3 )

z,x' €Vijz—a'|<s yEBulky,

which follows again from Corollary B3
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We turn to the proof of part ¢). For xz = y, the result is obvious from the
transience of simple random walk. In the sequel, we thus always take x # y. Write
Ay def {z 1]z —y| <s(L)}. We first prove the result for x € A, and dr(y) > 5s(L).
In that case,

sup  9r(z,y) < Gysry(,y)+  max  PRV(Ty <Ty,) sup go(z,y).
o (#.9) < Gray(@y) +__ max  P(Ta, L)meAy:#y (z,y)

Since

PRWV(T, <Ty,) <1
z€SherlI11La()§s(L)) = (Ta, v)

uniformly in L by Donsker’s invariance principle, we conclude that
sup gL(‘Ta y) < CG'ys(L) (:Ea y) .
T€A, xFy
Corollary then completes the proof in this case.
Consider next € A, but s(L) < dr(y) < 5s(L), and set B, def {z:]z—y| <
s(L)/2} and C, e {z:]z —y| <5s(L)}. We note that

C C
sup  gr(w,y) < ——g+sup gr(z.y) < —o+sup PPV (Tp, <Ty,) sup  gu(z,y).
TEA, xFy S(L)d g Ay S(L)d 2EA, ! ‘ TEA xFyY

Since sup,g 4, P} (Tg, < Ty,) < 1 uniformly in L, again by Donsker’s invariance
principle, we conclude that

sup  gr(x,y) < ,
T€A, xFy S(L)d

which proves the claim in this case.
We next consider ¢ A,. Let o’ denote the first entrance time of the simple
random walk into Shelly,(2s(L)). Clearly, ¢’ < 0. We then have

gL(zay) SGWS(L)(zay)+C Z PIRW(XG" :Z)PIRW(TAy <TVL) sup gL('LU,y)

zEShellL(Qs(L)) ’LUEAy:wyéy
C Cdr(x)d 1
< 5 — + L( )2L(y) Z | i
s(L)?|z -y s(L) (lz — 2|V D)a(ly — 2| V1)

z€Shelly, (2s(L))
(B.9)

- C . C Z 1
— 2 _ d—2 2 _ d—1 _ d—1
SRl — g2 TSR 2 (a2 VD (g — 2] V)
C

D
= s(L)?fr =yl

where the second inequality uses Corollary [B3 the estimate on g, (x,y) for x € A,
that was already proved, and Lemma B4l This completes the proof. m
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