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Abstract

We derive properties of the rate function in Varadhan’s (annealed) large deviation principle
for multidimensional, ballistic random walk in random environment, in a certain neighborhood
of the zero set of the rate function. Our approach relates the LDP to that of regeneration times
and distances. The analysis of the latter is possible due to the i.i.d. structure of regenerations.

1 Introduction and Statement of Main Results

This paper studies annealed large deviations for multidimensional random walks in random envi-
ronments (RWRE), in the ballistic regime. We will be concerned with nearest neighbor RWRE
with uniformly elliptic i.i.d. environments, modeled as follows. Let & := {z € Z% : ||z| = 1}

and let Q := (M(Ed))zd, where M(&;) is the space of all probability measures on &;. Let F be
the o-field generated by the cylinder sets of €, and let P be a probability measure on (2, F). A
random environment w = {w(x,-)},cza is an Q-valued random variable with distribution P. Given
an environment w, the quenched law P, of a RWRE X, starting at the origin 0 is given by

P,(Xo=0)=1 and P, (Xpt1=2z+y|X,=2)=w(z,y).

The annealed (also called the averaged) law P of a RWRE starting at the origin is defined by

PO) = [ POP().

Expectations with respect to the measures P, and P will be denoted by E, and E, respectively.
For the remainder of this paper we will assume that the law on environments is uniformly elliptic
and 4.7.d. That is, we will make the following assumptions:

Assumption 1 (Uniformly Elliptic). There exists an € > 0 such that P (w(0,z) > ¢, Vo € ;) = 1.

Assumption 2 (i.i.d. environments). The law on environments P is an i.i.d. product measure.
That is, {w(z, )} eza are i.i.d. under P.
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Recall the following classification of laws on the environment that was first introduced in [Zer98].

Definition 1. Let d(w) := E,X; be the drift at the origin of the environment, and let K be the
closure of the convex hull of the support, under P, of all possible drifts. If 0 € K, then P is nestling.
If P is nestling but 0 does not belong to the interior of I, then P is marginally nestling. If
0 ¢ K, then P is non-nestling. If £ € R\ {0} and infyexcx - £ > 0 then P is non-nestling in
direction /.

Varadhan has proved the following annealed large deviation principle (LDP) for RWRE.

Theorem 1.1 (Varadhan [Var03]). Let Assumptions 1 and 2 hold. Then, there exists a convex

function H(v) such that % satisfies an annealed large deviation principle with good rate function

H(v). That is, for any Borel subset T' C R?, with T'° denoting its interior and T its closure,

1 Xn . 1 Xn .
— inf H(v) < liminf —logP (— € F) < limsup — log P <— € F> < —inf H(v).
n n n

vel™° n—oo M n—00 vel

Moreover, the zero set of the rate function Z := {v : H(v) = 0} is a single point if P is nestling
and a line segment containing the origin if P is non-nestling.

Remark: As shown in [Var03], the conclusion of Theorem 1.1 holds more generally for RWRE
with bounded jumps in i.i.d. environments with certain strong uniform ellipticity conditions.

Until recently, other than this description of the zero set of H and the fact that H is convex,
no other qualitative properties of the annealed rate function were known. In contrast, much more
is known about the qualitative behavior of the annealed rate function when d = 1. In [CGZ00],
a rather detailed description of the one-dimensional annealed rate function was given. In particu-
lar, intervals were identified on which the annealed rate function is strictly convex, and sufficient
conditions were given for the annealed rate function to have linear pieces in a neighborhood of the
origin.

Recently, Yilmaz [Yil08a], [Yil08b] has made some progress on the understanding of the an-
nealed rate function for multidimensional RWRE and on the distribution of paths leading to large
deviations. He has shown that under certain conditions on the environment, there exist regions
where the annealed rate function is strictly convex and analytic. In this paper, we provide a dif-
ferent proof of these results, and also provide further information about the annealed rate function
when the environment is nestling. In particular, we show in the latter case that there is an open
set which has the origin in its boundary and on which the annealed rate function is analytic and
1-homogeneous (that is, H(cv) = cH(v) if v and cv are both in the open set).

Our approach to analyzing the annealed large deviations of multidimensional RWRE utilizes
what are known as regeneration times. Recall that for £ € S9! := {¢ € RY: ||¢|| = 1} such that
cl € 74 for some ¢ > 0, regeneration times in the direction ¢ may be defined by

mi=inf{n>0: X £< X, (<Xl VYk<n, VYm>n},

and
mio=inf{n>71: X A< X, A< X, -4, Vk<n, Ym>n}, fori>1
Our final assumption is what is known as Sznitman’s condition T. To introduce it, define the event

escape to +o00 in direction 0: Ay := {lim,, o Xy, - £ = 400}.

Assumption 3 (Condition T). Let ¢ € S*1 be such that ct € Z¢ for some ¢ > 0, and such that
the following hold. Either P is non-nestling in direction £, or P is nestling and



(i) P(Ag)=1.

(i) There exists a constant C; > 0 such that

Eexp{Cl sup ||Xn\|}<oo.

0<n<m

Remarks: 1. When P is non-nestling in direction ¢, then it is straightforward to check that (i)
and (ii) above hold. See Section 2.1 for more information.
2. We require ¢/ € Z? for some ¢ > 0 in order to allow for a simpler definition of regeneration
times that agrees with the one given by Sznitman and Zerner [SZ99] (set a = % in the definition of
regeneration times in [SZ99]). This restriction is not essential, as [Szn01, Theorem 2.2] implies that
Assumption 3 is equivalent to the version of condition T given in [Szn01] which does not require
that cf € Z%.

When P is non-nestling or d > 2, Assumptions 1, 2 and 3 imply a law of large numbers with
non-zero limiting velocity (see [Szn01]). That is, there exists a point vp € R%\{0} such that

lim Zn =:vp, P—a.s. (1)
n—oo n
Varadhan’s description of the zero-set of the annealed rate function in Theorem [Var03] implies
that under Assumptions 1, 2 and 3, if P is non-nestling, then vp is the unique zero of the annealed
rate function, and if P is nestling then [0,vp] is the zero set of the annealed rate function. Our
main results are the following:

Theorem 1.2. Let Assumptions 1, 2, and let P be non-nestling. Then, the annealed rate function
H(v) is analytic and strictly conver in a neighborhood A" of vp.

Theorem 1.3. Let Assumptions 1, 2, and 3 hold, let P be nestling, and let d > 2. Then, there
exists an open set A with the following properties:

1. The half open interval (0,vp] C A.

2. A can be written as the disjoint union A = ATUAUA~, where At is open, vp € AY C OAT,
and A= = {cv:c€ (0,1),v € A°}.

3. The annealed rate function H(v) is strictly convex and analytic on AT .
4. The annealed rate function H(v) is analytic and 1-homogeneous on A~ .
5. The annealed rate function H(v) is continuously differentiable on A.

Remarks: 1. Theorem 1.2 was proved in [Pet08]. Independently, Yilmaz proved in his thesis
[Yil08a] Theorem 1.2 and part 3 of Theorem 1.3. (Although stated under Kalikow’s condition, which
is stronger than Assumption 3, his proof carries over verbatim to the case where only Assumption
3 holds.) While Yilmaz’s proof also uses regeneration times, his approach is different in that he
does not introduce the rate function associated with regeneration times and distances. (He also
depends on Theorem 1.1, although this dependence can probably be eliminated.) In contrast, our
approach develops a new proof of (a local version of ) the annealed large deviations, independent of
Theorem 1.1. This alternative approach also allows one to make explicit an alternative description
of the rate function, yielding additional properties of the annealed rate function.

2. Theorem 1.3 still holds when d = 1 (with A° = vp). This follows from the fact that H(v) = 0
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for all v € [0, vp] and the recent results of Yilmaz [Yil08a], [Yil08b] which show that H (v) is strictly
convex and analytic on an open set bordering vp. Our proof of Theorem 1.3 can be easily modified
to also cover the d = 1 case, but for simplicity we will restrict ourselves in this paper to d > 2.

The structure of this paper is as follows: In Section 2 we use the large deviations of regeneration
times and distances to define a new function .J(v). Most of Section 2 is devoted to proving qualitative
properties of the function J(v). Section 3 provides an easy large deviation lower bound with rate
function .J(v) for both nestling and non-nestling RWRE. Then, in Section 4 we derive matching
large deviation upper bounds in a neighborhood of vp when P is non-nestling and in a neighborhood
of (0,vp] when P is nestling. The proofs of Theorems 1.2 and 1.3 are then completed by noting
that the large deviation upper and lower bounds proved in Sections 3 and 4 imply that J(v) = H (v)
for v in appropriate subsets of R?, and thus on these subsets, the annealed rate function H(v) has
the same properties that were proved for J(v) in Section 2. The Appendix contains a technical
lemma on the analyticity of Legendre transforms that is used in Section 2.

2 Regeneration Times and the Rate Function J

For the remainder of the paper, Assumptions 1, 2 and 3 (with respect to a fixed direction /)
will hold. Additionally, if P is nestling, we will assume that d > 2. The regeneration times 7; are
obviously not stopping times since they depend on the future of the random walk. They do however
introduce an i.i.d. structure, described next. Let D := {X,,-£ > 0, Vn > 0}. When P(D) > 0, let P
be the annealed law of the RWRE conditioned on the event D (i.e., P(-) := P(-|D)). Expectations
under the measure P will be denoted by E.

Theorem 2.1 (Sznitman and Zerner [SZ99]). Assume P(Ay) = 1, and let 7; be the regeneration
times in direction €. Then P(D) > 0, and

(XT177_1)7 (XTQ - X7'177_2 - 7—1)7 sy (XTk+1 - XTkaTk+1 - Tk)7 cee

are independent random variables. Moreover, the above sequence is i.i.d. under P.

Remark: The assumption that P(A;) = 1 in Theorem 2.1 is only needed to ensure that 73 < oo.
In fact, what is shown in [SZ99] is that P(A4,) > 0 implies that P(D) > 0 and that (X, ,71), (X5, —
X\, T2 —T1),... are i.i.d. under P.

Since Assumption 3 requires that P(A;) = 1, the conclusion of Theorem 2.1 is valid for the
regeneration times 7; in direction ¢. A consequence of Theorem 2.1 is the following useful formula
for the limiting velocity vp:

. Xn EX,
vp= lim — = ——,
n—oo n Er

P— a.s. (2)

Since either P is non-nestling or d > 2 and condition T was assumed, it is known that Er; < oo
and thus vp-£ > 0. In fact, P non-nestling or d > 2 imply that E7{ < oo for all v < oo (see [Szn00,
Theorem 2.1] and [Szn01, Theorem 3.4]).

Under the measure P, (X, ,7%) = (Xp,,71) + Zf:z(Xn — X, _,,7i — Ti—1) is the sum of i.i.d.

random variables. Therefore, a generalization of Cramér’s Theorem [DZ98, Theorem 6.1.3] implies
that %(XTn,Tn) satisfies a weak large deviation principle under [P with convex rate function

I(z,t) := i(]zaf [(77, A) - (z,t) — A(n, )\)] ,
neRY, AeR



where - denotes inner product and
A, A) = log Ee™N (Xrm) for p e RY, X e R.

In particular, for any open, convex subset G C R4+,

1. (1 L
klirgo ElogIP> <E(X7k,7k) € G> =— (x}ggG I(x,t). (3)

Let Hy:= {v € R?:v-¢ > 0}. Then, for v € Hy, let

J(v) = inf sl <3 1).

0<s<1 s’'s

Our goal is to show that J(v) = H(v), at least for certain v € Hy. The reasoning behind this is
as follows. We assume that when X, ~ nv for some v € Hy, the regeneration times occur in a
somewhat regular manner (that is, there are no extremely large regeneration times). If this is the
case, then it should be true that

P(X, ~nv) ~ P(r, = n, X, ~nv), fork=sn. (4)

However, the large deviations of (X, ,7;)/k imply that the latter probability is approximately
exp{—nsl (%, %) }. The optimal s for which (4) would hold must be the s which minimizes sI (%, %)

The main difficulty in making the above heuristic argument precise comes in proving that there
are no extremely long regeneration times when X,, &= nv. In Section 4 we resolve this difficulty for
certain v by showing that the least costly way to obtain a large deviation of X,, =~ nv is to have all
the regeneration times or distances relatively small.

Having defined the function J, we now mention a few of basic properties.
Lemma 2.2. J is a convex function on Hy, and J(vp) = 0.
Proof. For s € (0,1] and v € Hy, let
/o1 _
Floss =l (S2) = sup (5A) - (0.1) = 5Bl )
s 8 neRd, \eR

Since f(-,-) is the supremum of a family of linear functions, f(-,-) is a convex function on Hy x (0, 1].
Therefore, J(-) = infse(0,1) f(+,8) is a convex function on Hy.

For the second part of the lemma, note that (2) implies that EX,, = vpEr;. Then, the law
of large numbers and (3) imply that I(vpEr,Er) = 0. The definition of J and the fact that I is
non-negative imply that J(vp) = 0. O

We next evaluate some derivatives of J. For any function g : R¥ — (—00,00], let D, = {2 €
R¥ : g(z) < oo} denote the domain of g, and let Dy denote its interior.

Lemma 2.3. Assume that vo and s are such that J(vg) = sol (U—O L) and (vo/so,1/s0) € DS

507 80 I

Then, - -

0J (vg) = ol vo 1
a’UZ‘ 0 _8l‘i 80780 '




Proof. Since (X,,,71) is, by Assumption 1, a non-degenerate d + 1-dimensional random variable,
A(n,)\) is a strictly convex function on Dj. Since I is the Legendre transform of A, this implies
that I(x,t) is continuously differentiable in D% (see [Roc70, Theorem 26.3]). Therefore, f(v,s) is
continuously differentiable in the interior of Dy = {(v,s) : (v/s,1/s) € Dr}.

Since (v, So) € D}, we have %(vo, s0) = 0. Also, since f(v,s) is convex as a function of (v, s),

flvo + hei, s) > f(vo, s0) + Vf(vo,so) - (hes, s — so) = f(vo, So) + %(vo, s0)h,

where in the second equality we used that %(vo, s0) = 0. Since the right side of the above equation
does not depend on s, we have

j(vo + hei) 2 f(vo, 80) + %(7}0, So)h. (5)

1

On the other hand, a Taylor expansion of f near (vg, so) implies that

j(vo + hel) S f(vo + hei, 50) = f(vo, So) + %(’Uo, So)h + O(h) (6)

Recalling that J(vg) = f(vo,s0), (5) and (6) imply that g—i(vo,so) = %(vo,so). The proof is
completed by noting that the definition of f(v,s) implies that %(v, s) = g—gi(v/s, 1/s). O

We now prove some more detailed properties of the function J(v) in the non-nestling and
nestling cases, respectively. In particular, for certain v we are able to identify the minimizing s in
the definition of J(v), and we are able to determine certain differentiability properties of .J.

2.1 Properties of J - Non-nestling Case

When P is non-nestling in direction ¢, the regeneration time 7 has exponential tails [Szn00, The-
orem 2.1]. That is, Sznitman proved that there exists a constant Cy > 0 such that

Ee®?™ < oo. (7)

Let
C:={neR?:|n| < Cy/2}.
If n € C, then —Cari /2 <n- X; < Cy7m/2 since | X, || < 7. Thus,

1 — E6702T1/2+CQT1/2 < Een-X7—1+CQT1/2 < E60271/2+02T1/2 < 00,

and so A(n,C2/2) € (0,00) for all n € C. Since A(n,)) is strictly increasing in A and since
limy_, o A(n,\) = —00, we may define a function A(n) on C by

A(n) is the unique solution to A(n, A\(n)) =0, VneC.

Since A is analytic in a neighborhood of (1, A\(n)) for any 1 € C, a version of the implicit function
theorem [FGO02, Theorem 7.6] implies that A(n) is analytic as a function of € C. Differentiating
the equality A(n, A(n)) = 0, we obtain that

EX,, erXntAmn

VAU = =g X

This is useful in the proof of the following lemma.
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Lemma 2.4. Let P be a non-nestling law on environments, and let A := —VA(C) = {=VA(n) :
n € C}. Then, vp € A and J is analytic and strictly convex on the open set A. Moreover, if

EX,, e XntA0)n 1

Vo = —VA(’I’]()) = ETleno'Xrl +)\(770)7'1 and S0 =

(®)

EryeloXr+A00)71
for some ng € C, then

Uol

J(vo) = sol (—, —> , and VJ(vo) = no,

S0 S0
and sq is the unique value of s which attains the minimum in the definition of J(vg).

Proof. Due to uniform ellipticity (Assumption 1), A is strictly convex, and thus A(n, A\(n)) = 0
implies that A(n) is strictly concave as a function of . Therefore, VA(n) is a one-to-one function
on C. Thus, A is an open set, and vp = EX,, /Ery = —VA(0) € A°.

Since A is analytic and strictly convex in D3 and I is the Legendre transform of A, we have

that I is analytic and strictly convex in the interior of Dy = VA(Djy) (see Lemma A.1 in Appendix
A). Moreover, for any (n,\) € D,

I(VA(n, X)) = (n,A) - VA(n,\) — A(n, \), and VI (VA(n, ) = (n, ). (9)

Letting vo and sg be defined as in (8), we have that (vg/s0,1/s0) = VA(10, A(10)). Recalling
the definition of f(v,s), we obtain that

Therefore,

_ 1 - 1 1
g(’l)o,So) =1 v_7_> - VI (v_07_> : <v_07_>
0s S0 So S0 So S0 S0

= I (VA(n0,M(m0))) = VI (VA(10, A(m0))) - VA(n0, A(1m0))
=1 (VA(10, A(m0))) — (110, A(10)) - VA (130, A(10))
—A(n0, Mmo)) =0,

~— —

where the second and third equalities follow from (9). Since f(v, s) is convex as a function of (v, s),
it follows that J(vg) = f(vo, so) = SOI(UO/SO, 1/sp).

Now, with D?I denoting the Hessian of I,

0% f 1 (v 1

Os Q(U 8) 83(7}71)'D21 <gvg> (Uv 1)t'
Since I(z,t) is strictly convex in a neighborhood of VA(ny, A(n0)) = (vo/s0,1/s0), D*I(z,t) is
strictly positive definite in a neighborhood of (vg/s0,1/s0)- Thus 21 (vo,so) > 0, and because
f (v, s) is analytic in a neighborhood of (v, s¢), another use of the 1mphclt function theorem [FG02,
Theorem 7.6] implies that there exists an analytic function s(v) in a neighborhood of vy such that
s(vg) = sp and %(v,s(v)) = 0. Thus, J(v) = f(v,s(v)), and therefore J(v) is analytic in a
neighborhood of vg. Moreoveg, since %(vo,so) > 0, sg is the unique value of s obtaining the
minimum in the definition of J(vp).



Since J(v) = f(v,s(v)) in a neighborhood of vy, J is strictly convex in a neighborhood of v if
f(v,s) is strictly convex in a neighborhood of (vg, sg). To see that f(v,s) is strictly convex in a
neighborhood of (g, s9), note that the definition of f(v,s) implies that for 2 € R and w € R,

t
e 100 e = (0 32) 21 (33 (o= 03

Since D2I(x,t) is strictly positive definite in a neighborhood of (vg/so,1/s0), this implies that
D?f(v,s) is strictly positive definite in a neighborhood of (vg,sg), and thus f(v,s) is strictly
convex in a neighborhood of (v, sg).

Finally, since J(vg) = f(vo,s0) and (vo/s0,1/50) = VA(no,A(no)) € D%, Lemma 2.3 implies

that
VJ(vo) = <8xz (50 80))

However, since VI (vg/s0,1/s0) = VI(VA(10,A\(10))) = (10, A(10)), we obtain that V.J(vg) = 1.
O

2.2 Properties of J - Nestling Case

In this subsection, we will assume that P is nestling, d > 2, and Assumptions 1, 2, and 3 hold.
Lemma 2.5. If P is nestling, then A(n,\) = oo for any A > 0.

Proof. Sznitman has shown [Szn00, Theorem 2.7] that when Assumptions 1, 2, and 3 hold and P
is nestling and not marginally nestling, then
log P(m; >

liminf 8P >0 (10)

e (log )
Sznitman proves (10) by constructing a “trap” of radius logn around the origin and then forcing
the random walk to stay in the trap for at least the first n steps of the walk. If instead we construct
the trap centered around a point near (logn)f, then we can adapt Sznitman’s argument (using
Assumption 1) to show that when P is nestling but not marginally nestling,

log P log P X 1
g 08P >n) L JogP(r >, [ X || < 3logn)
n—oo  (logn) n—o0 (log )¢

(11)

In the marginally nestling case, we get immediately by approximating a marginally nestling walk
by a nestling walk for the first n step (at exponential cost e ¢"), that for any ¢ > 0,

log P(11 > n, || X, || < 3logn) o

hnnigf - (12)

The statement of the lemma follows easily from (11) and (12). O
For any n € R?, let B B B

Ax(n) = A(n,0) = log Ee % (13)

If P is non-nestling, recall the constant C; in Assumption 3, and define the following subsets of R¢%:

C={neR:|n| < Ci}, ct=cn{Ax(n) >0} and  C’=cCn{Ax(n) =0}



As in the non-nestling case, for any n € CtuC? let A\(n) be the unique solution to A(n, A\(n)) = 0.
(Lemma 2.5 implies that A(n, A\(7)) = 0 does not have a solution when n € C\(C* UC?) ). Note
that A(n) is analytic and strictly concave on C*, and that A(n) = 0 for all € C°. Define

EX,, e+
v(n) =

)

ETI en'X‘lj +)\(77)7'1

so that v(n) = —VA(n) for n € C*, and ~(n) is continuous as a function of 7. Also, since A\(n) is
strictly concave as a function of 7 in C*, then () must be a one-to-one function. Let

At =T ={y(n):nec’}, and A=~ ={y(n):neC’}
Then A* is an open subset, and since vp = EX,, /Er; = 7(0), then vp € A% C AT,

Lemma 2.6. Let P be nestling. Then, J is analytic and strictly convexr on the open set AT,
Moreover, if

EX, emnXn +A(10) 71 1
, and S0

vo = y(Mo) = (14)

ETlenO'X"l +A(mo)71 - E7-1€770'X71 +X(no)T1

for some ng € C*, then

- - 1
J(vo) = sol <@7 —> , and  VJ(vg) = no,
S0 S0

and s is the unique value of s which attains the minimum in the definition of J(vp).

Proof. The proof is exactly the same as the proof of Lemma 2.4, and follows from the fact that
A(n,A(n)) =0 for n € C* and the fact that A(n, \) is analytic and strictly convex in a neighborhood
of (110, A(no)) for any no € C™. O

Since the sequence X,,, X, — X,,, ... is i.i.d. under P, Cramér’s Theorem [DZ98, Theorem 6.1.3]
implies that X, /k satisfies a large deviation principle under the measure P with rate function /; (z)
given by

Li(z) = sup [n-z—Ax(n)].
neER4

Lemma 2.7. [1(x) < infyeg I(x,t).

Proof. The large deviation lower bound (3) for (X, /n,7,/n) implies that

1 = _
liminf —log P(|| X,, —&n|| <don) > —  inf  I(x,t).
n—oo 1N lz—¢ll<d,teR

On the other hand, the large deviation upper bound for X, /n implies that

1 — _
limsup — log P(|| X, —¢&nl|| <don) < — inf Ii(x).
msup - log F(|X,, — €l < 5n) <~ inf_Fi(z)

The above two inequalities and the lower semicontinuity of I and I3 imply that I (x) < infyeg I(x,t).
O



As mentioned above, when d > 2, Assumptions 1, 2, and 3 imply that E7¥’ < oo for all p < oo.
Then, for any n € C, by choosing p large enough so that ||n| < %Cl we have that

Ere¥n < (E)"/” (Eep/(p—l)nxﬂ)(p IR

Then, for n € C, let h(n) := Ene’ ™ oo that VA(n,0) = (VAx(n),h(n)) (where the derivatives

Ee?Xm1
with respect to A are one sided derivatives as A — 07).

Lemma 2.8. If v = VAx(n) for some n € C, then I(z,t) = I1(z) for all t > h(n).

Proof. Since VA(n,0) = (x,h(n)), we have using (13) that
I(z,h(n)) = (z,h(n)) - (1,0) = A(n,0) =z -n — Ax(n).

Similarly, VAx(n) = z implies that I;(z) = 2 -n — Ax(n). Thus, I(x, h(n)) = I1(z).
If ¢ > h(n), then since Lemma 2.5 implies that A(n, \) = oo for any A > 0,

I(x,t) = sup (x,t)-(n,A) = A(n, )

neRd, A<0
neRd, A<0
= I(z,h(n) = L(z).
This, along with Lemma 2.7 implies that I(z,t) = I;(x) for all t > h(n). O

Let A= := {6v : 6 € (0,1), v € A°}. In [YilO8b] (proof of Theorem 3, bottom of page 7),
Yilmaz shows that the unit vector 7 normal to A" (pointing into A™) at vp satisfies 1 - vp > 0.
In fact, this argument gives that for any vy € A° the unit vector 79 normal to A" (pointing into
A™) at vg satisfies 7g-vg > 0. This implies that A~ is an open set and that A~ and A° are disjoint.

Remark: The above referenced argument of Yilmaz on the shape of AT appears in a different
form in [Yil08a] than it does here. Yilmaz defines a function A4(n) to be the Legendre transform
of the large deviation rate function H(v). He then shows that the equality A(n, —A,(n)) = 0 holds
for all n € C*. Note that our definition of A(n) implies that A,(n) = —A(n) for all n € CT, and thus

AT ={=VAn):neC"} ={VA.(n) :neCT}.

Since Yilmaz’s proof of the properties of the normal vectors at points in .A? only uses the fact that
A(n,—A4(n)) =0, it may be repeated here with —\(n) in place of A4(n).
We wish to identify the shape of the function J on the set A~ as well. For this we first need

the following lemma.

Lemma 2.9. Let J;(v) := infysqsli(v/s). Then Ji(v) < J(v) for allv, and Ji(cv) = cJ1(v) for all
¢ > 0. Moreover, if vg = v(ng) for some ng € C° and ¢ > 0, then Ji(v) is analytic in a neighborhood
of cvg.

Proof. Since I (x) < infy I(x,t), it follows immediately from the definitions of J and J; that
J1(v) < J(v). Also, if ¢ > 0, then

s>0 S s>0 s'>0 S

Ji(cv) = inf sy (2) = cinf(s/c) (si/c> =cinf §'[ (%) =cJi(v).
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Let f1(v,s) := sI1(v/s), so that Ji(v) = infs~q f1(v, s). Since I7 is a convex function, fi(v,s) is a

convex function of (v,s). Let vg € A° so that vg = (1) = %(7)70) for some 1y € C°. As in the

proof of Lemma 2.4, to show that J; is analytic in a neighborhood of vy, by the implicit function
theorem it is enough to show that there exists an sy such that f(v, s) is analytic in a neighborhood

of (vo, s0), %(vo,so) =0, and %25];1 (vo, s0) # 0. If 59 = m, then vg/sg = VAx(n). Since Ax is
analytic and strictly convex in a neighborhood of 7, it follows that I1(z) is analytic and strictly
convex in a neighborhood of vy/sg = VAx(n9) (see Lemma A.1 in the Appendix). Thus, fi(v,s)
is analytic in a neighborhood of (vg, s9). When I is twice differentiable at v/s, then

o= (2) -5 2)- (2) =

and

0% f 1 g
g;(v,s) =3V DI, (;) ot (16)
Since VAx (10) = vo/s0, we obtain that I (vo/s0) = no - (vo/s0) — Ax (1) and thus (15) implies
0 (v v _
Ftonso) = () = (£2) = ~Klm) 0. (17)

where the last equality is because ng € C°. Also, since I(x) is strictly convex in a neighborhood

of wo/s0, D*I1(vo/s0) is strictly positive definite, and thus (16) implies that %QJ; (vo, s0) > 0.
Therefore, J; is analytic in a neighborhood of vy. Since Ji(cv) = ¢Ji(v) for all ¢ > 0, this implies
that .J; is also analytic in a neighborhood of cvg for any ¢ > 0. O

Lemma 2.10. Let P be nestling. Then, J(v) = J1(v) for allv € A°UA~, and so J(v) is analytic
and homogeneous on the open set A~. Moreover, if for some ng € C°,

EX,, e Xn J 1 1

B — an So = — = 5
Erjemo X O h(n)  ErenXn

vo = (1) = (18)

then for any 0 € (0,1],
_ _ 0 1 _
J(Hvo) = 980[1 — | =80s OI VJ(QU(]) = Mo,
S0 80 980
and 0sq is the unique value of s which attains the minimum in the definition of J(6vo).
Proof. Let vg and sg be defined as in (18) for some 19 € C°. Recalling that fi(v,s) = sli(v/s),

then
df1
0s

where the first equality holds because 8f L(v,s) depends only on v/s by (15), and the second
equality follows from (17). Therefore, J;(6vg) = fi(6vo,0s0) = 0sol1(vo/s0). However, since
vo/s0 = VAx(no) and h(ng) = 1/s9 < 1/(0s¢) for any 6 € (0, 1], we have by Lemma 2.8 that

= [ Yo 1 _(Ovy 1
L— )= T = —— ) =0so] | —. — ).
Osoly (s()) ED) (80 980> 0sq <930’ 980>

Thus, Ji(fvg) > J(6vg). Since Ji(v) < J(v) for all v, this implies that J(v) = Ji(v) for all
v € AYUA". As in the proof of Lemma 2.4, since (vo/so,1/s0) = VA(n0,0) is in the interior of

0
(9?}0, 080) aj;l (’U(), 80) = 07
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Dy, we can apply Lemma 2.3 to show that V.J(vg) = ng. Since J(fvg) = 0J(vg) for all 6 € (0,1]
this implies that V.J(vg) = 1o as well.

Since vg/s0 = VAx(n0), I is strictly convex in a neighborhood of vg/sg, and thus (16) implies
that fi(v,s) is strictly convex in s in a neighborhood of (Avg,0sg). Therefore, sy is the unique
minimizing value of s in the definition of Ji(fvg). Since fi(v,s) < f(v,s), this implies that s is
the unique minimizing value of s in the definition of J(fvg) as well. O

Corollary 2.11. If P is non-nestling, then J(0vp) =0 for all 6 € (0,1].

Proof. Since vp = v(0) € A%, Lemma 2.10 implies that J(6vp) = 0.J(vp). However, J(vp) = 0 by
Lemma 2.2. O

Corollary 2.12. J(v) is continuously differentiable on the open set A := A~ U A°U AT, and
IVJ()| < Cy for allv € A.

Proof. This is a direct application of the formulas given for V.J(v) in Lemmas 2.6 and 2.10 and the
fact that y(n) is continuous and one-to-one on C*+ U CP. O

3 LDP Lower Bound

We now prove, in both the nestling and non-nestling cases, the large deviation lower bound.

Proposition 3.1 (Lower Bound). Let Assumptions 1, 2, and 8 hold. For any v € Hy,

1 -
lim lim inf — log P(|| X,, — nv|| < nd) > —J(v).
n

d—0 n—oo

Proof. Let ||€||1 denote the L' norm of the vector £&. Then, it is enough to prove the statement of the
proposition with || -||; in place of || - ||. Also, since P(||X,, —nv|[1 < nd) > P(D)P(||X,, —nv|1 < nd),
it is enough to prove the statement of the proposition with P in place of IP. That is, it is enough to
show

1. _ _
lim lim inf — log P(|| X,, — nv|j1 < nd) > —J(v).
0—0 n—oo N
Now, for any § > 0 and any integer k, since the walk is a nearest neighbor walk,
P(| X, — noll1 < 4nd) > P (|| X5, — noll1 < 2nd, |7 — n| < 2nd).

For any t > 1, let ky, = k,(t) := |n/t], so that n —t < k,t < n for all n. Thus, for any § > 0 and
t > 1, and for all n large enough (so that nd > t),

P(|| X, — nv||1 < 4nd) ([ X7, —nvll1 < 2nd, |k, —n| < 2n6)

P
P (| X, — kntolly < kntd, |7, — knt| < kntd) .

>
>
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Therefore, for any § > 0 and ¢t > 1,
P
lim inf — log P(|| X, — nv||1 < 4nd)
n—oo N
1 _
> liminf —log P (|| X5, — kntvll1 < kntd, |7, — knt] < kntd)
n—oo n n

1 1 =
> — liminf — log P (||X7k — kntv||1 < kntd, |1, — knt] < k:nt(S)
t n—oo k, n

1 1 —
=7 likminf z log P (|| X5, — ktv|1 < ktd, |1 — kt| < ktd)

1 _
=—— inf I(z,y),
U ||z—tv||1 <ts
ly—t|<td

where the last equality is from (3). Taking § — 0 we get that for any ¢ > 1,

1 — 1-
lim lim inf — log P(|| X,, — nv||1 < 4nd) > —Zl(vt,t).
n

d—0 n—oo

Since the last inequality holds for any ¢, the proof is completed by taking the supremum of the
right side over all ¢ > 1 and recalling the definition of .J. O

4 LDP Upper Bound

We now wish to prove a matching large deviation upper bound to Proposition 3.1, still working
under Assumptions 1, 2 and 3. Ideally, we would like for the upper bound to be valid for all v € Hy.
This is possible for d = 1 (see the remarks at the end of the paper), but for d > 1 we are only
able to prove a matching upper bound to Proposition 3.1 in a neighborhood of the set where J(v)
equals zero. However, this is enough to be able to prove Theorems 1.2 and 1.3.

A key step in proving the large deviation upper bound in both the non-nestling and nestling
cases is the following upper bound involving regeneration times:

Lemma 4.1. For any t,k € N and any x € Z¢,
P(X,, =2, T =1) < e t7(%),
Proof. Chebychev’s inequality implies that, for any A € R4
@(Xm = =1t) < e N @A Xry ) — efk()v(x/k,t/k:)fx()\))’

where in the last equality we used the i.i.d. structure of regeneration times from Theorem 2.1.

Thus, taking the infimum over all A € R¥*! and using the definition of J (with s = %),

i(z

@(XT]G = _{L" Tk = t) S e_ki(%’%) = e_t%f(t é’%) S e_t‘](t).

4.1 LDP Upper Bound - Non-nestling Case

We are now ready to give a matching upper bound to Proposition 3.1 in a neighborhood of vp. Let
A= {veR?: |[VJ(v)| < £}. Note that Lemma 2.4 implies that A’ C A.

13



Proposition 4.2 (Upper Bound). Let Assumptions 1, 2, and 3 hold, and let P be non-nestling in
direction . Then, if v e A" and § > 0 is sufficiently small,

lim sup — logIP’(HX —no|| <nd) < — inf J(x).

n—o0 |lz—v||<d

Proof. Since J is convex, 0 = J(vp) > J(v) + VJ(v) - (vp — v). Then, since ||[VJ(v)| < Cy/4 for
any v € A’ we have that J(v) < Co/4|[vp —v|| < C2/2. Thus, for a fixed v € A’ we can choose a
§ >0 and an ¢ € (0,1/2) such that J(v') < eCy and VJ(v') < Cs/4 for all ||v/ —v| < 4.

Recalling (7), we obtain that there exist constants C3,Cy > 0 such that

max {P(r; > ¢),P(r; > t)} < Cze™ 2t vt > 0.
Let v € A, and let £, > 0 be chosen as above. Now,
P(|| Xy, —nv|| <nd) <PEk <n:7p —TK—1 > €n)
+P@Ek:11 <en, 7, € (n—en,n], | X —nv|| <nd, 741 >n).  (19)
Then, since J(v) < a(n) < eCs,
P(Ik <n:7p — 11 > en) < Cane 2 < Cyne ™).

Thus, we need only to bound the second term in (19).
Since the random walk is a nearest neighbor walk, || X, — nv| < | X,, — nv|| + [n — 7%|. Thus,

P(3k:m <en, 7 € (n—en,nl, | X, —nv|| < nd, 741 > n)
< Z Z Z P(r =un, 7, = (1 —s)n, || X, —nv|| <n(d+s), Thr1 >n),
k<nu€(0,e) s€[0,¢)
where the above sums are only over the finite number of possible u and s such that the probabilities
are non-zero. However,
P(r =un, 7, = (1 —s)n, || X;, —nv|| <n(d+s), Tky1 > n)
<P(n=un, in—m=10—-s—un, | X, —X; —nv|| <n(d+s+u), The1 — 7% > ns)
= P(r; = un)P (Tk_l =(1-s—un, [Xq_ , —nv|]| <n(d+s+ u)) P(r1 > ns),
where the first inequality again uses the fact that the random walk is a nearest neighbor random
walk, and the last equality uses the independence structure of regeneration times from Theorem
2.1. Thus, since P(7; = un) < C3e~2"" and P(r; > ns) < Cze” 257,
P(3k:7m <en, 7 € (n—en,n], | X, —nv|| <nd, 7441 >n)

<Y Y CRe IR (= (- s —wn, | Xy, — ]| <n(6+s+u). (20)

k<nue(0,e) s€[0,e)
By Lemma 4.1, the last expression is bounded above by

DI > e nAms—u)(1=03) 02— Cals+wn

k<n u€(0,e) s€[0,¢) ||[x—v||<d+u+s

< Oyn™3 sup sup o~ (1= (5 ) +Cos)
s€[0,2¢) ||lz—v||<5+s
= Cynt3 —n( inf  inf  (1-s)J[— C 21
S 861[{11,25)||17111I||1<5+s( 2 =) 9% 1)
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for some constant Cy.

To finish the proof of the proposition, it is enough to show that the infimum in (21) is achieved
when s = 0. That is, it is enough to show the infimum is larger than infj,_, <5 J(z). To this end,
note first that

inf inf  (1—s)J <L> +Cys= inf inf inf (1—s)J <1 Y ) + Css.  (22)

s€[0,2¢) ||lz—v||<d+s 1—s [lz—v||<d s€]0,2¢) |ly—=z||<s — S

Since J is convex,

J <1L_8> > J(x) + VJ(z) - <1 Y - - x> > J(x) — V(@) Hli_s - x“ .
If |y — z|| < s and ||[VJ(z)|| < C2/4 this implies that

1- s)J< Y ) COys > (1—8)J(x) — %s + COys = J(z) + (9 - J(m)) 5.

1—s 2
Recalling (22), we obtain

> +Cys > inf  inf J(x)+s <@ - J(@)

1—s T ||lz—v||<8 s€[0,2¢) 2
= inf J(w),

[|lz—vl||<d

inf inf (1—3)J <
s€[0,2¢) ||lz—v||<+s

where the last inequality is because our choice of § and ||z — v|| < § imply that J(x) < eCy < %
This completes the proof of the proposition. O

4.2 LDP Upper Bound - Nestling Case

Before proving a large deviation upper bound in the nestling case, we need the following lemma.

Lemma 4.3. Assume P is non-nestling. If xn € Z¢ and k < n, then

P(X,, = zn, 7, <n) < ne ™@),
Proof. Lemma 4.1 implies that

P(X,, =an,7, <n) = Z P(X,, =an,7 = 0n) < Z e 0I(5),
0€(0,1], OneZ 0€(0,1], OneZ

Then, we will be finished if we can show that 0.J (%) > J(x). The convexity of J implies that
0J (%) > J(x + (1 =0)2) — (1 —0)J(2) for any 2. Letting 2z = cvp for some ¢ € (0,1], Lemma 2.11
implies that 6.J (%) > J(z + (1 — 6)cvp). Letting ¢ — 07 completes the proof. O

We are now ready to prove a matching large deviation upper bound to Proposition 3.1 in
the nestling case. The proof is similar to the proof of the upper bound in the non-nestling case.
However, instead of forcing regeneration times to be small, we instead force regeneration distances
to be small.

Proposition 4.4. Let Assumptions 1, 2, and 8 hold, let P be nestling, and let d > 2. Then, if
ve A and d > 0 is sufficiently small,

1 -
limsup — log P(|| X, — nv|| < on) < — inf J(z).

n—oo N ||£E*U||§(S
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Proof. Corollary 2.12 implies that ||[VJ(v)| < Cj for all v € A. Since J is convex, J(z) >
J(v) + VJ() - (2 — v) for any 2. Letting z = Ovp for any § € (0,1], Lemma 2.11 implies that
J(v) < =VJ(@W) - (Ovp —v) < [[VJW)|||0vp — v|. Letting & — 07, we obtain that J(v) <
IV T@Ilel < Caloll )

Now, for a fixed v € A, choose a § > 0 and a ¢ < |[v|| — § such that J(v') < ¢Cy and
IVJ ()| < Cy for all ||v/ —v| < d. Letting 79 := 0, we define Sy := SUP, cn<ry,y [[Xn — Xr [l By
Assumption 3, it is clear that there exists a constant Cs > 0 such that

max {P (Sp > t),P(So > t)} = max {@ <:1<17;_)1 | X5 > t) P <:1<17;_)1 | X0 > t)} < Cse™ 1t (23)

Then,

P(|| Xy, — nv|| < on)
<P(Sp > cn) +nP(Sy > cn) + P(| X, —nv|| < dn, Si<en Vi=0,1,...n)
< Cs(n+1)e 1 L P(|| X, —no|| < 6n, S; <en Yi=0,1,...n)
< Cs(n+1)e ™) L P(||X, —nv|| < én, Si<en Vi=0,1,...n), (24)
where the last inequality is because J(v) < c¢Cy. Thus, it is enough to bound the second term on

the right side of (24). Since ¢ < ||v|| =9, the event {||X,, —nv| < dn, Sy < cn} implies that 71 < n.
Decomposing according to the last regeneration time before n, we obtain that

P(|| Xy, —nv|| < dn, S;<en Vi=0,1,...n)

n
= Z]P’(Tk <n < 71, | Xn —nvl| <dn, S;<en Vi=0,1,...n)
k=1

n
<D D X Py =an, Xy =n(vtz—y), Xp=n(v+2), 7 <0< 7o),

k=1|z||<cllyl<c|lzl|<d

(25)

where the above sums are only over the finite number of possible x,y, and z such that the prob-
abilities are non-zero. The i.i.d. structure of regeneration times and distances from Theorem 2.1
implies that

P(X, =an, X;, =n(v+z—y), Xy =n(v+2), 7 <n < Tpt1)
<P(X;, =2n)P(Xr,_, =n(v+z—y—1), o1 <n)P(So > [ly[n)
< 056—01II:vllne—nj(erz—y—:v)056—01||y||n7

3d+1

where in the last inequality we used (23) and Lemma 4.3. Since there are at most Cgn terms

in the sum in (25) for some constant Cs depending only on ¢, §, and d, we obtain that
P(|| X, —nv|| < dn, S;<en Vi=0,1,...n)

< Conexp {n Jotz=a=y)+ Clllal + D)} (@0)

inf inf inf

lI211<8 [zl <e llyl<e

However, the convexity of J and the fact that ||[V.J(v + 2)|| < C; for all ||z|| < § imply that
Jotz—z—y)=2J(v+2)+VJI(+2) (2 —y) = J(v+2) = Cr(llzll +[ly])-
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Thus, the infimum in (26) is acheived when ||z|| = ||y|| = 0, and therefore,

P(|| X, — nv|| < én, S; <en Vi=0,1,...n) < Cen3lexp {_n”iﬁlfaj(v + z)} )
z||<

This, combined with (24) completes the proof of the proposition. O
Finally, we give the proofs of the main results of this paper.

Proof of Theorems 1.2 and 1.3:
The annealed large deviation principle in Theorem 1.1 implies that

1
lim lim inf = log P(|| X, — §) = —H(v).
lim lim inf —log IP(| nv| < nd) (v)

Then, if the law on environments is non-nestling, Propositions 3.1 and 4.2 imply that J(v) = H(v)
for all v € A’ (where A’ is defined as in the beginning of subsection 4.1). Similarly, if P is nestling,
Propositions 3.1 and 4.4 imply that J(v) = H(v) for all v € A (where A = AT U A° U A~ was
defined as in Subsection 2.2). The properties of .J(v) given in Subsections 2.1 and 2.2 are then also
true of H(v). O

5 Concluding Remarks and Open Problems

1. The function J depends implicitly on the direction ¢ chosen for the definition of the regen-
eration times. Write J¢ to make this dependence explicit. A consequence of our proofs of
Theorems 1.2 and 1.3 is that for any £,¢ € {€ € S : €. vp >0, c& € Z% for some ¢ > 0},
J!(v) = J¥(v) for all v in some neighborhood of where the functions are zero.

Question 5.1. Recall that J¢ is defined on Hy = {v € R? : v-£ > 0}. Is it true that
J4) = JY(v) for allv € HyN Hy?

2. The large deviations lower bound in Proposition 3.1 holds for all v € Hg,_ but we were only
able to prove a matching upper bound in a neighborhood of the set where J(v) = 0. However,
if d =1 then we are able to prove a matching upper bound for all v € Hy:

Proposition 5.2 (Proposition 6.3.11 in [Pet08]). Let X, be a RWRE on Z. Let Assumptions
1 and 2 hold, and assume that P(lim,, o X,, = +00) = 1. Define J as above in terms of
regeneration times in the direction £ = 1. Then, for any v > 0 and 6 < v,

1 -
lim —logP(|X,, — nv| <nd) =— inf J(z).
n—oo 1N x:|lz—v|<d

The following remains an open question:

Question 5.3. Do the large deviation upper bounds in Propositions 4.2 and 4.4 hold for all
veE Hy?

Note: An affirmative answer to Question 5.3 would imply that H(v) = J(v) for all v € Hy.
This would therefore imply that the answer to Question 5.1 is also affirmative.

Acknowledgements: We thank Atilla Yilmaz for pointing out to us his work [Yil08a].
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A Analyticity of Legendre Transforms
Let F : R — R be a convex function. Then, the Legendre transform F* of F is defined by

F*(x) = sup A-x — F()). (27)
AeRd

Lemma A.1. Let F be strictly convex and analytic on an open subset U C R, Then, F* is strictly
conver and analytic in U' == {y € RY: y = VF(\) for some A € U}.

Proof. Since F is strictly convex on U, VF is one-to-one on U. Therefore, for any = € U’, there
exists a unique A\(x) € U such that VF(A(z)) = z. (That is,  — A(z) is the inverse function of
VF restricted to U.) This implies, since A — X -2 — F()) is a concave function in A, that the
supremum in (27) is achieved with A = A\(z) when « € U’. That is,

F*(z) = M) -« — F((\(z)), Vzel. (28)

Since F' is analytic on U, then VF is also analytic on U. Then, a version of the inverse function
theorem [FG02, Theorem 7.5] implies that A(-) is analytic on U’ if

det (D*F(z)) #0,  VzeU, (29)

where D?F is the matrix of second derivatives of F'. However, since F is strictly convex on U,
D?F(z) is strictly positive definite for all z € U. Thus, (29) holds and so z ~— A(z) is analytic on
U’. Recalling (28), we then obtain that F™* is also analytic on U’.

An application of the chain rule to (28) implies that

VF*(x) = A(z) and D?F*(z) = DA(z) = (D’F(A(x))) ', Veel'
Since D?F is strictly positive definite on U, the above implies that D?F*(z) is strictly positive
definite for all x € U’. Thus F* is strictly convex on U’. O
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