TIGHTNESS FOR A FAMILY OF RECURSION
EQUATIONS

MAURY BRAMSON* OFER ZEITOUNI®

ABSTRACT. In this paper, we study the tightness of solutions for a fam-
ily of recursion equations. These equations arise naturally in the study
of random walks on tree-like structures. Examples include the maxi-
mal displacement of branching random walk in one dimension, and the
cover time of symmetric simple random walk on regular binary trees.
Recursion equations associated with the distribution functions of these
quantities have been used to establish weak laws of large numbers. Here,
we use these recursion equations to establish the tightness of the corre-
sponding sequences of distribution functions after appropriate centering.
We phrase our results in a fairly general context, which we hope will fa-
cilitate their application in other settings.

1. INTRODUCTION

Branching random walks (BRW) have been studied since the 1960’s, with
various cases having been studied earlier (see, e.g., [Har63] and [AN72]). As
the name suggests, such processes consist of particles that execute random
walks while also branching. One typically assumes that the particles lie on R,
and that the corresponding discrete time process starts from a single particle
at 0. When the branching is supercritical, i.e., particles on the average have
more than one offspring, the number of particles will grow geometrically in
time off the set of extinction.

Two types of results have received considerable attention. The first per-
tains to the location of the main body of particles, and states roughly that,
at large times, this distribution is given by a suitably scaled normal distri-
bution, if typical tail conditions on the random walk increments and on the
offspring distribution are assumed (see, e.g., [KA76] and [Bi90]). The second
pertains to the maximal displacement of BRW, i.e., the position of the par-
ticle furthest to the right. Results date back to [Ham74], who demonstrated
a weak law of large numbers. There have since been certain refinements for
the limiting behavior of the maximal displacement, but the theory remains
incomplete. Here, we obtain sufficient conditions for the tightness of the
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maximal displacement after centering. Our result is motivated by analo-
gous behavior for the maximal displacement of branching Brownian motion
(BBM), about which much more is known.

Another problem concerns the cover time for regular binary trees T,
of depth n. A particle, which starts at the root of the tree, executes a
symmetric simple random walk on T,,. How long does it take for the particle
to visit every site in T,,? In [A91], a weak law of large numbers was given
for regular k-ary trees as n — oo. (That is, each parent has precisely k
offspring.) Here, we show that, under an appropriate scaling, the sequence
of square roots of the cover times of T,, is tight and nondegenerate, after
centering. (The same result also holds for regular k-ary trees.)

Distribution functions associated with the maximal displacement of BRW
and cover times for trees are known to satisfy recursion equations. The dis-
tribution function itself is used in the context of the maximal displacement;
for cover times, the relationship is more complicated. These recursion equa-
tions were used in [Ham74] and [A91] for the weak laws of large numbers
they established. We will employ these equations to demonstrate our results
on tightness. We will phrase our main result on tightness in a more general
setting, which includes both the maximal displacement of BRW and the
cover time of trees.

We next describe the maximal displacement and cover time problems in
detail and state the corresponding results, Theorems 1.1 and 1.2. We then
summarize the remainder of the paper. We will postpone until Section 2 our
general result on tightness, Theorem 2.5, because of the terminology that is
required.

We define branching random walk on R formally as follows. A particle
starting at 0 moves randomly to a site according to a given distribution
function G(+), at which time it dies and gives birth to k offspring with prob-
ability pg, independently of the previous motion. Each of these offspring,
in turn, moves independently according to the same distribution G(-) over
the next time step, then dies and gives birth to k£ offspring according to the
distribution {py}. This procedure is repeated at all integer times, with the
movement of all particles and the number of offspring all being assumed to
be independent of one another. To avoid the possibility of extinction and
trivial special cases, we assume that pg = 0 and p; < 1. This implies that
the mean number of offspring my = > 7o, kpg > 1.

Let Z, denote the number of particles at time n of the BRW, with
w(n), k =1,...,7Z,, being the positions of these particles when ordered
in some fashion. We write

1.1 =

(1.1) Mn = max tx(n)
for the mazximal displacement of the BRW at time n. (The minimal displace-
ment will be given by MM = min;<x<yz, tx(n). Questions about M,, or
MM can be rephrased as questions about the other by substituting —x for
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the coordinate = and reflecting G(-) accordingly.) When G(0) = 0, one can
alternatively interpret G(-) as the lifetime distribution of individual parti-
cles of the branching process. In this setting, M, 11 becomes the last death
time of the n-th generation of particles. (MM then becomes the first death
time.)

Let F,(-) denote the distribution function of M, and set F,(-) = 1 —
F,(+). One can express F},(+) recursively in terms of G(-) =1 — G(-) and

(1.2) Qu) =1- Zpk(l — )k, forue0,1].
k

One has
(13)  Fupa(e) = (G Q(F)(x) = — / G — y)AQ(Ey(y)).
yeR

with Fy(x) = 1gyc0;. Here, % denotes the standard convolution. (One
requires the minus sign since the function F,(-) is decreasing.) Equation
(1.3) is the backwards equation for F,y1(-) in terms of F,(-). It is simple
to derive by relating it to the maximal displacement of the n-th genera-
tion offspring for each of the first generation offspring of the original parti-
cle. The composite function Q(F;,) gives the distribution of the maximum
of these individual maximal displacements (relative to their parents), with
convolution by G then contributing the common displacement due to the
movement of the original particle. In the special case where the branching
is binary, i.e., where py = 1, (1.2) reduces to Q(u) = 2u — u%. We note that
Q@ :10,1] — [0, 1] is strictly concave, in general, with

(1.4) Q0)=0, Q1)=1 and Q'(0)=my > 1.

One can equally well assume that branching for the BRW occurs at the
beginning of each time step, before the particles move rather than after. The
corresponding distribution functions F () then satisfy the analog of (1.3),

(1.5) i = Q(=G = E).

Since [} = —G * Fy, one has F" = Q(F,) for all n; consequently, {F,,} and
{£,} will have the same asymptotic behavior. The distribution functions
F7"™"(+) of the minimal displacement of this BRW were studied in [Ham74].

They satisfy a recursion equation that is similar by (1.5).
It follows from [Ham74, Th.2|, that for appropriate 7o,

r,min 0 for ¥ <0,
(1.6) E™(yn) — { 1 for v >0
as n — 0o, provided G(-) has finite mean and its support is bounded below.
(Related results were proved in [Ki75] and [Ki76], and by H. Kesten (unpub-
lished).) Hammersley believed that the minimal displacement My™" was
in some sense subadditive. This was made precise in [Li85]; the subadditive
ergodic theorem given there demonstrates the strong law analog of (1.6).

Analogous laws of large numbers hold for F),(-), Fn(.), F'(-), that is for
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M,,, MJ and M. In this paper, we will investigate the refined behavior
of Fy(-).

There is an older, related theory of branching Brownian motion. Indi-
vidual particles are assumed to execute standard Brownian motion on R.
Starting with a single particle at 0, particles die after independent rate-1
exponentially distributed holding times, at which point they give birth to &
offspring with distribution {py }x>1. All particles are assumed to move inde-
pendently of one another and of the number of offspring at different times,
which are themselves independent. The maximal displacement

M= max rk(t)
is the analog of (1.1), where, as before, Z; and 1(t), k = 1,..., Z;, are the
number of particles and their positions at time ¢. It is not difficult to show
(see, e.g., [MT75]), that u(t,z) = P(M; > x) satisfies

(1.7) Ut = %umm + f(u),
with
(1.8) flu)=Qu) —u

and u(0,z) = 1{z<0}. When the branching is binary, f(u) = u(1 — u).
When f(-) is continuously differentiable and satisfies the more general
equation

(1.9)  fO0)=f(1)=0, f(u) >0, f(u)<f(0), foruce(0,1),

(1.7) is typically either referred to as the K-P-P equation or the Fisher
equation. For solutions u(t,r) of (1.7) with u(0,z) = 1zc0y, 1 — u(t,-) will
be a distribution function for each ¢. In both [KPP37] and [Fi37], (1.7) was
employed to model the spread of an advantageous gene through a population.

In [KPP37], it was shown that, under (1.9) and u(0,2) = 1<}, the
solution of (1.7) converges to a travelling wave w(z), in the sense that for
appropriate m(t),

(1.10) u(t,z +m(t)) - w(z) ast— oo

uniformly in z, where 1 — w(+) is a distribution function for which a(t,z) =
w(z — /2 t) satisfies (1.7). Moreover,

(1.11) m(t)/t — V2 ast— .

(The centering term m(t) can be chosen so that u(¢, m(t)) = ¢, for any given
¢ € (0,1).) In particular,

1 for’y<\/§,

u(t,7t) - { 0 for~ > \/5,

which is the analog of (1.6).
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A crucial step in the proof of (1.10) consists of showing that
u(t,x +m(t)) is decreasing in ¢ for z < 0,
(1.12) u(t,z +m(t)) is increasing in ¢ for x > 0.

That is, v(t,-) = u(t,- + m(t)) “stretches” as ¢ increases. A direct conse-
quence of (1.10) and (1.12) is that the family v(t,-) is tight, that is, for each
€ > 0, there is an A, > 0, so that for all ¢,

(1.13) v(t,—A:) —v(t,As) > 1 —e.

More can be said about m(-) and the convergence of v(t,-) under more
general initial data ([Br78] and [Br83]).

Although BRW is the discrete time analog of branching Brownian motion,
with (1.3) corresponding to (1.7), more refined results on the asymptotic
behavior of F,(-) corresponding to those of u(t,-) in (1.10) have, except
in special cases, remained elusive. When G(-) admits a density which is
logarithmically concave, that is, G(-) satisfies

(1.14) G'(z) = e @) where p(z) € (—oo, oc] is convex,

one can show that the analog of (1.12) holds for Fy(z) = 1<y As in
[Lu82] and [Ba00], the analog of (1.10) follows from this. Results of this
nature for general G(-) are not known. In fact, without some modification,
the analog of (1.10) will be false in general, as when G(-) is concentrated on
the integers and vy € Z.

There has recently also been some interest in related problems that arise
in the context of sorting algorithms, for which the movement of offspring of
a common parent will be dependent. [D03] showed the analog of (1.10) for
a specific choice of G(-). In [R03] and in [A-B07] (in the latter paper, for
general G(+) having bounded support), m(t) is calculated for related models.
[CDO06] treats a generalization of the model in [DO03].

In this paper, we will show that, after appropriate centering, the sequence
{My, }n>0 corresponding to the maximal displacement of BRW is tight. The
shifted sequence { M3 },>0 is given by

(1.15) My, = M, — Med(F,),

where Med(F},) = inf{z: F,,(z) > 1/2} and F,(-) is the distribution func-
tion of M,,. F3(-) denotes the distribution function of M$. The sequence
{M; }n>0, or equivalently {F}},>0, is tight if for any € > 0, there is an
Ac > 0 such that F(A.) — F3(—A:) > 1 — ¢ for all n; this is the analog of
(1.13).

Rather than (1.14) as our main condition, we assume that for some a > 0
and My > 0, G(-) satisfies

(1.16) Gz + M) < e MG(z) forall z >0, M > M.

In addition to specifying that G(-) has an exponentially decreasing right tail,
(1.16) requires that G(-) be “flat” on no interval [x,z + M], for x and M
chosen as above. It follows with a little work from [Ham74, (3.97)], that in
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order for vy < oo, the right tail of G(-) needs to be exponentially decreasing.
The flatness condition included in (1.16) is needed for our method of proof;
this additional condition will be satisfied for most distributions that one
encounters in practice. We will also require that the branching law for the
BRW satisfy p; < 1 and

(1.17) Zkﬂpk =my < oo for some 0 € (1,2].
k=1

Employing the above conditions, we now state our main result for branch-
ing random walks:

Theorem 1.1. Assume that the random walk increments G(-) of a BRW
satisfy (1.16) and that the branching law {py }r>1 satisfies p1 < 1 and (1.17).
Then, the sequence of random variables { M3 },>0 is tight.

As indicated earlier in the section, Theorem 1.1 will follow from a more
general result, Theorem 2.5, whose statement is postponed until the next sec-
tion. Theorem 2.5 assumes a more general version of the recursion equation
(1.3). The heart of the paper, Sections 2 and 3, is devoted to demonstrating
Theorem 2.5. Since the distribution function of the maximal displacement
of BRW satisfies (1.3), Theorem 1.1 will follow quickly. This is shown in the
first part of Section 4.

Our other problem concerns the cover time for regular binary trees. The
regular binary tree T, of depth n consists of the first n generations, or
levels, of a regular binary tree, with the root o denoting the original ancestor
and Ly, consisting of the set of 2¥ vertices at the k-th level, for k < n, of
the corresponding descendents. We consider each level k£ — 1 vertex to be
an immediate neighbor of the two level k vertices that are immediately
descended from it.

In this setting, {X;};>0 denotes a symmetric nearest neighbor random
walk on T,,, with Xy = 0, and with each neighbor being chosen with equal
probability at each time step. The cover time of T,, is given by

J
Ch=min{ J>0: | J{X;} =T,
=0

In [A91], it was shown that
(1.18) Cn/4(log 2)n?2" —, .o 1 in probability.

A natural question is how C,, should be scaled so that the resulting random
variables, after shifting by their medians, are tight. It turns out that the
correct scaling is given by

(1.19) En = /Cn/2".

Defining the shift & = &, — Med(&,,) similarly to (1.15), we will show the
following result:
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Theorem 1.2. The sequence of random variables {&;}n>0 for the regular
binary tree is tight. Furthermore, it is non-degenerate in the sense that there
exists a constant V > 0 such that

(1.20) limsup P(|€;| < V) < 1.
n—oo

Theorem 1.2 will also follow as a special case of Theorem 2.5; this is
shown in the second part of Section 4.2. Considerably more work is required
in this case than was required for showing Theorem 1.1. In particular, an
intermediate tightness result first needs to be demonstrated in Theorem 4.3,
for a random sequence {f, }n>0 that is introduced in (4.5).

In the short Section 5, we will mention a conjecture on the tightness of
the cover times for the lattice tori Z2 = Z2?/nZ?. The intuition behind its
proof should rely heavily on the proof of Theorem 1.2.

Theorem 2.5 is phrased quite generally so as to allow it to be applied in
other settings. In our way of thinking, the tightness exhibited in Theorems
1.1 and 1.2 are examples of a fairly general phenomenon. Because of this
level of generality, the assumptions in Theorem 2.5 require some preparation,
which is done at the beginning of Section 2. For a first reading, one may
think of the quantities introduced there as generalizations of the branching
law {pi}r>1 and of the distribution of the random walk increments G(-)
employed for BRW.

The proof of Theorem 2.5 breaks into two main steps. The tightness of
the distribution functions {F}}},>¢ given there can be shown by showing the
corresponding tightness of (a) the right tail of {F},>0 and (b) the left tail
of {F$},>0. An important ingredient is the Lyapunov function L(-) that
is introduced in (2.12). Section 3 is devoted to showing the bound (2.14)
on sup,, L(F,), in Theorem 2.7, that is needed to show the tightness of the
right tail.

The argument for (b) is comparatively quick and is done in the latter part
of Section 2. The idea, in spirit, is to show that F},(-) must grow rapidly
through successive iterations until reaching values close to 1, at coordinates
not changing by much after an individual iteration. One then employs the
resulting bound, together with the tightness of the right tail from (a), to
obtain the tightness of the left tail. This is done in Proposition 2.9 and
Lemma 2.10.

2. DEFINITIONS AND STATEMENT OF MAIN RESULT

We begin the section with definitions that are employed in the statement
of Theorem 2.5, which is our main result on tightness. After stating Theorem
2.5, we introduce the Lyapunov function that will be our main tool in proving
the theorem. As indicated in the introduction, we will then demonstrate the
easier half of the theorem, with the more difficult half being demonstrated
in Section 3.
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We denote by D the set of functions F': R — [0, 1], such that F =1~ F
is a distribution function. We will study sequences of distribution functions
{Fy}n>0 that solve recursions of the form

(2.1) Foiq =T, Fy,

with F,, = 1 — F,,, where T}, : D — D is chosen from a family of operators
that will be defined shortly. Equations of the form (2.1) include the recur-
sions mentioned in the introduction in the context of Theorems 1.1 and 1.2.
As mentioned there, we are interested in proving the tightness of F;, after
recentering F) around its median.

We next describe the class of operators T, for which we carry through
our program. For u,Gy(y,-) € D, with n € N and y € R, set

(2.2) (Grnou)(x)=— [ Guly,x—y)du(y).
yeR

One may think of {G,} as corresponding to a family of random variables
{Nyn}yernen, with P(Ny, > z) = G,(y,x), and u as corresponding to
an independent random variable Y, with P(Y > y) = u(y); (2.2) is then
equivalent to

(Gn ®u) (x) = P(Y + Ny, > ).

When G, (y,z) = G,(x), the ® operation reduces to the standard convolu-
tion, up to a minus sign.

Let {Q,} be a sequence of increasing, nonlinear functions mapping [0, 1]
onto itself. Our main result concerns recursions of the form

(2:3)  (Twu)(z) = (Gn ® (Qu(u))) (x) = - . Gn(y,z = y)dQn(u(y)) ,
y
for u € D. We first state our assumptions on {Q,} and {G,}.

Assumption 2.1 gives conditions on the growth of J,,. The first part of the
assumption includes a lower bound for the growth of @), near 0; the second
part gives an upper bound on the concavity of ), near 0. A prototypical
example is given by Q,(r) = 2z — 2?2 for all n. (Throughout the following
definitions, all constants will be independent of n unless explicitly mentioned
otherwise.)

Assumption 2.1. The functions Q, : [0,1] — [0,1] are increasing with

Qn(0) = 0 and Q,(1) = 1. Moreover, there exist constants o9 > 0, m €
(1,2],¢* > 0 and 6* > 0, such that

(2.4) Qn(z) > ma  for all x < 24§
and
(2.5) i—? < % [1 + c*(Qn(xl))‘g*] for all 0 < 1 < g < 2(0g A x1) .

The next assumption gives conditions on the “convolution” kernels G
The condition (G1) specifies monotonicity requirements for G,,, (G2) speci-
fies a particular exponential tail condition, and (G3) is a centering condition.



RECURSIONS AND TIGHTNESS 9

Assum;&ion 2.2. (G1) The functions Gp(y,x — y) are increasing in vy,
whereas Gy (y, z) are decreasing in y.

(G2) There exist constants a € (0,1) and My > 0 such that, for all x > 0,
y €R and M > M,

(2.6) Gn(y— M,z + M) < e MG, (y,2).

(G8) Choosing m as in Assumption 2.1 and setting 9 = (logm)/100,

(2.7) Gn(y,0)>1—¢y forally.

In applications, the particular choice of €y in (2.7) can often be obtained
from gy > 0 by applying an appropriate translation. In this context, it is
useful to note that (G2) follows from (G1) and the following superficially
weaker assumption:

(G2’) There exist constants a' € (0,1), L > 0 and M' > 2L such that, for
allx > L and y € R,

(2.8) Gnly— M z+ M) <e MG, (y,2).

One can check that (G2) follows from (G1) and (G2’) by setting a = a'/3
and My = 2M’; this follows from iterating the inequality

Gnly— M,z 4+M)<e MG (y— M+ M ,z+M-—M)

k — 1 times, and applying (G1).

Assumption 2.4 below gives uniform regularity conditions on the trans-
formations 7,, defined in (2.3). It gives upper and lower bounds on T, u in
terms of an appropriate nonlinear function Q of translates of u. Such a Q
will be required to belong to the set of functions Q satisfying the following
properties.

Definition 2.3. Q is the collection of strictly increasing continuous func-
tions @ : [0,1] — [0, 1] with Q(0) = 0,Q(1) = 1, such that:

(T1) ~Q(:v) > for all x € (0,1), and for any § > 0, there exists cs > 1 such
that Q(x) > csx for x <1 —14.

(T2) For each § € (0,1), there exists a nonnegative function gs(¢) — 0 as
e\, 0, such that if > & and Q(x) < (1 —90)/(1 +¢), then
(2.9) QU1+ gs(e)a) > (1 +)Q(x).

(T1) of the preceding definition gives lower bounds on the linear growth
of @ € Q away from 1, and (T2) gives a uniform local lower bound on the
growth of @) away from 0 and 1. In our applications in Section 4, we will
have @), = Q, with @ strictly concave, in which case we will set Q = Q.
(T1) and (T2) will then be automatically satisfied. Note that the conditions
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(2.4) and (2.5) in Assumption 2.1 specify the behavior of @, near 0, whereas
(T1) and (T?2) specify the behavior of Q over all of (0,1).

Employing an appropriate Q € @, we now state our last assumption. It
will only be needed for the proof of Lemma 2.10.

Assumption 2.4. There exists a Q € Q satisfying the following. For each
m > 0, there exists B = B(n1) > 0 satisfying, for allu € D and x € R,

(2.10) (Twu)(x) > Q(u(z + B)) —m
and
(2.11) (Thu)(z) < Q(u(aj —B))+mn.

In the special case where T), is of the form (2.3), with G, (y,-) = G()
and @, = @, and @ is strictly concave, Assumption 2.4 automatically holds
with @ = Q. (One can see this by truncating G off a large enough interval
which depends on 7;.)

Our main result asserts the tightness of the distribution functions given
by the recursions in (2.1) and (2.3).

Theorem 2.5. Let Assumptions 2.1, 2.2, and 2.4 hold, and assume that
Fo(x) = 1gz>0y. Then, the sequence of distribution functions {F,},>0 is
tight.

Remark 2.6. The assumption on Fy in Theorem 2.5 can be relazed to the
assumption that L(Fy) < oo for the function L in Theorem 2.7 below.

The proof of Theorem 2.5 employs a Lyapunov function L : D — R that
we introduce next. Choose 0y > 0 so that Assumption 2.1 is satisfied, M
as in (G2) of Assumption 2.2, &1 > 0, and b > 1. For u € D, introduce the
function

(2.12) L(u) = sup l(u;x),
{z:u(x)€(0,00]}
where
1 u(x — M)
2.1 cx) =1 — 1 1 - .
1)t <o () o (1 - M)

Here, we let log0 = —oo and (z)+ = = V 0. If the set on the right side of
(2.12) is empty (as it is for u(r) = 1(y<q)), we let L(u) = —oc. We will
prove the following result in Section 3.

Theorem 2.7. Let Assumptions 2.1 and 2.2 hold. There is a choice of
parameters dg,e1, M > 0 and b > 1, such that, if L(F() < oo, then

(2.14) sup L(F,,) < oco.



RECURSIONS AND TIGHTNESS 11

Theorem 2.7 implies that, with the given choice of parameters, if L(Fy) <
oo and Assumptions 2.1 and 2.2 hold, then, for all n and z with 0 < F,,(z) <
607

log <1 +e1 — M) < (log b)(Cp + log F ()
F,(z) n
for Cy = sup,,> L(Fy) < oo. In particular, by taking §; > 0 small enough
such that the right hand side in the last inequality is sufficiently negative
when 0 < F,,(z) < &1, we have the following corollary.

Corollary 2.8. Let Assumptions 2.1 and 2.2 hold. Then, there exists 61 =
01(Co, b0, €1,b, M) > 0 such that, for all n,

(2.15) Fp(r) <6, implies Fp(x — M) > (1 + 8—21) Fp(z).

The inequality (2.15) is sufficient to imply the tightness of {F?},>0, ir-
respective of the precise form of the operator 7,. This is shown in the
following proposition.

Proposition 2.9. Suppose that (2.15) holds for all n and some choice of
01, M,e1 > 0. Also, suppose that each T, satisfies Assumption 2.4, and that
Fri1 =T,F,. Then, the sequence of distributions {F?}n>0 is tight.

Theorem 2.5 follows directly from Corollary 2.8 and Proposition 2.9. Since
the proof of Theorem 2.7, and hence of Corollary 2.8, is considerably longer
than that of Proposition 2.9, we prove Proposition 2.9 here and postpone
the proof of Theorem 2.7 until Section 3.

The main step in showing Proposition 2.9 is given by Lemma 2.10. It
says, in essence, that if F,, is “relatively flat” somewhere away from 0 or 1,
then F,_; is “almost as flat” at a nearby location, where its value is also
smaller by a fixed factor v < 1. The proof of the lemma will be postponed
until after we complete the proof of Proposition 2.9.

Lemma 2.10. Suppose that (2.15) holds for all n under some choice of
01,M,e1 > 0. Also, suppose that each T, satisfies Assumption 2.4, and that
Foy1=T,F,. For fizedny € (0,1), there exist a constant v = v(n9) < 1 and
a continuous function f(t) = fn,(t) : [0,1] — [0,1], with f(t) —¢—0 0, such
that for any € € (0,(1 —no)/n0), 1 € [61,m0], and large enough N1 = Ni(e),
the following holds. If M’ > M and, for given n and x, F,(z) > 01,

(2.16) Fplx — M) < (1+¢e)F,(x)

and

(2.17) Fo(z —M') <n,

then

(2.18) Fno1(x+ Ny — M) < (1+ f(e))Fn_i1(z — Ny)
and

(2.19) Fp_1(x+ Ny — M) <.
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Proof of Proposition 2.9 assuming Lemma 2.10. Fix an 79 € (0,1).
We will show the existence of an £y = £p(n9) > 0, an ng and an M , such
that if n > ng and F,(z — M) < 1o, then

(2.20) Fo(z — M) > (1+40)Fn(z).

This implies the claimed tightness in the statement of the proposition.

The proof of (2.20) is by contradiction, and consists of repeatedly apply-
ing Lemma 2.10 until a small enough value of F,,, where the function is
“relatively flat”, is achieved, which will contradict (2.15). The presence of
the uniform bound + in (2.19) will play an important role in the computa-
tions. We proceed by defining o;, ¢ > 0, by 0¢g = 19 and o; = yo;_1. Since
~v < 1, the sequence o; decreases to 0. Set

no =min{i: o; < 61}
and specify a sequence &; > 0, i > 0, so that &,, < e1/4 and &; = f(&;_1) <

e1/4. (This is always possible by our assumption that f(t) —¢—o 0.) Also,
set My, = M and, for i € {1,...,no}, set

Mpy—i = Myg—it1 + 2N1(€ng—it1)

and M = M.
Suppose now that (2.20) does not hold for some z and n > ng, with
Fp(x — M) < nog = 9. Then,
Fp(z — M) < (1+&)Fu(x) Aoy,
with F,(x) > ;. (The last inequality follows automatically from M > M
and (2.15).) In particular, (2.16) and (2.17) hold with M' = M, e = &y and
n = 0p. Applying Lemma 2.10, one concludes that

Foi(z+ Ni(éo) — M) < (14 &) F1(z — Ni(é0))
and
Fn_l(a: + Nl(é()) - M) <~vog=o01.
Setting y = x — N1(&p), it follows that there exists a point y, such that

Fn—l(y - Ml) < (1 + él)Fn—l(y) Nor,

where My = M — 2N1(ép) > M by construction.

When F,_i(y) < §1, this contradicts (2.15) because é; < £1/2. When
Fn_l(y) > 01, repeat the above procedure n; times (with n; < ng), to show
that there exists a point 3’ such that

Fn—m (y/ — My,) <61, Fn—m (y, — Mp,) < (1 +én, )Fn—m (y/) .

This contradicts (2.15), because Fp_pn, (¥') < Fpn, (v — My,), Mp, > M
and &,, <e1/4. O

We now prove Lemma 2.10. The argument for (2.18) consists of two main
steps, where one first shows the inequality (2.24) below, and then uses this
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to show (2.18). The inequality (2.24) follows with the aid of the properties
in Assumption 2.4, which allow us to approximate the operator T, by the
pointwise transformation Q, after an appropriate translation. The inequal-
ity (2.9) is then employed to absorb the coefficient (1 + 2¢) in (2.24) into
the argument of @, from which (2.18) will follow after inverting Q. The
argument for (2.19) also uses one direction of Assumption 2.4 to bound T,
by Q; one then inverts Q to obtain (2.19).

Proof of Lemma 2.10. We first demonstrate (2.18). Suppose (2.16) and
(2.17) hold for some z with F',,(z) > 61; one then also has F,,(x — M') > 4.
Let Q be as in Assumption 2.4. By (2.10), (2.11) and (2.17), for any n; > 0,
there exists B = B(n;), such that

(2.21) Fo(x—M)>Q(F, 1(x+B—-M)) -

and

(2.22) Fo(z) < Q(Fp_1(x — B)) +mn1 .

By (2.22), since F,(z) > 41,

(229 QFsste=8) > (1-2) Fula.

On the other hand, by (2.21) and (2.16),

(1+E) ( ) > Q( n— 1(%+B—M/))—n1 > Q(Fn_l(x—FB—M’))—%T(JE) .

Combining this with (2.23), it follows that for n; < di,
(1+e+cle,m,0)Q(Fn_1(z—B)) > Q(F,_1(x+ B — M),

where
L+e+m/o

L —m1/61
and in particular, ¢(e,n1,01) —y, -0 0. Therefore, for any n; with c(e,n1,61) <
€,

(221)  (1+29)Q(F-i(w—B)) = QFp-rs(x+ B - M)

We now choose N1 = B. To prove (2.18), we can assume that z — B >
x4+ B— M'. (Otherwise, (2.18) is trivial.) Since F,(z) > 41, it follows from
(2.22) that, if n; < 01/2, then

(2.25) Q(Fn_1(x+B—-M))>Q(F,_1(z— B))>6/2>0.
On the other hand, from (2.17) and (2.21),

(2.26) n>Fnle—M)>QFu1(x+B-M))—

In particular, for each m; < (1 —n)/2 and § = §(n) chosen so that

F=01(2ya sy,

2 2

0(67771751): _1_67
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Fo 1(x+B—M')>¢ and Q(F_1(x+ B~ M')) <1-¢§. Applying (2.9)
together with (2.24), one concludes that

(1+ f(e))Fp_1(x — B) > Fp_1(x + B - M),

with the function f(e) := gy (2¢) —-—0 0. The inequality (2.18) follows
since Ny = B.
Note that by (2.26), for any n; > 0,

Fpoi(e+B M) < Q7 (Falz — M) +m) < Q7 (n+m).

The inequality (2.19) follows from this and property (T1) by choosing m
small enough so that v = sup, (s, ] Q(n+m)/n<1. ]

3. PROOF OF THEOREM 2.7.

This section is devoted to proving Theorem 2.7. In order to prove the
result, we will show the following minor variation.

Theorem 3.1. Let Assumptions 2.1 and 2.2 hold. There is a choice of
parameters dg,e1, M,C1 > 0 and b > 1, with the property that if L(Fp4+1) >

C for some n and some C > Cy, then L(F),) > C.

Proof of Theorem 2.7 assuming Theorem 3.1. If sup, L(F,) = oo,
then for any C, one can chose n such that L(F,) > C. For C > (4, it
follows by Theorem 3.1, that L(Fg) > C. Since C' can be made arbitrarily
large, one must have L(Fy) = oo, which contradicts the assumption that

L(F(]) < 00. ]

In what follows, for a function f on R and any = € R, we set f(z)” =
lim, ~, f(y), when this limit exists. We define, for ¢ > 0, 21 € R, 23 =
x1— M, and u € D,

@1 =qi(u,e,z1) =inf{y > 0:u(xy —y) > (1 +8)u(x; —y)}
and

if u(ry —q1)” > ulry —qu — M/2)/(1 —4e),

Tl—Tl(fol)_{ql M
- M M - :
5 otherwise .

q1 —
Possibly, ¢1(u,e,21) = 00, in which case we set 1 (u, e, 1) = co. Intuitively,
x1 — @1 is the first point to the left of x; where u is “very non-flat”. (We are
interpreting u to be “very non-flat” at x if the ratio u(x — M)/u(x) is not
close to 1.) We have defined 71 so that u is “very non-flat” at all points in
[x1 — 11 — M/2,21 — 11); more detail will be given in the proof of Lemma
3.5.

The proof of Theorem 3.1 is based on the following two propositions.
The first allows one to “deconvolve” the ® operation and maintain a certain
amount of “non-flatness”. In the remainder of the section, we will implicitly
assume that aM > 100.



RECURSIONS AND TIGHTNESS 15

Proposition 3.2. Let Assumption 2.2 hold. For a given u € D, n, x1 € R
and &' € (0,1/8), and for xo = x1 — M, assume that

(3.1) (Gn®u) (x2) < (1+¢) (Gn®u) (21).

Then, at least one of the following two statements holds for each § > 0:

(3.2) u(ze —y) < (1 +¢& +d)u(zy —y), somey < M Ari(u,e,z1),

(3.3) u(zg —y) < (1+& — de™u(zy —y), somey e (M,r(u,e, x1)].
The second proposition controls the Lyapunov function ¢ around “non-

flat” points.

Proposition 3.3. Let Assumption 2.2 hold. For a given u € D, n, x1 € R

and € € [0,e1), with e1 < 1/8, and for xo = 1 — M, assume that

(3.4) (Ghn®u) (z2) = (1+¢) (Gn®@u) (z1).

Choose 6 < k(g1 —€) and &' = e+ 0/2 < &1, where k € (0,1). Then, for
small enough k > 0 and for b > 1, neither depending on u,x1,x2,0 or e, the
following hold.
a) If (3.2) is satisfied, then there exists ¥y > x1 — M such that

_ )
. sl — n : > -2 e I
(3.5) lu;xy) — UGy ®uyzy) > (61 + &0+ s 10gb>

b) If (5.3) is satisfied, then there exists x} < x; — M such that
(3.6)
— — 7)) + 4log(d -
O(u; 2))—0(Gp®u; 1) > —6(51(x1—x'1)+€o)+a(x1 7)) + 41og(9/(e1 — ) .
4log b
We will also employ the following lemma, which allows us to avoid check-
ing the condition xo < 2z in (2.5).

Lemma 3.4. Let Assumption 2.1 hold. Suppose for small enough dg > 0,
that 0 < x1 < xo satisfy

(3.7) Qn(z1) <6 and Qp(z2) < an(azl).

Then, for ¢* and 0* chosen as in the assumption,

ry _ Qn(z2) ‘ o
3.8 2 < 2P 14 ¢ (Qulan)]
Proof of Lemma 3.4. Since @), is increasing, x1 < &y by (2.4) and (3.7);
the main inequality in (2.5) will therefore hold if xo A2z is substituted there
for xo. Together with (3.7), this implies that
A2 3 x
2o <S4+ @)

which is < 2 for small enough &g and hence x5 < 2z;. One can now employ
(2.5) to obtain (3.8). O

x1
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The proof of Proposition 3.2 requires a fair amount of work. We therefore
first demonstrate Theorem 3.1 assuming Propositions 3.2 and 3.3, and then
afterwards demonstrate both propositions.

Proof of Theorem 3.1. Assume that the constant £; in (2.13) satisfies
e1 < (logm)/100, where m € (1,2] is as in (2.4). We will show that for C
large enough and L(F,4;1) > C,

(39) L(@u(Fy)) ~ DT ® Qu(Fy)) = — 2"
and
(3.10) L(F,) - LQu(Fy) = "

Since L(Fy11) = L(G, ® Qn(F,)), it will follow from (3.9) and (3.10) that
L(F,) > L(F,1), which implies Theorem 3.1.

Recall the constants 8* and a from Assumptions 2.1 and 2.2, and the
constant k from Proposition 3.3. We fix g > 0 small enough so that the
conclusions of Proposition 3.3 and Lemma 3.4 hold. We also choose b close
enough to 1, with €/ > b > 1, and M > 100/a large enough, such that the

conclusion of Proposition 3.3 and all the following conditions hold:

(log b)(log m)
A1 —_—
(3.11) 50 < K,
a 6logm
12 _—
(3.12) Stogb U Tooar
aM (log b)(log m)
1 — -1 — .
(3.13) T > og < 50

We begin with the proof of (3.9). Propositions 3.2 and 3.3 provide the
main ingredients. Choose x1 such that

(Gn ® Qu(Fn))(21) < b0, UGp® Qu(Fr);z1) >C —1
and
(3.14) U(Gn® Qu(Fr);x1) > L(Gn ® Qu(Fy)) — (logm)/10.

This is always possible since L(F,y1) = L(G, ® Q,(F,)) > C. Choose
e € [0,e1) such that (3.4) in Proposition 3.3 holds for u = Q,(F,). Also,
set 0 = (logb)(logm)(e1 — €)/40 and note that due to (3.11), § < k(g1 —¢).
Applying Proposition 3.2, with Q,,(F,,) playing the role of u there and with
e/ = e+ /2, either (3.2) or (3.3) must hold.

Suppose that (3.2) holds, and set a1 = 2(e1+¢0)+(logm)/20 < (logm)/10,
where ¢¢ is given in (2.7). Then, by (3.5) of Proposition 3.3, there exists
x) > x1 — M such that

(3'15) E(Qn(Fn)a x/l) - E(an ® Qn(Fn)y 5171) > —oq .
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In particular, £(Q,(F,);x}) > C — 1 — ay, and hence by the definition of ¢,
(3.16) —log Qn(Fpn(zh)) > C —1—aj —logy(1 +¢1),

with the right side being greater than — log dg if C' is large enough. Together
with (3.15), (3.14) and the definition of L, this yields (3.9) when (3.2) holds.

Suppose now that (3.3) holds. Then, again by Proposition 3.3, (3.6)
implies that

a(xy — ) N log ((log b)(log m)/20)
4logb log b
Since g = (log m)/100, it follows by (3.12) and (3.13) that the right side of

(3.17) is nonnegative. Further, by exactly the same argument as in the case
that (3.2) holds (after replacing —a; by 0), one deduces from (3.17) that

(3.17) > —6(c1(z1 — o) +e0) +

—log Qn(Fp(2})) > C —1—logy(1+¢1) > —logdy -

Together with (3.14), (3.17) and the definition of L, this yields (3.9) when
(3.3) holds, and hence completes the proof of (3.9).

The proof of (3.10) is based on the properties of @, given in Assumption
2.1. The basic idea is that when F,(z1) is sufficiently small, ¢(F,;z1) —
0(Qn(Fy);z1) will be almost logm because: (a) the difference of the first
components of £ contributes

lOg(Qn(Fn($1))/Fn($1)) > IOgm

on account of (2.4) and (b) the difference of the second components of ¢
is negligible, since F,(22)/Fy(x1) is not much larger than Q,(F,(zz2))/
Qn(F,(z1)), on account of (2.5).

To justify this reasoning, first note that by (3.9), we already know that
L(Qn(F,)) > C — (logm)/3 > 0. So, there exists an z1 with Q,,(F,(x1)) <
dp and

logm
3

HQn(Fr): 1) > max <c _loem 00 () — k’gm) .

10
Since the right side is > —o0, one has, for zo = 21 — M,
(3.18) Qn(Fn(z2)) < (14 €1)Qn(Fn(1)).

So, (3.7) is satisfied, with F,(z;) in place of z;, since &1 < 1/2. Conse-
quently, by Lemma 3.4,

G19) = L e (Qu(Fa(e)”]

Now, set Qn(Fp(x1)) = q and Qn(Fp(22))/Qn(Fn(z1)) = 1 + &, which
is less than 1+ ;. By (2.4), F,(z1) < & holds, and hence Q,,(F,(z1)) >
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mFE,(z1). So,

U(Fpiz1) = —logFy(x1) +log, <1+El_ (ZD

v

Fo(
—log Qy (Fpn(w1)) +10gm+logb< —e—2c%q >+ .
Because £(Q,(Fy);x1) > C — (logm)/3,
q < 6_(0_(10gm)/3)(51 o E)1/logb )

Since 6*/logb > 1, it follows from the previous two displays and the defini-
tion of ¢, that

E(mel) > lOan(F ( )) +10gm
+log, ( o—0"(C—(logm)/3) (e1 — E)H*/logb)
n);®

+
> UQn(Fy);z1) + logm + log, < 2c*e_9*(c_(1°gm)/3))

Choosing C' large enough such that

* 1
log;, (1 —2c*e™f (C_(logm)/3)>+ > — olgom

N .

and using (3.14), we get

L(Fa) 2 Fuion) 2 (@u(Fo)ion) + 5 logm

— 1
> L(Qn(Fn))+ 5 logm .
This implies (3.10). U

We now prove Proposition 3.2, which was used in the proof of Theorem
3.1. Much of the work is contained in the following lemma, whose demon-
stration we postpone until after that of the proposition.

Lemma 3.5. Suppose G, satisfy Assumption 2.2, and for given € > 0,
u€ D, x1 €R and xo = 1 — M, that (3.1) holds. Then,

| w4 i) = [ aty— MGty - )

2—T1 1—71
o
(3.20) < (1+&) / w(y)dCo(y, 71 — 1)
xr1—T1
where r1 = ri(u, &, x1).
The integration is to be interpreted as being over the parameter y. Since

Gn(y,z —1y) is increasing in y for each fixed z, the integrals are well defined
as Lebesgue-Stieltjes integrals. Here and later on, we use the convention

/f )dg(y / 1yeton £ (0)dg(y)
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Proof of Proposition 3.2. In the proof, we will omit the index n from
G, writing G since the estimates that are used do not depend on n.

Suppose that 1 = ri(u,e’,21) < M. If (3.2) does not hold for a given
4 > 0, then

wly—M) > (1+& +8u(y) forally >z —ry,

which contradicts (3.20). So, to prove Proposition 3.2, it remains only to
consider the case where 1 > M.

Assume now that for a given 6 > 0, neither (3.2) nor (3.3) holds. We will
show that this again contradicts (3.20). Decompose the left side of (3.20)
into the integrals over [x9 — 11,29 — M) and [z9 — M, 00), which we denote
by A; and As. Since (3.2) is violated,

(3.21)

Ay > (1+a’+5)/
xro—M

o [e.e]

)G z—y) = (1++8) [ uly)dGly.z1-0).

Since (3.3) is violated,

x1—M .
A = / u(y — M)dG(y,z1 —y)

1—T1

xr1—M
> (1+¢) / u(y)dC(y, z1 — )

1—71
x1—M

—0 u(y)e I AG(y, w1 — y).
Tr1—T1
Hence,
(322) Aj+A—-(1+ E')/ u(y)dG(y, 1 — y)
T1—T1

00 - z1—M _
> { / w(y)dG(y,xr —y) — / ()@ VGG 21— )

1—M 1—T1

We will show that the right side of (3.22) is nonnegative, which will contra-
dict (3.20) and demonstrate the proposition.

We will bound the second integral on the right side of (3.22). The basic
idea will be to control the growth of u(y) as y decreases; an exponential
bound on this follows from the definition of r1. The exponential bound in
Assumption (G2) on the tail of G,, dominates this rate, and allows us to
bound the corresponding integral by the first integral on the right side of
(3.22).
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Proceeding with the argument for this, one can check that

x1—M .
/ u(y)e @ =IMAG (y, zy — y)

1—T1

S r1—M .
= Z/ 1{y—:c1e(—(k+1)M,—kM]}u(y)ea(wl_y)/4dG(y7331 =)
k=1v%17"1

< N calk+1)M/a

k=1

X1 _
(3.23) / 11y o iorntomyuly — kM)AG(y — kM, 2y —y + kM)

1—M

It follows from the definitions of ¢; and ry, that if y — kM > z; — r; (and
hence, y — kM > x1 — q1),

u(y — kM) < (148 uly— (k—1)M) < ... < (148 ) Fu(y) < ™M/ y(y),

where the last inequality holds since aM > 100 was assumed. The last
expression in (3.23) is therefore at most

00 z1
Z k1) M/4 pakM /4 / u(y)dG(y — kM,x1 —y + kM) .
k=1 z1-M

Applying integration by parts, Assumption (G2), and then integration by
parts again, this is at most

o x1 __
Z eakM/2eaM/4e—akM/ u(y)dG(y, x1 — y)
k=1 n-M

o) z1
- [e‘”M/ D e‘akMﬂ] / u(y)dG(y, z1 —y).
r1—M

k=1
Since aM > 100, this is at most

1 . oo .
(3.24) / u(y)dG(y,z1 —y) < / u(y)dG(y,x1 —y).
x1—M x1—M
Consequently, by the inequalities (3.23) through (3.24),
x1—M . 00 .
B2) [ uwet G - < [ ut)dGen - ),
r1—71 r1—M

This shows the right side of (3.22) is nonnegative, and completes the proof
of Proposition 3.2. ]

Proof of Lemma 3.5. In the proof, we will omit the index n from G,
writing G since the estimates that are used do not depend on n.
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Since x9 = x1 — M, the equality in (3.20) is immediate. In order to
demonstrate the inequality in (3.20), we note that

1+ (Gou)(z1) > (Gdu)(z2)
(3.26) - / Cly.z2 — y)duly)

> —/_ Gy + M, zy — y)du(y)

- —/OO u(y)dG(y + M, zo —y),

—00

where the first inequality follows from (3.1) and the second inequality from
Assumption (G1). Subtracting the right and left sides of (3.20) from the
first and last terms in (3.26), it therefore suffices to show that

T1—T1

(3.27) /1‘2—?“1 uw(y)dG(y + M, xzo —y) > (1+¢) / u(y)dG (y, 1 —y).

—0o0 —00

where r1 = r1(u, &', 21).
We will show (3.27) by partitioning (—oo, 29 —r1) into appropriate subin-
tervals. Starting from ¢; and ry as defined previously, we set, for & > 1,

G = qrp(u, e’ z1) =inf{y > rp_1 + M :u(ze —y) > (1 + 8 )u(xy —y)}

and
: ) > wzi—ge—M/2)
re=rp(ua) =4 ® ifufry . O -4
qr — 5 otherwise.
For K = sup{k : ¢4 < o}, q1,¢2, ..., K are intuitively the successive points

at which u is “very non-flat” and which are sufficiently separated; u is “very
non-flat” at all points in [x; — rgy — M /2,21 — 7).
For k < K and i € {1,2}, we set

Af; =[x —rg—M/2,z; —rg), Bli =[x, —rpr1, i — 1 — M/2),

and let qx4+1 = rg+1 = oco. By summing over k € {1,..., K}, (3.27) will
follow once we show that

/ w(y)dGly + M, s — ) — (1 +€) / u(y)dC(y, z1 — )
A2 Al

(3.28) > 2'u(wy — )" Glwy — g, k)

and
/ w(y)dGly + M,z —y) — (1 + &) / w(y)dC(y,x1 — y)
BR By

(3.29) > —2u(zy — 1) G(z1 — 78, 78) -
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We first show (3.28) for r; = ¢x. We do this by deriving a uniform lower
bound on u(y) for y € A2, and a uniform upper bound on u(y) for y € Al
Trivially, when y € A7, u(y) > u(xz — r) holds. When y € A},

u(xy —rp — M/2) = u(xy — g, — M/2)
(1 —4eu(zy — g — M)™ = (1 — 4 u(zg — i)~ .

uly) <
<

Also, note that x9 and A% are each obtained by translating z; and A,lg by
—M. Therefore,

/ w(y)dCy + M, x5 — y) — (1 + &) / u(y)dC(y, 1 — y)
A2 A

- [/A%dé(y + Mozp —y) = (1+)(1 - 4¢) /A;da(y’xl - y)] u(zg —ry)”
=[1-(1+&)1—-4)]-
[G(or =i, 7i) = Gy — 1 — M/2, 7 + M/2)] u(az — 7i)

By applying Assumption (G2) and aM > 100, it follows that this is

> [1—-(1+4€)(1—4)] [1 - e_“M/ﬂ G2y — g, re)u(e — 73)
> 26'G(x1 — g, i) u(my — 1)~

This shows (3.28) when ri = g.
For ri, = qx — M /2, we employ an analogous argument. When y € A,lf,

uly) < w(xy —rg— M/2) =u(z1 — qr)
< (A48 u(zy —qrp)” = (1 +8) u(wy —rp — M/2).
When y € A2,
u(y) u(xy — ) = u(xe — g + M/2) = u(z1 — g — M/2)

>
> (1 -4 u(ze —qr)” = (1 — 4" )u(xg —r, — M/2)" .

Arguing in the same manner as before, we now get

/

[1—4&7’—

. u(y)dG(y + M,zo —y) — (1 +€') /A1 u(y)dG(y,z1 —y)
k k
14¢
1+ 8¢

> 26'G(xy — rp,ri)u(we — 1)~

v

] G(x1 — gy rp)u(we —ry — M/2)~

This completes the proof of (3.28).
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We still need to show (3.29). Bound the left side of (3.29) using

/ w(y)dGly + M, s —y) — (1 + &) / u(y)dCy, z1 — )
5

B}
= [l =21 = (1 +&)utw)] a1 )
330) >~ [ uly)dGly.o -y
x1—r—M/2 . r1—TE—M .
=—¢ [/xl_m_M u(y)dG (y, x1 —y) + /xl_wl u(y)dG(y, z1 —y)

Using Assumption (G1), one obtains for the first term on the right, that

z1—rp—M/2 .
/ w(y)dG(y, 21 — y)

1—T‘k—M
<wu(ry —rp — M)G(z1 — 1) — M /2,7 + M/2)
(3.31) <u(wg —rp)G(x1 — T3, 78) -

We can also bound the second term on the right side of (3.30). Here,
because the interval can be quite long, we divide it up into subintervals of
length M. Let L denote the smallest integer such that rp + ML > qr41
(possibly, L = o0). We have, using (G1) in the second inequality, the
definitions of g and ry in the third, and (G2) in the fourth,

r1—rE—M . L-1 x1—r—MYL .
AT TEEED 3 u(y)dG (y, 1 — y)
T1—Tk+1 =1 x1—rp—M(£+1)

-1
u(xy —rp — M+ 1))G (21 — 1y — ML, T3 + MY)

(]

~

~
_

<N (148 u(xy —r)” Gl — 1 — MU, ry, + MP)

(]

T
—_

<) (1 + 8 e Mby(zg — 1) Gy — Ty TR -

(]

/=1
Since aM > 100, it follows that

r1—rp—M . o
/ w(y)dG(y,z1 —y) < u(xg — 1) G(x1 — T8, T8) -

1—Tk+1
Substituting this and (3.31) into (3.30) yields (3.29), and completes the
proof of Lemma 3.5. L]

We now prove Proposition 3.3.
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Proof of Proposition 3.3. Both Parts (a) and (b) derive bounds for
the two components of ¢ in (2.13). Part (a) employs routine estimates; in
Part (b), the definition of ;1 is employed to control the growth of u(z) as z
decreases. We will omit the index n from G,,, writing G since the estimates
that are used do not depend on n.

We first demonstrate Part (a). Assume that (3.2) is satisfied for a given
y = 7, and set &} = x1 —¢; since § < M, one has x| > 5. Then, using (G1)
in the next to last inequality and (G3) in the last,

@ou) ) = = [ Cloa —piuty)

> / G(y, 2 — y)du(y)
> u(zz) min G(y,z2 — y)
Y>T2

> u(r2)G(2,0) > (1 —go)u(xs).
Hence, using (3.4), one obtains

(G@u) (x2) 1+ e =
1—¢p —1_60(G®u)(x1).

Since u(z}) < u(xz), it follows from (3.32), that

(3.33) log (M) > —log <11i> > —2(e1 + €9)

u(rh) — &0

On the other hand, setting x5, = ) — M, and applying (3.2) and (3.4),

o 1+ 1 — ulah)fule})
"\1te - (G®u) (x2)/(G®u) (1)

e —¢e =46 30
Elogb< 151_6 _> = log, <1_72(61—E)> R

which is larger than —2§/(e1 — ) logb for k chosen small enough. Together
with the bound in (3.33), this implies (3.5).

We still need to demonstrate Part (b). Assume that (3.3) is satisfied for
a given y = y. As before, set a2} = z; — §, where we now have § > M
and therefore 2} < x1 — M = z5. By the same reasoning as in Part (a),
(3.32) continues to hold. Writing gy = [g/M] — 1 > 0, it follows from the
definition of r; and (3.32), that

(3.32) u(zg) <

1+4+¢
1—60

w(zh) < (148" )Mu(xy) < (14 8')9/M <

>@®@@m

So, since € < gq, € < 1 and M > 100,
(3.34)

log <(fo(72)(xl)> > —log < ! +E€o> — %log(l +8¢') > —6(e19 + <o) -
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On the other hand, by (3.3) and (3.4),

log 1+ 1 — u(ap)/u(z))
"\1te — (Gou)(z2)/(C@u) (1)

_ g ay/4 IN B
(3.35) > log, [ SLE T 0¢ , aj/4+1og (0/(er =2))
€1 —¢€ log b
Together, the bounds in (3.34) and (3.35) imply (3.6). 0

4. EXAMPLES: BRANCHING RANDOM WALKS, AND COVER TIME FOR THE
REGULAR BINARY TREE

In this section, we demonstrate Theorems 1.1 and 1.2 on the tightness
of the maximal displacement of branching random walks (BRW), and the
tightness of the cover time for the regular binary tree. The demonstration of
each result consists of verifying the Assumptions 2.1, 2.2 and 2.4 in an ap-
propriate setting, and then applying Theorem 2.5. The term F;, in Theorem
2.5 corresponds to the distribution function of the maximal displacement of
the BRW in the first setting. For the cover time problem, the relationship is
less immediate and requires certain comparisons. In both settings, the func-
tions @, and @ that are employed in Assumptions 2.1 and 2.4 will be strictly
concave, and will satisfy Q = @,, = ). As mentioned after Definition 2.3,
properties (T1) and (T2) are therefore automatic.

4.1. Branching random walk. As in the introduction, we consider BRW
whose underlying branching processes have offspring distribution {py}x>1
and whose random walk increments have distribution function G. As in
Theorem 1.1, it is assumed that {py},>; satisfies p; < 1 and the moment
condition (1.17), and that G satisfies (G2) of Assumption 2.2. As before, we
denote by M,, the maximal displacement of the BRW at time n, and by F,
its distribution function. In the introduction, we saw that {F), },>o satisfies
the recursion (1.3), with Q(u) = 1 — 372, pr(1 — w)*. It is not difficult
to check that the recursion (1.3) is a special case of the recursion given by
(2.3), with Qn(-) = Q(+) and Gy (y,-) = G(-) for all n and y. This simplifies
the checking required in Assumptions 2.1, 2.2 and 2.4.

Proof of Theorem 1.1. Because of (G3), Assumption 2.2 need not be
satisfied for the above choice of G. We therefore instead consider the trans-
lated BRW with increments having distribution function G (z) = G(z—L),
where L > 0 is chosen large enough to satisfy G(—L) < gy = (logm)/100,
with m = (14(m;—1)/2)A2. The maximal displacement at time n of the cor-
responding BRW has distribution function FT(LL) () which satisfies the same
recursion as F,, with G(*) in place of G. One has fol () = Fp(z —nL),
and therefore (FT(LL))S = F3. So, tightness of{ F}? },,>0 will follow from that
of (F{)s.
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Theorem 1.1 will follow once we verify the assumptions of Theorem 2.5 for
the BRW with increments distributed according to G&). We first note that
all of the conditions in Assumption 2.2 are satisfied. The condition (G1)
for G(F) is immediate, and (G3) is satisfied because of our choice of L. The
condition (G2) for G implies (G2’) for G\X), with ' = @ and M’ = 2LV My,
which in turns implies (G2) for G), with a new choice of a.

It is easy to see that (2.4) of Assumption 2.1 holds in a small enough
neighborhood of 0, since m < my; we chose m so that m € (1,2]. The
bound (2.5) requires a little estimation. We write Q(z) = my(x — g(x)); one
has g(z) € (0,z), and so for 0 < z1 < xo < 2(dg A x1), with d9 > 0 chosen
small enough, it follows that

2 - 2628 2(0-2)
-9
1

Q(z1) 1 r1) /71 x1 T2
H)
r1 1+ 2g9(z2) /2o

On the other hand, since my < oo for a given 6 € (1, 2], one has
(4.2) Q(x) > myzx — ca?

for appropriate ¢ > 0 and for > 0 close enough to 0 (see [Lo77, page 212]).
It follows from (4.1) and (4.2) that, for small enough dy,

Qaz) _ 22 1
Qz1) ~ z1 1+4c(Q(z2))7 1
Since @ is concave and Q(z2) < 2Q(x1), (2.5) follows from this, with 6* =

f# — 1 and ¢* = 8c. R
For Assumption 2.4, we only need to verify (2.10) and (2.11), with @ = @

and T,u = e S Q(u). For u € D,
- (6% QW) @) > G (= B)Qu(x + B) > Qu(z + B)) - GV (-B),

(4.1) >

which implies (2.10), if B = B(n,) is chosen large enough so that G(*)(—B) <
71 . On the other hand, for B > 2L,
z—B
—(L —(L
(@ ew) @ < Quiz-B)- [ T paQui)

< Q(u(x — B)) +e P,

where the last inequality follows from (G2’). Choosing e
(2.11).

We have demonstrated Assumptions 2.1, 2.2 and 2.4. It therefore follows
from Theorem 2.5 that { M} },>1 is tight, which implies Theorem 1.1. [

—aB/3 < p1 implies

Remark 4.1. As mentioned in the introduction, one can study the BRW
satisfying the recursion

r —

(4.3) Fr=QG&F,)=Q-GxF,),
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rather than (1.3). In this setting, the analog of Theorem 1.1 will continue
to hold. To see this, note that since F; = —G % F, one has I, = Q(F,,)
for all n. Since @ is continuous, with Q(0) = 0 and Q(1) = 1, the tightness
of {(F})*}n>0 follows directly from the tightness of {F}5},>0.

Remark 4.2. It is easy to see that if in (G2), G, (y,-) = G(-) for all y, with
(4.4) G(x) =0 forz > By

and some By, then (G2) holds, and so such G provide a particular case of a
BRW that is covered by Theorem 1.1. For such G, there are simple direct
proofs of Theorem 1.1; see, for instance, [DH91], [Mc95] and [BZ07].

4.2. Cover time for the regular binary tree. In Section 1, we in-
troduced the cover time C, for the regular binary tree T, of depth n,
and in Theorem 1.2, we claimed that the sequence {&;},>0 is tight, for
En = v/Cyp/2". In this subsection, we employ Theorem 2.5 to prove Theo-
rem 1.2. As mentioned in Section 1, we will rely on work in Aldous [A91],
where it was shown that

Cn/4(log 2)n?2"™ —, o 1 in probability .
It will be more convenient to instead demonstrate the tightness of {£2},>0,

where gn =4/ CNH /27, and én is the cover time of the extended tree Tn that
is formed from T,, by inserting an additional vertex oo that is connected
only to the root o of T,. One can then deduce the tightness of {£}},>0
from that of {E2}n>0.

For an appropriate sequence of random variables {3, }n>0 related to {&, }n>0,
Aldous showed that

(4.5) Bri1 £ K (o V B,

where Gy = 0, ], is an independent copy of (3,, and, for any nonnegative
random variable Y, K(Y') denotes a nonnegative random variable that will
be defined shortly which, when conditioned on ¥ = y > 0, will have a
density k(y,-). If one sets F,(z) = P((, < x) and

_ | [ k(y, 2)dz for y >0,
(4.6) Clyw-y) = { G(0,x) for y <0,
it follows from (4.5) and (4.6) that
(4.7) Foi(z) = (Ge Q(Fy)) (z),

where Q(u) = 2u—u? is the concave mapping we have referred to repeatedly.
(We note that in (4.7), the choice of G(y,z — y) for y < 0 is somewhat
arbitrary, since (3, > 0). We will apply Theorem 2.5 to (4.7), and use this
to deduce the desired tightness of {€2},>0, and hence of {£5},>0.

The sequence {3,},>0 that is employed in (4.5) is defined by 3, =
VT'(R,). Here, R,, denotes the number of times the directed edge (o, 00) is
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traversed by a nearest neighbor symmetric random walk by time C,,, with
Ry = 0. For any nonnegative integer valued random variable N, T'(IV)
denotes a random variable which, when conditioned on N = k, has a
Gamma(k, 1) distribution for k > 1, i.e., it has a density h(y) = y*~te™v/(k—
1)!; we set I'(0) = 0. The density k(y,-) employed above is

27
(4.8) by, 2) = Lysg2re @+ 3 (0
= U

From (4.6) and (4.8), it follows that for y > 0,

a ISR S S <N |
4.9 Gly,z—y) =14 © k=0 RT 2uj=k T > )
(4.9) (y, 2 —y) { N Ly

oo

fory > 0.

For k as in (4.8), Aldous showed that as y — oo, G(y, - —y) converges to the
normal distribution with mean 0 and variance 1/2 (see [A91, (9)]). Since
Bn — 00 as m — oo, this and (4.5) say heuristically that {3, },>0 should
behave like the maximal displacement of a binary branching random walk
with normal increments, which is a special case of the processes analyzed in
Section 4.1.

Without going into details on Aldous’ computations for the derivation
of (4.5), we provide the following motivation. The random variable I'(R,,)
corresponds to the cumulative time spent going from o to oo for the natural
continuous time analog of the symmetric simple random walk, with transi-
tion rates equal to 1. The sequence {I'(R,)}n>0 will be easier to analyze
than {R,, },>0 itself. In particular, Aldous showed that

(4.10) D(Rat1) £T" (1+ P(D(Ra) VI'(RL))) |

where R} is an independent copy of R, I'(R)) is a copy of I'(R],) which
is independent of I'(R,,) and, conditioned on I'(R,,) VI'(R]) =y, P(-) is
Poisson distributed with mean y and I'(1 4+ P(-)) is a Gamma random
variable of parameter 1+P(y). For 8, = \/I'(R,), it is not difficult to show
from (4.10) that the conditional density k(y,-) of K(Y') satisfies (4.8).

We will later derive the tightness of {£5},,>0 from the tightness of {32 },,>0,
and the tightness of {£2},>0 from that of {£2},>¢. For the former, we note
that the cover time C, is sandwiched between the sum of R, and R, + 1
random variables that correspond to the incremental return times to oo of
the random walk. These epochs will be i.i.d., and when scaled by 2", will
have uniformly bounded variances. The fluctuations of R,, will be at most
of order \/R,, (since {33 },>0 is tight), and so one can show that the fluctu-

ations of C, /2™ will be at most of order \/C~n /2", which in turn will imply

that the sequence {£5},>0 is tight.
We now lay the groundwork for proving Theorem 1.2. We first demon-
strate the following result.
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Theorem 4.3. The sequence of random variables {3, }n>0 for the regular
binary tree is tight.

In order to apply Theorem 2.5 to the sequence {3} },,>0, we need to verify
that Assumptions 2.1, 2.2 and 2.4 hold. The choice of Q(u) = 2u—u? here is
a special case of that considered in Section 4.1, so Assumption 2.1 holds for
this Q. As in Section 4.1, G(y,x — y) need not satisfy (G3) of Assumption
2.2. We handle this in a way similar to what was done there, by translating
G. Set g9 = (logm)/100, with m as in Assumption 2.1, and let N'(0,1/2)
denote a mean zero Gaussian random variable of variance 1/2. We fix a
constant L > 1 such that

(4.11) PN(0,1/2) > —L) > 1 — ¢,

and set ﬁﬁlL) = [y, + nL. Defining Fif’ = P(ﬁ#) > x), it follows from (4.7)

that
(4.12) Fh@) = (G e @) @),

where

GgL) (y,x) =G(y —nL,x —L).

Note that the tightness of {(Fy(LL))S}nZO is equivalent to the tightness of
{F3}n>0. We proceed to verify that Assumptions 2.1, 2.2 and 2.4 hold for
the recursions (4.12).

As before, Assumption 2.1 holds with the function Q(u) = 2u — u%. In

order to verify Assumption 2.2, we first need to verify (G1) for G;L); this
follows immediately from the analogous statement on G:

Lemma 4.4. The function G(y,x — y) is increasing in y, whereas G(y, )
s decreasing in .

Proof of Lemma 4.4. The claim is obvious when y < 0. For y > 0,
making the transformation y? — s, one has

0G(y. 2 —y) _, 9G(/52~ )

Ay s o=y -
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On the other hand, from (4.9),

oG -
0s
© i J 9k o .1 J 2k
s g2 57 T js T
= ee —ZﬁZﬂﬂLZ i ZW
§=0 7" k=0 j=0 k=0
o i J 9k oo+l o
s g2 57 T s T
= e —ZﬁZWJFZﬁ k;)
§=0 7" k=0 §=0 7" k=0
00 ,
— e—Se—xz Zs_‘jwz(‘y—‘rl)'
= JjtG+ 1!

This completes the proof of the required monotonicity of G(y,z — ) in y.
The proof of the required monotonicity of G(y,z) in y is more subtle.
First, substituting in (4.9), one has for z > —y, that

Thus, after some algebra,

) _
(4.14) §ey2+<r+y>27aG(y’:”)

where




RECURSIONS AND TIGHTNESS 31

The required monotonicity of G(y,x) therefore follows once we prove that
g(z/2) is nonpositive for z > 0. But, for I, (z) denoting the modified Bessel
function of order v (see e.g. [AS65, (9.6.10)] for the definition), one has
1 s
9(2/2) = I1(2) — Ip(2) = ——/ e*“9(1 — cos0)dd < 0,
0

s

where the equality is a consequence of [AS65, (9.6.19)]. This completes the
proof of Lemma 4.4. ]

We still need to check (G2) and (G3). The latter is immediate from our
choice of L and the following fact from [A91, Eq. (9)],

(4.15) lim G(y,z) = P(N(0,1/2) > z).
y—00
In particular, by Lemma 4.4, G(y, ) decreases in y, and therefore

(4.16) E;L) (y,0) = G(y —nL,—L) > lim G(y,—L) >1—¢&g,

Yy—oo

where (4.15) and (4.11) were used in the last step.
It thus only remains to verify that (G2) also holds for @;L). Because (G2’)

implies (G2), it suffices to verify that for M = 4L, there exists an a > 0
such that for all x > 0,

(4.17) Gy — M,z + M) < e ™MG(y,z).

It is clearly enough to consider only the case y > M, since G(y, r) is decreas-

ing in y and G(y,z) = G(0,z) for y < 0. The inequality (4.17) therefore
follows from the following lemma.

Lemma 4.5. For M and L as above, there exists C = C(L) > 0 such that
for ally > M/2 and x >y,

(4.18) 0Gw.x=y)/%y .

G(y7 T — y) B

Proof of Lemma 4.5. Throughout this proof, C; = C;(L) denote strictly
positive constants. From (4.13), it follows that

dCG(y,x —y)/0y  wzye VI (2xy)

G(y,z —y) Gly,x—y)
where we recall that I;(z) is the modified Bessel function of order 1. Since
I1(2) is asymptotic to e*/y/2mz for z large (see [AS65, (9.7.1)]), and is
positive and continuous for z > 0, there exists a constant Cy > 0 such that
VZye 21 (2zy) > Cy for zy > 1. The lemma thus follows once we show
that there exists C3 > 0 such that, for y > 2 and x > y,

(4.19) Gy, x —y) < Ca/aye V"
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For large enough C3, (4.19) obviously holds when |z — y| < 1. (Recall
that z,y > 2.) Therefore, it suffices to prove (4.19) for > y + 1. To show
this, rewrite (4.9) for x,y > 2 as

_ 0 72k 2 y2j
G(y7$_y)_e :c-i—y Z+ Z F T)
1) =

which we rewrite as G1(y, z —y) + Ga(y, x —y). First, note that by replacing
the summation over j € {k,k+1,...} by a summation over j € IN, one gets,
using Stirling’s formula,

ly?] LL’ lv?] 6:1'2 k
Gl(ya$_y) < Zk—ﬁ Z<7>
k=0 k=0

2

2\ Y
< Cye™ <%>
Y

for some C4 > 0. But, for z > y > 0, since logu < u — 1 for u > 0,

2
log(ex®/y?) < ?:U ~1,
and therefore
(4.20) Gi(y,x —y) < Cye~@v)*

To handle Go(y, z —y), we note that in the summation there, j > y2, and
hence, again applying Stirling’s formula,

U ey \"
<C5f —
= 4! k

Therefore, another application of Stirling’s formula yields

(22442 . rexy\2k
Goly,x—y) < Cee V) Z <T)
k=|y?]
< ¢ /—xye—(ﬂc—y)2

Together with (4.20), this completes the proof of (4.19) and hence of Lemma
4.5. U

We still need to verify Assumption 2.4 for the kernels éﬁf)

formation (T,,u) (z) = (6&” ® u> (x). For u € D,

and the trans-

(Tou) () > G (x+ B, —B)Q(u(z+ B)) > Q(u(z+ B))— G (x+ B, - B).
But by (G1),
Gz + B,—B) < lim G(y,—B) = P(N(0,1/2) < —B),

Yy—oo
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which implies (2.10) if one chooses B = B(n;) such that P(N(0,1/2) <
—B) < m;. Similarly, taking B = B(n;) to be a multiple of M and using
(G2),

z—B
i) < Qua-B)- [ T .0-9)dQuly) < Qula—B)) e,
which implies (2.11) for e=*B/3 < p,.

We have verified Assumptions 2.1, 2.2 and 2.4 for the recursions in (4.12).
Theorem 2.5 therefore holds for {FT(LL) }n>0, and therefore for {F,,},>0. We
thus obtain Theorem 4.3.

As outlined in the beginning of this subsection, one can use Theorem 4.3
to prove Theorem 1.2.

Proof of Theorem 1.2. First note that by coupling the random walks on

T, and T, in the natural way, one has C, < C, < C, + 2R,,. From [A91,

(8)] it follows that FR, < 2n?log2, and also that for § > 0 small enough,
P(C, < 8%2™) —, .o 0. So, for such 4,

lim P \/2—2—,/2n>5 < lim P(2R, > §*2")

. 4n?log?2
S T
Hence, the tightness of {&;},>0 follows if one proves the analogous result
for C,, instead of C,,.
Letting Ti(n) denote the length of the i-th epoch between returns to oo of
the random walk in the extended tree of depth n, one has

=0.

Rp+1

Ry
(4.21) Sr<, < Y A
=1 i=1

In the proof, we will employ the limits

(n) (n)
ET, —9  lim Var(r; )

(4.22) lim Jim =

=12.

To see (4.22), note that 7'1( ") is identical in law to the return time to 0 of
a simple random walk W; on {0,1,...,n + 1}, having probability of jump
to the right equal to 2/3 and to the left equal to 1/3. This return time is
asymptotically equivalent to the product of a Bernoulli(1/2) random vari-
able with the sum of a geometric number of i.i.d. random variables, each
corresponding to the time it takes for the walk W; started at n to return to
n after hitting either 0 or n+ 1; the parameter of the geometric random vari-
able is the probability that such a random walk hits 0 before hitting n + 1,
and all random variables involved are independent. Standard computations,
using, e.g., [Fe57, page 314 (2.4) and page 317, (3.4)], lead to (4.22).
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Since (3, = /T'(Ry), it follows from Theorem 4.3 that, for an appropriate
deterministic sequence {B,}, B, > 1, there exist constants €5 —j_o 0
such that

(4.23) P(|VT(R,) — By > J) <ey.

One can check that

(4.24) P(|T(R,) — B%| > 3J°B,) <¢;.

The random variable I'(R,,) is the sum of R,, ii.d. exponentials, which

conditioned on R, is asymptotically Gaussian with variance R,,. Therefore,
there exists a determinsitic sequence {4, } such that, for

Ck(n)=P(|R, — An| > K\ A,),
one has

(4.25) lim limsupCk(n)=0.

—0 n—oo

Thus, setting 7 — TZ-(") / ETl("), one gets, using (4.22) in the first inequality

)

and the inequality /1 + 2 — 1 < x/2 in the second, that for any K; > 0,

lim P

n—~o0

A
g
S

By (4.21), on the event {|R,, — A,| < K1V A, /4},

Ap—K1\VA, /4 An+K1VAn [4+1

Z Ti(n) < én < Z Ti(n) .

i=1 i=1

Since A, — o0, using this decomposition in the first inequality, and the fact
that the Ti(n) are i.i.d, together with (4.22) and Markov’s inequality in the



RECURSIONS AND TIGHTNESS 35

second, one obtains

Nn AnE (n)
lim P \/C——\/iﬁ > K,
N0 on on

Kl\/A_n>

< lim P <\Rn — Ayl >

n—oo 4
An+K1VAn /441
. _(n) o > > 3KV A,
—I—nh_)H;OP ; (7’2 1) > —
An_Kl\/A_n/4
. _(n) o _3K1 An
timpl 3 (7o) s
i=1
8

Together with (4.25), this demonstrates the tightness of {2 },>0.

To demonstrate (1.20), we argue by contradiction. Assuming that (1.20)
does not hold, one can use the analog of the argument from (4.23) to (4.24)
(with C,, /2" replacing I'(R,,)) and the fact that C,,/n?2" — 4log 2 to deduce
that, for any eo > 0, there exist constants b, < ¢, with ¢, —b,, = £2n2™ /100,
such that for large enough n,

7
(4.27) P°(Cy, € (by,cn)) > 3
Here and in the remainder of the proof, we use the notation PV to denote
the law of the symmetric simple random walk {X;};>0, started at a vertex
v, on the (non-extended) tree T,,. In particular,

(4.28) P°(C,, < b,) <1/8.

Define a,, = b,, — 1000 - 2", noting that a,, > 0 because bn/n22" — 4log 2.
We will show that, with high probability, X; = o at some j € (an,b,). To
(n)

;5 1> 1, with p((]") = 0, denote the successive return times to

o of the random walk {X;};>0 on T, and set %Z-(n) = pgn) — /’2@1’ For any

v € Ly, one has by an application of the strong Markov property, that

see this, let p

Po({p{"}iz1 N (an,b) = 0) = B (PXn=2(X; # 0, = 1,... by — ay)
v ~(n)
v a(n) E°(77)
<P >bp—ap) < ———.
S PHAT 2 e —an) S 05750

(Recall that for n > 1, L,, denotes the set of vertices at distance n from o.)
On the other hand,

o/~\N o n ~Nn v/ 1 v/aln
Bo") 2 PIy) < ) EUGEY) 2 5B GY).
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where TI(Z) =min{j > 1: X; € L,}. The first limit in (4.22) holds for the
non-extended tree T,, as well, with n replacing n + 1. Together with the
previous two displays, this implies that, for large n,

o0(~(n)
o(f (™ 2B°( ) _ 1
(1.20) (o)1 0 (an by = 0) < 22D L
Let pf = inf{pin) (n > a,} and A, = {p}; € (an,by),Cr, > p}}. It follows
from (4.28) and (4. 29) that

(4.30) Po(Ap) > = ——>=

On A, there is at least one (random) vertex in L,, that has not been
covered by the random walk by time p}. Let ngn) denote the hitting time
of v € T, after time 1. We will now show that one may chose €5 > 0 such

that
1
(4.31) PO(T\™ < ¢, —ap) < P°(T™ < 229027 /100) < 5

The first inequality is immediate from ¢, — a, < 2£9n2"/100. For the

second inequality, first note that PO(T( " < %(n ) =1/2n. (One can see this
by considering the symmetric simple random walk on the ray connecting 0
and v, disregarding excursions off the ray.) By considering the set {7 5") <

p(LZ)/ 4 J} and its complement separately, it follows from this that

n 1 [n/4]

— + P° 2 2" /1
1 2n+ ;T < 2e9n2" /100

(4.32) P°(T™ < 269n2"/100) <
Note that by [Feb7, page 314, (2.4)], P”(f’l(n) < TI(Z)) =1/(2" — 1), and
hence, by the Markov property, for all z > 0,
(27
)
(2» —1)

This bound implies that the random variables %ln)/ 2™ possess exponential
tails and have expectations bounded away from 0, uniformly in n. The
second inequality in (4.31) follows from this and (4.32).
It follows from the strong Markov property and a little work, that
P°(A,,,C, > cp) > P°(Ay) {m{n}Po(Ty‘) > cp—ap) .
ve

n

P > L)) > S P > [027)) >

l\’)l}—t

This is

-2 {veLy}
where we have used (4.30) in the first inequality an
This bound contradicts (4.27). We have thus shown (1.20), which completes
the proof of the theorem. ]

> — L <1— max P°(T(™ <cn—an)> >
nd
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Remark 4.6. We have shown Theorem 1.2 for regular binary trees. The
statement and its proof extend to regular k-ary trees. For general Galton-
Watson trees with offspring distribution satisfying pg = 0, p1 < 1 and (1.17),
one can show the analog of Theorem 4.3 in the annealed setting, without in
essence changing the proof. (One replaces the function Q(u) = 2u — u? by
Qu) =1 -2, pe(1 — u)k.) The remainder of the proof of Theorem 1.2,
however, relies on the regularity of the binary tree for various estimates,
and so an extension to more general Galton-Watson trees would require
additional effort.

5. AN OPEN PROBLEM

Consider the lattice torus Z2 = Z2?/nZ?, and let C,, denote the num-
ber of steps required for a simple random walk to cover Z2. Confirming a
conjecture in [A89], it was proved in [DPRZ04] that 7C,,/4n?(logn)? — 1
in probability. The intuition (although not the details) behind the proof
in [DPRZ04] draws heavily from the covering of the regular binary tree by
simple random walk. One thus expects that a result similar to Theorem 1.2
should hold for C,,. We therefore put forward the following conjecture.

Conjecture 5.1. The sequence of random variables

C C
E, = —;L—Med —;L
n n

1s tight and non-degenerate.
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